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Abstract

Over a decade before the modern formulation of AdS/CFT duality, Duff et al. had observed a candidate
microscopic explanation by identifying the CFT fields with fluctuations of probe p-branes stretched out in
parallel near the horizon of their own black brane incarnation. A profound way to characterize these and more
general probe p-brane configurations, especially for M5-branes, is expected to be as “super-embeddings” of
their super-worldvolumes into target super-spacetime — but no concrete example of these had appeared in the
literature.

Here we fill this gap by constructing the explicit holographic super-embedding of probe M5-branes and
M2-branes into their corresponding super-AdS backgrounds. The result seems to be novel and shows that
the holo/g(;rap)hic M-probes static with respect to the Poincaré chart must sit exactly at the throat radius,
r ~ NY@-p Ip.
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1 Introduction

Microscopic holography via probe p-branes. While holographic duality has become common-place (review
includes [AGMOOO00][Nat15]) it may be less widely appreciated that well before its modern formulation a candidate
microscopic explanation had been found by Duff et al., first discussed for the M2-brane [BDPS87][BD88]|[DF+99]
then generalized to include also M5-branes and D-branes [CKvP98][CKT98][PST99][GMO00][NP02], reviewed in
[Du99b][Du99c] (more recent variations include [DGTZ20][Gu21])[Gu24]):

In this microscopic p-brane holography — as we shall call it here for lack of an established name — one considers
(as indicated in Figure B) probe p-branes (i.e., light branes described by sigma-models not back-reacting onto the
ambient spacetime, cf. [Si12]) embedded in parallel near the (asymptotically AdS) horizon of their own black-brane
incarnation (their heavy back-reacted version described by singular solutions of supergravity, cf. [DL94][Du99a,
§5]) and finds that their fluctuations about this configuration are described by the conformal field theory (CFT)
known from AdS/CFT duality.

In this picture, the otherwise somewhat mysterious holographic duality between (i) quantum systems and (ii)
gravity reflects but two perspectives on the expected nature of branes:

(i) as dynamical (fluctuating) physical objects in themselves, and

(i) as sources of gravitational (and higher gauge-) fields propagating away from the black brane.

Figure B. Schematics of a probe brane worldvolume immersed (em-
bedded) near the horizon of its own black brane incarnation, parallel
to it at some coordinate distance 7. (Precise details on the black
M5-brane background are in §3.2 and on the probe M5 in §3.3.) horizon —
Tprb

Y

spacetime X
The curvy line indicates (quantum-)fluctuations about this parallel
configuration, thought to incarnate the strongly coupled quantum sys-
tem holographically encoded in the ambient gravitational field.

immersion X

The open problem of holographic flux quantization. Even though a key aspect and motivation of holographic
duality is the access it provides to non-perturbative strongly-coupled quantum physics on the brane worldvolume,
existing discussions tend to ignore the main non-perturbative effect already in the classical worldvolume theory,
namely the global completion of its (higher) gauge field content by flux quantization laws [SS24b][SS24a]. Such
flux-quantization provides the solitonic field content in analogy to how familiar Dirac charge quantization gives rise
to Dirac monopole and Abrikosov vortex field configurations in the electromagnetic field, and is thus crucial for a
complete picture of the non-perturbative physics on the brane.

The need for probe brane super-embeddings. But in previous articles [GSS24b][GSS24a], we have explained
that the issue of flux quantization especially on probe M5-branes may be solved once their worldvolume fields are
promoted to “super-embeddings”, or rather to 1/2BPS super-immersions. Therefore the goal of the present article
is to construct explicit examples of holographic M-brane super-immersion. (Based on this, we discuss the resulting
worldvolume flux quantization in the companion article [GSS24c].)

In fact, what we construct here seems to be the first non-trivial example of brane “super-embeddings”:

(i) The existing literature [BPSTV95][HS97a|[HRS98] [HS97b][S0o00] (recent review in [BaS023]) contains arguments
that “super-embeddings” (i.e. 1/2BPS super-immersions, [GSS24b, Def. 2.19]) of super p-brane worldvolumes imply
the equations of motion of the corresponding super p-brane o-model. However, the converse conclusion — that no
further constraints than these equations of motion are implied — is far from obvious and has only partially been
addressed (e.g. for some aspects of the M2-brane in [BPSTV95, (2.50-52)]). Related to this may be the absence of
previously published examples of non-trivial super-embeddings.

(ii) The analogous issue in the derivation of 11d supergravity (from the superspace torsion constraint) had simi-
larly remained unaddressed in published literature. In this case, we had settled the reverse implication with the
substantial help of mechanized computer algebra [GSS24a, Thm. 3.1]. The humongous cancellations that happen
to make this work seem nothing less than a miracle, quite reinforcing the idea that 11d supergravity occupies a
special point in the space of all field theories.

(iii) A similar miracle may be needed to guarantee that for constructing an M5 super-immersion it is sufficient to
solve its equations of motion, plausible as this may otherwise sound, cf. Rem. 3.10 below. In lack of a complete
argument to this extent, but to still have the desired implication of the super-flux Bianchi identity ([GSS24b, Prop.
3.17], needed for the flux quantization argument in [GSS24c]), we have to construct M5 super-immersions explicitly.

LFor the case of 0-branes, namely for particles, the investigation of these dual perspectives — (1.) as quanta and (2.) as black hole
solutions — goes back all the way to [EIH38], and has fascinated authors since, see for instance [AP04][Bu08].



The construction of holographic M-brane super-embeddings. This is what we do here for the case of
holographic M-branes (for M5-branes in §3.3 and for M2-branes in §4.3). In fact, we find that the holographic
1/2BPS super-immersion enforces a critical distance of the probe brane from the horizon (see Rem. 3.10 and Rem.
4.4) which is at least not implied by the brane’s bosonic equation of motion (discussed in §A.2).

Apart from serving as a prerequisite for worldvolume flux quantization in [GSS24c|, these solutions should be
of interest in their own right as rare explicit examples of non-trivial p-brane super-embeddings.

The key tool we use for the construction are the explicit rheonomy equations due to [Ts04] for 11d supergravity
fields on superspace, of which we give a detailed re-derivation in §2. Moreover, we find it most useful to not use
a matrix representation of the relevant worldvolume spin representations (in contrast to existing literature) but
instead to carve these out of the 11d spinor rep by suitable projection operators (in §3.1 and §4.1), an approach
that is naturally adapted to the discussion of BPS brane super-immersions.

Our supergravity superspace notation follows [GSS24a][GSS24b] (close to that of [CDF91]), briefly recalled in
§A.1.

2 Explicit rheonomy in 11d

Here we present explicit formulas for extending solutions of 11d supergravity from ordinary spacetime to super-
spacetime, in those cases where the (¥°)-component of the gravitino field strength vanishes (9) — which are of
course essentially all cases of interest (cf. [FvP12, §12.6]).

This extension process (or the property that it exists) has been called rheonomy [CDF91, §IIL.3.3], alluding
to the idea that the ordinary fields “flow” in the odd coordinate directions from the bosonic submanifold over
the full supermanifold, to become super-fields. Explicit such formulas have been claimed for the special case of
coset-spacetimes (like AdS, ;2 x SP7PT2) by [AWPPS98, p. 156][C199] (following [KRRI8][CK99]), and a derivation
in full generality has been given by [Ts04].

We closely follow the latter but find that the specialization (9) to vanishing gravitino field strength (which still
subsumes all the former examples) gives a substantial improvement in transparency and usability that may be
of interest in its own right. Additionally, we provide full details in order to secure the relative prefactors in the
formulas.

The strategy of the construction is to expand the super-fields and their structural equations in a suitable gauge
on a suitable super-coordinate chart in order to obtain explicit differential equations for the flow along the odd
coordinate directions. Therefore we start by considering:

Coordinate-components of superfields. On a super-chart

with coordinates (X,0) we have the expansion of the super- Even Odd
gravitational fields (116) first into their coefficients of the
coordinate-differentials and then further their super-field expan-
sion as polynomials in the odd coordinates (with index convention Coord. | r €{0,---,10} pe{l,---,32}
as shown on the right),

Frame | a€ {0,---,10} «a€{l,---,32}

a __. a r a a _. 32 n)\< _. 32 n (n) a
E - Er dX + Eﬂ d@ﬂ Er/p - Zn:O (E( ))r/p — ZnZO%@pl @P (Eﬂl"‘ﬂn)r/p
@ . «a r @ e _ 32 n)\ & . 32 n n «a
Ue o= PrdXT + U9 der LEREE D (A WIEEID Dieii  CRTRICTN 7R W €
a a r a a . 32 n\ab | 32 n (n) ab
Q@ = QdXT + QPder Qb = 3L, (9 >)T/p =t Yo @ O O (),
whose coefficients are functions on the underlying bosonic manifold which are skew-symmetric in their indices:
EM. . Eproon = Blplp,)
\I//(J:')”Pn : X - 150(R1’10‘32)7 \IIEJTIL')"Pn = \IIE;LI)'“pn] (2)
(n) (n) _ o
Qi pn, Qplp, = Q[pl_”pn].
Notice that this implies:
(n) a _ 1 (n) a (n) a
(E[p’ pz---pn)p] o Tﬂ(n(Ep’ [pz~~-pn)p] - (Eppz'”p")p’) ’ (3)



Also notice the NxZy bi-degrees (cf. [GSS24a, §2.1.1]) of the U-components,
e = ur dXT o+ vy der ()
deg: (1,1) (0,1) (1,0) (0,0) (1,1),

which implies in particular that the component functions U9 commute with all other terms.

