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Abstract

In a restricted untwisted sector, Diaconescu, Moore & Witten [DMW00; DMWO03]
gave a quantum M-theoretic consistency check, at the level of partition functions, of
what one may call Hypothesis K, namely that magnetic and electric type ITA brane
charges are jointly quantized in K-theory.

We show that the more recently discussed Hypothesis H — that magnetic and electric
charges in 11D are jointly quantized in coHomotopy — together with a topological
smallness condition on the M-theory circle, systematically implies that ITA charges are
quantized in a nonabelian deformation of twisted K-theory by the previously neglected
non-linear NS1-brane charge.

This is essentially a derivation of twisted K-theory from IR-completed 11D SuGra,
and conversely a further consistency check on Hypothesis H from Hypothesis K.

We motivate and precisely state this result, discuss its structural implications, and
outline the formidable algebro-topological proof.
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It is an open secret that higher gauge fields (in the sense of [Szal3; SS24b, §2.1; SS26¢], cf.
also [Alf25; Bor+25]) tend to be discussed in the (typically: Lagrangian) field and string
theory literature (such as [HT92; Cosl1; Rejl6] and [Pol98; BLT13; Ort15]) only locally on
charts of spacetime, where gauge potentials may be regarded as plain differential forms (cf.
Fig. 1).

This is the case notably in

(i) the usual presentation of (the higher gauge sectors of) higher-dimensional supergravity
theories (SuGra, cf. [DNP86; SS89; CDFI1; FV12; Ort15; Sez23)),

DNP26))

(ii) such as that of 11D SuGra ([CJST78], cf. [Duf99, §I; MS06; FV12, §10; Ort15, §22.1.1;

(iii) and its dimensional reduction to 10D IIA SuGra ([GP84; HN85; CW84], cf. [Pol9s,
§12.1]) that we are concerned with here (following [GSS24; GS26], cf. [GSS26]).
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Beyond that, the IR-completion of the field content—capturing and identifying the na-
ture of topological brane charges—involves a choice of generalized flur quantization law (cf.

[Fre02; SS25a; SS26¢; GSS26]) that describes how the gauge potentials may be glued by
(higher) gauge transformations across charts (cf. again Fig. 1).

Figure 1: The data of (higher) gauge field configurations A are only locally given by gauge potential differen-
tial forms A (here short for tuples of forms in various degrees). Beyond that, the IR-completed field content
involves a tower of further (Cech cocycle) data that enforce fluz quantization laws and thereby identify the
topological charges of the branes that sourced these higher gauge fields (cf. [GSS26, §4.2]). Conversely, the
entire tower of field data turns out to be encoded by the classifying space A of corresponding brane charges

(cf. § 2.1).
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Motivating examples. This issue is widely appreciated for simple examples:

(i) The classical choice for IR-completion of 4D Maxwell theory, going back to Dirac 1931
([Dir31], cf. [Alv85; Fre02, §2; Frall, §16.4e; SS524b, §3.1; SS25a, §2.1]), declares that
the electromagnetic field is a cocycle in differential ordinary cohomology in degree 2,
with classifying space B*Z ' (cf. [FSS23, §2.1]).

(ii) The common choice of IR-completion for the NS B-field in 10D ITA supergravity de-
clares it to be a cocycle in differential ordinary cohomology in degree 3 ([Gaw88; FW99;
GRO2; CIMO04; BFS08]), with classifying space B3Z (cf. [SS25a, Ex. 3.10]).

It is only after such IR-completion (which is a non-unique choice of physical input, be-
yond the usual Lagrangian density) that topological brane charges are generally defined;
in the above two examples: the charge of magnetic monopoles and of black NS5-branes,
respectively.

Including Electric Charge Quantization. The above two examples concern only the quan-
tization of magnetic charges. More generally one may and should consider quantizing also
the electric charges. For instance:

(i) Duality-symmetric vacuum Maxwell theory admits an IR-completion by electromag-
netic flux quantization (cf. [FMSO07b; FMS07a; Bec+17, Rem. 2.3; LS18; LS22a;
LS22b)) classified by B?Zyg X B*Zq, cf. (21).

(ii) Analogously, the NS sector of 10D ITA SuGra admits IR-completion by electromagnetic
flux/charge quantization classified by B3Z,,, X B"Ze, cf. (22) and (125), quantizing
not just the magnetic NS5-brane but also the electric NS1-brane (string) charges.

Following [SS25a], we abbreviate by “B™A” the traditional notation “K(A,n)” for Eilenberg-MacLane
spaces, classifying ordinary cohomology, H"(—; A) ~ my Map(—; B"A).
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This brings in a quantization law for the flux H; = xHjs in ITA SuGra, which has not
received much attention before (exceptions are [GS26; BSS26]), but which is the 10D
shadow of the famous analogous non-linearity (26), and which plays a key role below
in § 3.3.

However, of course, there are further higher gauge fields in ITA SuGra beyond the B-field:

Hypothesis K: RR-Flux quantization in K-theory. A famous proposal beyond these or-
dinary examples is what we want to call Hypothesis K (following [SS23a, §4.1]): that the
RR-field in 10D ITA SuGra is globally a cocycle in twisted differential (complex topological
rank-zero) K-cohomology” ([MM97; Wit98; FW99; MW00; FH00; BMO1], cf. [Fre01, §3.7;
Fre02; Sza02; Fre08; DEM11; GS22; SS25a, §4.1])—with relevant classifying space BU J/ B*Z,
cf. (23) and § A.1 below.

Here BU := U,y BU(n) by itself classifies both magnetic and electric RR-charges (cf.
Tab. 1 and (126)), while the canonical projection BU /) B*Z — B37Z extracts the magnetic
B-field charges as in the above item (ii). In contrast, the electric NS1-brane charges of the
above item (ii) are not reflected in twisted K-theory (nor in any abelian twisted generalized
cohomology theory, cf. (24) below).

This particular proposal of Hypothesis K (one among infinitely many other admissible
choices of IR-completing ITA SuGra [GSS26]) is of course motivated by phenomena expected
in type ITA string theory (cf. [Pol98; Ort15]). But this raises the following question:

How does this lift to M-Theory? The M-theory conjecture ([Duf+87; Tow96; Wit95, §2.2—
2.3], cf. [Duf96; Sch99; Wit98; Duf99]) — that type IIA string theory is the dimensional
reduction on a small circle fiber of a completion of 11D SuGra — suggests that:

The appropriate flux quantization law in 10D ITA should be the dimensional reduction
of an M-theoretic flux quantization law in 11D.

In other words, once an M-theoretic completion in 11D is agreed upon, the completion in
10D ought to be implied or derived by a systematic process of dimensional reduction. In the
jargon of phenomenologists, the question is:

Is there a top-down (beyond the historical bottom-up) justification of Hypothesis K?

2By “K-theory” here we mean the cohomological version of complex topological K-theory ([Ati67], cf.
[Hil71; AGP02, §9]), and we will focus on degree zero (physically: type IIA, cf. § A.1) and rank zero
(physically: without Romans mass), where the classifying space may be denoted BU := |J,, BU(n), cf.
[AGP02, Def. 9.2.8]: this is 2-connective K-theory BU ~ Q>°%2ku.

Moreover, by “twisted K-theory” we here mean specifically the degree-3 twist of this situation, where
the classifying space is the homotopy quotient (Borel construction) of the form Fred(H)o/PU(H) ~
BU//BU(1), fibered over BPU(H) ~ B2U(1) ([AS04], cf. [SS26a, Ex. 6.2.5; SS26b, §5] and (15) below),
where on the right BU(1) acts on BU by the universal tensoring of complex vector bundles by complex
line bundles [AGG14, p. 3; HS20, Thm. 1.5, Prop. 7.2, Thm. 7.9].
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1.2. The Observation by DMW

The desire for such a “derivation of K-theory from M-theory” motivated the title of [DMWO00;
DMWO03] (in the following “DMW?”, for short). The result presented there is a consistency
check that such a derivation might exist, of which we briefly outline the part relevant to us:

The Subsector. DMW restrict attention to the sector of trivial twist (vanishing NS5-
brane charge, Hs-flux) and initially to a trivial M-circle bundle (vanishing D6-brane charge,
Fy-flux), leaving open the 11D origin of D2-brane charge and its Fg-flux and disregarding
NS1-brane charge and its Hr-flux. (Beware that the latter are the electric partners to F
and Hs and that we are trying to derive in 10D a quantization law for both magnetic and
electric charges/fluxes.)

Under these assumptions, the only flux density in 10D obtained from 11D is F}.

The Conceptual Issue. This highlights a notorious general issue with lifting Hypothesis K
to 11D:

Plain dimensional reduction does not produce all the required flux species in 10D: notably
F§ has no plain 11D origin (cf. Tab. 1).

Taken at face value, this means: There is no natural lift through ordinary dim-reduction
of Hypothesis K to 11D. We resolve this in § 3.2 by showing that the missing fluxes appear
when imposing a regularity condition on the circle reduction.

Table 1: Under ordinary dimensional reduction, not all the flux species subject to Hypothesis K in 10D have
lifts to 11D. In particular, the electric Fg-flux of non-massive type ITA does not. (Here “[fib]” is for circle
fibration: Fy in 10D is the Chern form of the M-circle bundle.) For the black brane species sourcing these
fluxes cf. Tab. 5.

