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Higher Gauge Theory 1. Introduction

1. Introduction

The Problem. It is an open secret (cf. [Sch14]) that traditional methods of mathematical
physics, sophisticated as they may be (cf. [HT92]), are insufficient for capturing the global
(topological, deep infrared) structure of higher gauge theories, on which, however, the nature
of the topological monopole/brane charges notably depends:

Already for ordinary gauge theory, the standard assumption (already more “advanced”
than what most textbooks get to, cf. [GMS09, §2]) that field configurations are sections of
an ordinary fiber bundle over spacetime, the field bundle, means to restrict attention to a
single topological sector (to be contrasted with the global situation, cf. [BSS18]). For higher
gauge fields (cf. [Alf25]) the assumption of an ordinary field bundle tacitly restricts to just
the trivial topological sector.

Similarly, the usual Lagrangian densities for higher gauge fields, being functions of globally
defined gauge potential forms, tacitly assume that the given theory is restricted to the trivial
topological sector or to a single chart of spacetime — because only there are gauge potentials
globally defined.

Flux Quantization. The global definition of higher gauge fields is given by flux quantization
[SS25d], but this has traditionally been relegated, at best, to an afterthought when faced
with inconsistencies emerging in a naive approach. For instance:

(i) The action functional of the electron is found to be inconsistent (anomalous) unless
the ambient Maxwell field is flux-quantized according to [Dir31] (cf. [Alv85; Bry93,
§7.1; Frall, §16.4e]).

(ii) The action functional of the M2-brane is anomalous unless the ambient C-field is shifted
flux-quantized according to [Wit97b; Wit97a].

(iii) The global definition of the action functional of the M5-brane similarly requires a flux
quantization condition on the ambient C-field [FSS21a].

In the first case, the mathematical structure of the flux quantization has become classical;
in the second case, there are proposals [HS05, §2.7] and [FSS20, §3.4]. The last case appears
to have been addressed explicitly only in [F'SS21a] (cf. [Sat10]).

In general, the problem of global completion of (higher gauge sectors of) supergravity
theories (cf. [nL.a26b]) by flux quantization is only recently finding some attention, cf. also
[LS22a; LS22b; GSS24a; GST25]. And yet, this is paramount for many questions: It may
be premature to speculate about the UV-completion of 11D Supergravity (working title:
“M-theory” [Duf99]) before investigating its IR-completion by proper flux quantization.

Cohesive Approach. To settle such questions in examples, one needs a formalism that sets
the stage in generality. In particular one needs to have basic notions, such as a generalization
of the notion of phase space, to the case of higher gauge fields with possibly nontrivial
topological sectors.

The aim of this note is to lay out steps in this direction, following [SS24b; SS25d] but
further streamlining and expanding on some details.
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Our methods are necessarily higher geometric (cf. [CGX11; FSS15a; Schl6; Jur+19;
FSS19; Alf25]), hence of geometric homotopy theory (cohesive oo-topos theory, [SS26e;
S526d; Sch13], exposition in [Sch25]), which we briefly recall in § 2. In lowest degree this
means generalizing smooth manifolds to smooth sets [K526, Def. 2.1] (for discussion in field
theory see [GS25a; GS25b], further exposition is in [IM25]) while in general degree this
concerns generalizing Lie groupoids (cf. [BH25; MMO3]) to smooth co-groupoids (smooth
oo-stacks, for concise definitions see [FFSS23, §1], more exposition is in [FSS15a]).

The Solution. Using these methods, the problem of global (topological, infrared) comple-
tion of higher gauge fields turns out to have an elegant solution; in outline:

(i) The smooth moduli set of higher flux densities solving their Maxwell-type equations
of motion is identified with that of closed (meaning: flat, Maurer-Cartan) differential
forms,

{On—shell flux densities} ~ QL (X% a) (1)

on a Cauchy surface X¢ with coefficients in a characteristic L..-algebra a encoding

the duality symmetric Bianchi identities and the electromagnetic higher Gauss laws

(Thm. 3.3).

(ii) The admissible electromagnetic flux quantization laws are given by classifying spaces
A whose real Whitehead-bracket L.,-algebra reproduces the Gauss laws (§ 4.1.1):

A ~a. (2)
(iii) A nonabelian character map (generalizing the Chern character on K-theory)
Map (X% A) < [Q (X% a) (3)

sends (monopole/brane) charges and their higher global symmetries in the nonabelian
QA-cohomology of X¢ to the flux densities and their deformations sourced by these
charges (§ 4.1.2).

(iv) The on-shell higher gauge field configurations globally completed by flux quantization
in QA-cohomology are triples of (a) on-shell fluxes B, (b) compatible charges x, (c)

gauge potentials A witnessing that these fluxes are sourced by these charges. That is,
we have a homotopy cone of smooth co-groupoids of this form (§ 4.2.1):

T Map(X% A)
- A//;/;‘(:‘F
* R ﬂo?) ch? (4)
~._ B
LN
Yag T

|
Q4 (X% a) —— [Q4(X%1A),
whereby the completed phase space stack is the homotopy fiber product
Phs(X%A) = QL(X%a)  x  Map(X4 A). (5)
IQ«%l(Xd%“)

(v) For linear Gauss laws this reproduces familiar global completions by flux quantization
such as in ordinary differential cohomology (line bundles, bundle gerbes, etc.) and in
differential K-theory (though there is large room for alternative choices not traditionally
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appreciated); but it crucially generalizes also to the non-linear electric Gauss laws that
are famously seen (but traditionally ignored) in higher-dimensional supergravity, whose
global infrared completions thereby become accessible (§ 6.1).

(vi) A twisted relative generalization of this procedure applies also to higher gauge fields
on probe branes, such as notably to the self-dual flux on M5-branes (§ 6.2.)
In particular, there exists an admissible completion (“Hypothesis H”) of 11D SuGra
with Mb5-probes at A,-singularities, which serves to geometrically engineer the topo-
logical quantum order of fractional quantum Hall systems in fine detail, making ex-
perimentally accessible predictions, such as concerning nonabelian anyons attached to
super-semiconductor heterostructures.

Comparison to the Literature. The higher gauge theory via differential nonabelian co-
homology that we present (§ 4.2.1) is different (cf. Rem. 3.4 and Fig. 2) from that via
higher principal connections ([Sch05, §11-12; BS07; FSS12; SSS12; SW13; Bor+25; Alf25,
§2; RSW26; Wal26; Bun+26]):

The basis of our formulation is exactly the electromagnetic Bianchi identities / Gauss laws
that characterize higher Maxwell-type physical equations of motion (§ 3.2) as they appear
notably in type I/II/M supergravity (§ 6). Just choosing flux quantization laws compatible
with these (§ 4.1) already determines the full higher gauge potential/field structure globally
(§ 4.2), without need or justification for a further principality constraint. For instance,
differential K-theory is not a higher principal connection theory, but is a special case of
differential nonabelian cohomology (Ex. 4.2).

While our discussion thus pertains in particular to the realm of “M-theory” (see [Duf99;
Sat10; Jur+19; FSS19]) — geometrically engineering topological quantum materials (§ 6.2)
in a realistic N = 1 alternative to traditional large-N holographic condensed matter theory
([Her+07; GSW09; GPR10; GSW10; Don+13; DGP13], cf. [Bagl9, §4.3]) — at no point do
we rely on string folklore. All of the following constructions have definitions and all claims
have proofs.

Acknowledgements.. We thank the organizers of the meetings Higher Differential Geome-
try (WIKO Greifswald, May 2026) and 6th Mini Symposium on Physics and Geometry (RBI
Zagreb, May 2026) where parts of these lectures were first presented.

2. Cohesive Homotopy Theory

The completed phase spaces of higher gauge fields in § 4 combine the differential geometry
of flux densities with the homotopy theory of (“topological”) charge sectors, cf. Fig. 1.

Such unification of geometry with homotopy theory happens in geometric homotopy theory
(in co-topoi of simplicial sheaves [Bro73; Jar87; TV05; Lur09]) and for differential geometry
specifically in cohesive homotopy theory (in cohesive co-topoi [Sch13; SS26e; SS26d], lecture
notes in [Sch18]).

We aim to provide an exposition of the basics, but we assume the reader is familiar with
the basic concepts and facts of ordinary category theory, as presented in [Awol0; Sch18§].
For further background reading cf. [Ric20].


https://www.wiko-greifswald.de/en/registrations/higher-differential-geometry
https://www.wiko-greifswald.de/en/registrations/higher-differential-geometry
http://thphys.irb.hr/phygeo2026/
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Figure 1: The geometric homotopy the- -
ory of oo-topoi is the conceptual unifi- _ .
cation of geometry with homotopy the- described by described by

ory, hence the theory of higher geometry. { homotopy theory j

In our context, fluzes are (differential)
geometric, charges are homotopical, and
their unification happens through the
construction of the phase space (§ 4.2.1)
in the ambient cohesive co-topos (§ 2.3).

subsumed by subsumed by

geometric homotopy
(co-topos theory)

2.1. Geometry

Consider the ordinary category of smooth manifolds with smooth maps between them (cf.
[Tull; Leel2]), and its full subcategory of Cartesian spaces (R"s for n € N):

CartSp —— SmthMfd. (6)
We will denote by * := R? the point manifold.

One reason why nonperturbative quantum field theory appears technically hard is that
spaces of field configurations that ought to be objects in differential geometry tend to fall
outside the realm of available textbook constructions. For example, for X,Y smooth man-
ifolds of positive dimension, with X non-compact (such as X = spacetime and Y = C for
scalar fields), the would-be smooth mapping space

Map(X,Y) € 77 (7)
fails to be even an infinite-dimensional manifold.

And yet, it is perfectly clear what should count as a smooth map from a manifold like
R™ into this mapping space (a smooth probe of the mapping space), namely this should
correspond to a smooth map of ordinary smooth manifolds to Y from the product of X with
R™:
{R” — Map(X, Y)} .
8

~ {R"x X — Y},
But since knowing all such probes of a generalized smooth space is going to be as good as
knowing the space “itself”, we are to make this the definition next.

2.1.1. Smooth Sets

A smooth set X is (equivalently encoded by) a presheaf Plt(—, X) of sets on the category of
Cartesian spaces (6), hence a functor
CartSp® ——— Set (9)
R*  —> PIt(R",X)

which we think of as assigning:

e to R™ (for n € N) the set of smooth maps from this R” into X (the plots of X by the
probe R™), and



Higher Gauge Theory 2. Cohesive Homotopy Theory

« tosmooth maps R™ 2, R” their precomposition operation ¢*: Plt(R", X) — Plt(R”’, X)
with such plots, defined thereby.
In this vein of characterizing spaces via the system of their plots by probe spaces, a smooth

map X Lo Y between such smooth sets must, by postcomposition, be a rule that sends
R™-plots ¢ of X to R™plots f o ¢ of Y, compatible with the precomposition operation of

plots, hence must be a natural transformation f, : Plt(—,X) = Plt(—,Y) between the
functors of plots (9).

So far, this appears to say that the category of smooth sets should be the category of
presheaves over CartSp. However, some of this information ought in fact to be redundant:
For probing the (smooth) structure of a smooth set X it ought to already be sufficient to
know just the restriction of these R"-plots to arbitrarily small open balls D'., ~ R" C R"
around any point of R" (which without restriction we may fix to be the origin), hence to
know the germs of plots, to be denoted

PIt(G",X) := () Plt(D?,X). (10)
reR~g
Any natural transformation f, between presheaves of plots restricts to a transformation of
such germs of plots, and if that restriction is a natural isomorphism, then one says that f,
is a local isomorphism. We denote the class of local isomorphisms by

Wi C Mor(Func(CartSp®, Set)) . (11)
Hence we should regard local isomorphisms as actual isomorphisms between (systems of plots
of) smooth sets, a process known as localization L'(—) at the class of local isomorphisms.

Doing so changes their category to the sheaf topos over CartSp, which we thereby recognize
as the correct category of smooth sets (cf. [GS25a; GS25b; IM25]):

SmthSet := L"'Func(CartSp®, Set) ~ Sh(CartSp). (12)

True to this effective identification of smooth sets X with their systems of sets of plots, we
will often abbreviate the latter as

X(R") := PIt(R",X). (13)

For example, an ordinary smooth manifold becomes a smooth set by taking its probes
to be the ordinary smooth functions C*°(—, —) between smooth manifolds, a fully faithful
construction known, in generality, as the Yoneda embedding:

SmthMfd «——— SmthSet

X e 0%(=,X). (14)

Interestingly, this raises a potential for inconsistency: While we started out declaring the
sets PIt(R™, X) of smooth maps from R™ to a smooth set X defined thereby, we now see,
with (14), that there are also the actual sets of such smooth maps R” — X between smooth

sets. Remarkably, it is the full Yoneda lemma which ensures that these naturally coincide,

after the fact:
PIt(R", X) ~ Hom(R",X), (15)

where Hom(—, —) on the right denotes the hom-sets of SmthSet.