Wess-Zumino-Tsimpis gauge. On these components, we may impose the following gauge conditions ([Ts04,
(39-42)], following [McA84, (A.3-4)][AD87, (17-18)]):

Definition 2.1 (Wess-Zumino-Tsimpis gauge 2). The WZT gauge is given by the following conditions:

a  _ (n) a _
(E(O))p =0 (E[mwpn)p] =0
a a (n) a
(\I/(O))p = 5P and ne{l’v“.’32} (\II[;Ll“'Pn)p] = O (5)
(o) — (n) ab _
(@ )p =0 (Q[m'--/on)p] =0

Lemma 2.2 (Direct implications of WZT gauge). The WZT gauge conditions (5) imply:

©’Fs = 0 @pap,(E(n))Z — (E(”))Z,
0rve = Orse = O and ne{l,v'"ﬁ?} @pap,(\l/<">)j = (\I/“”)j, (6)
or — 0 000, () ().

Proof. The implications on the left of (6) are immediate (cf. [Ts04, (43-44)]). To see the equations on the right of
(6) we may proceed as follows:

n a _ n (n+1) a
er 3,)/ (E( +1))p — % OPrOP2...QP P+ (E,,/ [pz"'pn+1)p] by (1)
= o 0P 0o (B, ) by (3) & (5) (7)
n+1
= (EI(’P;L"')PW,+1)Z/ by (1) ’
and verbatim so also for E replaced by ¥ or €. O

Remark 2.3 (Fermionic normal coordinates and Rheonomy). The WZT gauge of Def. 2.1 may be un-
derstood as a fermionic form of Riemann normal coordinates [McA84, (A.3-4)][AD87, (17-18)]. In particular, the
implication ©7 2, = 0 (6) has the further consequence that for translations along the odd coordinate direction
(“rheonomy” [CDF91, §I11.3.3]) the covariant derivative reduces to the plain coordinate derivative:

0rv, = 0°0,. 8)

Gravitino-flat supergravity solutions on super-space. For our purpose here, we focus on solutions to 11d
supergravity, for which the ordinary component of the gravitino field strength (118) vanishes,

pab = 0 (9)
(which is the case for essentially all supergravity solutions of interest, cf. [FvP12, §12.6]).

With pgp also the super-curvature component J%92, vanishes (cf. [GSS24a, (161)]) so that on gravitino-flat
solutions the super-field strengths (118) have the form

™ =0
p - HVE" (10)
Rme2 = lRme . po ger 4 (TK92 ).

Lemma 2.4 (©-independence of field components). For gravitino-flat (9) super-space solutions of 11d SuGra
in WZT gauge (Def. 2.1) the following super-field strength components (10) are all independent of the odd coordi-
nates ©F:

2Recall (e.g. [BK95, §3.4.3]) that the Wess-Zumino gauge on chiral superfields constrains their dependence on the super-coordinates,
hence their auxiliary super-components, but not the physical fields. The suggestion to think of this, in the context of curved super-
space/supergravity, as a special case of fermionic Riemann normal coordinates may be due to [AD87], and the higher component
generalization (5) that we use is due to [Ts04].



The flux densities ap((G4)a1...a4) = 0, 8p((G7)al...a7) = 0,

0Odd co-frame component of _ 11
the gravitino field strength ap (Ha) =0 ’ ( )
0Odd co-frame components aras) __

of the super-curvature a/’ (K ) = 0.

Proof. This follows by use of the well-known super-space constraints, which we quote from [GSS24a] (where full
derivation and referencing are given). First, the ©-independence of G4 follows by

@Pap((Gzl)al“.M) = OF Vp((G4)a1...a4) by (8)
= 12(OT 4,0, Pagas)) by [GSS24a, (136)]
=0 by (9).

But the remaining components in (11) are linear functions of (G4)a;...a,:

Ha = %%(Gél)ablbzbs Fb1b2b3 - %%(Gél)bl“.bél Fabl"'b4 [GSS24EL’ (135)]
= %%(G4)a b1b2b3 Fb1b2b3 + %é(G7)a [SNT [erce [GSS24a, (148)]
(12)
Koaz  — 7% ((G4)a1a2 blbzrble + %(G4)b1.._b4fa1a2 bl"'b‘l) [GSSQ'—iEL, (162)]
_ _% ((G4)a1a2 blbgrblbz =+ é(G7)a1a2 bl"'b5Fb1~~~b5>
and hence their ©-dependence vanishes with that of G4 and G7. O

Supergravity field extension to super-space. We now consider solutions to the rheonomy equations for
extending on-shell 11d supergravity fields to superspace, cast into recursion relations in the polynomial order of
their odd coordinate field dependence as in [Ts04] (similar to [{WPPS98, (3.9)]), but specialized to the case of
gravitino-flat spacetimes (9).

Lemma 2.5 (Rheonomy for the graviton). In WZT gauge (5) the following recursion relations hold for the

bosonic coframe field components (1), recursing in their odd coordinate degree n+1 € {1,---,32}:
By = Ep(ere ), (13)
(Bt = 2 (@Tewl)

(cf. [Ts04, (58, 59)].2

Proof. The d©”-component of (13) follows as:

dE® = Q%E" + (WF“ \IJ) from (117)
a _ a b e o Ta
= 6r o, £, = ©°(Q%) EY) + 0707 UoTe,, by (1)
& erg, B = erssusTe, by (6) & (4)
= 079, (E™)", = e (um)aTs, by (1) & (6),
N—————

‘,,23‘(L,”,,“)u’ ((_)I‘u ] w)

P

3 The factor of “i/2” by which our (13) differs from [Ts04, (58, 59)] is absorbed by our convention for the spacetime signature,
the Clifford algebra and the Majorana spinor: Our I'-matrices are i times the Gamma matrices there (which makes all expressions in
Majorana spinors manifestly real, cf. [GSS24a, Rem. 1.7])), and we do not include a factor of 1/2 multiplying the (¥2)-term in the
definition of the super-torsion (117).



and the dX"-component as:

dE° = Q%WE’+ (VI ) from (117)
= er9,E¢ = ©°(QY), B — ©°(Q%) Eb + 20703 WeTe by (1)
& 0rd,E? = 20°5302TY,, by (6)
= ©029,(E"Y)" = 2(er«w) by (1) & (6).

Lemma 2.6 (Rheonomy for the spin-connection). On gravitino-flat (9) super-spacetimes in WZT gauge
(5) we have the following recursion relations for the spin connection (1), recursing in the odd coordinate degree
n+1e€{1,---,32}:

(Q(n+1))21‘12 — W(@Kauu \I,(n)) )
(Q(n+1))z1a2 — %(@Kalaz \I,(n))
(cf. [Ts04, (61, 64)]* noticing our (11)).
Proof. In (14) the d©”-component follows by:
d Qarez = Q@ Qb2 4 RU2 from (117)
= 079y (Que), = O 5% TSKHE by (10), (1) & (6)
= 079 ()T = (BKME ) by (1), (6) & (1)
el ()
and the dX"-component by:
dQaraz = Qu, Qb2 4 Ruaz from (117)
= ©7 0,(Qm %), = 20°V¢ 53 K10 by (10), (1), & (6)
= ©70,(QTME = 2(@ K= TM™) by (1), (6) & (11).
(n + 1) (D) O

Lemma 2.7 (Rheonomy for the gravitino). On gravitino-flat (9) super-spacetimes in WZT gauge (5) the
following recursion relations hold for the odd coordinate dependence of the gravitino field (1):

(\I,(nJrl))Z‘ JF%H%(Fab@)a(Q(n))p + m(H o)~ (E(n) 15)
(POHD)? = LA Tw0) () + L (H,0)* (B™)!

Proof. In (15) the d©”-component follows by:
d v~ = iﬂab (Tap¥)*> + p* from (117)

= @P'a(p,\le;) = 107(Q%), (TaV,)" +eﬂ'(Ha\If(p/)aEg) by (10), (1), & (6)

=

= 079, (T)y = %i(rab(a)o‘(m"))i + 5 (H,0)* (™) by (1), (6) & (11),
771»2 (‘l’['”' l))"

P

4As in footnote 3, the difference of [Ts04, (61, 64)] from (14) by a factor of i/2 is due to our spinor convention.



and the dX®-component by:

d o~ = Q%[ ¥)* + p* from (117)
= 07 9,u = —0riQ®([,¥,) + ©°(H,V,)* EX by (10), (1), & (6)
= 0°0,(V)Y = —L(,0)(QM) + (H,0)* (E™)" by (1), (6) & (11).

—_——
(n+1) (\wa 1) ) "\

Notice here how the sign in the second line appears since only the coefficient of dX" d©” contributes in the first

term, which picks up a sign dX"dO? = —dO”dX" in comparison to the left hand side. O

By inserting these recursion relations into each other, we may decouple them (resulting in a formulation similar
to [dAWPPS98, (3.9)]):

Lemma 2.8 (Decoupled rheonomy recursion relations). On gravitino-flat (9) super-spacetimes in WZT
gauge (5) the following decoupled recursion relations hold for the odd coordinate dependence of the super-fields:

g2y = 412 1(p o g)* (G gaa g + L 2 (H,©)*(6r p() by inserting
( )p n+4n+34< 10:0) ( p ) ntd nt3 ( g ) (14) & (13) (16)
(\IJ(””))f — 7#27#1%(%1&2@)& (@Kalaz \pgn)) + %H%H(HQG))a (@Fa \Ifﬁn)) into (15).