" fluxes on XD H magnetic ‘ electric )
11D SuGra — [fib]  (Gaves | (Go)sb | (G)vas | (G7)ay —  —
ITA 10D — K F, H; H; E s —
massive 10D Fy F, F, H; H; F Fs  Fip

| sector H RR ‘ NS ‘ RR )

DMW introduce the missing flux species by fiat, as follows:

The DMW Lift. DMW consider the equivalence classes () of field content in 10D to
be lifts of the D4-brane charge f, € H*(X®;Z) through the Atiyah-Hirzebruch spectral
sequence (AHSS, cf. [Koc96, Thm. 4.2.5]) for K-theory. By the filtration underlying the
AHSS, this is the step that tacitly postulates the appearance of the missing flux species
Fy (and brings in the previously neglected Fg) in the image of the Chern character®

3The string theory literature traditionally includes a factor \/Z with the Chern character ([GHM97, (2.11);
CY98, (5.1); MM97, (1.1)]). This is a historical normalization choice [FHO00, ftn. 12; Fre02, (2.8);
Bro+08, (1.8); DEM11, ftn. 8] and as such may even be absorbed [Bro+08, (1.11)] into the cohomological
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ch : KU(=) — @, H?*(—;R) ([AH61, §1.10; Hil71, Thm. 5.8], ¢f. [FIT0S, Ex. 7.2 & §2;
F'SS23, Prop. 10.1]):

hCher?
character
Q%ﬁh [Fy+Fs + Fy|
ad hoc lift
through AHSS I (1)
to 4-connective
K-theory

f4 de Rham [ F4] .

map

The Remaining Gap. This is where the DMW account falls short of being a “derivation”:
K-theory is assumed at this point (1), and the matching of the partition functions becomes
a consistency check verifying the compatibility condition of this ansatz. It shows that, under
the assumption of Hypothesis K, the partition function in 10D is compatible with the 11D
M-theoretic perspective.

However, beyond that check, the situation has remained unresolved: Even assuming Hy-
pothesis K, DMW lift classes to classes without explaining where the 10D fields come from.
Moreover, the generalization to the twisted situation with hs # 0 has remained open (cf.
[DMWO03, p. 79]).

Our aim is to fill this gap. Our method (cf. [SS26¢; GSS26]) is to:
§ 2.1: properly formulate electromagnetic flux-quantization applicable to SuGras,
§ 2.2: choose in 11D the initial proper flux quantization law (Hypothesis H),

§ 2.3: make precise the dimensional reduction of flux-quantization laws,

and then discover twisted K-theory emerging (§ 3).

2. Method

Homotopy Theory.

(i) We make free use of basic concepts of homotopy theory (cf. [AGP02; FF16]; for an
introduction aimed at physicists cf. [Sch94], and for a digest specific to our context cf.
[F'S523, §1]), especially in § 3 below.

(ii) We also allude to basics of dg-algebraic rational homotopy theory (cf. [Hes07; FH17] for
general background, while for exposition and digest specific to our context cf. [FSS19;
SS25a, §3.1] and [FSS23, §5], respectively).

(iii) In the proofs (and only there) we appeal profusely and without further ado to power
tools of algebraic topology (cf. [Swi75; Whi78; Koc96; Die08]), notably to various
spectral sequences (cf. [McC10]).

As usual, where we speak of spaces (as in classifying spaces, in § 2.1) the reader may
read “topological spaces” in any convenient (cartesian closed) category of topological spaces
([Ste67], cf. [SS26a, §2.1.2]), but only their homotopy type (their shape oco-groupoid) ever

pairing that plays no role for our purpose here. Therefore, we need not and will not include this factor.
Remarkably, without it we obtain integrality of the Chern character components in item (iv) of Thm. 3.21
below (in the DMW sector, under Hypothesis H), which may be of more intrinsic physical relevance, cf.
item (ii) in Rem. 3.22 below.
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matters. In particular, all commuting diagrams in the following are understood as either
resolved or filled by homotopies (such as in (3)). Notably, the fiber products appearing in
(3) and § 3.3 are homotopy fiber products (cf. [FSS23, Def. 1.15]).

Mapping Spaces. Throughout, we make substantial use of understanding cohomology
classes as homotopy classes of classifying maps (recalled in § 2.1 and heavily applied in
§ 3.3). For a pair of spaces Aj, Ay, we write

Map(ﬂl, AQ) = {‘Al - .AQ} (2)
for the space of (continuous) maps between them (cf. [AGP02, §1.2, 1.3; F55S23, (1.79);

SS26a, §2.1.2]). We use dashed arrows to highlight maps that remain unspecified. By
A; = A, we denote maps that are (weak) homotopy equivalences.

More generally, for a pair of fibered spaces, hence equipped with maps A; > B to a joint
base space B, we write
_ JAL - > As
Map(Ay, Ag)s = Map(Ay, A2)  x  {p} = N (3)
Map(Al,B) p1 B P2
for their slice or relative mapping space (cf. [SS26b, §4.1.8; SS26a, Def. 4.2.66]).

2.1. Flux Quantization

A key observation ([SS25a; SS26¢], cf. Prop. 2.2 and Tab. 2): one needs to take flux quanti-
zation laws beyond abelian differential generalized cohomology ([HS05], cf. [Fre02; Bunl2])
such as (differential) K-theory, to (differential) nonabelian cohomology theories (cf. [FSS523,
§2]) in order to describe electromagnetic flux quantization with non-linear Bianchi/Gauss
laws, such as those that appear in 11D SuGra (28).

Table 2: The Gauss laws on fluxes quantized by a

fluxes charges

cohomology theory H!(—;A) (5) are the differential bi ‘ g
relations in the minimal Sullivan model of A [SS25a, subject to
§3.2; SS26¢, §4.1.1], see (19). When these Gauss laws Gauss laws ‘ cohomology theory
are non-linear (like (24) and (26)), then this cannot linear possibly abelian
(by Prop. 2.2) be an abelian generalized cohomology . . .

: non-linear | necessarily non-abelian
theory (4) like K-theory. q )

Nonabelian Cohomology: Brane Charges. Abelian Whitehead generalized cohomol-
ogy theories E ([KT06], cf. [Koc96, §3.4; FSS23, Ex. 2.10]) are those whose pointed classi-

fying spaces FE,,, with
E"(X) ~ moMap(X, E,), (4)

form a spectrum of spaces, E,, =% QE, 1, making them the homotopy-theoretic analogues of
abelian groups. This class includes:
(i) Ordinary cohomology H"(—; A)
with (HA), = B"A.
(ii) Complex topological K-theory KU",
with KUy, ~ BU X Z and KUy ~ U.
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(iii) The 2-connective complex K-theory X*ku that we will be mostly concerned with,
where (32ku)y ~ BU and (X%ku); ~ SU.

More generally, for any (say connected, just for brevity) space A, it still makes sense to
regard the connected components of the mapping space (2) into it,

HY(X;QA) = myMap(X,A), (5)
as the nonabelian cohomology of X ([Toé02, Def. 6.0.6; Sch09, Def. 2.3; Lurl4, Def.
6; F'SS23, §2; SS25b, §1]; under suitable conditions this is the non-abelian Poincaré dual of

factorization homology [Lurld; AF15, §4]) with coefficients in the loop-oco-group QA. This
general notion subsumes all abelian cohomology theories; for instance:

(i) Ordinary integral cohomology is recovered as (cf. [AGP02, §7.1; FSS23, Ex. 2.1]):

H™N(X; Z) ~ H(X; B'Z) = {X - B""'Z} ey (6)
(ii) Rank-zero K-theory is recovered as ([AHG61, §1.3], cf. [FSS23, Ex. 2.11])
KUY _o(X) ~ HY(X; QBU) = {X > BU} jhmep - (7)

Beyond these, there are genuinely nonabelian cohomology theories, the most fundamental
one being:

(iii) Cohomotopy, the cohomology theory whose classifying space is a sphere ([Bor36; Pon38;
Spad9], cf. [Hub9, §VII; FSS23, Ex. 2.7]):
™(X) = HY(X; Q5") = {X --> 5"} /bty - (8)
This is the unstable refinement of stable Cohomotopy (cf. [Ada74, p. 245]), whose
classifying spaces are the stages of the sphere spectrum S, the stabilized spheres:

S*M(X) ~ H'(X; Q°TE®5") = {X > Q®5%°S"} /ey - (9)

Below we make crucial use of the fact that nonabelian cohomology operations ([FSS23, Def.
2.3], generalizing familiar cohomology operations between abelian Whitehead-generalized co-
homology theories, cf. [MT08; Boad5])—mnamely natural transformations between nonabelian
cohomology theories (5), o
—are in natural correspondence with homotopy classes of maps between their classifying
spaces, o

Al - ‘AQ ) (11)
and hence with elements of the target cohomology theory applied to the source classifying
space:

[®] € H' (A1, QA,). (12)

Twisted Nonabelian Cohomology: Background Charges. More generally, consider a
classifying space sitting in a homotopy fiber sequence (of connected spaces, for brevity)

A N P
| Ve (13)
* B.