However, smooth sets may be considerably more general than smooth manifolds. For
example, moduli spaces Qg (%) of differential n-forms (n € N) exist as smooth sets (more
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on this example in § 3.1.1):
ZR<*) S SmthSet smooth moduli set of differential n-forms

16
Plt (Rn’ QTdZR) = QSR (Rn) ordinary set of smooth differential n-forms on R™ , ( )

where precomposition of plots by smooth functions is given by pullback of differential forms.

Moreover, it is straightforward to construct further smooth sets from given ones, following
the logic of their plots. For instance, given a pair X,Y € SmthSet, their Cartesian product
X xY € SmthSet must — as plots — have pairs of plots into the factors, which is already
the definition:

PIt(R", X xY) := PIt(R", X) x PIt(R",Y). (17)

Finally, in the category of smooth sets, the motivating problem (7) is naturally resolved:
For any pair X, Y € SmthSet we have that the set of smooth maps between them becomes
itself a smooth set, with plots

Map(X,Y) € SmthSet
Plt(R”,Map(X,Y)) = SmthSet(R" x X,Y).
Standard results imply that this evident definition already implies natural isomorphisms
Map(X x Y,Z) ~ Map(X, Map(Y, Z)) (19)
This exhibits the category SmthSet as being Cartesian closed, one of the key properties of
what is called a convenient category of spaces (going back to [Ste67], cf. [BHI11]). In fact,

SmthSet is “particularly convenient” in that it is [Sch13] a cohesive topos in the sense of
[Law07]. We begin describing this in § 2.1.2 and will exhibit the full structure in § 2.3.2.

(18)

2.1.2. Concreteness

We discuss the concrete objects among the smooth sets from § 2.1.1, identified with diffeo-
logical spaces (for which cf. [Igl13]).

Traditionally, mathematical notions of space tend to be conceived as sets of points equipped
with further structure (topology, smooth structure, etc.). But smooth sets X (12) exist whose
underlying set of points, Plt(RO, X), does not support all their higher-dimensional plots.

For example, with n > 1 the smooth moduli set €4y (*) (16) has a single point (the zero
n-form on R?) but an infinite set of higher k-dimensional plots!

But we may neatly characterize those smooth sets that are underlying sets of points with
extra structure, as the concrete smooth sets, commonly known as diffeological spaces. This
proceeds as follows.

The Flat Modality. First, observe that the assignment of underlying sets of points is a

functor Put
SmthSet ————— Set (20)
X —  Plt(x, X),
which has a fully faithful left adjoint:
<— Dsc —
SmthSet Pnt—> Set. (21)
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Namely, Dsc(S) is the discrete smooth structure on S € Set, whose only smooth plots are
constant maps:

PIt(R", Dsc(9)) = S. (22)
The composite functor
b : SmthSet —2s Set <2 SmthSet (23)
sends a smooth set to its underlying set of points, regarded as a discrete smooth set:
PIt(R", X) ~ Hom(*, X). (24)
By the adjunction property, this comes with an evident natural transformation:
hX % X
Hom(x, X) Hom(R", X) (25)

x5 X)) — R = x35X),

which has the universal property that it uniquely factors smooth maps out of any bY:

s T
Y —-Fs pX — X X (26)

In words, this just says that a map to X from a discrete set of points factors through the
underlying set of points of X.

The Sharp Modality. But the functor Pnt, furthermore, has a fully faithful right adjoint:

<— Dsc —
|
Pne —> Set . (27)

<~— Cht —

SmthSet

Here Cht(.S) is the chaotic smooth structure on S € Set, for which all maps from the discrete
underlying set of a probe space count as smooth plots:

P1t(R", Cht(S)) = Hom(bR", Dsc(S5)). (28)
This chaotic smooth structure is typically not of interest in itself, but it serves to characterize
concrete smooth sets, as follows.

The composite functor

# . SmthSet —2> Set <“» SmthSet (29)
sends a smooth set to the chaotic smooth structure on its underlying set of points,
Plt(R", £X) ~ Hom(bR", X). (30)

By the adjunction property, this receives a natural transformation from the identity, given
by restricting R™-plots to all points in R™:

X X X
Hom (bR™, X) (31)

(Rnﬁx) — (bRnEgL%R"ﬁX),
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which has the universal property that it uniquely factors smooth maps into any §Y:

SR
X —X #X - T Y (32)

Concretification. With this, we may now say that X € SmthSet is concrete iff nk (31) is

a monomorphism: ﬂ

X concrete < X X, #X (33)

because this means that the smooth probe maps R" — X form a subset of the maps of
underlying points from bR™ to bX. Such concrete smooth sets are equivalently known as
diffeological spaces (for which cf. [Igl13]):

{X € SmthSet | X concrete} ~ diffeological spaces. (34)

Better yet, every smooth set X has a universal approximation by a concrete one, its
concretification $,X, given by the epi/mono factorization (cf. [Bor94, §4.4]) of n% through
its image:

nk
( i ¥
X —F X ¢ 1X. (35)
In words, the plots of #;X are those of X after forgetting all information that disappears
when restricting to points of probe spaces.

A key example of concretification is that of smooth moduli sets of differential forms, see
(90).
Noticing that Pnt(#;X) ~ Pnt(X), naturally, we have natural isomorphisms
ﬂﬂlX = ﬂxa

In variation of (32), a smooth map to a concrete smooth set (33) factors uniquely through
the concretification (35): !

(36)

v
( ngé N ¥
X X gy (37)

We highlight that the points of a concretification are the original points:
b X ~ X (38)
This is clear on plots. An abstract way to see it is that the image factorization in a topos is

the colimit of a limit (the coequalizer of the kernel pair) and both are preserved by the left
and right adjoint functor b.

!The universal property (37) follows from the orthogonal epi/mono factorization in SmthSet, which implies
a unique dashed lift in the following diagram:

X L.y

[;hX ***** > ﬁlY

f {

X s py

10
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Cohesion. Finally, there is a further left adjoint functor to the triple (27), which may

be understood as taking smooth sets to their sets of connected components. The resulting

adjoint quadruple [Sch13] exhibits SmthSet as a cohesive topos in the sense of [Law(7]:
X— >

I
<;]:)SCQ

p:nt —— Set. (39)
<— Cht —

SmthSet

But this further left adjoint functor comes into its own only after generalization from the
cohesive 1-topos of smooth sets to the cohesive co-topos of smooth co-groupoids. This is
what we turn to next in § 2.2.

2.2. Homotopy
2.2.1. Gauged Sets

Where the term group is a historically evolved shorthand for group of symmetries of a single
object, the term groupoid is to be understood as the consistent collection of symmetry trans-
formations between possibly several objects. In a context specifically of gauge symmetries
we have, as a slogan, that groupoids are sets with gauge equivalences and higher groupoids
are sets with higher gauge-of-gauge equivalences. Or for short: Groupoids are gauged sets.

For example, where the collection of scalar field configurations on Minkowski spacetime

R forms the plain set
{®|occ=®i0)}, (40)

the field configurations of a gauge field with gauge group G (and Lie algebra g) form the
groupoid which we may schematically but suggestively denote as

g ’ 1 1,d.
{4 = g g | METEOL (a1)

while the configurations of the B-field form the 2-groupoid, which in this schematic but
suggestive vein we may denote as:

=B+d
+aa B,B',B" € Q3 (R14)

/ » \ aa el B b (42)

- L B'"=B 4+dd /\GCOO(Rl’dvU(l))
a+a’+Ad\ 1
And so on.

To make this precise, it is expedient to stick to the strategy of defining generalized spaces
by the sets of plots by basic probe spaces which they admit. In the present case, as the above
examples indicate, the elementary n-fold gauge transformation should be thought of as the
n-dimensional generalization of the cellular triangle, known as the cellular n-simpler A™.
The cellular maps between these cellular n-simplices (mapping vertices to vertices, edges to
edges, etc.) form a category accordingly known as the simplez category A.

Hence, a higher gauged set X should be characterized by the system of plots Plt(A™, X)
of the shape of the standard simplices, forming a functor

A°P Set
A" — PI(A™ X).

(43)

11
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This suggests that (the systems of plots of) higher gauged sets form the functor category
SSet := Func(A°P, Set) (44)
known as the category of simplicial sets (cf. [Fril2]).
But in more detail, we should still require that n-fold gauge transformations may con-
sistently be composed and have inverses, up to higher gauge transformations. To this end,

we recognize the boundary OA™ of the n-simplex with its kth (n — 1)-face dx(A™) removed,

denoted
A} = 0A™ — d; ;A" € SSet, (45)

as an abstract situation of n composable (n — 1)-transformations, some of them inverted.
Then the requirement of composites and inverses in a simplicial set X means that every
image A} — X of this situation in X may be completed to a full n-simplex A™ — X, hence
that X admits all dashed lifts in diagrams of the following form:

Ap Y.
X Kan complex = V1, [ el (46)
k<n 03
ATL
We write
KanSSet C SSet (47)

for the full subcategory of simplicial sets on those that satisfy this Kan fibrancy condition
(46).

By an oco-category we may understand a category whose hom-sets are promoted to (hence
which is enriched in) such Kan simplicial sets. In such an oco-category we have a notion of
morphisms being homotopy equivalences if they have inverses up to gauge transformation.

There is a fairly evident notion of homotopy groups of such Kan fibrant simplicial sets.

Let
Wan C Mor(KanSSet) (48)

be the class of maps that induce isomorphisms on all these homotopy groups: the simplicial
weak homotopy equivalences. Then there is an oco-category which is the universal solution to
turning weak homotopy equivalences into actual homotopy equivalences, denoted

Grpd,, := L"*»KanSSet . (49)
This is the oco-category of co-groupoids, making precise the idea of the gauged category of
gauge sets.

Ordinary (ungauged) sets are faithfully included here as the 0-truncated oo-groupoids
(Set ~ Grpd,), with the inclusion having a left adjoint (0-truncation):

70

.,
Grpd,, <—— Set. (50)
By adjunction, the composite oo-functor
[—]o : Grpd,, —> Set ¢ Grpd,, (51)
comes with a natural transformation
ot 3 Ty e (52

12
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with the universal property that it uniquely factors maps to O-truncated oo-groupoids:
[ [—lo v ¥
"Ix 3!
X [Xp -7+ > [Ylo .- (53)

As indicated in (52), with X € Grpd,, thought of as a gauge set, its O-truncation [X]y €
Set is its set of gauge equivalence classes.

2.2.2. Coherence

The grand insight of co-category theory is that it proceeds essentially along the lines of
ordinary category theory (a point originally made in [Joy08]), with equalities generalized to
homotopies and uniqueness generalized to contractible co-groupoids of choices.

For instance:

« A Cartesian/pullback square over a pair of coincident maps of (smooth) sets

Y
¥ (54)
X ——B

is a commuting square (meaning that the diagonal composite maps are equal)
XxY — Y
b (55)
X B

which is universal with this property, in that for any other such square there is a unique
dashed comparison map

’

Q \\\
XxgY — Y (56)
Lo
X B

so that the two resulting triangles commute.

o A homotopy Cartesian/pullback square over a pair of coincident maps of (smooth, cf.
below) oo-groupoids

Y
| (57)
X — B
is a square that commutes up to a specified homotopy (often notationally suppressed!)
Xx,Y — Y
| e | (58)
X B,

which is universal with this property in that for any other such square the oo-groupoid
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of compatible dashed comparison data

is contractible.

Several ingenious ways have been found to handle such homotopy coherence. A generally
useful one is model category theory, which is a toolbox to cleverly model such situations
in (for our case) the ordinary category of simplicial presheaves Fun(CartSp°”, SSet) such
that the homotopy coherent universal construction (say a homotopy pullback) is modeled
by the corresponding ordinary universal construction (say an ordinary pullback). A concise
introduction to these methods, aimed at our context, is in [FFS523, §1].