3 Holographic M5-Branes

3.1 Spinors on M5-branes

We briefly recall and record some properties of spinors in 6d among spinors in 11d, following [GSS24b, §3.2], which
we will need below. In particular, we establish a Fierz identity (in Lem. 3.1 below), which is crucial in the proof of
the Mb5-immersion in §3.3 below. In contrast to existing literature, we do not use a matrix representation of the 6d
Clifford algebra but instead use projection operators (17) to algebraically carve it out of the 11d Clifford algebra.
We find that this helps considerably with providing the proofs in the following sections.

Spinors in 6d form 11d. Following [GSS24b, §3.2] we conveniently identify the chiral Spin(1, 5)-representations
2-8. € Repy (Spin(1,5)) with the linear subspaces of the Spin(1, 10)-representation 32 (104) which are the images
of the projection operators ([GSS24b, (92)])

P := $(14 Tsers9)
P := (1 —Tsers89)
respectively, satisfying the following evident but consequential relations (cf. [GSS24b, (89)]):

1 32 — 32, (17)

= D=

pr=r L =P aeq0.1,2.3,4,5) Lramo = P
pp=0r mp=pre Dsgrs9 P = —P (18)
PP =0 r"p = Pr"
PP =0 I''P = PI' i€{6,7,8,9} Dgre0P = T P,
where we suggestively denote the 11d Clifford generators as follows:
tangential radial transversal
Fo)p C I'h I't Ty T3 Iy T's Ts Tg Iy Ts Ty €Pint(1,10) C Endg(32) (19)
+P(-)P Yo Y1 Y2 Y3 Y4 Vs S Pin+(1, 5) C EHdR(2 -8, @2 8,) R
in that under the corresponding inclusion
Spin(1,5) — Spin(1, 10)
there are isomorphisms [GSS24b, (86-90)]
2-8:=2-8, ~ P(32) (20)

2.8 ~ P(32).



Combined with the vector representation of Spin(1,10) and Spin(1,5) on RY19 and RY®| respectively, we may
regard P (17) as a projector of super-vector spaces

1 1g\32 1:\2 8 1 3&|32 5 = 3 {1+ Tyormo) (21)
R —» R" — R> P := $(1—Tses0),

which is convenient for unifying the conditions on tangential and transversal super-coframe components in a 1/2BPS
super-immersion (Def. 3.4 below).

Lemma 3.1 (A Fierz identity in 6d). Elements 6 € (2 - 8)oaq satisfy
Y0 0y* = 0. (22)
Proof. Recall from (20) that we may and do regard § = P8 € 2- 8 C 32 as an 11d spinor but constrained to be in
the image of the projector P := %(1 + F5/6789), see (17). With this, we may use the formula for Clifford expansion
(115) of general endomorphisms ¢ € Endg(32) in the case where
¢ =60:32 —— 32
d +— 9(5 <I>) ,

with the spinor pairing (105) on the right.

But since 6 (as opposed to df, cf. [GSS24a, Rem. 2.62]) is a skew-commuting variable, it is only the skew-

symmetric Clifford basis elements among Ty, ...q, (p < 5) which are non-vanishing when evaluated in (8 — ), and
these are precisely those with 0, 3 or 4 indices (114). Hence (115) specializes to:

08 = _3%(@9) — 1 (0T, 000, 0) r) + (0T, 0, 0) r) a; € {0,---,5,6,7,8,9} .

Moreover, since the only Clifford elements which remain non-vanishing when sandwiched in P— P are those carrying
an odd number of tangential (6d) indices, by (18), this reduces further to

00 = 35 (H(P102000) 1227 — & (0V0r02sTi0) 12T g, € {0,---5) (23)
p— . ‘. /
+ %(Q’Yarilig 9) apiziz _ 1 (0'711 i1izia 9) ,yaI"Ll’LQ’LS) 1y € {5 ,6,7,8, 9} .
But finally, by Hodge duality in the transverse directions
Dijinis P & CivigisUsrersoP = tieiiinigiis 1P i; € {5,6,7,8,9}, (24)
we have for the last summand in (23):
% (gvarilléia g)wariliﬂg = 3l 212 €ivigiz iais €hi2t3 Jads (§7ari4i5 G)Varjz;js by (24)
= L8255 9y, 74050) 4T, by (103)
= 3(07al"%0)7T; 45 by (103),
whereby the last two summands in (23) cancel each other, and we are left with:
_ _ _ , a; € {0, --,5}
_ 1 1 ajasa 1 ajaza 7
00 = ﬁ(5(9%1“2“3 0) 712 = 51 (0%arazas T 9)7 e )’ i; € {5,6,7,8,9}. (25)
Now observing (by decomposing the sum and making a simple case analysis) that
) Valazag’yb = 07 a;, be {05 . a5} 3 (26)
the claim (22) follows:
Yol Oy = é(%(G Vorvabs 0) Ya7" 27" + 51 (0 Vo105 T 0) 727277 Fi) by (25)
=0 =0
~ 0 - ) by (26). 0

3.2 Super AdS;-spacetime

With the result of §2 in hand, we may give explicit formulas for super AdS; x S*-spacetime by first recalling the
ordinary bosonic AdS-geometry and then rheonomically extending to super-spacetime.



Near-horizon geometry of black M5-branes. The bosonic near-horizon geometry of N black M5-brane is (cf.
[CKvP98, (6.6)][AFHS00, §2.1.2], following [GT93][DGT94]) represented on a chart of the form

RUOA\RY o~ RYx (RP\{0}) = R"xRsox S (27)
with its canonical coordinate functions
Xe : RS 3R for a € {0,1,---,5} (28)
T : R>0 — R

by the AdS7-metric in “Poincaré coordinates” (cf. [BI122, §39.3.7]) plus the metric on the round S*:

SLNEY (29)

N2/3
P2

dr? +

2 _ r? 2
dsyvs = wesdsges +

(where Rys/2 := N'/3/2 is the radius of the 4-sphere in Planck units 27'/3 fp, cf. (42) below). So the singular
brane locus® ~ RY® is (or would be) at 7 = 0. The C-field flux density G4 supporting this is a multiple of the
volume form on the S*-factor pulled back to the chart along the projection map:

Gy = cdvolgs € Qi (5*) — Q4 (R x Rog x 5Y), (30)

for some prefactor ¢ which is determined, up to its sign, by the Einstein equations, see (43) below, and determined
including its sign by the existence of 1/2BPS Mb5-immersions, see (61) below.

For the near-horizon geometry (28) one says that:
e r — 0 is the horizon, cf. footnote 5;
e r — oo is the conformal boundary (e.g. [B122, p. 904]),
at which TIEEO(T%dS?VMf’) = dsZ,; is the Minkowski metric on R (and zero on R~ x S%).
This makes it natural to identify the R'®-factor at finite r with the worldvolume of a probe M5-brane, to be called
a holographic M5-brane (cf. the terminology of [Gu21][Gu24]):

Chart around a holographic M5-brane embedding. We pick a point s, € S* C R5\ {0} to designate the
direction in which we wish to consider a probe Mb5-brane worldvolume immersed into this background, at some
coordinate distance rp,1, from the M5 singularity (cf. [CKvP98, (5.22)][GMO00, §8] and Figure B):

probe M5 R1’5 ¢ RLS xR S4
o X
worldvolume embedding > (3 1)
z (:E7Tprb75prb)-

Around this point, we may pick a coordinate chart for S*
{0} —— {spm}
{ !
D4 —*t 5 g4
on which we find globally defined co-frame forms (E*)}_; which are orthonormal for the round metric ds%, on S*
and torsion-free with respect to the corresponding Levi-Civita connection:

9
(E' € Qig(DY)._,, suchthat dE' = ("QY)E; and fdsi, = Y E'@FE', (32)
i=6
and such that . 1 i i
vidvolgs = i€y BT B (33)
Using this, we obtain a contractible coordinate chart of the near horizon geometry (27):

idxe

RS x Ryg x D* RS x Ryg x S%. (34)

Since this is a neighborhood of the worldvolume submanifold (31), for the purpose of establishing its super-
embedding it is sufficient to consider this chart.

Cartan geometry around the holographic M5. On the chart (34), we evidently have the following coframe

5 The locus r = 0 is not actually a curvature singularity of the near horizon geometry — as essentially first highlighted by [GHT95,
(3.12)] and manifest below in (38) — just a coordinate singularity of the Poincaré chart (29) — but it s a singularity of the C-field flux
cdvolga  (30) per unit metric 4-volume rt dvolgsa , witnessing r = 0 as the necessarily singular source of this flux.

NM NM5

5



forms

D — N1/3 dX? tangential a € {0, 1,2,3,4, 5}
AdS o N/ ' ,
EY = N qr radial a € {5} (35)
s Ee = N;/s (SfEZ transversal a € {6, 7,8, 9} via (32) s

which are orthonormal for the metric (29) in that dss = 7. E* ® E°, on this chart and make the C-field flux

density (30) appear as ) )
y ( ) pp G4 — ﬁ fil‘ui4E“ .. 'EM , (36)

for some constant ¢, determined in (43) below.