Then for domain spaces X equipped with a map X - B to be called a twist, the connected
components of the slice mapping space (3) form the 7-twisted nonabelian cohomology [FSS23,
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§3; 5S26b, §4.1.8]:
TP —— P
HY(X; QA) := moMap(X, P)s = l - lp . (14)
X—X—"—B
Again, this general notion subsumes all twisted abelian cohomology; for instance:
o Rank-0 twisted K-theory, for given twist {X fy B3Z}, is recovered as (cf. [FSS23,
Prop. 3.5]):
-~ BU/JBU(1)
KU™(X) ~ H} (X; QBU) = { l . (15)
X M, By s B2U(1)
In an evident generalization of (10), cohomology operations on twisted nonabelian coho-
mology

H (= QA) —2 H} (= QAy) (16)
are given by postcomposition with slice maps between classifying fibrations
A,y
Ay As
P, ) P, (17)

N e
B

and hence by elements of the target twisted cohomology theory applied to the domain fibra-
tion:

(@] € HY (Pr; QAs)s . (18)

Nonabelian Character: Higher Gauss Laws. Now, the rational (meaning: non-torsion)
part of a nonabelian cohomology theory A (5) ! is encoded in an L..-algebra [A of rational
higher Whitehead brackets (the Koszul dual to the minimal Sullivan model of A, cf. [FS523,
Prop. 5.11]).

We say (with [SS24b, Rem. 2.4; SS25a]) that A is an admissible flux-quantization law for
a given higher gauge theory if the solutions to the latter’s higher Gauss laws on a Cauchy

surface X? are equivalently the closed (meaning: flat, Maurer-Cartan) [A-valued differential
forms (cf. [FSS23, Def. 6.1; 5S25a, §2.1; GSS26, (329)]):

[f[ is admissible flux quantization < {ﬂuxes on X¢ Sa“Sfyi“g} ~ QL(X%1A) } (19)

their higher Gauss laws

Remark 2.1. On the right of (19), the Chevalley-Eilenberg algebra of [A is generated as a
graded-commutative algebra by abstract graded generators F' = {F(i)}ie 1 subject to differ-

ential relations . . NP
Vie; dF® = p0) = pO(F) (20)

4Technically, we are assuming throughout that our classifying spaces A, B are simply connected of finite
rational type, so that the fundamental theorem of dg-algebraic rational homotopy theory applies ([BG76],
cf. [FHTO00; Hes07; FSS23, §5]). The assumption of rational finite type is crucial for the relation to higher
Gauss laws, while connectedness is assumed just for brevity, and nontrivial fundamental groups may also
be allowed, though at a considerable cost of technicalities (m;-fiberwise rationalization) when the group
is not nilpotent and does not act nilpotently on the higher homotopy groups.
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where the P® are graded-symmetric polynomials in the generators; and an element in
Qil(X d, LA) is an image of this situation in the de Rham complex of X, hence a dg-algebra
homomorphism CE(IA) — Q8z(X). We will use the same symbols for these differential
forms as for the abstract algebra generators that they are images of, as the latter may be
regarded as the universal such forms, cf. (52) below.

For example (cf. [SS25a, p. 4 & §3.1-2]):

(i) The magnetic and electric Gauss laws of vacuum Maxwell theory are equivalently the
closure condition for differential forms with coefficients in B%Z x B?Z:

By € Q2 (X3)|dE, = o} o

QL(X3(B%Z x B*7Z)) ~
cl< < )) {B2 c Q?lR(XZS) dBy, =0

(ii) The magnetic and electric Gauss laws of the NS-flux sector in IIA are equivalently the
closure condition for differential forms with coefficients in B3Z x B"Z:

H; € Q3o (X%) |dHs = 0
s € Q(X) |, = 0 22

QL(X%(BZ x B'Z)) ~
(X 1 ) {H7 € QL (X%)|dH, =0

(iii) The Gauss laws of type IIA, excluding H;, are equivalently the closure conditions for
differential forms with coefficients in the classifying space A = BU//B?Z for twisted

K-theory:
Hy € Q3x(X?) | dHz = 0
Fy € QX)) | dFy, =0
QLX%(BUYBZ)) ~ { Fy € Q4p(X?) | dF, = HsAFyp. (23)
Fs € OS:(X°) | dFs = H3AFy
Fy € O3x(X?) | dFs = Hz A Fy

This way, one sees at once that twisted K-theory is an admissible flux quantization law for
ITA SuGra with the electric fluxes Fg and Fy included.

While widely considered, this proposal has the defect that it disregards H;-flux and thus
fails to quantize NS1-brane charge. Indeed, the H,-Gauss law is non-linear (cf. [Ort15,
§22.1.3]), )
dH; = SFEANFy— Fy N Fg, (24)
and no abelian twisted generalized cohomology theory is compatible with non-linear Gauss
laws (cf. Tab. 2):

Proposition 2.2 (Abelian cohomology cannot quantize nonlinear Gauss laws).

(i) The Gauss laws induced, via (19), by any abelian twisted generalized cohomology theory
are (up to field redefinition preserving the given twist) linear in the twisted flux densities
relative to the twisting flurz densities.

For instance dFy = H3 A F3 is linear in the Fj, relative to the twisting coefficient Hs.
g
(ii) For vanishing twist, an even stronger statement holds: As soon as the classifying space

is a loop space A = QB (let alone an infinite loop space classifying abelian generalized

cohomology (4)), the induced Gauss laws are all closure conditions, of the form dF =
0.

10
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Proof. Ttem (ii) is a simple exercise in minimal Sullivan models, cf. [FSS23, Ex. 5.6]. For
the general case, rational parameterized stable homotopy theory shows that the rational
minimal models of underlying total spaces Q%O(E / QB) of parameterized spectra over a base
B are gc-algebras of the form Sym 4(N), given by dg-modules N over the minimal dg-algebra
model A of the base, with differential AN C A® N ([BSS19, Thm. 2.19, Prop. 2.30], based
on [Bral8, Thm. 2.7.42; Bra20, Thm. 4.20 & §5.1]). [

Differential Nonabelian Cohomology: IR-Complete Higher Gauge Fields. Without re-
calling here the technical details needed (cohesive higher topos theory [SSS12, §3.1; Sch13],
cf. [FSS23, §1; SS26b, §9.1; SS26¢, §2]) to make the following statement precise, the up-
shot of choosing an admissible classifying space A (19) is that it completely characterizes
IR~completed higher gauge fields that may be sourced by brane charges in (2A-cohomology.
Namely ([FSS23, Def. 9.3], cf. [SS25a, §3.3; SS26¢, §4.2]):

After flux quantization in A, the IR-complete higher gauge fields on the Cauchy surface
X are the cocycles in differential nonabelian Q.A-cohomology.

For instance:

(i) For A = B?Z we obtain differential integral cohomology in degree 2 [FSS23, Ex. 9.4],
whose cocycles may be identified with connections on U(1)-principal bundles as familiar
for the Maxwell field.

(ii) For A = B3Z we obtain differential integral cohomology in degree 3 [FSS23, Ex. 9.4],
whose cocycles may be identified with connections/curving on U(1)-bundle gerbes, as
familiar for the NS B-field.

(iii) For A = BU//BU(1) we obtain differential twisted K-theory [FSS23, Ex. 9.2, Ex.
11.3], whose cocycles are the IR-completed RR-fields of IIA under Hypothesis K.
Forgetting the differential refinement, the underlying charges are in plain (non-
differential) rank-zero twisted K-theory ([AS04], cf. [FSS23, Ex. 3.4]), which in our
ambient nonabelian notation (14) looks like this:

BU/BU(1)
& ¢
KU _o(X?) ~ HA(X%QBU) = a5 . (25)
X? B?*U(1)~ B*%Z /

(iv) Generally, for A = E, a stage in a spectrum of spaces, we obtain [FSS23, Ex. 9.1]
differential E-cohomology going back to [HS05], here in the canonical form of [Bunl2,
Def. 4.46).

(v) For A = S* we obtain differential Cohomotopy [FSS23, Ex. 9.3], whose cocycles are
the IR-complete C-field configurations of 11D SuGra under Hypothesis H.

This is what we now turn to in § 2.2.

_—
NS charge

2.2. Model of the C-Field

The non-linear Gauss law (24) is of course the dimensional reduction (cf. [MS04, §4.2]) of
the more widely appreciated non-linear Gauss law of the electric C-field flux (cf. [MS06,
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3.23); GSS24, (147)]):
( ) (147)]) dG; = %G4 NGy. (26)
While this electric C-field Gauss law, too, is impossible to quantize in an abelian general-
ized cohomology theory (cf. again Prop. 2.2), it is in fact quantizable in the most fundamental
example of a nonabelian generalized cohomology theory: Cohomotopy (8), represented by a
sphere, )
(X)) = H (X;Q5") = moMap(X, S"), (27)
here specifically by the 4-sphere (cf. [FSS17; FSS19]):
Gy € 0L (x1)
)

28
Gy € Q7 (X10 (28)

QL (X0 15%) ~ {

dGy = 0
dGy = LG NGy

There are (always infinitely many) other admissible electromagnetic flux quantization
laws A (19) for 11D SuGra (26); see for instance [BSS26]. But the most fundamental choice
(equipped with comparison operations into any other choice) is 4-Cohomotopy A = S* (28),
originally considered in [Sat18, §2.5; FSS15b, §4].

The hypothesis that cohomotopical flux quantization gives the correct IR-completion of
11D SuGra in view of M-theory (or rather its tangentially twisted version, if the first higher
curvature correction is included, cf. [Tsi04]), has been called Hypothesis H in [FSS20; FSS21;
SS23b; F'SS23, §12].