2.3. Geometric Homotopy
2.3.1. Smooth Gauged Sets

The unification, as advertised in Fig. 1, of the differential geometry of smooth sets (§ 2.1.1)
with the homotopy theory of gauged sets (co-groupoids, § 2.2.1) is now immediate:

A smooth gauged set (smooth oco-groupoid or smooth oo-stack) should be a generalized
space whose structure is detected by plotting out probe spaces which are formal products
R™ x A* of a Cartesian space (for probing the smooth structure) with a cellular simplex (for
probing the higher gauge structure). Such formal products are the objects in the product
site CartSp x A and hence (the system of plots of) a smooth gauged set X is encoded by a
functor of the form

(CartSp x A)°P Set (60)
R" x AF —  PIt(R™ x A* X),

or equivalently of the form
CartSp°? SSet
R" s (AF = PI(R" x AF,X)).

(61)

As such, this is known as a simplicial presheaf on the site CartSp. In more detail, the
simplicial sets of plots of a smooth gauged set should be Kan complexes (46), hence of the
form

CartSp°? KanSSet —— SSet . (62)
As before, there is redundancy in this description: For detecting the smooth structure, it
ought to be sufficient to consider germs of probes, and for properly recognizing the gauged
structure we need to regard weak homotopy equivalences of simplicial sets of plots as actual
homotopy equivalences. Thus, denoting by

Wiwh C Mor(Func(CartSp®, KanSSet)) (63)

the class of such local (germ-wise) weak homotopy equivalences, the oo-category of smooth
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gauged sets is the simplicial localization
SmthGrpd,, = L"™*Func(CartSp®, KanSSet). (64)

As a fundamental example, for a surjective submersion p : U —> X of smooth manifolds
(such as an open cover), its Cech nerve is

U € SmthGrpd,, (65
PIt(R™ x AF U) = C®(R", U*%) )

and the comparison map
u X
Co(R", U*%) s C=(R", X)

is a local weak homotopy equivalence.

In evident generalization of (50), we have that smooth sets form a reflective sub-oo-
category of smooth oco-groupoids, which we denote by the same symbols:

70

SmthGrpd,, z SmthSet . (66)

with the corresponding O-truncation modality, generalizing (51)
[~]o : SmthGrpd,, —> SmthSet «— SmthGrpd,, . (67)
This is just given by plotwise O-truncation (“followed by sheafification”, which however we

have absorbed in the localization (64)):

PIt(R", [Xo) =~ [PIt(R™, )], . (68)
This oo-category (64) is an co-topos. In particular, this means that it is Cartesian closed,

in generalization of (18) and (19), in that for all X,Y € SmthGrpd, we have the smooth
oo-groupoid of smooth maps between them (the mapping stack)

Map(X,Y) € SmthGrpd,,
Plt(R", Map(X,Y)) = Hom(R" x X, Y),

where now Hom(—, —) denotes the plain hom oo-groupoid between smooth co-groupoids.

(69)

But as an oo-topos, Grpd, is special: it is cohesive. This is what we discuss next.

2.3.2. Cohesion

Above, we motivated the construction of SmthGrpd, (64) by imagining probing these higher
smooth spaces by plotting out little smooth balls inside them. The intuition is that these
balls probe how the spatial constituents smoothly hang together, hence how there is a smooth
“cohesion” among them. This is the differential geometric aspect of smooth gauged sets.

Remarkably, beyond motivating the definition, this cohesion is visible in the abstract
properties of the oco-topos, namely in that it carries an adjoint quadruple of the form (39),
but now promoted to co-functors over oo-groupoids [Sch13, Prop. 4.4.8]:

X—— Shp ——

|
<— Dsc —

p:nt — Grpd,, . (70)

<~— Cht —

SmthGrpd
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Here, the bottom three functors are just as in (27) in § 2.1.2 and have the analogous inter-
pretation: They witness the underlying (oo-groupoids of) points and the discrete and chaotic
smooth structures on these, generalized straightforwardly from smooth sets to smooth oo-
groupoids.

The Shape Modality. More profound is the generalization embodied by the further left
adjoint functor Shp in (70), to be pronounced the shape operation. This may be understood
as contracting all cohesive blobs of points (the R¥) to points, while retaining their global
intersection structure.

The corresponding composite functor we denote by
[+ SmthGrpd, —®s Grpd,, <2+ SmthGrpd,, (71)

where “[” is (not the integral symbol but) the esh symbol from the phonetic alphabet: The
pronunciation of “shape” is /[erp/.

We may think of [X as being the smooth path co-groupoid of X, as follows:

Consider the cosimplicial object A of extended smooth simplices >

A SmthMfd C SmthGrpd_
Ak — AF = {7 e RM Y2t = 1} ~ RF

(72)

which on injections A[k] < Alk 4 1] is given by inserting a zero coordinate, and on surjec-
tions Ak + 1] — A[k] is given by adding consecutive coordinates. Then [BBP24]:
JX ~ 1% Map(A",X) ~ Dsc(lim, X(A¥)). (73)

For instance, when X = X is O-truncated (a smooth set), then the homotopy colimit in (73)
is equivalently the smooth singular simplicial set

Sing(X) € SSet — Grpd,,
XeSmthSet} k- k (74)
Plt(A[k], Sing(X)) = Hom(AF, X)
in that
XesSmthset} =  [X =~ DscSing(X). (75)

This way, one may generally understand [(—) as a generalization of the traditional Sing(—)
to smooth oco-groupoids (cf. [SS26d, pp. 155]). Moreover, by adjunction, there is a natural
transformation (the shape unit)

X T [X (76)

which, under the equivalence (73), is the inclusion of constant paths. Under the shape
operation, the shape unit is an equivalence:

J'ﬂ&

—— JIX. (77)

Further important properties of the shape operation are:

[

2The usual bounded (smooth) simplices are as in (72) except for the additional condition V; : x* > 0,
which makes them manifolds with boundary. The extended simplices (72) are a “collared” version of
these ordinary simplices, which improves their technical properties without changing their homotopy
theoretic content.
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(i) (Partial exactness). Shape preserves homotopy fiber products (58) at least:

(a) over geometrically discrete objects [SS26d, Prop. 4.3.8; Sch13, Thm. 3.8.19]:
X,Y € SmthGrpd
o=t = (X xsY) = (1) x5 (1Y), (78)
(b) of O-truncated objects if one of the maps becomes a Kan fibration under the
smooth singular simplicial complex Sing (74): *
X_f Y
B es“‘ths“} = X xpY) = (1X)x(Y).
/B

Sing(f) is Kan fibration

(79)

(ii) (Smooth Oka principle). Shape preserves mappings out of smooth manifolds [BBP24,
Prop. 1.4; SS26d, Thm. 4.3.54]:

yEESIINE L = [Map(X,Y) ~ Map(X,/Y) ~ Map([X.[¥).  (80)

The Flat Modality. The understanding of the flat modality (23) on gauged smooth sets
r ’ Y
SmthSet —2> Set <. SmthSet (81)

is more straightforward. We highlight the following immediate but important point: By
(68), the flat modality commutes with the O-truncation modality (67):

[bfx]o ~ H[Xp . (82)

3. Higher Maxwell-type Equations of Motion

We make precise the notion of higher Maxwell-type equations of motion (EoM) and how
they are equivalently solved by closed differential forms with coefficients in a characteristic
L.-algebra.

3.1. Flux Densities
3.1.1. Differential Form Moduli

Universal de Rham Complex. The smooth moduli sets of differential n-forms Q4 (x) €
SmthSet (16) canonically carry the further structure of smooth R-vector spaces (by plotwise
addition and multiplication):

Qi (x) € Vec, (SmthSet) . (83)

Moreover, equipped with the universal wedge products (given plot-wise by the ordinary

wedge product): e
—IN(—

Qar (+) x QG (%) Qi ™ (+) (84)

3The implication (79) follows because Sing (74) evidently preserves 1-categorical fiber products and since
(cf. [Lur09, Prop. A.2.4.4] with [GJ09, §I1.8.6]) in SSet these present homotopy fiber products as soon
as one of the maps is a Kan fibration.
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and universal de Rham differential (again plotwise given by the ordinary de Rham differen-
tial),

Qi (+) — > QG (+) (85)
these smooth vector spaces form the universal de Rham complex:
Q3 (x) € dgcAlg, (SmthSet) . (86)

De Rham moduli over a Smooth Set. More generally, given X € SmthSet, we say that
its plain de Rham complex is

QiR (X) := bMap(X, Q3 (*))
= Hom(X, Qz(*)) € dgcAlg, (Set),
and its smooth de Rham complex is
Qi (X) == Map(X, Q3 () € dgcAlg, (SmthSet) . (88)
We note that, by the formula (18) for Map(—, —), we have:
PIt(R", Q3z (X)) = PIt(R", Q33 (X))
= Plt(R", Map(X, Q8 (%))
= Hom(R" x X, Q8 (%))
= QR R" x X).

(87)

Concrete Smooth de Rham complex. The smooth de Rham complex (88) is far from
concrete (33). It follows from (89) that its concretification (35) has as R"-plots the vertical
differential forms relative to R”, hence the smoothly R"-parameterized differential forms on
X ([Sch13, Prop. 1.266)):

81925 (X) € SmthSet
PIE(R™, 112k (X)) 2 Qe (R” x X) (90)
~ C™(R", Q5 (X)).

Compactly Supported de Rham complex. For X € SmthMfd write Cmp(X) for the
category whose objects are compact submanifolds with boundary and whose morphisms are
inclusions. The smooth de Rham complex of differential forms on X which are compactly
supported or vanishing at infinity is the colimit over such K of the moduli of differential
forms whose pullback ¢ to the complement X — K° (of the interior of K) vanishes:

Qo (X) = lim (X, X - K°)
KeCmp(X
€Cmp(X) N (91)
= lig ﬁb(QaR(X) e (X - K°)> .
KeCmp(X)
3.1.2. Flux Density Moduli
Consider a finite set I and an I-indexed set of degrees:
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Given i € I, write
ON= Qdegz<Qj§gi(*)) (S Q(;R(Qj%gi(*)) (93)

for the universal n-form, the one given by the identity map

b = idaex, (94)
24g* ()
Via pullback along the product projection maps
I Qg (+) 2 Qs (x) (95)
these induce differential forms . o
priv® e HQd 5 ( (96)
on their joint product moduli set. This Way, for X € SmthSet, a map
X —E I Q55 (+) (97)
is equivalently an 7 € [-indexed set of deg;-forms on X:
B = (B9 := BrprivW)ye; € HQdegl . (98)
In this manner, deg.
HQ (%) € SmthSet (99)

is the smooth moduli set for flux densztzes in degrees deg, on X.

Next, we impose equations of motion on such flux densities

3.2. Equations of Motion
3.2.1. Higher Maxwell-type EoM

Let X% be a Lorentzian spacetime manifold, hence in particular a smooth manifold equipped
with a pseudo-Riemannian metric with respect to which we have the Hodge star operator

* 0 Qp (X 1) = Qlrdme(X1d) (100)
For sets I of flux densities in degrees deg; (92)
F={F® e o5 (x)}, (101)

we say [SS24b, §2.1] that higher Mazwell-type equations of motion are systems of equations
of the form

v, : dF9 = pO(F), (102a)
Y,  «FO = y,0O(F), (102b)
where:
(i) the P are graded-symmetric polynomials in I variables of degrees deg;,
(ii) w is a linear automorphism on the linear span of I.

Here, the first equations (102a) are called the higher Bianchi identities and the second
equations (102b) are the higher duality relations.
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Basic examples are the following (where we indicate the degrees of differential forms in
their subscripts):

dFy, =0
4D Vacuum Maxwell 2 _
‘ (gauge sector of 4D SuGra) ‘ d Gg -0 : * Fy = GQ ) (103&)
[ Chiral Flux in D = 4k+2 } dF2k+1 = O, * F2k+1 = FQk-Jrl . (103b)
d F2 == O

* F2 = Gg, (103(3)

5D Maxwell-Chern-Simons ‘

(gauge sector of 5D SuGra) d GS — lFQ A Fv2
2 )

dF2o = HS/\FQO—Q
‘ 10D massive ITA NS/RR-Fluxes ‘ d H3 -0 *on = F10720 (103d)

(gauge sector in massive 10D SuGra) ‘ *Hy = H; 7
dH; = %Zi(—l)sz N Fg_g;,
dFy, =0
dFy, = H3N\F, 7 7
10D actual ITA NS/RR-Fluxes _ * L'oe = L'10—2e
‘ (gauge sector of 10D ITA SuGra) ‘ d F6 o H3 A F4 * H3 _ H7 (1036)
d Hg - 0 ’
dH; = $FyANFy— F> A\ Fg,
: dGy, =0
11D Maxwell-Chern-Simons _
(gauge sector of 11D SuGra) ‘ d G7 — 1G4 A G4 * G4 - G7 . (103f)
2 )

Not an example are the equations of motion of nonabelian Yang-Mills theory with non-
trivial structure constants ( ;k), since their Bianchi identities
dF' =" fi, A NFF (104)
jk
involve gauge potential forms A* that are not in general globally defined as required in (101).