For the following formulas, we may focus on the AdS-factor in (35). Hence we let the indices a;,b; run only
through {0, 1,2, 3,4,5}, to be called the tangential index values — namely tangential to the worldvolume (31) — with
the further radial index 5’ carried along separately.

The torsion-free spin connection on the AdS-factor of (35), characterized by

“ = QY E'+ Q' BY,  dEY = Q% E°,
is readily seen to have the following as only non-vanishing components:
Q¥ = —Q%e = —No7s dX? tangential a. (37)
Therefore its curvature 2-form has non-vanishing components
R = A0 = —lodrdX® = — by BY B°
= E*E¥
e (38)
Rua = _Qug Q¥ — +N4/3an1 dX*
= NQ/J E® Epo

Hence the Riemann tensor has non-vanishing components (cf. our normalization of § in 102)

’
R b5’ = 2 6a
N2/3
N (39)
Ra1a2b1b2 = +N2/3 5a1a2b1b2 b)

and the Ricci tensor is proportional to the metric tensor, as befits an Einstein manifold:

: _ b 5
Rlclllaz - Ral bas +Ra1 5’as

_(6-1) 1
~N273 Naraz = 273 Naias

_ﬁ Nayasz (40)

. ’
Ricys = R %y

__6_
N2/3 >

similar to the Ricci tensor of the 4-sphere factor (e.g. [Leel8, Cor. 11.20]):
RiCili2 = +N+3/4 5i1i2~ (41)

Therefore the Einstein equation with source the C-field flux density (36) has non-vanishing components (cf.
[GSS24a, (174-5)])

. _ 11 o dqed
Rlcalllz - _ﬁﬁ(G4)zl-~Z4(G4>l 477a1a2
6 _ 1.2
ad T N2/3 Naias - _66 Naias
. 1 1 g
Ricsrs = —1515(Ga)iyis (Ga) " s
6 _ 1.2
: | ."'_LL )
Rlciliz - E(G‘l)h11]2]3(G4)12J1J2J3 121 2(G4) 'J4(G4)]1 74 51112
_ 1.2 1.2
A +N2/3/4 Oivis, = 3¢ 0iyiy — € 0iyiy

_ 1.2
- +§C 5ili2
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thus is solved ¢ by

6
c = iW’ h(e;)l)ce Gy = :I:ﬁdvols?vm. (43)
At this point, both of the signs in (43) are equally admissible, but we see below in Rem. 3.10 that the + sign is

singled out by the existence of holographic M5-brane embedding.

Super-Cartan geometry near M5 horizons. In now passing to the super-spacetime enhancement of AdS; x S4,
we use the notation and conventions for 6d spinors among 11d spinors form [GSS24b, §3.2], recalled in §3.1. In
particular, we denote the Minkowski frame of Clifford generators adapted to the 1+5+1+4 dimensional split of the
tangent space to AdS; x S* in Poincaré coordinates (27) by [GSS24b, (85)]

R1,5 R>0 ]D)4
~~
Poyp CFO I, I'h I's Ty Ts Ty Tg I'; Ts Ty €Pint(1,0) C Endg(32) (44)
PPN v o 2 3 1 s € Pin™(1,5) C Endg(2-8; ®2-8_),
where [GSS24b, (86-90)]
PU = 1(1+sgrso)V P(32) ~ 2.8, € Repg(Spin(1,5)) (45)
PV = 1(1-Tsers0)V, P(32) ~ 2-8_ € Repy(Spin(1,5)).

Super-Cartan geometry around holographic M5s. We now obtain the super-extension of the above Cartan
geometry (35). Inserting the bosonic AdS Cartan geometry (35) (37) into the initial conditions for WZT gauge (5)
means that

(EO)" = fmdaxe e ((BO) = g5 (BO))=0)
(E®)” = El4x¥ o ((E<0))5’ = N (EO)Y 2 o)
T r r P
(46)
(PO = 10 - ((\pm))r — 0, (v = 53)
5a r 5a T 5a
(Q(O)) = W an And ((Q(O))r = N2/3> (Q(O))p = O ) :
Moreover, inserting the flux density (36) into the super-field strength components (12) yields
H, = —15Tal6rs9
Hs = —15Ts56789
Hi = & €iiini, 11725
K®2 = —ePm02 g for (%i €{0,1,2,3,4,5} (47)
KE)/a _ _|_% FaF5/6789 1; € {6, 77 8, 9}
Khiz  — _%6i1i2 i3i4]_"i3i4
Ko = 0
K% = 0.

From this, we now obtain the super-field extension of the supergravity fields on AdS; x S4.

6NB: The last line in (42) is the reason that the radius of S* has to be half that of AdS7 in (29).
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Example 3.2 (AdS; x S* super-fields to first ©-order). Based on the Oth-order expressions (46), we obtain
to first order in © (similar to [dWPPS98, (3.11)]):

Bo= et (Brde) + 0(6?) i

EY = MPaxv 4 (Or¥de) + 0(0?) by(3)

Qe = o dXe & (BT Toerz0d0) + O(0%) by (14), (47) & (5) (48)
g = de° (= 335275 ([5a0)* = 15(Cal'67890)*) X

n
i
+ —15(5/67800)“ dx®

+ € €iiigis((1200)2dXT + O(0%) by (15) & (47),
where a € {0,---,5}.

3.3 Holographic M5 immersion
With the background super-spacetime in hand (§3.2), we are ready to inspect the 1/2BPS super-immersions of
holographic M5-branes.

Our main result here is Thm. 3.11, which says that the evident super-immersion of an Mb5-brane worldvolume
into the Minkowski-part of the Poincaré chart of the near-horizon super-geometry of N black M5-branes is 1/2BPS
(hence is a “super-embedding”) iff its radial distance from the horizon equals the black M5’s throat diameter:
Torb = RnMs, see Rem. 3.10 for discussion.

1/2BPS super-immersions. Recall (e.g. [Va04, p. 27], cf. [GSS24b, Rem. 2.10, Def. 2.18]) that:

Definition 3.3 (Super-immersions). A map of supermanifolds (e.g. [GSS24a, Ex. 2.13])
super- El’p |n ¢ Xl,d |N super- (49)

worldvolume immersion spacetime

is a super-immersion if it induces injections on all super-tangent spaces

Rpn 0 RLAN

Yook [

T,xtpln __d¢s | T¢(U)X1»d\N .

i

We say, following [GSS24b, §2.2], that:

Definition 3.4 (1/2BPS super-immersions). A super-immersion ¢ (49) is 1/2BPS if for a linear projection
operator P from the target super-space onto the “tangential” worldvolume super-dimensions (with P := 1 — P
the “transversal” projection), projecting onto the fixed locus of a Pin™ (1, d)-element (a p-brane involution [HSS19,
Def. 4.4])

r P M
1,d|N Lp| 1,d|N (50)
R —» RVPIm —— RS ,

there exists an orthonormal local co-frame field (E,¥) (116) on X which is super-Darbouz with respect to ¢ in
that:

(i) the tangential coframe pulls back to a local coframe field on X:

(e,) = ¢"(PE, P¥) is a coframe field (51)

(ii) the transversal bosonic coframe field pulls back to zero
¢*PE = 0 (52)

(iii) the transversal fermionic coframe field pulls back to
¢*PU = Sh -1 (53)
for some fermionic shear field Sh on X, i.e. pointwise valued in Spin(d — p)-equivariant linear maps
V_ She : n~ PN — PN. (54)
oe ¥

12



Example 3.5 (M5 super-immersions). If the projection operator (50) is that from (21) then we have the case
of M5-brane super-immersions ([GSS24b, §3], going back to [HS97b]).

Remarkably (cf. Rem. 3.13 below), the shear map (54) turns out to encode the flux density of any higher
gauge field on the worldvolume X. If this vanishes (as it does in the example holographic M5-branes presented in
a moment) the definition simplifies to:

Definition 3.6 (Fluxless 1/2BPS super-immersion). A 1/2BPS super-immersion (Def. 3.4) is fluzless if its
super-Darboux coframes (E, ¥) are characterized more simply by

Tangential condition: (e, 1/)) = ¢* (PE, P\I/) is a coframe field

_ (55)
Transversal condition: 0 = ¢ (PE, P\If) .

This is manifestly super-analogous to classical Darboux coframe theory (recalled in [GSS24b, §2.1]) and this is
what we establish for holographic M5-branes in Thm. 3.11 below.

Remark 3.7 (Relation to the literature).

(i) The conditions (51) and (52) on a 1/2BPS super-immersion are (for more details see [GSS24b, Rem. 2.23]) a slight
strengthening of the “super-embedding” condition used by [So00], following [BPSTV95][HS97a]|[HS97b][HRSIS].
(ii) In particular, (e, ) being a super-coframe field (51) entails that ¢* PE =: e has no component along ¢, which
is the “basic super-embedding condition” of [HS97a, (6)][HRS98, (2)], earlier known as the “geometrodynamical
condition” [BPSTV95, (2.23)].