This entails that the C-field is globally a cocycle in (tangentially twisted) differential
4-Cohomotopy (cf. [FSS15b, §4; FSS23, Ex. 9.3; GSS26, Ex. 4.7]), and that the M-
brane charges, the sources of this field, are in (tangentially twisted) 4-Cohomotopy 74(—) =
H'(—;Q85%) (8). As a quick plausibility check, this immediately implies (cf. § A.1):

(i) that magnetic M5-brane charge, as measured near the horizon, is in

H'(RY — R%; Q5%) ~ moMap(R® x Rog x S4, §%) ~ 74(S*) ~Z,  (29)
as expected,

(ii) but also that electric M2-brane charge (“Page charge”) is in
HY(RY — R?%,0Q8%) ~ moMap(R? x Rog x S7, §%) ~ 77(S*) ~ Z® Zj1o.  (30)

A list of further consistency checks against topological effects expected in M-theory has been
made in [FSS20; FSS21; SS21], cf. also [FSS23, §12].

Remark 2.3 (Torsion brane charges). The second summand on the right of (30) is a first
prediction of Hypothesis H: that besides the familiar integrally charged flavor of M2-branes,
there may also be torsion” M2-brane charges taking values in Z 5, already as measured
near their horizon. Below we see an induced proliferation of torsion brane species after
dimensional reduction along a small circle to 10D, cf. Prop. 3.12, Tab. 3, and Cor. 3.23.

The appearance of torsion brane charges is a topological effect that is invisible on the
level of flux densities, but generically exhibited by non-trivial flux quantization. This is a
well-known phenomenon:

SHere torsion refers to the notion in group theory (not that in differential geometry and in supergravity):
The torsion subgroup of an abelian group, Tor(A) C A, is the subgroup of elements of finite order. For
instance, Z/, is pure torsion while Z has no torsion. When a brane species has charges in a torsion
subgroup, this means, in physics imagery, that one such brane annihilates against a “stack” of n — 1 such
branes, for some finite number n.

12
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(i) Torsion M2-charges seen in ordinary cohomology have been discussed in [ABJ08, §2.2]
(“fractional M2-branes”).

(ii) Torsion D-brane charges seen in K-theory have been discussed in [Bra00; BD02;
BDMO02; MR12].

(iii) In particular, type I p-brane charges quantized in KO-theory exhibit torsion already
on Minkowski spacetime (cf. [Wit98, p. 23, 36; Guk00, p. 8, 9; OS00, p. 21]) and for
the same reason as (30) above: that their classifying space, BO, has torsion already in
its homotopy groups, cf. (127).

Nevertheless, the reader unhappy with this prediction (30) of torsion M2-brane charge is
free to IR-complete 11D SuGra using another flux quantization law A with [A ~ [S*. But
it is with the choice A = S* in 11D that twisted K-theory emerges in 10D, in § 3.3 below.

Model of the C-Field Quantizing both magnetic M5 and electric M2-Brane Charges.
As such, Hypothesis H is a “model of the C-field” (where the hypothesis is that it is the right
model for the purpose of completing to M-theory), alternative to a previously proposed class
of models [HS05, §2.7; DEMO07; FSS15a; DW23].

A key novelty here is that Cohomotopy quantizes not just the magnetic C-field flux (G4
sourced by black M5-branes) but compatibly also the electric C-field flux (G7, sourced by
black M2-branes), whose non-linear Gauss law (26) prevents it from being quantized in any
abelian generalized cohomology theory (Prop. 2.2).

This is relevant for the present purpose, since also Hypothesis K in 10D postulates that
the electric fluxes are to be quantized (cf. Tab. 1). To relate the two, we next discuss how

electromagnetic flux/charge quantization behaves under dimensional reduction along circle
fibers.

2.3. Dimensional Reduction

With a classifying space A thus encoding (by § 2.1) the entire IR-complete higher gauge
field content, including the flux densities, the local gauge potentials and the corresponding
brane charges, we may ask for the formulation of double dimensional reduction ([Duf+87;
Tow96]) at this refined level.

It turns out that this has a beautiful answer. Consider:
(i) LA := Map(S', A)—the free loop space
(namely, the space of maps from the circle).
(ii) CycA := (LA)/S' — the cyclic loop space
(namely, the homotopy quotient by the circle group of rigid rotations of loops).
(iii) ¢ € H*(CycA;Z) — the Chern class of the circle principal bundle LA — CycA
(classified by (LA — x)//S' : CycA — BS%).
Then:
Proposition 2.4. For X' — X o circle principal bundle with Chern class ¢; €

H?*(X% 7Z), there is a canonical bijection between (twisted) nonabelian cohomology sets (5)

d (14 th :
and (14) of the form H1<Xd+1;QA) ~ H011<Xd;QCyc.A). (31)
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On the right we have classifying maps f : X¢ — CycA with f*c{ =~ ¢, hence where
the class of the S'-bundle on the left is remembered as a cohomology datum on X¢: the
KK-monopole charge.

Comparison to the Literature. Prop. 2.4 is due to [Sch17, §4; BSS19, §2.2; SS24a, §2.2],
following the analogous rational observation in [FSS17, §3; F'SS18a, §3; FSS18b, §2; FSS19,
§8], for which see also [SV23, §2.4; GSS25, §2.2]. The special case when A ~ BG is the
classifying space of a connected Lie group G was essentially considered in [BV05], with focus
on G = Eg; before that, the further specialization to ¢; = 0 was considered in [MS04], cf.
also [Sat10; Sat09] — all this in our context of M/IIA reduction (to which we come in a
moment, § 3.1). Much earlier, the special case A = BG, ¢; = 0 of Prop. 2.4 was called the
caloron correspondence in [GMS8S], cf. [MV10; HMV12].

Example 2.5. For A ~ B""'Z, inducing via (19) a single closed flux form,
QXML B™MZ) ~ {G € Qi (X)) \ dGpyr = 0},
on the total space of a circle bundle X! — X? we have:
Cyc(B™1Z) ~ hofib (B*Z x B"Z -~ B"+*Z) , (32)

hence sitting in

B"Z x B""'Z —— Cyc B""'Z *
- |- 2
B"Z «——— B?7 x B"Z —— B"t?7
whose rational model ([VB853], cf. [FSS17, Prop. 3.2; SV23, §2.5]) is characterized via
Rem. 2.1 by:
Fy € Q%(XY) | dF =0
QL(X% (CyeB™Z) ~ G, € (X9 | dG, =0 : (34)
Gu1 € Ut (XY |dGrpy = B AG,
We see: Under dimensional circle-reduction, the flux density form splits as expected into its
basic part and its fiber integral (the double dimensional reduction, going back to [Duf+87]),

and picks up a companion 2-form whose de Rham class is identified, under Prop. 2.4, with
the real Chern class of the circle fibration.

Example 2.6 (Topological T-duality via Cyclification). The special case n = 2 of Ex. 2.5,
hence the space Cyc B3Z ~ Cyc B2U(1), is ([BRS06, §3], cf. [SS24a, p. 7]) the classifying
space for the NS-sector of topological T-duality ([BEMO04; BS05b]) and compatibly so with
the structure of type II supergravity ([FSS18a, Rem. 7.2; GSS25, Ex. 2.27 & Lem. 3.19]):
According to Prop. 2.4 it classifies NS5-brane charges after circle dimensional reduction to
9D.

Concretely, there is an auto-equivalence Cyc B3Z -~ Cyc B3Z swapping the two degree-2
classes, covered by an equivalence of cyclifications of the twisted K-theory classifying spaces
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for type ITA and IIB,
Cyc((KUo// BU(1)))sk—o <= Cyc((KUy /BU(1)))wa—o

| |

Cyc(KUg/BU(1)) < Cyc(KU, /BU(1)) (35)
Cych?i Lcycf%(
Cyc B*Z = Cyc B3Z,

such that the equivalence between charges that this equivalence of classifying spaces induces
in 9D corresponds, under Prop. 2.4, to topological T-duality in 10D. (This statement is
shown at the rational level in [F'SS18b], following the supergravity analysis in [F'SS18a, §5],
cf. [GSS25, §3.2], but it holds beyond the rational approximation as stated.)

In a somewhat analogous but rather more intricate manner, we find in § 3.3 that Cyc B4Z—
the classifying space for the circle dimensional reduction of isolated M5-brane charges—
controls the dimensional reduction of M-brane charges to 10D; see Defs. 3.13 and 3.15
and Lems. 3.14 and 3.16, used in item (f) of the proof of Thm. 3.17 below.

After these preliminaries, our goal now is to analyze this formulation of double dimensional
reduction for the more interesting case of the supergravity C-field, and to discover K-theory
along the way.

3. Results

We focus now on the IR-completion of 11D SuGra (cf. [GSS26]) given by C-field flux quan-
tization (§ 2.1) in 4-Cohomotopy, A = S%, according to § 2.2 (“Hypothesis H”). Our goal is
to identify the corresponding IR-completion of 10D ITA and its relation to flux quantization
in twisted K-theory (“Hypothesis K”).

Notation. We use notation standard in algebraic topology, but for clarity we highlight
that:

(i) R(S) denotes the linear space of a set/list S of symbols over a ring R.
(ii) [Al, denotes the n-truncation (or nth Postnikov stage, also denoted 7<,(A) or similar)
of a space A (cf. [Whi78, §IV; GJ09, §Cor. 3.7]). This is in particular the aspect of

A that is detectable by homotopy classes of maps out of n-manifolds X" (cf. [FS523,

Prop. 1.20]): mo Map(X™ A) ~ Map(X"; [A]n) : (36)

Readers of M-theory literature may be familiar with an allusion to this operation in
the observation that homotopy groups of the exceptional Lie group Ejg are those of
B37 up to degree 14 ([Wit97, p. 4; DMWO03, p. 5; DFMO07, (3.2)]), which means:
[BEg]1s ~ B*Z.