Due to this restriction, we speak of Mazwell-type (hence: abelian Yang-Mills type) equa-
tions of motion. But beware that, even so, the nonlinear Bianchi identities that we admit,
through the polynomials P® in (102a), make such Maxwell-type fluxes in general have
quantization laws in nonabelian cohomology — this is the topic of § 4.

Also not immediately an example of (102) are Chern-Simons type equations of motion
that require flux densities to vanish, F) = 0. For such gauge fields, their entire non-trivial
content is in the flux-quantized gauge potentials, which we come to in § 4. But this case is
subsumed by a natural generalization which we discuss in § 5.2.

Initial Cauchy Data. Now consider the special case that spacetime is globally hyperbolic,
Xt ~ R0 x X4 and consider the set of germs of solutions to such higher Maxwell-type
EoM (102) around the spatial Cauchy surface

{0} x X4 <ty X1 (105)

an )/~ 0o

hence:
Sol(X?) = {e € Ry, (F(i) € Qj%gi((—e, +€) x Xd))ie[
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where <e, ﬁ) ~ (e’, F") iff there exists 0 < €’ < ¢, ¢ such that ' = F after joint restriction
to (—€”, +€") x X,

Observing that Hodge duality exchanges purely spatial forms with those having a temporal
dt-factor, one finds [SS24b, Thm 2.2 & §A] that these germs of solutions are equivalently
encoded in Cauchy data on X¢, which has the same form as (101) and (102) except that the
Hodge duality relation disappears:

~

Sol(x?) —£» {B® ¢ Q¥#(x4)[aB = P(B)}. (107)

The conditions on the right of (107) are the higher Gauss laws, being the spatial components
of the higher Bianchi identities (102a), while the Hodge duality relation (102b) is absorbed
into witnessing the existence of an inverse to (107).

3.2.2. Characteristic L.-Algebra

We proceed to further identify this Cauchy data (107) with closed differential forms with
coefficients in a characteristic Lo.-algebra (§ 3.2.2). For this purpose we now require (in
§ 3.2.2) that the higher Maxwell-type EoM are suitably universal (which is the case for all
the examples (103) of interest, but deserves a formalization).

Universal Exterior Differential Systems. Recall that on X € SmthMfd, an exterior dif-
ferential system (cf. [Bry+91; McK19]) is a dge-ideal in the de Rham complex § C Q3 (X).
Its integral solutions are submanifold embeddings along which this ideal pulls back to zero,
forming the solution set

Sol(X, 9) = {Y &, X‘gf)*g = o}. (108)
This is a way of encoding (solutions to) differential equations with variables in X.

Our goal is to formulate universal such differential equations which do not depend on the
choice of domain X but only on an abstract set i € I of deg,-forms (92) on any domain.
But with the universal de Rham complex (§ 3.1.1) in hand, this is immediate: We take such
universal exterior differential systems to be dgc-ideals J in the de Rham complex (87) on
the smooth moduli set (97) of deg;-forms, i € I:

e Q:lR(Hi QSE&'(*)), (109)
and say that the solution set on X € SmthSet is
Sol(X, 9) = {X L Qgggi(*)‘qs*g = 0}. (110)

Specifically, we say that:

(i) Higher Gauss laws in degrees deg;, i € I (92) are universal exterior differential systems
(109) which are algebraically generated as

9 = <dprjb(i) _P(i)((pr;b(j))jel»iel - Q?ﬂR(Hi Qj;xgi(*)), (111)

for graded-symmetric (wedge product) polynomials P® in the set I of deg-graded
variables, evaluated here on the universal differential forms (96).
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(ii) Fluz densities B (97) on X solve the Gauss law (111) if they are in the corresponding

solution set (110), hence if .
BT =0 € Q3 (X), (112)

which means equivalently that

Characteristic L.-Algebra. For given degrees (92) such that all deg, > 1, let

AlaY == (BD) € Vecl (114)
denote the N-graded vector space spanned by elements 5 in degree deg;, and denote by
A®a" = Sym(A'aY) (115)

its graded-symmetric algebra, cf. (115).

Lemma 3.1. Given a pregeometric higher Mazwell-type EoM (111), in degrees deg (92), a
differential d (graded derivation of degree +1 that squares to 0) on A®a¥ (115) is given on
generators by the formulas

v, dp® = PO({g0},), (116)
in that it follows that d*> = 0.

Proof. By the graded derivation property of d, we are equivalently claiming that the expres-

sions ‘ , 0 , :
APO{E ) = 3P g P (57 (117)

vanish for all @ € I (where on the right we have the sum over graded partial derivatives).
Since the BU) are free generators, this is the case iff the polynomials on the right vanish
identically as functions (for all possible arguments) hence ift

v, plk — 0. (118)
Pt

This is to be shown.

Now, the fact that J is a differential ideal (111) implies analogously that

AP bal) = 5Pt k) <0 o

This being an expression in Qdeg1+l(]_[ Qdegj( )), its vanishing implies that for all U €
SmthMfd and all ( ) € Qdeg](U)>jE] we have

ZP ({B }yel> =0. (120)

In particular, we may take U = ]RN with IV so large that there exist constant differential
forms Bigree € Qdeg’ (U), j € I (sums of wedge products of differentials of the canonical coor-
dinate functlons), with the property that all their nontrivial wedge monomials of total degree
less than or equal to deg; + 1 are non-vanishing except for reasons of graded-commutativity.
Hence specialized to these, (120) implies (118), thereby the vanishing of (117) and thus the

claim (116). O
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With the terminology recalled in § A.1, we have:

Definition 3.2. The dgc-algebra implied by Lem. 3.1, to be denoted

CE(a) := (A®a¥,d) € dgcAlg, (Set), (121)
is the Chevalley-Eilenberg algebra of an L..-algebra
a € LyAlg (Set), (122)

which we call the characteristic Ly-algebra of the given pregeometric higher Maxwell-type
EoMs.

The grand conclusion of this section is thus:

Theorem 3.3 ([SS24b, §2.1]). The solution set (106) of higher Mazwell-type equations (102)
that are universal in the above sense (111), is isomorphic to the set of closed differential forms
(250) on the Cauchy surface with coefficients in the characteristic Lo-algebra (122):
~ i dei >3 D D ~ .

Sol = {BO € o (x9)|d B = P(B)} —= Qi(x%a). (123)
Remark 3.4 (Two notions of higher gauge theory). Beware (cf. Fig. 2) that the role of L.-
algebras here is different from the “higher principal connection” approach to higher gauge
theory ([Sch05, §11-12; BS07; FSS12; SSS12; SW13; Bor+25; Alf25, §2; RSW26; Wal26;
Bun+26]): There Ly-algebras serve as the coefficients of gauge potential forms which are

generically not flat/closed — while here they serve as coefficients of the flux densities and

their closure is no less than the electromagnetic Gauss law constraint putting the theory on
shell.

Figure 2: There are two approaches Principal Cohomological
to globally modeling “higher gauge Specified coefficient of coefficient of
fields”: Either as higher generaliza- I p—ZCl:gc%ra gauge potentials flux densities

tion of connections on principal /fiber (connections) (curvatures)

bundles, or as nonabelian generaliza- Flatness /
tion of ordinary differential cohomol- closure
ogy. Here we are concerned with the
latter (from [FSS23, §9]).

Gauss law /
Bianchi identity

B 1 heterotic SuGra /| type I/II SuGra
Xampies | B_field on T-folds| /11D SuGra

. J

non-generic

But with the electromagnetic Gauss law constraint on initial Cauchy data of flux densities
understood as an L.-closure condition, by Thm. 3.3, we have opened the door to under-
standing the “quantization” (discretization) of flux densities, in generality. This is the topic
of §4.1.

4. Global Phase Space of Higher Gauge Fields

4.1. Flux Quantization

We have characterized (Thm. 3.3) the solution space of higher flux densities. This generalizes
the historical situation of [Max65], when Maxwell’s equations for electromagnetic flux were
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formulated. Later, [Dir31] noticed that the electromagnetic gauge potential exhibits a global
“quantization” (discretization) of the admissible total flux, and our task now is to discuss
the corresponding generalization of that fluz quantization via gauge potentials.

4.1.1. Rational Homotopy

Smooth Moduli Set of On-Shell Fluxes. In Thm. 3.3 we identified the solution set of
Maxwell-type equations around a Cauchy surface X as the set of closed a-valued differential

forms for a characteristic L..-algebra a:
Sol ~ Q4(X%a). (124)
This means that there is actually a smooth moduli set of solutions/closed forms, inside the
smooth de Rham complex (88) from § 3.1.1:
QL (X% a) € SmthSet
(125)
PIt(R”, Q4 (X% a)) = QR(R" x X% a),

hence, by (18), with:
Q4(X%a) ~ Map(X%, Qlp(*)). (126)

Shape of On-Shell Flux Moduli. The shape (71) of this smooth moduli set is, by (75),
S 01 () = [Map(X#, 945, a)
~ Map(/ X%, [QL(*,a)) (127)
~ Dsc Map(Sing X¢, Sing Q(x; a))
with
Sing(Q4(*)) € SSet — Grpd,,

Plt(A[k], Sing(Q4(x))) = Q4(A%a). (128)

Rationalizing Classifying Spaces. This simplicial set of closed a-valued differential forms
is a famous construction in rational homotopy theory (RHT, for which cf. [FHTO00; Hes07;
F'SS23, §5]):

For a simply connected A € Grpd,, its R-rationalization is LA € Grpd whose homo-
topy groups are the R-rationalization of those of A:

Vpso @ mu(LRA) ~ m,(A) ®, R (129)
and which is equipped with a map
R
A IRA (130)
that induces the canonical homomorphisms,
R
T (A) ), m(A) ®, R (131)

and is suitably universal with that property.

The fundamental theorem of dg-algebraic RHT says that for a simply connected A whose
rational cohomology/homotopy groups are finite-dimensional, there exists an essentially
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unique minimal L.-algebra

A € LoAlg,
(IA)e =~ T (QA) ®, R

whose brackets are the R-rationalized higher Whitehead brackets of A (and whose CE-algebra
is called minimal Sullivan model of A) such that: *

LFA =~ Sing Q% (*; [A) . (133)
Regarding this under the tacit faithful embedding Dsc : Grpd,, ~— SmthGrpd
equivalently:

(132)

o, it reads

LEA ~ [QL(%1A). (134)
In this form it immediately generalizes, by the smooth Oka principle (80) and using (126),

=

to: ?
xesmnMid} = Map(X, LRA) ~ [QL(X;IA). (135)

Restriction to Solitonic Flux Densities. An important variant of (135) is Prop. 4.1 below.
The solitonic on-shell flux densities are those on-shell flux densities (125) which on a Cauchy
surface X are compactly supported or vanishing at infinity according to (91):

Q(Xia) =l b(Q4(X0) B QY - Koa). (136)
KeCmp(X)
We assume now that the Cauchy surface manifold X is non-pathologic at infinity. One
way of saying this is that it is finitary in that it is the interior of a compact manifold with
boundary.

In this case the compactly supported maps out of X with coefficients in a pointed space
y? *
Map,(X.Y) = lig fib(Map(X.¥) & Map(X — K°,9)), (137
KeCpt(X)
are equivalently (cf. [AF25, p. 6]) the pointed maps out of the one-point compactification
Xifoo} (cf. [Jam84, §3; 5525d, §2.2)):

ity CooiNIEL - = Map,(X,Y) = Map*(Xioo}, Y) - (138)

Proposition 4.1. The shape of the moduli of solitonic on-shell flux densities (136) on a
finitary Cauchy surface X is the pointed mapping space: °

Map*(X, L*A) = [ (X; LA). (139)
Proof. We have the following sequence of natural equivalences:
[0, (X% 14)

4The equivalence (133) is traditionally discussed for polynomial differential forms on bounded simplices;
but it holds just as well for the smooth differential forms on extended simplices used here, since these
still satisfy (cf. [GM13, Cor. 9.9]) the relevant extension lemma (cf. [FSS23, Prop. 5.10; nLa26al).