(iii) The difference is that more generally one may allow the pullback of the transversal gravitino to have also a
bosonic component 7 (cf. [GSS24b, Rem. 3.13]), generalizing (53) to

¢*PY = Sh-1 + T,.e". (56)
However, it seems suggestive that (only) with the component 7 required to vanish:
(1.) the expected form of the worldsheet Bianchi identity follows [GSS24b, Rem. 3.19],
(2.) the definition has a pleasantly slick reformulation [GSS24b, pp. 17].

In any case, for the example of holographic M5-branes obtained in Thm. 3.11 below, this component does not
appear (and no other explicit examples seem to have been discussed in the literature before).

The holographic M5 super-immersion. We may now define and analyze the super-geometric enhancement of
the immersion of M5-worldvolumes parallel and near to the horizon of their own black brane incarnation (cf. again
Figure B):

Definition 3.8 (Holographic super-immersion). We extend the holographic immersion (31) to a super-
immersion (Def. 3.3) in the evident way:

¢

RL512:8 2 | pl5 R.og x D% x ROI28+ » RO2-8- c RL10|32
£ % xa
R
[ (PO)*
0o < (PO)*,

where P = %(1 + I‘5/6789), cf. (17), which defines the super-coordinates on the worldvolume to be the projected
pullbacks of those of target space, and where

Torbs Shyp € R e C%(RY?) e C®(RYSI128)  for i€ {6,7,8,9}

are the chosen constants parametrizing the transverse position of the immersion (cf. Figure B).

Lemma 3.9 (M5-Worldvolume super-fields to first 6-order).
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(i) Under the holographic super-immersion (57), the first-order super-fields (48) pull back to

et =  ¢'E* = B drt + (04%d0) + O(6?)
o )ik — 0(92)
Ve = ¢*(PU)* = do* + 0(92) (58)
o (PO)" = (335k — 13) (Tasr0)” da” + 0(9%)
MUy, + O, = @', = B it + L(0y0d0) + 0(6?)
(ii) The 2nd fundamental super—form n (cf. [GSS24b, (67)]) has the following components:
I, = 373066 + O(8?
blb2 N /1 bib B ( 2) (59)
G, = (zim = §)0m); + 06).

Proof. The first line in (58) is evident. For the second line just note that (51"5/ df) = 0 by (18). For the third line
notice similarly that

o (PU)* = 40" + (= 535 (PToad)” — (PTalersof)” ) da® +O(6%).
—— —

=0 =0

where the terms over the braces vanish by (18):

PF5la9 = F5IQP€ = = F5/aﬁP9 =0 and PFaF67899 = FGF6789FG = FaF6789PP9 = 0.
The fourth line works analogously but complementarily:
o (P0)" = (= 4585 (Plsub)” &5 (PLalorset)” ) dat +0(6?), 60
. T, 6

where under the braces we again used (18):
?F5/a0 - FSICI/PG - F5/a9 - _Fa5/0 and FFGF67890 - FGF6789P0 - Fa5/0 .

Finally, the fifth line follows again similarly, now using that T'sg7soP = P, again by (18). From this, the last
statement (59) is checked by expanding out:

MY, + PPY, = (]:,ﬁr}g dabt + (6% de)) 1750615, + 67 (Nw - g)(%bg)ﬁ + O(6%) by (58) & (59)
= s O,.dz" + &0, d9) +0(6?)
= ¢* Q% +0(6%) by (58) . -

Remark 3.10 (Critical distance of holographic M5-brane probe from black M5 horizon).
(i) Since ¢ = +6/N'/3 (43), Lem. 3.9 implies that the holographic super-immersion (57) is (fluxless) 1/2BPS (Def.
3.6) to first order in 6 iff

(1.) the background C-field flux density (43) is positive 7, and

(2.) the M5-brane probe sits at the throat radius 7, = N/3,
in that, by (58) (60):

& (ﬁ\y) _ 0(92) o c>0, e Gy = +ﬁdvolsjlms (61)
Tprb = RNM5 = Nl/S-

(ii) Away from this critical radius, the super-immersion picks up exactly a contribution of the parameter called
T = 1, in (56), whose presence would at least complicate the induction argument in Thm. 3.11 below, see
footnote 9 there. On the other hand, Thm. 3.11 shows that the characterization (61) of the critical radius holds,
in fact, to all orders of 6.

"Since the difference of signs in (43) signifies the difference between black branes and black anti-branes that source the C-field flux,
and if in the spirit of microscopic p-brane holography (p. 2) we think of the black brane and its holographic probe as two aspects of the
same physical system, then the requirement (Rem. 3.10) of the positive sign for the existence of the holographic probe characterizes
this as an actual brane instead of an anti-brane.
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Next, from the first-order formulas (58), we now proceed by induction to the full computation of the worldvolume
fields. For this, let now
(B, ) € Qig(R"’ xRy xD*xROB2Z; R110132) (62)

denote the super coframe fields (35) on the Poincaré neighborhood (34) of AdS;x S* uniquely extended to super-
space via WZT gauge (Def. 2.1), to all orders in O.

Now we are ready for the main statement of this section:
Theorem 3.11 (Existence of fluxless 1/2BPS holographic M5-brane probes). The holographic super-

immersion (57) of an M5-brane probe near the horizon of N coincident black M5-branes is (fluzless) 1/2BPS (Def.
3.6) if 8 the radial position of the M5-probe from the horizon equals the throat radius

rob = Ryms = NY2 = ¢ is 12BPS . (63)

Proof. By Lem. 3.9 with Rem. 3.10, the statement holds to first order in the odd worldvolume coordinates. Hence
it is sufficient to check that all higher contributions actually vanish.
First, the vanishing of the higher orders of the transversal gravitino,

¢*P¥U = 0, equivalently ¢*V = P¢*V¥ (64)

(using throughout that ¢* o P = P o ¢* and similarly for P) follows via the decoupled recursion relations from
Lem. 2.8 by induction on the #-order:
e For the even component by

¢ (PO (n+2)(n +1)

= —1(PT,,0,0)" (K92 ¢* ™) + (PH,0)" (8T ¢*w\) a; € {0,+5,5,6,--,9} by (16) & (57)
= 3 (PTa0,0)" (K™ P ™) 4 (PH,0)" (0T Pe W) a; € {0:5,5,6,--,9) Y memenon
= —L(PTs,0)" (0 K5 P¢*u() + (P H,0)" (6T P w(™) ac{0,--5} by (18)

= —%é(?@@) (0T Pg*wi™) — & (PT,56)" (0T Py (™) a € {0, -5} by (47) & (18)

=0.
e For the odd component by use of the Fierz identity from Lem. 3.1:
¢*(PUSN . (n+4)(n+3)3

= i(ﬁram@) (gKQWQ (b*\I/E)n)) + (ﬁHae) ( T (b*\IlS)n)) a; € {0,---,5,5",6,---,9} by (16) & (57)
= 1(PTu0,0)" (0K Peruf) + (P H0)" (0T PomwfY)  a; € {0:5,5,6,--,9) Y monction
= L(PT5a0)" (0 K5 Pg*W™) + (P H,0) (4T Pe*wi™) ac{0,-5} by (18)
= 1¢(PTy.0)" (0 “P¢*‘P(")) — 5 (PTay0)* (0T Pe*5") ae {0, -5} by (47) & (18)
- §(Pry )" (" Povi?)

=0
=0 by (22) .

From this, it then follows that:
e The pullback of the radial & transversal vielbein vanishes to all orders:

¢*PE = 0 (65)

8 The proof of Thm. 3.11 shows also the converse implication, but only for the chosen super-coframe (62). In order to have a
general logical equivalence in (63) (instead of just an implication) one would have to show that for r,.1, # Rywms there is no other
choice of super-coframe — e.g. not using the WZT gauge (5) — with respect to which such ¢ is 1/2BPS. While this seems likely, we do
not attempt to prove it here. See also footnote 9.
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because we now have for E® that

¢>*(E<n+1>)5' ¢*(E(n+1))i'

= 20059 M) by (13) & (57) = 200567 05Y) by (13) & (57)
= 2.(8T% Peru™) by (64) = 2005 PerulY) by (64)

=0 by (18), =0 by (18),

and verbatim so for E°.

e The fermionic component of the tangential coframe field equals
Y = do (66)
to all orders in 6, because it does so to first order by (58) and all higher orders vanish (now a; € {0,---,9}):

(O2)? = g (Pu)”

b P @R 0 ) 4k (PH O W) wamsen
= —tprtrt (PTaa,)  (OK 2P M) 4 oy 2y (P HAb) (BT P ) by (64)°
=0 by (47) & (18)

(,lp(nJrQ))Z‘ .— ¢* (P \Ij(n+2))z

= L (P, ,0) " (K™ 67 USY) + Al (PH0) (1967 05Y) by (16) & (57)
= L (P, 0,0) " (0K 2 Py ulY) + -1 Lo (P HL) (ATPe*T”) by (64)
=0 by (47) & (18).

Note that in the last step, in both cases, we observe from (47) that K% and H, have for all index values
the same parity (with respect to the projectors P, P) as I'y,4, and I'?, respectively so ) that the two terms
Pl q,P and PK%% P can never both be non-vanishing, and similarly for PH,P and PI'*P.

e The bosonic component of the tangential coframe field equals
e* = da® + (6~ df) (68)

to all orders in 6, because it does so to first order by (58) and by assumption (63), and since all higher orders
vanish, as follows:

(e = g () = e,
= 2 (070" TY) by (19) & (57) = 2 (07a0"0Y) by (13) & (57)
=0 by (64) & (58) , =0 by (64) & (58) .