3.1. Plain Reduction M—IIA

Upon plain dimensional circle reduction according to § 2.3, Hypothesis H induces an IR-
completion of 10D IIA SuGra given by NS/RR flux quantization classified by CycS* =
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(LS*)/S* ((31)). This construction of IR-complete 10D SuGra has been discussed in detail
in [GS26], see also [Ban26].

§t ., xt _____ Cfield G4
charges
37)
9 ___ NS/RR-charges 1 (
X excluding DO ” Cyc St
Cl\l A/C
BSt

Using a classical expression for the rational minimal model of cyclic loop spaces ([VB85], cf.
[F'SS17, Prop. 3.2; SV23, §2.5]) one finds, in particular:

Proposition 3.1 ([FSS17, §3], cf. [GSS25, Ex. 2.26]). The Gauss laws corresponding, via
(19), to Cyc S* are:

Hy € Q3r(X?)|dHs = 0

H; € QR(X°) |dH; = LRy ANFy— Fy A Fy
QL(X%ICye SY) ~ {Fy € Q2 (X?)|[dF, =0 : (38)

Fy € Qp(X?) | dF, = Hs A\,

Fy € Q5:(X?) | dFs = H3 A Fy

We observe:

(i) As far as they go, these data in (38) are the correct Gauss laws of 10D ITA SuGra, as
obtained by dim-reduction from 11D (cf. [MSO04, (4.13-4.15)]), in particular including
the nonlinear Gauss law of H; (24), which is missed by flux quantization in twisted
K-theory (or in any other abelian generalized cohomology theory Prop. 2.2).

(ii) But the electric flux Fy sourced by black DO-branes (cf. Tabs. 1 and 5 and (23)) does
not appear. Indeed, the charge sourcing Fy is not meant to have an 11D origin via plain
circle reduction, and this is confirmed here by the cyclification procedure. Accordingly,
flux quantization of 10D IIA in Cyc S*, while a valid IR-completion, does not enforce
quantization of black D0O-brane charge.

This failure of Fy to originate from 11D under ordinary circle reduction is of course the
long-familiar issue (cf. Tab. 1) — which around (1) above we noticed was tacitly addressed
by DMW by declaring/postulating that the dim-reduced field content should be lifted to
K-theory, somehow.

Our next and main step is to give this idea of “dimensionally reducing but then adjoining
Fy” a precise and conceptually satisfactory meaning and explanation against the backdrop
of IR-completion by nonabelian electromagnetic flux quantization. (Other approaches to
addressing this issue were considered previously in [BSS19; BSS26], but only the present
approach turns out to relate to actual twisted K-theory, in § 3.3 below.)

3.2. Small Circle Reductions

To motivate the following Def. 3.3, we observe:

(i) In dimensional reduction from 11D to 10D ITA, the M-theory circle is supposed to be
small and higher KK-modes suppressed.
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(ii) After reduction via cyclification (§ 2.3), the variation of the 11D charges over the M-
theory circle becomes the trajectory of the loops v € LS* = Map(S*, S*), hence of
their classes [y] € CycS* = (LS*))S*.

(iii) In order to express that these loops are small and suppressed, we should hence bound
their variation, the latter expressed by the Dirichlet functional (cf. Rem. 3.6 below):

E(y) =3 [ i) ds. (39)

We proceed to make this idea precise, using classical concepts from infinite-dimensional
Morse theory (cf. [Pal63; Pal66]).

Lemma 3.2. The inclusion of the Sobolev space of loops for which the Dirichlet functional
(39) is well-defined is a homotopy equivalence:

Wh2(st, 54) St =: Cyc, S* «— = Cyc S*. (40)

Proof. Before quotienting by S* this is the statement of [K1i78, Thm. 1.2.10]; our statement
follows immediately since (—)/.S' is an oo-functor on S! oo-actions. O

Definition 3.3 (cf. [Zil77; Oanl5]). For n € N, consider:

(i) By € R — the value E(y) (39) of a loop 7 that is a great circle: a geodesic that goes
once around the 4-sphere (the numerical value depends on how one parameterizes S*
and S*, which is irrelevant as long as it is fixed once and for all).

(ii) E, := n’E; — the energy of a geodesic loop that goes n times around the 4-sphere.
(iii) L,S* C LS* — the subspace of loops v with E, > E(v) (39).
(iv) Cyc,S* := (L,S"))S' C Cyc,S* — its cyclification (using that the Dirichlet func-
tional (39) is S'-invariant).
(v) The resulting filtration:
St x BSt ~ CycyS* «—— Cyc,; 8% «—— Cycy St <> Cye, St ~ Cyc St (41)

Here, the first stage has a particularly simple description (cf. Fig. 2):

Lemma 3.4. The first stage, Cyc,S*, in (41) is homotopy equivalent to:

(i) the space of unparameterized oriented round circles in S*, where degenerate circles
quotiented by rigid reparameterization are included as copies of xJ/S* ~ BS?,

(ii) hence to the homotopy pushout

oriented great circles forget pole oriented great
around a chosen pole circles in S4

N =
remember 1o¥ %{e?g\e ( 492 )
pole Sh{c\e w®
=
points % B Sl ¢ C 54
in §4 NAY )

where the second component of the left map classifies the S*-bundle of rigid parameter-
izations of the oriented great circles.

Proof. This statement is a digest of [K1i78, §2.3, esp. Thm. 2.4.10 with Prop. 2.5.3]. O
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Figure 2: According to Lem. 3.4, a generic point in the small-cyclification of the 4-sphere, Cyc;S* (Def. 3.3
and Rem. 3.5), is equivalently an embedded round circle in the 4-sphere, here playing the role of an image
of the M-circle in the classifying space of M-brane charges. Indicated is a continuous path of such generic
points in Cyc;S*. In addition, the circles may degenerate (shrink to vanishing diameter), in which case the
path may continue through a copy of */S* ~ BS! (the shape of a reparameterization orbifold singularity,
which we do not try to visualize here) at the position of the degenerate circle.

This is remarkable in view of the understanding of dimensional reduction of brane charges
from § 2.3:

Remark 3.5 (Small-cyclified Cohomotopy).

(i) The homotopy type of loops v with bound E(y) < F for intermediate energy FE,, <
E < E,; turns out to be equivalent to L, S* hence its S'-quotient to Cyc, S%;
therefore, the filtration (41) already shows all intermediate homotopy types of bounded

E(7).
(ii) Therefore, Cyc,S* is unambiguously the first stage after the trivial Oth stage (of van-
ishing M-circle).

(iii) With Lem. 3.4, we may call Cyc,S* C Cyc S* the small-cyclification of S*, equivalently
consisting only of those loops that run once through a round circle on S*, cf. Fig. 2.

(iv) All higher Cyc,.;S* already have the same 10-truncation as Cyc S* itself; therefore
Cyc,S* is the only relevant stage in (41) for flux quantization in 10D.

(v) Accordingly, we call the nonabelian cohomology (5) with coefficients in Q2Cyc;S* the
small-cyclified 4-Cohomotopy:

H'(—;QCyc;8%) = mMap(—, Cyc;5%). (43)

Remark 3.6 (KK-Modes and Small cyclification). The Dirichlet functional (39) would be a
physical energy functional if S* here played the role of a physical space and ~y played the role
of a physical field. Correspondingly, the filtration (41) would then be reminiscent of a KK-
tower. But since S* here instead plays the role of a classifying space and v of a classifying
map, this suggestive interpretation is at least subtle.

In any case, Rem. 3.5 allows us to make precise the idea of dimensional reductions of
topological charges along “small” circles, where the contribution from the M-theory circle to
the 10D brane charges is in some sense bounded: We take these to be those reductions (37)
for which the classifying map takes values in loops of Ej-bounded variation, hence where it
factors (up to homotopy) through the first filtration stage (41) of the cyclified classifying
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space, as shown by the following dashed lift in (44):

| Cyc, 54
M-brane _.f)}‘f{“’.a:/?
10 charees g4 — their dim-reduction... x9 = .onany (. g4 (44)
(31) M-circle y ’
BSt !

For this notion we prove the following results Thms. 3.8 and 3.17 and Prop. 3.10. Since
the proofs are intricate, here we outline enough of their main steps so that the reader may
reconstruct them.

Lemma 3.7. The inclusion Cyc,S* < Cyc,S* (41):
(i) is the attachment of a disk bundle D%, of fiber dimension 9,
along its boundary sphere bundle OD%, fiberwise over BS?!,

(ii) over the space B = K, //S' of parameterized loops traversing great circles twice at
constant rate

(cf. Lem. 3.4);
(iii) obtained under (=) //S* by an S*-equivariant attachment L1S* — LS.
(iv) The cofiber of i over BS', the fiberwise Thom space of that disk bundle,

cofgg1(i) ~ D% /0DY, (45)
BS1!
is fiberwise 8-connected, with the next fiberwise (stable) homotopy groups being:
mo((D%/0D%)) ~ Z (46a)
BS!
710((203051(1)93/?1)%))1,) ~ 7y (46b)
BS

for allb € BS*.

Proof. Before taking the S'-quotient, item (i) is [K1i78, Thm. 2.4.10 & Cor. 2.4.11], item (ii)
is [K1i78, Prop. 2.5.3], and item (iii) is a special case of [KIi78, Lem. 2.4.7].