50ur one-line proof, via cohesion, of (135) reproduces the result of [Berl5, Thm. 1.4] (cf. also [Lazl3,
Thm. 8.1; BFM11, Thm. 3.1]) for the special case when the domain X is a smooth manifold and for
rationalization over the real numbers.

50ur quick proof, via cohesion, of (139) reproduces essentially the result of [BFM11, Thm. 1.2] for the
special case that the domain X is a smooth manifold and for rationalization over the real numbers.
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= [ tiny fib(($25(X;14) & QX — K7 14)) by (136)
K
~ hﬂ [fib <Q;1(X; [A) i QX — K°; LA)) since [ preserves colimits
K
o~ hﬂ fib <fQ;l(X, [A) ke (X — K°; LA)) using (79)
K

~ lim fib (Map(Xd,LRA) K Map( X — K°,LRA)> by (135)
K

~ Map*(X?, LEA) by (138). O

Admissible Classifying Spaces. We hence ask for classifying spaces A whose real White-
head L.-algebra [A (132) coincides with the characteristic Lo.-algebra a (Def. 3.2) of a given
Maxwell-type higher gauge theory. For example:

(i) [B2Z?*, cf. (257), is the characteristic Ly.-algebra of 4D vacuum electromagnetism
(103a): I 4, = 0
CE(IB?Z?) ~ R, [ 2} /( 2= ) (140)
g2 dgo =0

(i) [B?**1Z . cf. (257), is the characteristic Lo-algebra of the chiral flux in D = 4k + 2
(103b):
CE(IB*HZ) ~ R, [cosn] /(deansr = 0). (141)

(iii) [S?, cf. (269), is the characteristic Ly-algebra of 5D Maxwell-Chern-Simons theory
(103c): i 4/, = 0
CE(1S?) ~ R, l 2] /( 2= 2). (142)
gs dgs = §f2

(iv) [(KUO / BU(l)) , cf. (270), is almost the characteristic L.,-algebra of massive type
ITA supergravity (103d), missing H; and its nonlinear Bianchi identity:

CE(I(KU,/BU(1))) ~ R, Kﬂ / (ddf;; i g’3f2'2>. (143)

(v) [Cyc(S?), cf. (274), is the characteristic Lo-algebra of actual ITA supergravity (103¢),
including H7 and its Bianchi identity:

/2] dfs =0
f4 df4 - h3f2
CE(ICye(S5%) ~ R, | f5 / dfs = hsfs . (144)
hs|” |dhs =0
A dhy = 3fafs— fofs

(vi) IS* cf. (269), is the characteristic Ly-algebra of 11D supergravity (103f):

CE(ISY) =~ R, M / <dg4 = ) (145)

g1 dgr = 14}
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But beware that [(—) forgets a lot of structure, namely all the “torsion information”.
Accordingly, there is always an infinitude of inequivalent classifying spaces A with the same
rationalization [A. For example, with any K € Grp(FinSet) we have

(A x BK) ~ IA. (146)

Accordingly, when we come to flur quantization in § 4.1.2, the actual choice of classifying

space A, which is admissible, in that
A ~a (147)

for the given characteristic Gauss law L.-algebra a, is a substantial datum that needs to be
provided/chosen in order to globally complete the higher gauge field theory.

4.1.2. Nonabelian Character

By combining the facts from § 4.1.1, we obtain the natural differential character maps

A
s - ch’ 3
} B Map(X,A) br) Map(X, LFA) — 7 JQU(X1A) - (148)

(130) (135

X € SmthMfd

ft
Ae Grpd[g‘f@m]

(where on the left we mean that A is simply connected and of rational finite type).

These maps hence extract the underlying differential form (flux density!) shadow from
maps to the classifying space (charges!).

To make this interpretation more tangible, consider:

(i) The nonabelian cohomology with coefficients in the loop oo-group of A is

H'Y(X;QA) := moMap(f X, A) (149)
and, more generally, if A is not necessarily connected:

H°(X;A) == moMap(J X, A). (150)
([Toé02, Def. 6.0.6; Lurl4, Def. 6; FSS23, §2], more exposition in [SS25i, §1; SS26e,

§4]).
This subsumes:

(a) Ordinary nonabelian cohomology with coefficients in a Lie group G, taking A =

BG,
HY(X;G) ~ mMap(X, BG), (151)

(cf. [FSS23, Ex. 2.2)).
(b) Ordinary abelian cohomology with coefficients A € AbGrp, taking A = B"A:
H"(X;A) ~ H°(X;B"A) (152)
(cf. [FSS23, Ex. 2.1)).
(c) Complex topological K-theory, taking A = BU(o0) X Z
K°(X) ~ HY(X; BU(c0) x Z), (153)
(cf. [FSS23, Ex. 2.11]).

(d) Any Whitehead-generalized abelian cohomology theory E™(—), taking A = E,
to be a stage in the corresponding spectrum of classifying spaces:

E"(X) ~ H°(X; E,) (154)
(cf. [Koc96, §3.4; AGP02, §12; FSS23, Ex. 2.10]).
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(e) n-Cohomotopy, taking A = S™
™(X) = H'(X;Q8"). (155)
(ii) The nonabelian de Rham cohomology [FSS23, Def. 6.3] with coefficients in a € L, Algp
is the set of concordance classes of closed forms:
Hix(X;a) = Qil(X;a)/concordance. (156)
This means that a pair of closed a-valued forms on X? are in the same cohomology

class iff they are the boundary values of a closed a-valued form on [0, 1] x X¢.

By the discussion § 3.2, this means that the nonabelian de Rham class of on-shell flux
densities is preserved by time evolution, hence reflects conserved total flux ([SS25d,
§3.1] cf. Fig. 3):

Figure 3: Time evolution of on-shell flux is a concordance of Cauchy data. The concordance class
in nonabelian de Rham cohomology (156) is the conserved total fluz.

( i i | R
t QR (XY
M histo Q8 (X x [t t1]) « #— CE(a)
to Ql.lR (Xd)
For a = [B"Z this definition (156) reproduces [F'SS23, Prop. 6.4] ordinary de Rham
cohomology: L
Hin(X;(B"Z) ~ H(X). (157)

Generally, for a ~ [A (132), the following nonabelian de Rham theorem [F'SS23, Thm.
6.5] naturally identifies nonabelian de Rham cohomology (156) with nonabelian real
cohomology:

Hiz (X;1A4) = QL(X; LA)/concordance by (156)
~ o [ Qe (X; LA) by (75) (158)
~ 7 Map(X, LRA) by (135)
= H'Y(X;QLFA) by (149).

Therefore, on my the differential character map (148) becomes a map from nonabelian
integral to nonabelian real/de Rham cohomology, which as such is the plain nonabelian
character map [FSS23, Def. 1V.2]:

chﬁ‘(
§ (ch%)- N
HU(X:04) ~ mMap(X:A4) S ol () ~ Bl (). (159)

For example:
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(i) ch?"? is the classical de Rham map,
(ii) ch®Y is the Chern character on K-theory,
(iii) ch® is the Chern-Dold character on the generalized abelian cohomology E™(—),

(iv) ch®" is a nonabelian character map from 4-Cohomotopy (269) to classes of total C-field
flux (145).
Hence, if we understand:
(i) nonabelian cohomology as the home of charge,
(ii) nonabelian de Rham cohomology as the home of total fluz,

then the character map (159) is understood as mapping charges to the total flux which they
source.

However, the charges in a cohomology theory are generally more constrained than total
flux in real cohomology. For example, the image of the de Rham character

B"zZ
chy

HY(X:2) 25 Hl (X) (160)
is a lattice inside a real vector space.

Therefore, asking that some total flux [é] lifts through the character map, hence that it
is the character image of a charge Y,

[B] = et (v), (161)

is to ask that it is “quantized” (in the sense of discretized) in some form. This is the coarse
form of flur quantization:

CY AR R L -
I H'(X%A)
s 162)
* B lché (
T

Qg (X a) — Hip(X%a)
and the choice of
A € Grpd,, with [A ~ a (163)
is the corresponding flux quantization law.

However, the quantization of total flux [é] alone is not sufficient for defining a local higher
gauge field: We need to locally impose structure on the actual flux B which implies global
charges quantizing the corresponding global flux as above.

This is a curious request: Locally the flux may take any value (as long as it satisfies the
equations of motion), but globally it must “integrate” to certain prescribed discrete values.
But this request has a natural solution in cohesive homotopy theory; this is what we turn
to now in § 4.2.

4.2. Global Completion

We are now ready to put all the pieces together and construct the phase space stack of
globally completed higher gauge fields for a given flux quantization law (§ 4.1).
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4.2.1. The Phase Space

The Phase Space As Such. Namely, after a choice A of flux quantization (163) for given
Gauss laws a, we have now obtained a pair of coincident maps, one from the smooth moduli
set of on-shell flux densities, the other from the moduli space of charges:

Map(Xd,A)
chﬂl(lc’)g) (164)
;
9(1;1<Xd§ a) # fQil(XC% LA)'

This is the local refinement of the corresponding coincident maps in (162), in that it repro-
duces the latter on gauge equivalence classes (52):

Map(X% A) H' (X% QA)
lchﬂ }&- lchA (165)
QL (X% a) 2 [ (X7 L4) QL (X% a) — Hip(X%14).

Therefore we may now ask for local flux quantization by asking for a lift as above in (162)
but before passing to gauge equivalence classes, and hence up to a specified homotopy A:

o Map(X?, A)
27X
e /j/\’o
ifE
v s
7 @
* v ch? (166)
B
1?(1 :\\
Tog T s

(X% a) " [QL(X%1A).

That homotopy A turns out to encode the gauge potentials. In this way, such a diagram
is the proper enhancement of the flux densities to a globally defined higher gauge field
configuration.

The entirety of choices of such data forms, by the universal property (59), the moduli
stack, which is the homotopy fiber product (58) of our two maps:

N Phs(X?% A) —— Map(X? A)

3 J
7/

« ch? (167)

|
Qil<Xd§ LA) —— fﬂél(Xd§ a) :
This
Phs(X?%A) € SmthGrpd,, (168)
is the globally completed phase space of the global completion of our Maxwell-type higher
gauge theory by flux quantization in A-cohomology, in that it is the gauged smooth set of

(Cauchy data for) on-shell higher gauge fields, hence those solving their equations of motion
(here: of Maxwell-type).
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We notice that the above homotopy pullback is the image of a homotopy pullback under
Map(X% —), by (126) and (127):

Map(Xd7.Adﬂ‘) Map(Xd,A)
(1()7) >~ l - lMap(Xd,chA) (].69)
Map(X, 24+ 0)) "L Map(x#, [0 (x 14)).

Here in the top left we used that Map(X d —) preserves homotopy limits, and identified the
differential moduli stack of A:
Agg = A x  QY(xIA) € SmthGrpd, . (170)
1 (x14)
This object neatly exhibits the combination of plain homotopy types (A, on the left) with
differential geometric spaces (2L(x;a), on the right) that we achieve among smooth oo-
groupoids (cf. Fig. 1).

The Gauge Potentials. Among the most profound aspects of this construction is that the
homotopies in (166) are really locally equivalent to higher gauge potentials as known in the
traditional literature. This is the case but requires non-trivial analysis:

Example 4.2.

(i) Differential ordinary cohomology. For ordinary cohomology coefficients, A =
B"Z, [FSS23, Prop. 9.5] shows that that the differential moduli stack (170) is that
classifying ordinary differential (n + 1)-cohomology (Deligne cohomology, higher U(1)-
bundle (n — 1)-gerbes with connection, cf. [F'SS13, §2.5; FSS15a, §3.1; FRS16, §2.8])

(B"1Z)ag ~ B"U(1)conn - (171)
This shows that the above construction reproduces the usual global completions of
abelian higher gauge fields, such as the ordinary magnetic field in ordinary differential
2-cohomology (Dirac charge quantization, cf. [Alv85; Fre02, §2; 1L.S22b]), the Kalb-

Ramond B-field in ordinary differential 3-cohomology ([Gaw88; FW99]), and so on; see
[SS25d, Ex. 3.10] for further pointers.