To conclude:

e the statements (65) and (64) establish the transversal condition in (55) that was to be shown, namely that
¢* (PE, PU) = 0.

e The statements (66) and (68) establish the tangential condition in (55) that was to be shown, namely that
(e,v) is a coframe field, manifestly so by expanding the coordinate differentials in their (e, )-components as

dz® = %r/:e“ — (gfyaz/})

do> = ¢°.
This completes the check that ¢ (57) is a (fluxless) 1/2BPS super-immersion (Def. 3.6), hence that the holographic

9 The second step in (67) fails if one were to go away from the critical radius, rp,, # N1/3 (61), where 1/J(O) # 0 (58), in which case
the analogue of (67) instead says that there are potentially contributions to 1, in every even order of #. It would remain to be checked
if (e, ) is still a coframe field in this case, hence (Rem. 3.7) if the “basic super-embedding condition” would still hold away from the
critical radius. (This is tacitly claimed around [GMOO, (8.2)], but any higher #-corrections to ¢ seem to be ignored there.)

16



probe Mb-brane really exists — at the critical radius 75, = Ryms = N1/3 (Rem. 3.10). O

Remark 3.12 (Bianchi identity and vanishing H;-flux density).

(i) For flux quantization on holographic M-branes in [GSS24c], the key point of establishing the 1/2BPS property of
the holographic M5-brane immersion, via Thm. 3.11, is that this establishes a solution to the equations of motion
of the Hs-flux density on the worldvolume ([GSS24b, Prop. 3.17]), namely the appropriate self-duality, the Bianchi
identity, and rheonomy.

(ii) In the present case of vanishing flux density, this may look fairly trivial, but it is still crucial to establish it
unambiguously as a solution because (only) then is flux quantization guaranteed to produce the exact completed
field content which may still be non-trivial (namely torsion-charged), as discussed in [GSS24c].

(iii) In any case, it is immediate to check the conclusions of [GSS24b, Prop. 3.17] in the present case: In particular,
with (36) and (57) we have

"Gy = 0 (69)
so that the general worldvolume Bianchi identity dH; = ¢*Gy4 (cf. [GSS24b, (1)]) is un-twisted and becomes
dHs = 0,

which is clearly satisfied by Hs = 0.

Remark 3.13 (Absence of fluxed 1/2BPS holographic M5-branes). The proof of Thm. 3.11 also readily
shows that it is impossible to have non-vanishing worldvolume flux density Hs # 0 on a holographic M5-brane (57)
while keeping its 1/2BPS- (“super-embedding”-) property (at least with respect to the given coframe field (62), cf.
footnote 8). Namely, by [HS97b, (40)][HSW9I7, (7)][S000, p. 91] (re-derived in [GSS24b, (126)]) such non-trivial
flux corresponds to modifying the super-immersion (57) by a summand A,

¢*P@ =10 + ﬁge, for ﬁg = %(FI?))alagagfyalaQag,

which vanishes iff the actual flux density Hs vanishes (cf. [GSS24b, Rem. 3.18]) — but non-vanishing such Hj
immediately fails the Darboux condition (65), by the computation shown right below there. (This is in contrast
notably to the case of the rectilinear embedding of the M5-brane into flat Minkowski superspacetime, which allows
any constant Hs-flux to be switched on, see [GSS24b, Ex. 3.14]).

This phenomenon naturally leads over to the discussion of flux-quantization on holographic Mb-branes in

[GSS24c]. Namely a constraint of vanishing flux density

H3 =0
trivializes the higher gauge field on holographic M5-branes only locally, on any (contractible) coordinate chart,
while the globally completed higher gauge field, controlled by a flux quantization law, may still attain non-trivial
configurations carrying non-trivial torsion charges.

In other words, while flux quantization completes general gauge field configurations by torsion-charged sectors,
this is particularly relevant for configurations with vanishing flux, as found here on holographic M5-branes, in which
case the non-trivial higher gauge field content is invisible by traditional local field analysis and is all contained in
the subtleties of the flux quantization law. This is what we discuss in [GSS24c].

4 Holographic M2-Branes

For comparison we also make the analogous analysis for the case of the M2-brane. Hence we determine the holo-
graphic M2-brane probes super-embedded into the near-horizon super-geometry of their own black brane incarna-
tion. This is the case of microscopic p-brane holography, which was originally considered in [BDPS87][DF*99][PST99).
But we cannot confirm the claim of [BDPS87, below (15)] that the M2-probe must sit at r = oo, see Rem. 4.4
below.

4.1 Spinors on M2-Branes

Spinors in 3d from spinors in 11d. We conveniently identify (cf. [HSS19, Lem. 4.11]) the Spin(1,2)-
representation 8 - 2 € Repp (Spin(l, 2)) with the linear subspace of the Spin(1, 10)-representation 32 (104) that is
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the image of either of the projection operators

P = (14 Tosa567s9)

> . 32 — 32, (70)
P := (1 —Tys4s67s89)
satisfying the following evident but consequential relations:
rep = PT®
1,2
PP =P rap — pra 1012
PR =P r’p = P1? P=r 1)
PP =0 ’pP = PI? P =P,
PP =0 ‘P = BRI
) .q 4
i p — pri i€{3,4,5,6,7,8,9}
where we suggestively denote the 11d Clifford generators as follows:
tangential radial transversal
—_— A~
C I'y It I’y IDY; I's I'y TI's TI'g I'y TI's TIg € Pin+(1, 10) C EndR(32) (72)
P(—)P
Y% M e € Pin"(1,2) C Endr(8-2),

in that under the corresponding inclusion

Spin(1,2) — Spin(1, 10)
there are linear isomorphisms

82 ~ P(32) =~ P(32).
Spin(1,2) Spin(1,2)
Incidentally, here we may readily see the decomposition into 8 copies of an irrep 2 € Repp (Spin(l, 2)) by using

just abstract Clifford algebra, noticing that the projector P (70) evidently decomposes as a sum over products of
4 mutually commuting projectors like this:

P = 1(1+To2les) 3(14To12l4s5) 5 (1 + To12T6r) 2 (1 + To12lse)
+ 3(1=To1ola3) 5(1 = To1ol'a5) 5 (1 = ToraTe7) 5 (1 — ToraT'so)
+ 3(1+To12lor) 5 (14 To12T5) 5 (1 = Toral'e7) 5 (1 = To12Ts0)
+ 3(1—To12l'23) 5 (1 — To12Ta5) 5 (14 To12l67) 5 (1 + To12Ts0)
+ 3(1+To12l'23) 5(1 — Lo12T45) 5 (1 — To12l67) 5 (1 + To12T's0)
+ 3(1=To12lo) 5 (14 To12T5) 5 (1 + Toral'e7) 5 (1 — To12Ts0)
+ 1(1+To12l'23) 3(1 = To12Ta5) 2 (14 To12l67) 5 (1 — To12T's0)
+ 3(1=To12l'23) 3 (1 + To12T45) 3 (1 — To12l67) 3 (1 + Co12lso) -

Here the images of all 8 summands are Spin(1, 2)-equivariantly isomorphic to each other via multiplication with
suitable Clifford elements, for instance:

1(14T012Tyr5) 3(14T012T45) 3 (14T012067) 3 (1+T012Ts0)

32 32
Fssl? ZJF%
39 %(1—F012F2/3) %(1—F012F45) %(1+F012F67) %(1+F012F89) 39

This way we have:

v 2 = %(]— + 01F012F2/3) %(1 + 02F012F45) %(1 + 03F012F67) %(1 + J4F012F89) (32) (73)
o1,02,03,04 € {£1} Spin(1,2)

01020304 = +1

Combined with the vector representation of Spin(1,10) and Spin(1,2) on RY1? and RY2| respectively, we may
regard P (70) as a projector of super-vector spaces

( P N

R1.10(32 RL2182 R1,10]82 P = (14 Tasas67s9) (74)
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which is convenient for unifying the conditions on tangential and transversal super-coframe components in a 1/2BPS
super-immersion (Def. 3.4).

Hodge duality on the M2. By 11d Hodge duality, we have

To12 . To12T0122/3456789 = +1'2/3456789 (75)

so that the projector P (70) is alternatively expressed as
P = }(1+Tu)
which makes it manifest that
Leapp, 2P = Legp,, 02T P = —T,P. (76)

4.2 Super AdS,-spacetime

With the result of §2 in hand, we may give explicit formulas for super AdS, x S7-spacetime by first recalling the
ordinary bosonic AdS-geometry and then rheonomically extending to super-spacetime.

Near-horizon geometry of black M2-branes. The bosonic near-horizon geometry of N black M2-brane is (cf.
[AFHS00, (5)], following [GT93][DGT94][DF*99, (2.3)]) represented on a chart of the form

R110\ R12 ~ RY2 x (R®\ {0}) ~ RY2 x Ry x S7 (77)
with its canonical coordinate functions
Xxe . RL2Z LR fora € {0,1,---,2} (78)
r : Ryg—R

by the AdS -metric (cf. [BI22, §39.3.7]) plus the metric on the round S

d%ne = amdsdie + Yordr? 4+ 4N2/6ds2, (79)
(where 2 Ryye = 2 N/6 is the radius of the 7-sphere in Planck units ’;—jZEP). The C-field flux density G4

supporting this is a multiple of the volume form on the AdS,-factor pulled back to the chart along the canonical
map

Gy = cdvolyggyve € Qg (AdSy) — Qg (R x Rsg x 5%, (80)
for some prefactor ¢ which is determined, up to its sign, by the Einstein equations, see (91) below, and whose sign
is determined by the condition that a holographic M2-embedding exists (Rem. 4.4 below).