From this, item (iv) follows using that K3 has CW structure with cells in dimensions d €
{0,3,4,7}, whence (COstl (2)>b has non-basepoint cells in dimensions d € {9,12, 13,16}, so
that the inclusion of the bottom cell is 11-connected. Therefore 7T9(<C0f BS! (z))b) ~ my(S9) ~
Z and 73y((cof pgi (i))s) ~ w5(S°) ~ 75(S0) ~ Zj. O

Theorem 3.8 (Classification of lifts from plain to small-cyclified Cohomotopy). For con-
nected oriented Cauchy surfaces X°:

(i) The obstruction to the existence of a dashed lift in (44) is the DO-brane tadpole, namely
the class [Hs A\ Fg) € HIR(X?).

(ii) When this obstruction vanishes, [Hs A\ Fg] = 0, the set of homotopy classes of lifts is
a torsor over:
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(a) generally: stable 8-Cohomotopy w5+°2/2(X°) (9), twisted by the M-circle bundle,

whose twist class over a 9-manifold is the mod-2 reduction ps of the D6-brane
charge f, regarded as having coefficients in moBGLy(S) ~ m(S) ~ Zj (cf.
[And+14, §1.4]),

(b) if X° is non-compact or has a boundary: H*(X°;Z).

Proof outline. The strategy is to first realize the inclusion of Cyc,S* as the homotopy fiber,
in the relevant degrees, of a map o, whence that map is then the universal obstruction class
and the loops in its codomain give the torsor of lifts.

To this end we proceed as follows:
(i) By Rem. 3.5 item (iv), the lift is equivalently from the second Morse-Bott stage,

through Cyc,S* <> Cyc, S* (41). From Lem. 3.7 we know that the stabilization of
the cofiber of this inclusion has my ~ Z/, (46b). Hence the 10-truncation of the
stabilization is a 2-stage Postnikov system of this form:

[EoBosl COf(i)]lo ES

| - | (o

Sq2+cU(=))o
[ZOBoslcof(i)]9 Y, YHZ ) SUHZ)s,

where:
(a) the diagram is over BS!, with ¥*H A denoting the constant bundles there,
(b) U denotes the Thom class of the Thom space D%/ et oD%,
(c) cis some element of HZ(BSl; Z/g) pulled back to B, to be determined next.
(ii) In (47) the coefficient of Sq? is fixed by inspection of the situation over a point of BS,
while the class ¢ is determined by Thom’s formula:
Sq*U = wyUU, where the above homotopy pullback (47) enforces also Sq*U +cUU =
0. Therefore (wy—c)UU = 0, and since (—)UU is the Thom isomorphism, this implies
¢ = wy. (48)

(iii) With Morse-Bott theory one finds that wy = pofS = pyci(L) is (the mod-2 reduction
of) the first Chern class of the universal complex line bundle L over BS'. With this, a
directly analogous analysis reveals that the 10-truncation of the (7 4 L)-shifted sphere
spectrum has the same Postnikov system (47), and hence is equivalent:

[2?51 COfBSI (Z)ho >~ [Egglf S]l(] . (49)
(iv) Thereby, we have obtained a cofibration sequence extended to a diagram of this form:
7 N V1 00 00 (49) )
Cyc; 81 <1 Cyey S — cof s (i) —% Q% [ (DY /?D%)]lo = Q% S5 S0
L o BS P

(50)
Dually, by the Blakers-Massey theorem this exhibits Cyc,S* as the homotopy fiber of
the map o in low dimensions:

Cye, 51— fib psr (Cyc, St~ Q% [N5 S0 ) - (51)

With this in hand as advertised, we conclude as intended:
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(v) The home of the obstruction class in item (i) follows by analysis of the corresponding
Atiyah-Hirzebruch spectral sequence for twisted stable Cohomotopy, which in degree
9 shows the single term H 9(X 9 Z) due to 10-truncation of the coeflicients.
This group is ~ Z when X? is closed and oriented (and vanishes for non-compact X2,
in which case the obstruction class trivially vanishes, too). Therefore the nontrivial
obstruction class is equivalently a generator of H 9(X 9 R).

To identify this, Prop. 3.1 shows that the only candidate closed degree-9 elements (in
the Sullivan model, c¢f. Rem. 2.1) spanning this R-rational cohomology group are:

H3 /\Fﬁ (52&)
Hy A Fy AN Fy = d(3Fy A Fy) (52b)
Hg/\FQ/\FQ/\FQ = d(F4/\F2/\F2) (52C)

(while the remaining candidate F» A H7 is not closed). Of these, only (52a) is not
universally exact, and hence must be the universal obstruction class, whose pullback
to X? is as claimed in item (i).

(vi) Finally, the torsor property of item (ii) is now a formal consequence. That this is over
the group claimed in item (a), and that it collapses to H® in item (b), follows from
the long exact sequence of the k-invariant (Sq® + pafo U (=)) 0 py of B7+'S discussed
above. O

Remark 3.9. To highlight some impact of Thm. 3.8 on the physics of type IIA:

(i) In the physically realistic situation where space, X?, is non-compact, the obstruction
item (i) vanishes automatically, because then H;(X®) = 0 (same when X? has a
boundary).

(ii) The choice in item (ii) encodes a topological charge that was missing in 11D: the charge
of black D0-branes (sourcing Fg)—the electric duals of the more commonly considered
magnetic black D6-branes (sourcing F3), which in 11D are incarnated as the circle
fibration itself, cf. Tab. 5.

So, to pass to the sector of dimensional reductions along small circles means to demand that
dim-reduced classifying maps and their homotopies (gauge transformations) factor through
the small-cyclification Cyc;S* (44). This makes Cyc;S* the classifying space for flux quan-
tization of the small circle reduction of cohomotopical 11D SuGra. We find:

Proposition 3.10 (The full type ITA Gauss laws from small-cyclified 4-Cohomotopy). The

Gauss laws induced, via (19), by Cyc,;S* (41) on any X° are:
H; € QgR(Xg) dH; =0
Hy; € Qp(X°) |dHy = sFyANFy— Fy A Fy
QL (X7: (Cye, 5%) ~ ? € QéR(XZ) d F, i 0 | 53)
L € QR(X?) | dFy = H3 A Fy
Fy € Q% (X?)|dFs = Hs A\ Fy
Fy € B3:(X?)| dFy = H3 A Fy
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Proof outline. The Morse attachment description in Lem. 3.7 shows that the inclusion
Cyc,S* & Cyc S* is 8-connected, hence induces isomorphisms on 7<7(—) ® Q and on
H="(—;Q) (the second stage attaches cells of dimensions > 9). At the same time,
Mayer-Vietoris on the pushout in Lem. 3.4 shows that in degree 9 we have

H?(Cyc,5%Q) ~ 0, (54)

while Prop. 3.1 gives:
b0l s HO(Cyc S%Q) ~ Q(Hs A Fy). (55)

Therefore, the induced morphism of minimal Sullivan models is an isomorphism on dg-

subalgebras generated in degrees < 7.

But then the model for Cyc,S* needs to feature an element wg with dws = Hs A Fg (55).
Since the differential of the linear span of available monomials of degree 8 does not contain
this element:

A(Q(FY, F2Fy, F2, BFs)) = Q(F{Hy, FHyFy) # HyFy, (56)
it must be a new generator, wg = Fg, as claimed. (The same argument repeated exhibits a
further generator Fiy, which becomes visible over 10-manifolds, satisfying d Fip = H3 A Fg.)
Finally, the (independent) Prop. 3.12 and Tab. 3 show that
7T8<Cy01 54) RQ ~Q
m9(Cye; S @ Q ~ 0,
whence Fg must be the only additional Sullivan model generator through degree 9. O]

Remark 3.11. Interestingly, this system (53) is finally the complete electromagnetic flux
content of ITA (cf. [Ort15, §22.1.3]), which both:

(i) retains the nonlinear H; from 11D (38),
(ii) includes the expected Fy (23) not obtained from 11D.

This Fy is the flux sourced by the DO-brane charges which form the torsor of lifts in
Thm. 3.8 item (ii).

In fact, Prop. 3.10 generalizes to 10-manifolds, where a further flux species Fjq would
appear in (53), satisfying d F1g = H3 A Fg.

Accordingly, we find that the integral brane charges as seen (cf. § A.1) in small-cyclified
4-Cohomotopy subsume all supersymmetric type IIA brane species (cf. Tab. 5), including
the DO, together with a range of torsion charges, in proliferation of the phenomenon (30):

Proposition 3.12. The homotopy groups of Cyc,S* in degrees < 9 are those of a product
of spheres with BS*,

Vieso  me(Cye,S') = m(BSY) @ (1) & () @ mi(S°) @ mel(S7) (57)
D6 D4,NS1 NS5 D2 DO

as made explicit in Tab. 5. °

5The lead-in slogan of [SS23b] was that under Hypothesis H, M-brane charges organize into homotopy
groups of spheres. Curiously, Prop. 3.12 shows that under small circle reduction this remains the case for
type ITA brane charges, with a great variety of integral and torsion brane charges falling into the classical
tables of homotopy groups of spheres (cf. [Tod62, p. 186]). Notice how the D4- and NS1-charges are
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Table 3: The low-degree homotopy groups of Cyc,;S* and their generators (Prop. 3.12). Under Hypothesis
H, ms—p)(Cyc,5*) is the group of near-horizon p-brane charges (cf. (124)) visible after dim-reduction from
11D on a small circle. We see that the non-torsion groups reflect exactly the expected integral brane
species, including the DO and the NS1, cf. Tabs. 4 and 5. The remaining torsion subgroups (shown in
classical notation for homotopy groups of spheres, cf. [Tod62]) reflect torsion brane species entailed by
charge quantization under Hypothesis H.
-