(ii) Differential K-theory. For A = KUj(or A = KU,/BU(1)) flux-quantizing type
ITA supergravity with the H7-Bianchi disregarded (143), [FSS23, Exs. 9.2, 11.2] shows
that Aqg (170) is the moduli stack for (twisted) differential K-theory, a candidate
model for the gauge potentials of the RR-field in 10D supergravity (cf. [Fre02; Szal3,
§3; GS522]).

(iii) Differential abelian cohomology. Generally, for A = F, a stage in a spectrum
E, of spaces, representing a (Whitehead-generalized) abelian cohomology theory, Elg
is [FSS23, Ex. 9.1] the moduli stack for differential E-cohomology ([HS05, §4], cf.
[Bun12]) in degree n.

But this construction generalizes now further to differential refinement of nonabelian
cohomology (150), such as:

(iv) Differential 4-cohomotopy. For A = S? flux-quantizing 11D SuGra (145), the
differential cohomology theory classified by Siz (170) is differential 4-Cohomotopy
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[FSS15¢, §4; GS21, §3.1]. That this indeed induces the local gauge potentials (and
their local gauge transformations) expected in 11D SuGra (cf. § 6.1) is shown in
[GSS24a, Prop. 1.1; GSS24b, §4.1; Ban25].

The Shape of Phase Space. The shape of the phase space is the groupoid of global
symmetries exhibited by large gauge transformations.

The properties (77) and (78) immediately imply the following crucial fact: The shape of
the phase space is the moduli space of the topological charges:

[Phs(X?%A) ~ Map(X%A). (172)
Hence the gauge equivalence classes (52) of the shape (71) of the phase space (167) con-

stitute the nonabelian cohomology (149) of the Cauchy surface with coefficients in the flux

tization law A (163):
quantization law A (163) [jPhs(Xd;A)]o ~ H'(X%A). (173)

The Points of Phase Space. If we forget the smooth structure on phase space, by applying
the flat modality b(—) (81), and then pass to gauge equivalence classes (52), we get the
discrete set of gauge equivalence classes of on-shell field configurations:

pPhs(X% Ay € Set. (174)

This is equivalently the cohomology of the Cauchy surface with coefficients in the differential
moduli stack Aqgg (170)

pPhs(X%A)|y ~ pMap(X? Agg)lo by (169)

[Hom(Xd; Adg)]o (175)
=: Hdlﬂ(Xd;Qfl),

which is the differential nonabelian cohomology [FSS23, Def. 9.3] of the Cauchy surface, with

coefficients in A.

12

For example:

(i) For A = B?7Z? flux-quantizing 4D vacuum Maxwell theory (140), the completed gauge
fields have classes in (two copies of) ordinary differential cohomology in degree 2,

Hig(X% QB*Z) ~ Hip(X Z) (176)
(cf. [FSS23, Prop. 9.5]).

This is equivalently the usual flux quantization that one finds in modern textbooks
(going back to [Dir31; Sch66; Zwa68|), equivalently given by isomorphism classes of
U(1)-principal connections (cf. [Alv85; Bry93, §7.1; Frall, §16.4e; Fre02, §2]).

The consideration of quantization not just of the magnetic but also of the electric

flux, hence of differential coefficients in B?Z?2, is less widely appreciated but has been
considered in [FMS07b; FMS07a; Bec+17, Rem. 2.3; L522a; LS22b; SS24b, (21)].

Of course, one may also choose not to integrally quantize the electric fluxes at all,
hence to take the flux quantization law to be B2Z x B?Q. If one means to model
real-world electromagnetism, then the “right” choice of flux quantization is a matter
of comparison to experiment.

32



Higher Gauge Theory 4. Global Phase Space of Higher Gauge Fields

While integral magnetic flux quantization has been securely observed experimentally
(in the form of flux quanta attached to Abrikosov vortices in type II superconductors,
cf. [Tim23, §5.3]) the phenomenology of electric flux quantization may yet have to
receive attention.

(ii) For A = B3Z flux-quantizing the NS field in 10D supergravity (143), the completed
gauge fields have classes in ordinary differential cohomology in degree 3 (again by

F'SS23, Prop. 9.5]):
| p- 9:5]) Hig(X4OBYZ) ~ Hig( X4 7). (177)

This is the flux quantization traditionally considered for this NS B-field, equivalently

given by Deligne cohomology in degree 3 and by bundle gerbes with connection and
curving [Gaw88; FW99; GR02; CIM04; BFS08; Ferl12; GS19].

(iii) For A = KUy flux-quantizing massive 10D type ITA supergravity with trivial NS-
field background (143), the completed gauge fields have classes [FSS23, Ex. 9.2] in

differential K-theory:
7 ! Hig( X% OKUp) ~ Kgg(X9) (178)

(the twisting by the background NS-field is readily incorporated, too; we come to this
in §§ 5.1 and 6.1.)

This is the RR-flux quantization traditionally considered in the string theory litera-
ture [Fre01, §3.7; Fre02; KV14; GS22], going back to suggestions in [GHM97; MMOI7;
MWO00], cf. [SS25d, §4.1].

(iv) For A = S* flux-quantizing 11D supergravity (145), the completed gauge fields have
classes in differential 4-Cohomotopy [FSS15¢, §4; FSS23, Ex. 9.3; GS21, §3.1].

The Reduced Phase Space. The reduced phase space (cf. [HT92]) is the (concrete, § 2.1.2)
quotient of the phase space by gauge symmetries (52):

t[Phs(X% A)]y € SmthSet. (179)
We now have the following fundamental result:

The points of the reduced phase space are the differential nonabelian cohomology classes
of the Cauchy surface, with coefficients in the flux quantization law A.

This holds by these natural isomorphisms:
o(41[Phs(X%.A)]o) =~ b[Phs(X%A)]y by (39)
~ [bPhs(Xd;A)}g by (82) (180)
~ Hiz(X%A) by (175).

Restriction to Solitonic Fields. In variation of the construction (167), we may restrict to
solitonic fields whose flux densities B on the Cauchy surface X? vanish at infinity (136):

B e QL (X%a) — QL (X%a). (181)

clc

By Prop. 4.1, the shape of these compactly supported flux moduli is the pointed mapping
space out of the one-point compactification Xud{oo} of phase space. Therefore, the variant of
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the phase space (167) for solitonic fields is the following pullback:
Phs (X% A) —— Map*(Xf{oo},A)
[ Jeae (182)
g
(X%a) —— Q4 (X%a).

cl,c

Ql

cl,c

The shape of this solitonic phase space is thus found, analogous to (172), to be the space of
pointed maps into the classifying space:

[Phs (X% A) ~ Map*(X{{;,A). (183)

4.2.2. The Observables

Ordinary Observables. An ordinary observable is (cf. [SW76, §4; Kir90, §1.1]) a smooth
map from phase space to the complex numbers, sending on-shell field configurations ® to
the given value O(®) that is observed /measured:

Phs(X%4A) —2— C
) — O(D).

(184)

For definiteness: By
C € Alg(SmthMfd) — Alg(SmthGrpd,,), (185)

we mean the complex numbers with their canonical smooth structure as the Euclidean space
R2. Being a smooth manifold, as a gauged smooth set, the complex numbers are therefore
both concrete (33) as well as 0-truncated (51):

C ~ ﬂlc

But this immediately implies, by the universal properties (37) and (53), that ordinary ob-
servables (184) factor through the reduced phase space (179):

(186)

. ©
Phs(X%A) —— #,[Phs(X%A)]y -~ C (187)
This is exactly the expected/desired physical property of ordinary observables: They are

gauge invariant (and send smooth families of field configurations to smooth families of ob-
served numbers).

Topological Observables. An observable (184) is topological (physics jargon for: homo-
topical) if it factors through the shape of the phase space.
( | @top 1}
Phs(X%A) —"— [Phs(X%A) - -~ C. (188)

Combined with the implied gauge invariance (187) and with the characterization (173) of
the shape of phase space, this means that ordinary topological observables are functions of
the nonabelian cohomology of the Cauchy surface with coefficients in 2A, hence of the set
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of topological charges:

r B ¥
Phs(X%.A) —" [Phs(X%A) " H'(X%QA) > C. (189)

@top

Moreover, realistic observables (those measurable in experiment) will have compact sup-
port on phase space, whence realistic topological observables are actually compactly sup-
ported functions on the connected components of the shape of phase space, as such identified
with the 0-homology of phase space:

TopObsy(X%A) ~ Hy([PhsSp(X%.A);C)

~ H0<Map<Xd;.A);(C).
Or rather, restricting to solitonic field configurations (183) whose flux densities vanish at
infinity (136) along the Cauchy surface, the realistic topological observables (190) constitute

homology of the pointed mapping space (183) out of the one-point compactification of the
Cauchy surface:

(190)

SolTopObs, (X4 .A) = Ho(Map*(Xd{oo},A); cc) . (191)

U

Topological Light Cone Quantization. Consider then the case that spacetime is not just
globally hyperbolic but of the form

Xbd ~ RV X (192)
whence the Cauchy surfaces are of the form
X4 ~ R x X471, (193)

On such spacetimes one may naturally consider light-front evolution ([Dir49, §5], cf. [WP94]).

Remarkably, the realistic solitonic topological observables (191) on such spacetimes (192)
form the homology of a based loop space (cf. [SS25g, (18)])

SolTopObsy (X% A) ~ Ho(Map*((R! x X%1),(y, A); C)

~ HO(Q Map*(Xf{;}}, A); (C)

and as such inherit [SS25g, (20)] a (generally) non-commutative (star-)algebra structure
induced by loop concatenation (and reversal), the Pontrjagin algebra structure:

SolTopObs, ®,. SolTopObs, — SolTopObs,, . (195)

(194)

As such, SolTopObs, has the form of an algebra of quantum observables’, which one may
understand as the result of light-front quantization [SS26¢, §2.2] in the topological sector.

Concretely, with the restriction to homology in degree 0, this is the group algebra of the
fundamental group of the pointed maps from Xf{;}} :

SolTopObsy (X% A) =~ C[mMap”‘(Xj‘l{;}},A)]. (196)

"Beware that usual “canonical” deformation quantization of symplectic/Poisson structures cannot see non-
trivial quantum algebra structure of topological observables, as these are locally constant functions on
phase space and as such have vanishing Poisson brackets.
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5. Enhancements

We briefly indicate some natural further enhancements of the above constructions.

For brevity we omit the important topic of higher gauge fields on orbifolds, flux-quantized
in twisted equivariant nonabelian cohomology theory. For more on that see [SS25i; SS26¢].

5.1. Sources and Branes

Maxwell Theory with Sources. The classical Maxwell equations of course generally have
a source term Js, the electric current density 3-form, and are as such traditionally written
= “AFy =0, dGy = J5,  Fy = Gy’ (197)
Here we have put this traditional expression in quotation marks because it glosses over the
important subtlety that the topological class of J3 is on a different footing compared to that
of F2 and GQI

(i) The electric current density J; is meant to be integrable over the Cauchy surface, its
integral being the net number of electrons.

(ii) Tts class is not in plain cohomology but subject to coboundaries that preserve this
integral, and hence the net number of electrons.

(iii) The Maxwell equation d Gy = J3 is meant to apply after forgetting these integrability
conditions, so that it trivializes only the plain de Rham class of J3, without forcing the
net number of electrons to vanish.

We may mathematically implement these desiderata by considering the one-point compact-
ification Xj‘l{oo} of the Cauchy surface, assuming for simplicity that this still has the structure

of a smooth manifold (for instance ]Rf’{oo} ~ S3). Then we have a canonical smooth map

with Fy, Gy € Q25(X9) while J; € QE’IR(XU‘?{OO}), and with the would-be Maxwell equations
(197) really reading as follows:

dFy, =0,
dGy = ¢"Js, * Fy = Gjy. (199)
dJ; = 0.