Chart around a holographic M2-brane embedding. We pick a point s, € S7 C R®\ {0} to designate the
direction in which we wish to consider a probe M2-brane worldvolume immersed into this background, at some
coordinate distance rp,1, from the M2 singularity (cf. [BDPS87, (14)][PST99, (12)] and Figure B):

probe M2 1,2 ¢ 1,2 7
worldvolume R . R X R>O x5
embedding (81)
x ? (xvrprb75prb)~

Restricting to an open ball around sp,1, € S”, we have a contractible chart around this immersed worldvolume, of
the form e

RY2 x Ry x D7 R12 x Ry x S7. (82)

Cartan geometry around the holographic M2. On the chart (82), we evidently have the following coframe
forms

E* = ﬁ dX* tangential a € {0,1,2}
AdS Y N1/6 . ,
E = — dr radial a€{2'} (83)
) Ea = 1\17726 5?El transversal a € {3, 4,5,6,7,8, 9} .

which are orthonormal for the metric (79), in that ds%,, = 74 E* ® E° on this chart, and make the C-field flux

density (80) appear as ,
Gy = +cE°E'E*E? . (84)

For the following formulas, we may focus on the AdS-factor in (83). Hence we let the indices a;, b; run only
through {0, 1,2}, to be called the tangential index values — namely tangential to the worldvolume (81) — with the
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further radial index 2’ carried along separately.

The torsion-free spin connection on the AdS-factor of (83), characterized by

dE® = Q% E* + Q% E?,  dE?¥ = Q¥ ,E*,
is readily seen to have as only non-vanishing components:
Qan = —QQ/G = Ng/ﬁ dX® tangential a. (85)
Therefore its curvature 2-form has non-vanishing components
R? = dQ? = —LodrdX® = — 1y E? B¢
— Ea E2
s (86)
Rua = _Qu, Qe — +N4/6 dXer dXxez
= N2/6 En Ea,

Hence the Riemann tensor has non-vanishing components (cf. our normalization of § in (102))

!
Ra2 b2’ = 2 5a
N2/6
N (87)
Ralazblbz = +N2/6 6a1a2b1b2 9

and the Ricci tensor is proportional to the metric tensor, as befits an Einstein manifold:

Ricalaz = Ralbbag + Ra1 2/2'(12
— _B-D _ 1
= ~N276 Nayas ~N276 Naias
- *ﬁ 77a1a2 (88)
Ricyrsr = R¥ %,
- __3
N2/6
similar to the Ricci tensor of the 7-sphere factor (e.g. [Leel8, Cor. 11.20]):
Rlchzz - +4N2/5 5i1i2 . (89)
Therefore the Einstein equation with source the C-field flux density (84)
() ) ceararazas @i €{0,1,2,2'} N (G4)brbybyby (Ga)Pr02b30s = —24 2
4)arag =
0 otherwise (103) (G4)aybibabs (G4)a2blb2b3 = —6¢ Nayaz
has non-vanishing components (cf. [GSS24a, (174-5)])
Rica1a2 = T12(G4)al b1b253(G4)a2b1b2b3 - %%(G4) 174(6’14)1)1”.174 Naias
< _ﬁ Najas = _%02 Naras T %02 Naias
= =3 e (90)
Riciﬂz = %%(G4) ay (6714)(11.“(14 6i1i2
< +ixnem N2/6 Oiriy, = Jr(l;C Oiyis
thus is solved '° by 5
— 0 7l 12 2’
c :I:Nl/67 h((iﬁ)ce Gy = iNue E'E*E“E~“ . (91)

At this point both of the signs in (91) are equally admissible, but we see below in Rem. 3.10 that the + sign is
singled out by the existence of a holographic M2-brane embedding.

Super-Cartan geometry around holographic M2s. We now obtain the super-extension of the above Cartan
geometry (83). Inserting the bosonic AdS Cartan geometry (83) (85) into the initial conditions for WZT gauge (5)

10Note that the last line in (90) is the reason that the radius of S7 has to be twice that of AdS4 in (79).
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means that

() = smaxs e ((BO) = ge (B0)) = 0)
EO) = Mlgxr o ( EO) = N0 (o) = 0)
() (B0 = 22, (50 -
() = e e (O) =0 (O =)
2’ r 2’
(2© e = odxe o ((Q(O))r “= e (Q0) O) .
Moreover, inserting the flux density (91) into the super-field strength components (12) yields
Hy = +&Leqpp, T2
Hy —5 o1z
H; = —{E0ileely
Kaaz  — —%6‘11@20‘31—‘&3 FQ/ for a'i € {05 17 2} (93)
K2 teeabibaT, i; €{3,4,5,6,7,8,9}
Kite = 4 ¢ [iri2 01212’
Kie = 0
K¥i = 0.

From this, we now obtain the super-field extension of the supergravity fields on AdS, x S7.

Example 4.1 (AdS; x S7-super-fields to first ©-order). Based on the Oth-order expressions (92), we obtain
to first order in © (similar to [dWPPS98, (3.11)]):

E* = SisdXe o+
EY = NZgx? 4
0¥e=  —LodXe +
v = de* + (- 35+
+
n

where a € {0,1,2}.

(er+do)
(617 de)

% %Ga b1bz (érble d@)

(FZ’ 0)* + %%Gablbz(rblbzrzl@)"‘) dxa

4.3 Holographic M2 immersion

%%QL b1b2 (Fb1b2 FQ,G)Q dXQ/

71762 (FiFOlQFQ/@)a d)(Z

+

+

by (13)
by (13)

by (14), (93) & (5
y (14), (93) & (5) (94)

by (15) & (93),

With the background super-spacetime in hand (§4.2), we are ready to inspect the !/2BPS super-immersions of
holographic M2-branes. We shall be content here with showing the analysis to first order in the odd coordinates,
which is sufficient to see the critical radius (cf. the analogous discussion for M5-branes to all order in §3.3).

Definition 4.2 (Holographic M2 super-immersion). We extend the holographic immersion (81) to a super-
immersion (Def. 3.3) in an evident way:

RL2I82 ¢ , p1,2 Rog x D7 x ROB2 » ROIS2

xa

Tprb
%
Sprb
A
0

Xll

Xi
(PO)"
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Lemma 4.3 (M2-Worldvolume super-fields to first 6-order).
(1) Under the holographic super-immersion (4.2), the first-order super-fields (92) pull back to

et = ¢'ET = s dat + (047df) 4+ O(6?)
o*EY = 0(6?)
ve = ¢(PU) = o>+ 0(6?) (96)
¢*(RV)" = (3125 — £)(Fa0)* da” + 0(6?)
MU, 4+ PPN, = "0, = T S, dat + 2(040d0) + O(6?)
(ii) The 2nd fundamental super-form U2 (cf. [GSS24b, (67)]) has the following components:
02, = wis0bbs + 0(6%) o)
13, (w7 = 5)(0m), + 0O?).

Proof. The first line in (96) is evident. For the second line just note that (§F2,d0) = (0 PT?P dg) = 0 by (71).
For the third line notice similarly that

(PO = a0 4 (= 138 (PToad)® +5 bewsys, (PTT20) ) da,
N—— —

=0 =0

where the terms over the braces vanish by (71):
PT9yf = PI'yuPO = T9uPPO = 0, and P12 = prover2pg = rhbr2ppg.

The fourth line works analogously but complementarily:

¢*(PY)" = (= 3182 (PT240)* + Sleqpp, (PTP2I20))dze +O(62) by (95) & (94) (98)
= (+ 355 ([Cal20)* — (0 I260))da" +0(0?) by (71) & (76) .
O

Hence in analogy with Rem. 3.10 we find:

Remark 4.4 (Critical distance of holographic M2-brane probe from black M2 horizon). The expression
(98) must vanish for the immersion to be 12BPS. With ¢ = +3/N'/¢ (91) this requires again that we have the
positive sign in (91) and that the probe sits at the throat radius

Gy = +3sE°E'E’E*, 1y = NY5 = Ry (99)
analogous to the case of holographic M5-branes (Rem. 3.10).

Note that this critical radius is not seen by the M2’s equations of motion, cf. Ex. A.1.