~

N

Wl(CyclS4) ~ 0 pg
4
7a(Cyc, SY) Z{ry2) NS5
4
7T3<C}7CIS ) Z  (vys) D4
4
74(Cyc, S) Zpr {vsm) @ Z (y)
m5(Cyc, 5%) Zyz {vsn®) @ Zyz (yam) D2
4 / 2
76(Cyc, S?) Zpz(vsv') @ Zp (nan®) @ L (%) NS1
4 / !
m7(Cye, S%) Lz {ysv'n) @ Zpz(1aZv) 2 (ven) @ Z (1) DO
4 ! 0n2 / 2
ms(Cyc; %) Ly (v3V'n") @ Ly {(1aXv 77> 2 (ven?) @ Zpa{ymm) @ Z {ys)
7T9<CYC134) ~ Z/; <’\;('t2> D Z/Q </121//7]2> &) Z/24< /(,1/> (&) Z/2<“>77]2> D Z < x]}>
L Cyc,;S*  a free generator, where it exists, specifically

ST T, Cye, S composition with the quaternionic Hopf fibration,

G3+n T G240 the n-fold suspension of the complex Hopf fibration 7.,

where: Ga+n =M g24n the composite of two consecutive ones,

G TR Gdgn the n-fold suspension of the quaternionic Hopf fibration vy
S0 — 53 a generator of m(S%) ~ Z /12,
gT - Z g4 its suspension,
6+n O=1(+n) o3y : /

SOt ————— gutn notation for ¥"(4v').

- Y43V’ — ( o 22"/4772 M
For instance: 8 — 2 §7 2, g4 M, Oy, G4, 66 2 65 R gd M, Cye S4,

Proof. Since BS' has no homotopy above degree 2, and since the evaluation map on L;S*
has a section given by constant loops, the computation immediately reduces to that of the
homotopy of €;5% As in the proof of Lem. 3.4, this is equivalently the space of possibly
degenerate round circles on S* which are based at a fixed point p € S*. Such a round circle
is exactly determined by its direction at p and its center, and is a collapsed circle when the

jointly classified by an S* in (57), the direct dimensional reduction of how the M5 and M2 charges are
jointly classified by S* in (29) and (30).

Beware that Prop. 3.12 does not claim that [Cyc154]9 is equivalent to [BS! x §% x §3 x S x S8,
which is indeed far from the case.
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center is at p itself, so that:

S3 x 3
0,5 ~ S x (ot
~ ($%)4 A S? (58)
~ Y3(S3 v §°)
~ SV S5,
From this, the Hilton-Milnor theorem (cf. [Whi78, Ch. XI §6]) gives
Vico Tr(05Y) =~ m,(S3) @ m,(S6) @ 7, (S8) . (59)
In summary, this proves the claim (57); hence the table Tab. 3 follows from the classical
tabulation of these low degree homotopy groups of spheres (cf. [Tod62, p. 186]). O

Table 4: The low degree rationalized homotopy groups (discarding torsion) of the small-cyclification of S4
(computed via Milnor-Moore as in the proof of Prop. 3.12, cf. Tab. 3), versus those of the classifying space
for rank-0 twisted K-theory. In the range corresponding to ITA brane charges the only difference is in degree
7, corresponding to the NS1-brane charge which is missed by twisted K-theory (cf. Prop. 2.2). The higher
homotopy groups correspond to higher global symmetries [SS26c, §4.2.1, p. 32], and here the predictions
increasingly diverge with k, cf. item (iv) in § 4.3.

e N

p = (8 — k)-brane ||[— D6 NS5 D4 — D2 NS1 DO — higher global symmetries
k 12 3 4 5 6 7 8 9|10 11 12 13 14 15 16 17 18 19 20

m(Cye;5)©Q |0 Q Q Q0 Q ©Q Q0QQQQQQ QQ Q QQ
\wk(BU//BU(l))GZ)QO@ Q Q0Q o0 QO@O@OQOQOQOQ)

This match with the type IIA flux and brane content (Props. 3.10 and 3.12) suggests that
over 9-manifolds the nonabelian cohomology (5) classified by Cyc;S* may be an M-theoretic
nonabelian deformation of twisted K-theory. We check this next.

3.3. K-Theory Emerging

Before we state the main result (Thms. 3.17 and 3.21), we identify the low-degree universal
brane charge cohomology classes (cf. § A.1) on the classifying spaces under consideration
(Defs. 3.13 and 3.15). The close similarity between these constructions on both sides, both
controlled by maps to Cyc BYZ (cf. Lem. 3.14), is what drives the following Thm. 3.17.

Definition 3.13 (Extracting brane charges from small-cyclified Cohomotopy). The universal
(i) D4-brane charge, f¢,

(ii) NS5-brane charge, hS,

(iii) D6-brane charge, f,

as seen in small-cyclified 4-Cohomotopy (43), are projected out via the following homotopy-
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commutative diagram (purple labels indicate composite maps defined thereby):

(£6.1§)
r Y
LSYc LSt [ BiY7_~ . B'7 x B

[ | | (60)

Cyc,S* < Cye 4~ Cye BYZ x
| e A S|
BZ x B3, ———— B27 x B3 — u— B°Z,

where the top rectangle is formed by homotopy pullback of the bottom rectangle along the
map (0,id) : B3Z — B?Z x B3Z, imposing vanishing of D6-brane charge, f$ = ¢{ = 0.

In the resulting diagram (60):
(i) the homotopy filling the bottom rectangle is a trivialization, f{, of the cup product
€ URY in integral cohomology; this is the integral refinement of the Gauss law d Fy =

Hs N\ Fy,

(ii) whence the top row is the integral lift f of F, where it is closed due to vanishing
D6-brane charge and Fy, = 0.

We will see in Def. 3.15 that a directly analogous extraction of these brane charges exists
in twisted K-theory. For that we need the following result:

Lemma 3.14. We have homotopy equivalences ¢ of this form:

BULJBU() s Cye BIZ

52 61

(ch /(h,ha) (61)
B*Z x B*Z,

whose homotopy classes over B*Z x B3Z, for fized fiber orientation, form exactly a Z-torsor.
For the following discussion we pick once and for all any one of these equivalences (61).

Proof.

(i) The key is to observe that both sides of the triangle (61) are B*Z-principal bundles,
hence classified ([DDKS80], cf. [NSS15]) by elements in

HY(B?Z x B3Z; B'Z) ~ H?(B*Z x B3Z; 7) ~ Z{15 U 3), (62)
where the isomorphism on the right is the Kiinneth theorem.

(a) For the right side this statement is (33), which also shows that the equivalence
class here is the generator 1o U 3 in (62).

(b) For the left side we first observe that the homotopy fiber is
[BSU, ~ B[SU]; ~ B[SU(2)|]; ~ B[S®*|; ~ BB’Z ~ B'Z. (63)
Now, general B*Z-fibrations are classified by maps into BAut(B*Z), but a general

argument shows that over simply connected base spaces these factor through
BB*7, ~ B5Z: Namely we observe that

moMap(B*Z, B'Z) ~ H*(B*Z; Z) ~ Z, (64)
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labeled by the induced endomorphism on 74(B*Z) ~ 7Z, and that all these com-
ponents are homotopy-equivalent to each other (by the group structure on B*Z).
The components corresponding to Aut(B*Z) are hence those labeled by n = +1,
while the component labeled by n = 0 manifestly (and hence any other compo-
nent n, too) has

Z itk =4

. (65)
0  otherwise

T Map,, (B*Z, B*Z) ~ H**(B*Z; 7) ~ {

and is hence a B*Z itself. This means that BAut(B*Z) ~ B(Z/2 X ]3’42)7 with
the higher connected cover visible over a simply connected base being BB*Z ~
B®Z, classifying B*Z-principal fibrations, as promised.

With (62) this shows that the equivalence class of the B1Z fibration on the left
of (61) corresponds to a single integer m € Z in

[BU4/BU(1)
@n| lo (66)
B*Z x B3Z —"2°% . B5Z,.

(ii) Thereby the proof is reduced to showing that m = %1 in (66).
(a) To this end, pull back the left fibration in (61) to B*Z x S along a generator
S3 % B37Z. Understanding S® as the gluing of a pair of hemispheres over the
equatorial S?, the gerbe e*7 is encoded by its transition line bundle with Chern
class a generator ¢ € H2(52; Z). Under the action of BU(1) on BU by tensoring

of represented rank-0 vector bundles V' with represented line bundles L, this in
turn makes the transition class of the B*Z principal bundle over B?Z x S? be

(VL) —c(V) = —a(V)Ua (L) = (—c U (V). (67)

(b) Finally, the actual class of the fibration is the image of this transition class under
the connecting homomorphism ¢ in the Mayer-Vietoris sequence:

HY(B?Z x S*,7) —— H°(B*Z x S%7)
ZT ZT(id,e)* (68)
Z(c?) @& Z{c; Uy — H°(B*Z x B*Z;Z)

U l — c1 Us.
This shows that m = —1 in (66) and thus completes the proof. O

*

With Lem. 3.14 in hand, we obtain the K-theoretic analog of Def. 3.13:

Definition 3.15 (Brane charges from twisted K-theory). The universal
(i) D4-brane charge, £,

(ii) NS5-brane charge, hi,

(iii) D6-brane charge, fI

as seen in twisted K-theory, are projected out via the following homotopy-commutative
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diagram, analogous to (60):

BSU/BU(1) i)

l J (69)

BUJBU(1) — [BUL,/BU(1) “2% Cyc B'Z ;
(fz"'lhé")l T i e l

B*7 x B3Z B?7 x B37Z —uv— BZ,
where, just as in (60), the top rectangle is formed by homotopy pullback of the bottom rect-
angle along the map (0,id) : B3Z — B?*Z x B3Z, imposing vanishing of D6-brane charge,
!
= Lo

In summary of these constructions, we may identify Cyc B*Z as the classifying object for
triples (fa, hs, fa) of brane charges:

L Biz, Y1) | pag o B3y,
Cyc BYZ x (70)
(f27h3)i B (32) l

B?Z x B37 —uv— B%Z.