Such a system of EoMs no longer has a characteristic L..-algebra, but a fibration of such:

fa dfs =0
a CE(Q) = Rd gs / dg2 = j3
J3 djz =0
B (200)
T
J3

b CE(b) = R,[js]/(djs = 0),
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in that germs of solutions of Maxwell’s equations with sources (199) are equivalent to com-
muting squares of this form:

Xt s e ch(*; Cl)
£¢ i“ (201)
Xuc%{oo} 777777 ” Q;l:l(*> b)

Background Fluxes. Generally, given

(i) an embedding of smooth manifolds

o2, x4, (202)
(ii) a fibration of finite-type Ly.-algebras
a b, (203)
then a dashed map completing a commuting diagram of the form
3P eoeoees > QL(x;a)
feﬁ i([p)* (204)
x4 Qg (x: b)

encodes on-shell flux densities on X? whose Bianchi identities may be twisted by background
fluzes on X<,

Examples:
(i) Massive RR-Fluzes Twisted by NS-Fluzes:

X9 T2 QY (+; (KU, /BU(1))) dFhe = Foey N¢"Hs

[ i (205)

X9, — 0l (x 1B2U(1)) dH; = 0.

cpt

(i) Self-Dual Fluz on M5 Twisted By C-Field Fluz:

M Ql(x1,57) dHy = ¢°Gy
qu L) oo (206)
L=
X102 0l (15Y) dGr = 1G4 A Gy

Twisted Relative Gauge Fields. Our construction above of globally completed higher
gauge fields carries over straightforwardly to this case of relative Bianchi identities twisted
by background fluxes, simply by passing to the arrow category of SmthGrpd,__:

The choice of classifying space for (now: twisted relative) flux quantization is enhanced
to a choice of fibration

A5 B, (207)
whose relative Whitehead L -algebra

(LA —25 B (208)
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characterizes the twisted Bianchi identities as above (204).

Now given such a pair of maps ¢, @, consider their twisted relative mapping space

2 - A
Map(¢, p) = Map(E;A)M p>z2 N Map(X;B) = { |o lor (209)
oL X -----3 > B

and similarly the twisted relative flux moduli
3 oo > QL+ [LA)
hoitp) = Q(SLA)_ x AY(XB) = ¢ |s oo ¢ (210
QL (251B)
X —— QL(x[B)

Applying rationalization componentwise, we obtain the twisted relative version of the
differential character map and from this the twisted relative version of the phase space, as

the homotopy pullback:
Phs(¢; ) —— Map(¢; )

[ Jwe (211)
QL (63 lp) —2— QL (61 1p)

(We are using here that shape preserves the fiber product (210), by (79), since [p is a
fibration.)

For more details on such twisted (differential nonabelian) cohomology see [FSS23, §3 &
§V]. For early discussion of applications to string/M-theory see [Sat11].

5.2. CS/BF-Like Fields

Above we discussed equations of motion of higher Maxwell-type. Here we generalize to the

situation where some of the flux densities F(*) in addition satisfy the simple but consequential

equation of motion of the form: .
F9 = 0.

Such equations of motion famously hold in abelian Chern-Simons theories of p-form fluxes

in D = 2p — 1, and for higher BF-theories.

It is a truism that such EoM imply a topological field theory, with the entire field content
consisting of the gauge potentials and their topological charges. But we are now positioned
to accurately say what this means globally, particularly when there is coupling to further
non-topological fields.

The relevant generalization of the above discussion is straightforward: In § 4.2.1 we bluntly
took the map from the moduli of on-shell flux densities to the rationalized classifying space
to be the canonical one, the shape unit

Q4 (X% a) . [Q4(X%a). (212)

But in order to construct a phase space along the lines of (166), all it takes is any map of
this form.

In particular, we may consider that the characteristic L..-algebra of the Maxwell-type
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higher gauge fields is not actually isomorphic to [A, but just equipped with a morphism
a —— [A. (213)
Forming the corresponding homotopy pullback immediately entails that generators in [A

that are not in the image of (213) correspond to gauge fields whose gauge potentials do
appear in the phase space, but whose flux densities vanish.

In this case the conclusion (172) may no longer hold, and the O-truncated phase space
may coincide with plain A-cohomology only up to rational corrections.

A physical application of this situation is discussed in [SS26a].

6. Examples and Applications

6.1. 11D/10D Supergravity

M-Flux Quantization in 4-Cohomotopy. We have seen that the characteristic L..-algebra
of 11D supergravity is a = [S*. This means that one admissible flux quantization law in 11D
(in fact the minimal one, in numbers of cells) is [Sat18, §2.5; GSS24a] the actual 4-sphere

A =[S, (214)

which is the classifying space for 4-Cohomotopy cohomology theory (cf. [Hu59, §VII; FSS523,

Ex. 2.7]): (X)) ~ H'(X;Q8). (215)

This may naturally be twisted by Sp(2)-tangential structure, in which guise it implies
[F'SS20] several subtle topological conditions expected in M-theory (cf. [Wit97b; Wit97al),
such as:

o [FSS20, Prop. 3.13]: the ipl—shifted half-integral flux quantization of Gy,
o [['SS21a; SS21]: the cancellation of M5-brane anomalies.

Double Dimensional Reduction. The operation of double dimensional reduction along
principal circle fiber bundles is implemented on flux quantized higher gauge fields by cycli-
fication of their classifying spaces ([BSS19, §2.2; S524a, §2.2|):

Cyc(A) := Map(S', A)/S* (216)

in that for S'-principal bundles
XlO
V- ! (217)
X% —% - BSt

there is a natural equivalence of classifying maps
9 N
{X10 —eemvs - A}~ {X ~ — CyC(A)} (218)

with compatible rationalization. In particular, the characteristic Lo-algebra (Def. 3.2) of
actual type ITA supergravity (103e) is [FSS17, §3; SV23, Ex. 2.5; GSS25, Ex. 3.10] the
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Whitehead bracket L..-algebra of the cyclic loop space of the 4-sphere:

fa dfs =0
fa dfs = hs A\ fo
a = [Cyc(S*), CE(ICyc(SY)) ~ R, | fs / dfs = hs A fu . (219)
hs dhy =0
_h7_ dhy = %f4f4 — fafe

IHA Flux Quantization in Twisted Unstable K-Theory. Another admissible flux quanti-

—

zation law in 11D turns out to be A = BSU(2), the homotopy fiber of the square of the
second Chern class ¢y on BSU(2):

BS/U@ *
) 4 2 | (220)
BSU(2) —" ., B8z,

The canonical comparison map induces isomorphisms on m<7:
s+ =5 BSU(2). (221)

Under double dimensional reduction, this entails a flux quantization of type ITA super-
gravity in Cyc(B SU(Z)), which receives a canonical map

—

BU@2) —— Cyc(BSU@®)) . (222)

exhibiting it as a twisted deformation of “unstable K-theory” [BSS26a].

This yields a consistent global completion of actual (instead of massive) 10D supergravity
of type ITA which retains an (unstable, deformed) semblance of the famously conjectured
flux quantization in twisted K-theory, compatible with oxidation to globally completed 11D
supergravity.

Superspace formulation. The development of the higher gauge theory in § 4 capitalized
on the fact (Thm. 3.3) that (germs of) solutions to higher Maxwell-type equations of motion
are equivalent to closed Lo.-valued forms when restricted to a Cauchy surface (solutions
to the electromagnetic Gauss law constraints). Here it is the implicit time-evolution (107)
away from the Cauchy surface which absorbs the Hodge duality constraint from the higher
Maxwell-type equations and leaves the purely cohomological L..-closure condition that al-
lows for cohomological flux quantization of the theory (§ 4.1.2).

Remarkably, for some supergravity theories there is an alternative covariant form — mean-
ing: not requiring existence or choice of Cauchy surfaces — of this “cohomologization by
metric decoupling”.

This requires formulating the theory on super-spacetime and constraining the fermionic
form of the super-flux densities (cf. [GSS24a, §2] for relevant background on supergeometry):

Specifically, consider a super-spacetime X (110832) with super-torsion free super-coframe

((Ea c Ql,evn<X1,1032))i007)

(223)
(q,a c Ql,odd<X1,10\32))i2:1
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and promote the ordinary duality-symmetric flux density forms G4 and G5 (103f) to differ-
ential superforms G§ and G% with these specific components:

G == L(Ghaya, B - E™ 4+ L(UT,,,, W) E“ B
G = 5(Gr)ayear B - B 4 L(TUT,, .0 V) B - B

Then we have the following remarkable result, following [CF80; BH80; CL94, §6; CDF91,
§I11.8.5]:

(224)

Proposition 6.1 ([GSS24a, Thm. 3.1]). Fields E (graviton), ¥ (gravitino) and G4, Gz
(duality-symmetric C-field) satisfy the equations of motion of 11D Supergravity iff the cor-
responding super-flur densities (224) are 1S*-closed, hence iff

(G5, GT) € Ql(X11082; (54). (225)

In particular the Hodge-duality relation (103f) is implied [CDF91, p. 878; GSS24a, Lem.
3.3(iii)|:
(i) (G3,Gr) € Qil(Xl’w‘?’z; [54) = G; = +xGy. (226)

This entails that 11D SuGra admits covariant flux quantization (not requiring existence or
choice of Cauchy surfaces) along the same lines as § 4 but replacing the Cauchy surface X*°
by super-spacetime X1932 and using only the sub-sheaf of [S?-closed super-forms whose
components are of the form (224):

Q(lzl,s<X1’1O|32§ [S4> = {(GZ, G3) € Qil(Xl’lo‘?’z; [54) ‘Of the form (224)},
(9%, 151) o (015 O (015
#

cl,s
1931(X1*10‘32;IS4)

(227)

Beware that this smooth moduli set of constrained super-flux densities depends on the
choice of super-coframe (223) which encodes the super-gravitational background field. But
in this form it is straightforward to generalize to the smooth moduli set of combatible coframe
fields and flux fields. This leads to flux quantization of 11D SuGra beyond just its gauge
sector.

Such super-space flux quantization is not restricted to 11D supergravity:

(i) After promoting the M5-brane embedding (more on which in § 6.2) to a 1/2-BPS super-

embedding
1528 P x1,10(32 (228)

of a super-worldvolume with coframe field ((ea)gzo, (1[10‘)2!6:1), the notorious non-linear
self-duality (cf. [FSS21b, Rem. 3.19]) of the 3-form flux Hj on the 5-brane is implied
([F'SS21b, Prop. 3.18(iii), Rem. 3.20] following [HS97; HSW97]) by imposing on its

super-flux
Hg = (H3)a1a2a3€ala2a3 (229)

the [g4S7-valued Bianchi identity
dH; = ¢G5, (230)
hence by the condition that
(G5, G5), H3) € Qals the) (231)
constitute twisted relative closed differential forms (210) with coefficients in the quater-
nionic Hopf fibration S7 2% §4 (cf. [FSS20, §3.7; F'SS21a)).
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(ii) After dimensional reduction on superspace, an analogous statement [GS26] character-
izes the actual equations of motion (103e) of 10D ITA supergravity as equivalent to the
constraint that corresponding super-flux densities constitute a closed [Cyc(S*)-valued
(219) differential form on super-spacetime X 1-9116216;

(F2, Fs, Fs, Hy, HS) € Q4 (X 19116916, [Cye(51)) . (232)
In this manner, the phenomenon will propagate to at least all those supergravity theo-

ries that arise as reductions from 11D, rendering them all amenable to global completion
by covariant electromagnetic flux quantization.

6.2. M5-Brane Probes

We have seen in (206) that the characteristic Lo-fibration for the (non-linearly) self-dual
flux density on Mb5-probes of the 11D bulk is the relative real Whitehead L..-algebra of the
quaternionic Hopf fibration. This means that the initial flux quantization of such M5-probes
is classified by the actual quaternionic Hopf fibration.

Putting the M5 thus flux-quantized on an A-type orbifold turns out [SS25b; BSS26b] to
yield the geometric engineering of topological order which reproduces in fine detail properties
of anyons in fractional quantum Hall (FQH) systems (cf. [SS26b; SS25e; SS26a], exposition
in [SS25a; SS25¢]). Briefly:

(i) For an M5 worldvolume embedding of the form (cf. [CLS26, p. 5])

()
Yo = RV x ¥2 x C
(233)
p &
Xb0 = R x R x C x C
(where G = Z;,, € SU(2), n > 2, and G its opposite).

(ii) For flux quantization by the twistor fibration with its canonical G-action on one of the
two C2-factors:

. t .
CP? . St

I ] 234
(€2 x €2 —{0}) /C* — (C* x C* —{0})/H*. (234)

() ()
For trivial background C-field charge, the resulting classifying space on the orbi-singularity

(212)¢ ~ R x ¥2 turns out to be the 2-sphere S? ~ (CP?)%, so that the solitonic charges
in this situation are equivalently classified by pointed maps

RL}{OO} A ES{OO} ****** > 52 . (235)

Therefore, the light-cone quantum algebra of the realistic solitonic topological observables
(194) and (196) on such M5 brane probes is the group algebra

SolTopObsO(]R1 X Xy Sg) ~ (C[m Map*(EUZ{OO}, 52” . (236)
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of the fundamental group of the pointed mapping space from the given surface, with the
point at infinity adjoined, to the 2-sphere.