A Appendix

A.1 Tensor conventions and 11d spinors

Tensor conventions. Our tensor conventions are standard, but since the computations below crucially depend
on the corresponding prefactors, here to briefly make them explicit:
e The Finstein summation convention applies throughout: Given a product of terms indexed by some i € 1, w1th

the index of one factor in superscript and the other in subscript, then a sum over I is implied: x;y* := >, 2; ¥".
e Our Minkowski metric is the matrix
d d .
(nab)a,bzo — (nab)a,bzo - (dlag(—l, +1,4+1, - —|—1))a o - (100)

e Shifting position of frame indices always refers to contraction with the Minkowski metric (100):
Ve = Vo™, Vo = Vi

e Skew-symmetrization of indices is denoted by square brackets ((—1)I?! is sign of the permutation o):

Vawoad = 3 30 (D MWarang

o€Sym(n)
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e We normalize the Levi-Civita symbol to

€o12.. = +1 hence 1% = 1. (101)
e We normalize the Kronecker symbol to
ai-ap . ¢la ap] _ ca ap _ ¢la ap]
Oyroyy 7= Oy 01 = Ot oGy = Gyt Oy (102)
so that a1-a, @l ai---a
V‘““‘“’I>5b1---b: — V[blmbp] and €€l et T €cycpbyby = 7p!.q!5b1___bq‘1 . (103)

Spinors in 11d. We briefly recall the following standard facts (proofs and references are given in [GSS24a, §2.2.1]):
There exists an R-linear representation 32 of Pin™ (1, 10) with generators

T, : 32 — 32 (104)
and equipped with a skew-symmetric bilinear form
((-)(-)) : 3232 —R (105)
with the following properties, where as usual we denote skew-symmetrized product of k£ Clifford generators by
Lopoay, == % Z sgn(o) Laviy Tany Tagen (106)
o€Sym(k)
e The Clifford generators square to plus the Minkowski metric (100)
Pal'y+Tple = +214pids2 . (107)
e The Clifford product is given on the basis elements (106) as
min(j,k) j k
1=0
e The Clifford volume form equals the Levi-Civita symbol (101):
Foiiany = €ay-rayyidsz . (109)
e The Clifford generators are skew self-adjoint with respect to the pairing (105)
I'n = -I'y  in that vaen (Tad)v) = —(@(Tar)), (110)
so that generally
Tupa, = (-1)pP@=D/2p, . (111)

e The R-vector space of R-linear endomorphisms of 32 has a linear basis given by the < 5-index Clifford elements

EndR(32) = <1v Fays Tavass Tarvasass Tayoags Fa1ma5>a.:0 1" (112)

e The R-vector space space of symmetric bilinear forms on 32 has a linear basis given by the expectation values
with respect to (105) of the 1-, 2-, and 5-index Clifford basis elements:
Homs (82 © 82)aym. B) =~ ((La(=). (Maraa(-) . (Marws (), (113)
while a basis for the skew-symmetric bilinear forms is given by
Homz (32 82)uew. B) = (D)) (Do) + (M (), (Q14)
e Any linear endomorphism ¢ € Endg(32) is uniquely a linear combination of Clifford elements as:

5
_1)yr(p—=1)/
6= 5> CET (g 0Ty, )T, a; € {0,--,5,6,7,8,9} . (115)
=0

Background formulas for 11d Supergravity. Our notation and conventions for super-geometry and for on-shell
11d supergravity on super-space follow [GSS24a, §2.2 & §3], to which we refer for further details and exhaustive
referencing. _

We denote the local data of a super-Cartan connection on (a surjective submersion X of) (super-)spacetime X,
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representing a super-gravitational field configuration, as'!

Graviton (Ea)aD:_()l c QtliR ()Z" Rl,D—l)
Gravitino (\Pa)ivzl S chiR ()FZ, Nodd) (]_]_6)
o Qe =—b)” e QL (X s0(1,D — 1))

and the corresponding Cartan structural equations (cf. [GSS24a, Def. 2.78]) for the supergravity field strengths as

S (T0 = dEC QBN (VI0W)) )
Gravitino _ 1 ab N
field strength ( P - dw - ZQ Fab'l,/} )oz=1 (117)
Curvature (Rab = d Qab — Qac QCb )an—:10 .

Finally, we denote the corresponding components in the given local super-coframe (E, ¥) by [GSS24a, (127-8)]:

T = 0
P = 1pu E“E® + H,V E” (118)
RMaz  —. %Ralagblbz E™ Fos 4 (ja1a2b\I/)Eb + (@Kalag \I/),

where all components not explicitly appearing vanish identically by the superspace torsion constraints [GSS24a,
(121), (137)]. In addition, in the main text we consider the situation that also pa, = 0 (9) whence also J*1%2;, = 0
(10).

A.2 Holographic M2 Equation of Motion

Since the critical distance

Tprb = Rads
for M-brane probes embedded statically with respect to the Poincaré chart of their own AdS background which
we found (Rem. 3.10 and Rem. 4.4) has not appeared in this form in the literature, we compare here to existing
computations via (just) the equations of motion.

For holographic M5-brane, the issue of their critical on-shell radius seems not to have been discussed before.
For the M2-brane the issue has originally been discussed in [BDPS87], where the critical radius 7, = 0o was found
for static embeddings with respect to the “static coordinate” chart (reproduced as Ex. A.2). Then [CK198, (2.23)
& §A] observed that there are different static holographic embeddings compatible with different AdS-coordinate
charts, and found no critical radius for static embeddings with respect to the Poincaré chart (reproduced as Ex.
A.1 below). Note that these existing computation use (only) the equations of motion, not a super-embedding (cf.
The need for probe brane super-embeddings on p. 2).

The bosonic equation of motion for the M2-brane (as given e.g. in [BDPS87, (4)]) is the following (in this
subsection we stick to these authors’ notation, for ease of comparison '2):

8i<\/jhhij(anN)gMN) + 3V=hh7 (0, XN)(0;X7) (Omgnp) (119)

Example A.1 (M2 probe EoM in Poincaré chart). Consider the case where g is the AdSs-metric in Poincaré
coordinates as in (79)

ds

= 2o (—dX°@dX° +dX' @dX' +dX? 0 dX?) + Xl dredr

.‘27 N2/6 o)
and (91) 2

Fyunpg = iﬁ V=9 EMNPQ V=9 = w5 - (120)

I Our use of different letters for the even and odd components of a super co-frame follows e.g. [CDF91]. Other authors write “E°”
for what we denote “¥%” e.g. [BaS023]. While it is of course part of the magic of supergravity that £ and E*/¥% are unified into
a single super-coframe field E, we find that for reading and interpreting formulas it is helpful to use different symbols for its even and
odd components.

I2Except that we change the sign of the third summand in (119) compared to [BDPS87, (4)], hence equivalently of the normalization
of the sign of the flux density, as was also done in [CKT98, (A.5)].
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With the holographic embedding (81)

X020 2", 2?) = a°
X! (ﬂco,xl,mQ) = gl
(121)
XQ(xO,xl,a:Q) = g2
r (2% 2 2?) = rpw,

the induced metric is
2 3
ds? = 12"2})6 ( —d'@da® +det @ det +d2? @ dxz) , V—h = ]Z‘;/"G ) (122)
and the corresponding radial component of the equation of motion (119) becomes

2
_ rb N2/6 Db N2/6 2rp., 1 b ijk
0 = 0 (N%/s h' (9 7”) ) + §Np3/5 77 7723 T Nos t gNl/e sz/e e €ijk
R ) Tor N > Tprb —_———

T

=0 =3 =6 (123)
2rb 2rb
= 3(]\[%/6 :F Np3/6)7
which is equivalent to the flux density carrying the positive sign

Funrg = +xo5V—9€EMnPQ - (124)
and no further condition on rp,, (in accord with [CK ™98, (2.33)]).

Example A.2 (Holographic M2 probe EOM in static chart). Consider the case where g is the AdSs-metric
in “static coordinates” [B122, (39.76)][BDPS87, (12)][CK 98, (A.4)]

ds? = —(14a*?)dT ©dT + 1*dO © d6 + r?sin*(0) dd ® dP + (1 +a*?) ' dr @ dr
and
Funpg = £3avV—9g €Eunpg, for a,r € R>g V=g = rsin(O).

With the corresponding static embedding now being [BDPS87, (14)]

T(t,0,9) = ¢
O(t,H, = 0
(t,9,9) (125)
o(t,0,0) = ¢
r (tv 97 ¢) = Tprb,
and hence intrisnically different from (121), the induced metric is
dsj = —(1+ a2r§rb) dt ®@dt + r b d0®do + r 1 sin?(0) dp®de, v—h = (1+ a2rprb)1/2 724 sin(0). (126)
Now the radial component of the equation of motion (119) becomes
.2 1 2.2 \1/2( 2¢%rpm 2 2 ) 1 ijk )
0 Tprb Sm(@)(2 (L+a%ryy) (1+a2r§rb e T on) Tedas ik ). (127)
6
This is equivalent to
Fynpg = +3av/—9€mnpPQ ard, (1 + a®ry) ™ 4 2rp — 3ark, (1 + a27“12)rb)_1/2 =0
as in [BDPS87, (15)] (cf. also [CKT98, (A.9)]), nominally solved by
rpeb € {0,00} . (128)

Remark A.3 (Non-existence of static M2-embeddings in the static chart). Beware that neither of the
values (128) can be used to construct an actual M2 super-embedding;:

(i) At the value rp1, = 0 the map (125) is constant and hence is not an immersion (much less an embedding),

(ii) The would-be value rp1, = oo is outside the actual range of this variable
(one might interpret it as only a mnemonic for taking the limit of observables as 1, — 00, but since the EoM
is violated at all the finite ., whose limiting case would be computed thereby, it may be hard to interpret the
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result).
This problem suggests that for the purpose of microscopic p-brane holography, the appropriate holographic em-

beddings are those static with respect to the Poincaré chart, as used in [CKT98][PST99] and here in the main
text.
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