This turns out to reproduce in fine detail [SS26f; SS25¢; SS25{] the quantum observables of
abelian Chern-Simons theory, hence of the topological quantum order of fractional quantum
Hall (FQH) systems on %2 (cf. string theoretic conjectures along these lines in [CGK20] and
see review in [SS25al).

Notably:

(i) For X% = R? the plane, one finds ([SS26b; SS25h]) that:

SolTopObs, (R* x R?; 52) ~ { renormalized Wilson loop observables } . (237)

is exactly the algebra of observables whose pure states detect the braiding phases ( =
e™n/K of anyon worldlines (framed links) with net crossing number (writhe) n € Z in
the FQH state with filling fraction v = 1/K.

(ii) For ¥? = T? the torus, one finds ([KSS26, Thm. 3.5] following [Kal25; LT80; Han74])
that

SolTopObs, (R x T?; 5?) ~ Clinteger Heisenberg group at level 2] (238)

is the group algebra of the integer Heisenberg group at level=2. This is exactly the
algebra of quantum observables for FQH anyons on the torus (cf. [Tonl6, (5.28)]).

We intentionally do not go into further detail here, not to overburden these lecture notes.
Extensive discussion may be found in the references cited above.

A. Basic Background

For reference in the main text, here we briefly recall some relevant basic notions from higher
homotopy and higher algebra.

A.1. Higher Lie Algebras

We briefly recall the dual incarnation of finite-type L..-algebras in the guise of their Chevalley-
Eilenberg dgc-algebras (cf. [L.S93; SSS09, §6.1; FSS23, §4]). This dual formulation is much
more concise and transparent than the “direct” one. In particular, it makes immediate the
generalization to super-L.-algebras [FSS15b; FSS19, §3; GSS25, §2.1], which in this dual
guise are (mis-)named “FDAs” in the supergravity literature (cf. [CDF91; CD25]).

Our ground field is the real numbers, R. By graded we mean Z-graded (though all con-
structions considered here happen to be just N-graded). We say gc-algebras for graded-
commutative algebras and dgc-algebras for differential graded-commutative algebras with
differential of degree +1.

The base case of ordinary Lie algebras. For (g,[—, —]) a finite-dimensional Lie algebra,
recall the construction of its Chevalley-FEilenberg algebra CE(g):
Write g¥ := g* for the linear dual of the underlying vector space and
A*g" = Sym(g"[1]) (239)
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for its Grassmann algebra, the free graded-commutative algebra for which A"g" is the sub-
space of degree n.

A graded derivation d on A®g" is thus determined by its restriction Alg¥ — A®g¥. Taking

this restriction to be the linear dual of the Lie bracket, dj,1gv := [—, —]* hence yields a graded
derivation of degree 1. One checks that its nilpotency is equivalent to the Jacobi identity of
the bracket:

d> =0 <«  Jacobi identity on [—, —]. (240)
The resulting dgc-algebra is the Chevalley-Filenberg algebra of the Lie algebra:
CE(Q? [_7 _]) = (/\.gvv d = [_a _]*) : (241)

The key observation now is that this construction is a fully faithful functor on the category
LieAlgﬂgd of finite-dimensional Lie algebras:

LieAlgLd CE, dgcAlg” . (242)

This means that we may work (op-)equivalently with the dgc-algebras CE(g). But for these
there is an evident generalization, simply by allowing the vector space g to be N-graded:

The case of L..-algebras. For g an N-graded vector space of finite type (meaning that
each degree g, is a finite-dimensional vector space), write g* for its degreewise dual vector
space, hence with

(8")n = (@) (243)
and write
Atg’ = Sym(g”[1] (244)
for the graded Grassmann gc-algebra, which in low degrees is
(A"gY)1 = Alag.  (A°gY): = Ngg @ Algy, ete. (245)

Then the category of (connective) finite-type Lo.-algebras is the full subcategory of dgcAlg?®
on those whose underlying gc-algebra is of the form (244):

LOOAlg];t CE, dgcAlg?. (246)

Unwinding this: Since a differential d on (244) is again determined by its restriction to
AlgV, it is given by a sequence of linear duals of n-ary graded-skew symmetric linear maps
forn € N:

d|/\lgv = [_]*+[_’_]*+[_7_’_]*+ . /\19\/ — AlngB/\ZgV@/\?)g\/@”_ , (247>
and the nilpotency condition d?> = 0 is hence equivalently a (somewhat complicated look-

ing) generalization of the Jacobi identity on this system of brackets. Such a system of
brackets on graded vector spaces g that satisfies these conditions is exactly what makes

(g, (=L 1= -Ll==-- )) an L..-algebra.

Closed L..-Algebra Valued Forms. Consider X € SmthMfd. Given again an ordinary
Lie algebra g of finite dimension, it is immediate that the g-valued differential 1-forms on X
are equivalently gc-algebra homomorphisms out of the dual Grassmann algebra (239), like

this: L .V e
Qir(X;9) ~ Hom(A®g", Q3p(X)). (248)
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Moreover, a moment of reflection shows that the flat (here we will say: closed) g-valued
forms among these correspond exactly to those gc-homomorphisms which are in fact dge-
homomorphisms out of the Chevalley-Eilenberg algebra (241):

Q4(X:9) = {A € Qp(X;g)[dA+ [AAA] = 0}
~ Hom(CE(g), 2z (X)).
Taking this characterization as the definition, it immediately generalizes to the case where

g is a finite-type L.-algebra. We say that dgc-homomorphisms out of its Chevalley-Eilenberg
algebra (246) into the de Rham dgc-algebra are the closed (flat) g-valued differential forms:

QtliR(X;g) = Hom(CE(g),QaR(X)). (250)

(249)

A.2. Classifying Spaces

We briefly recall the notion of classifying space, beginning with its origin in ordinary (non-
)Jabelian cohomology, and then passing to classifying spaces for generalized abelian and
nonabelian cohomology.

Looping and Delooping. For X, A € Grpd, equipped with base points co € A and
0 € A, their pointed mapping space is the homotopy fiber (58) of the point evaluation map
on the plain mapping space:
Map*(X, A) —— Map(X, A)
v - Jeveo (251)
{0} A.

In particular, the based loop space of (A,0) is
QA ~ Map*(S',A). (252)
Under concatenation and reversal of loops, the based loop space is an oco-group (an Ae-

monoid whose connected components form a group), and on pointed connected co-groupoids
this construction is actually an equivalence:

Q
Grpdr ~ Grp(Grpd,,) . (253)
B

[1,00]

Here the inverse equivalence B(—) is hence also called the delooping operation.

The analogous equivalence holds in every oo-topos ([Lur09, Lem. 7.2.2.1; Lurl7, §5.2.6]
cf. [NSS15, Thm. 2.19]), hence in particular among smooth co-groupoids (§ 2.3.1), where
we denote the delooping in boldface:

[1,00]

Q
SmthGrpdy, ~ Grp(SmthGrpd,,). (254)
B

The shape operation (71) preserves co-group structure and deloopings, due to (70) and (78),
cf. [SS26e, Prop. 9.1.4].

Traditional Classifying Spaces. For G a Hausdorff, Lie or Fréchet-Lie group, the tradi-
tional classifying space for G-principal bundles (cf. [RS17, Thm. 3.5.1]) is, as a homotopy
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type ([SS26d, Thm. 5.2.13])

BG = |[BG ~ B[G, (255)
in that for X € SmthMifd it classifies isomorphism classes of G-principal bundles and hence
classifies ordinary nonabelian cohomology:

H'(X;G) := GPncplBudly /iso ~ m Map(X, BG). (256)

If here G = A € AbGrp is an abelian group, then BA inherits itself oo-group structure
(2-group structure) and so on recursively, whence for n € N we have the Filenberg-MacLane
space (cf. [AGP02, §6]) .
B"A := BB" A, (257)
traditionally denoted K (A,n), which classifies ordinary abelian cohomology (cf. [AGP02,

§7.1; FS523, Ex. 2.1]):
H"(X;A) ~ myMap(X, B"A). (258)

Spectra of Classifying Spaces. By construction, the sequence of EM-spaces (B"A),en
(257) forms a spectrum of spaces

Eu = ((En € GrpdZ)uen, with (Ey = Qo) _ ). (259)

The Brown representability theorem says (cf. [Koc96, §3.4; AGP02, Thm. 12.2.18]) that
such spectra are exactly the classifying spaces of Whitehead-generalized abelian cohomology
theories E°*(—) (cf. [FSS23, Ex. 2.10]):

EM(X) ~ 7oMap(X, E,). (260)

A key example beyond ordinary cohomology, the classifying space for complex topological

K-theory K°(—) is .
KUy ~ BU(c0) X Z = hngU(n) X 7. (261)

Remarkably, while each finite stage BU(n) fails to have further delooping, the colimiting
space does deloop, by the homotopy-theoretic version of Bott periodicity (cf. [AGP02, §B.2;
Hus+08, §15)):

BU(00) x Z —— U(oc0) —— BU(00) X Z —— - -- (262)
Hence BU() xZ ifei
[}
KU, — (00) % 1 %s even (263)
U(c0) if  is odd

makes a spectrum of spaces, which exhibits K-theory as a Whitehead-generalized abelian
cohomology theory.

Unstable Classifying Spaces. In this vein, one may understand the finite/unstable stages
BU(n) as classifying forms of unstable K-theory.

In fact, since every connected space A is the classifying space of its loop co-group (253)
A ~ B(QA), (264)

every connected space is the classifying space of the evident generalization of ordinary non-
abelian cohomology (256):

H'(X;QA) := mpMap(X,A). (265)
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Moreover, here the connectedness assumption only serves to give the cohomology in degree 1.

More generally we may say that nonabelian cohomology is what is classified by any (pointed)

A € Grpd:
Pl HY(X;A) = mMap(X,A) (266)

([Toé02, Def. 6.0.6; Lurl4, Def. 6; FSS23, §2], more exposition in [SS25i, §1; SS26e, §4]).

In this pattern, yet more generally we have nonabelian cohomology in every negative

degree n € N

H™(X;A) := myMap(X,Q"A), (267)
while the existence of nonabelian cohomology in positive degrees n € N is conditional on
higher deloopings

H"(QA) := o Map(X; B"QA) (268)
which need not exist — and in examples rarely exists for finite n without already existing
for all n and thus reducing to the stable case (259).

The most basic example of an unstable classifying space is the n-sphere for n > 2. The
corresponding nonabelian cohomology theory is n-Cohomotopy:

m(X) = moMap(X,[S"). (269)

Fibrations of Classifying Spaces. Unstable classifying spaces appear already when twisting
abelian cohomology theories.

For instance the K-theory classifying space KUy (261) carries an oo-action by BU(1),
whose homotopy quotient is a KUg-fibration over B2U(1):

KU — KU,/ BU(1)
l P (270)
* B2U(1).

Hence, while the homotopy quotient is not itself a stage in a spectrum, it is so fiberwise
over B2U(1). Accordingly, the fiberwise maps to this quotient, over a fixed twisting map

7 : X — B*U(1), classify T-twisted K-theory ([AS04], cf. [FSS23, Ex. 3.4; SS26e, Def.
5.1.22; 5926, Ex. 6.2.5]):

KU,/ BU(1)
K™(X) = moMap((X,7), (KU /BU(1),p))p2v)y = o T e . (271)

X T - BU(1)

Cyclic Loop Spaces. A particularly important operation for obtaining new unstable clas-
sifying spaces from given spaces A is cyclification.

Given § € Grp(Grpd,,), there is an induced G-action on Map(9, A). The homotopy
quotient by that action turns out to be the classifying space for A-cohomology on G-principal
fibrations

P— x
|

\ v (272)
X —%— BS
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in that we have a natural equivalence ([BSS19, §2.2; SS24a, §2.2])

{g) 777777 N .A} 4>red1£tion X 77777777777777 > Map(97‘A)//9 (273)
oxidation ¢ BS ol

In particular, when § = [S! is the circle, then P is (the homotopy type of) a circle-principal
bundle and this homotopy quotient is the cyclic loop space

Cyc(A) := Map(S*, A)/[S*. (274)

But if we think of A here as classifying charges of a field theory on P, then this equivalence
(272) says that Cyc(A) classifies the same information, but now transmuted to a larger set
of charges on the base space X. This is the global topological guise of what in physics is
known as double dimensional reduction of fluxes (cf. [FSS18, §3; GSS25, §2.2]).
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