Lemma 3.16 (Group structure on brane charges). The projection Cyc BZ 2% B37Z (70) is
an abelian oo-group object over B3Z, with fiberwise n-fold multiplication map, for n € Z,
acting on brane charges by:

CycB*Z —"— CycB*7Z, CycB*7Z —"— CycB*Z, [LB‘%7 —" - LB*Z.
N e N e D e
3 BSZ h3 n-fa BQZ fo n-fa B4Z fa

(71)

Proof. By Ex. 2.5, Cyc B*Z is the fiber of the cup product B*Z x B3Z > B°Z. Regarded
in the slice over B3Z this means that

Cyc BIZ ——1%% peg y pog, et Galhahs) | poy gy

lhg lPTQ lprz (72)
B3Z B3Z B3Z,

where Cyc B*Z is the pullback of the top right map along the inclusion B3Z P 00s) psy o« B3

But the top right map in (72) is also the image under Q%;, of a map of constantly parame-
terized HZ-module spectra, and since Q%,, preserves limits over B3Z, hence so is Cyc BYZ
as an object over B3Z:

Cyc BYZ o
! ~ Q% fib <CnstBBZ 2207 %% cnst o Z5HZ> . (73)
B*Z

Here the fiber is again a parameterized HZ-module, so its fiberwise infinite-loop space is an
abelian co-group object over B3Z, as claimed. Multiplication by n fixes the base coordinate
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hs and scales the projection f; by n. On the homotopy fiber of fs5, the remaining coordinate
f1 comes from Y*HZ and hence is likewise scaled by n, as claimed. m

Now we may state our first main result:

Theorem 3.17 (Comparison from small-cyclified Cohomotopy to twisted K-theory).

(i) A twisted cohomology operation (16) from small-cyclified 4-Cohomotopy (43) to twisted
rank-0 K-theory (15),
Cyc,8* ------%-——» BUJBU(1)

hk 4 (74)

soopig M
and acting on the low-degree charges (Defs. 3.13 and 3.15) as”
O*hi =AY (75a)
N i (75b)
(Pse ) f = n- ff (75¢)

exists precisely when the integer n is even, n = 2k.

(ii) Such a ® (74) satisfying (75) is equivalently a lift of  n-¢©+ - fSU LS (from Def. 3.13,
Lem. 3.16, and (33)) through ¢* (Def. 3.15),

(76)

for X\ € n/2 + 27 uniquely determined by ® (and the choice of ¢*). Ewvery such X is
realized by some P.

Proof outline.

(i) The Mayer-Vietoris long exact sequence for the homotopy pushout (42) in Lem. 3.4
gives the cohomology groups of Cyc,S* on which the following spectral sequence argu-
ments rely, such as:

H*(Cyc, 8% Z) ~ Z(fS) (77a)
H'(Cye, 8% Z) = Z{(f5) (77b)

HY(L1S% Z) ~ Z(fF) (77¢)
H°(Cyc, 8% Z) ~ 0 (77d)
H'(Cyc, 8% Z) ~ Zjy (77e)

"In stating (75¢), we are observing that the restriction ®, 54 factors uniquely up to homotopy through
the homotopy fiber of f where f£ is indeed defined.

8The quadratic correction A\f§ U f§ in (76) corresponds to a choice of normalization of the degree-four
component of the comparison map. It has no effect on the D4-brane charge, since f$ restricts to zero on
L15*. A precedent of this kind of quadratic flux redefinition appears in [DMWO03, (8.19)].
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H°(Cye, S Z) ~ Zy(fS Ue) (77f)
Vemeonw  H'(Cye, 5% Z) ~ 0, (77g)
where the class € in (77f) is explained in a moment in (81).

We first consider lifting only to [BUJ;o/BU(1) (from which the full lift will follow
readily in item (e) of item (v) below).

In this situation, the fiber of ¢* in (76) is that of [BU];q — [BU]; (by Lem. 3.14),
which, by Bott periodicity, is 5-connected. Therefore, the first obstruction to the lift ®
is encountered in the group (77¢). Inspection of the edge homomorphism of the Serre
spectral sequence for Cyc,S* — BS! reveals that pullback to the homotopy fiber of
1€ along j : L1.S* — Cyc,S%, is an isomorphism

H'(Cyc,S% Z) L~ HT(L,S% Z) | (78)
Therefore the first obstruction is equivalently that of lifting the integral class n - f¢
(60) in H*(L,S%Z) (77¢) to h§-twisted K-theory.

This latter obstruction is well-known ([AS06, (4.1)], cf. [ES06, (2.3)]) to be given by
the expression

(Saz —h§ U(=)(n-f7) € H(LiS, Z) = Zps. (79)

Crucially, in our case, f¢ is pulled back from S* (60). Since Sq® is natural while
H7(S% Z) = 0, this immediately implies that the Steenrod summand in (79) vanishes
identically: N
Saz fy = 0. (80)
This equation (80) is called the integral equation of motion of M-theory in
[DMWOO, §5], there considered in the untwisted DMW sector (cf. § 3.4); here it is
implied (cf. [FSS20, Prop. 3.15; GS21; Gra25]) by M-brane charge quantization in
4-Cohomotopy, § 2.2.

But since here we do not restrict to vanishing twist hS, the obstruction (79) is nominally
still given by the n-fold multiple of the class

¢ = WSUSC e H(L,5%2) YL B (Cye, 8% Z) ~ Zs. (81)

Now the multiplicative integral Serre spectral sequence of the evaluation fibration
S3v 86 ~ 8% — L18* % S (58) has dy(16) = +21314, whence

e=[1] € Zy, (82)
is non-trivial. This shows that lifts ® cannot exist for odd n, forced by the h§-twist
(and that n = 1 is possible in the DMW sector, where hy = 0, cf. § 3.4 below).
Since twisted K-theory classes are additive, the claimed existence of lifts for all even n
now follows as soon as we establish a lift at n = 2.

This is obtained by a careful analysis of the fate of the D6-brane charge f{ in the
h§-twisted Atiyah-Hirzebruch spectral sequence:

(a) First we note that there are only two possibly non-vanishing differentials, d2* and
ds | because

i. all differentials dgf vanish since their codomains are odd rows, while the
coefficient space has homotopy concentrated in even degree,
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ii. di* and all dg‘iQ, vanish since their codomains are subquotients of the van-
ishing groups (77d) and (77g), respectively.
Its first possibly non-vanishing differential is just the class (81):
ai fy = e, (83)
as in the argument of item (iii). But since this class inhabits the 2-torsion group
(77e), we find:
d(2- f§) = 2-dfff =2-¢ = [0] € Zps. (84)
The second possibly non-vanishing differential is of the form d¥3(2 e ) in a
subquotient of HY(Cyc;S%Z) ~ Z,(fS Ue) (T76).
Beware that with d2 ¢ = ¢ # [0] (82), the class 2 - f§, which survives to the
next page by item (b), is no longer divisible there, so that linearity of d?3 alone
does not imply vanishing of d% (2 e ), despite notational appearance.
Instead, we invoke the left module structure, to be denoted (—)U(—), of the hs-
twisted AHSS over the O-twisted AHSS, and use that f$ may equivalently be
regarded as an untwisted class, to deduce:

dbs(f§ U fs) = dbs(ff U f5)

— AUV UFS + 1€ Ul (£S) (85)
0 €

= fy Ue = f3 Ue,
where under the braces we used (83) and that f{, being the class of the complex
line bundle associated with the M-circle bundle, is a permanent AHSS cycle.

Similarly, to see that ( fs )2 exists on the 5th page in the first place, one computes:
AP (ff U fy) = dg*(f U fF)

= d3(f9) Uf + £ U d(ff) | (86)
0 0

where now under the second brace we used (77d).

This reveals that the generator f§ Ue = d§3(( fs )2) of H? (77f) is a boundary

and hence vanishes on the next page. Since d}7’3(2 e ) must be a multiple of this
vanished generator, it vanishes, too.

With the two possibly non-trivial differentials on 2 - f¢ thus vanishing, the class
survives to the oo-page, and as such it exhibits an hz-twisted K-theory class £ on,
so far, the finite-dimensional approximation of Cyc,S* given by Cyc,S* x gg1 CP?,
with first Chern class 2 - 5.

We now observe that the relative cells of (Cyc; 5%, Cyc;S* x g1 CP®) have di-
mension > 12, so that this class £ from item (d) actually extends to all of Cyc;S?
as a map to [BUJy0/BU(1).

But the further Postnikov obstructions to lifting this further, all the way
through BU//BU(1) — [BUJy,//BU(1), now lie entirely in H'3*¢""(Cyc,S%; Z),
while these groups all vanish by (77g). This establishes the promised full lift

Cyc, 5% 2 BU/BU(1) claimed in (74).
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(f) Finally, to obtain from this the D4-brane charge as claimed in (75c), one may
show that the group of D6/NS5/D4-brane charges on Cyc,;S* (via Lem. 3.16),
hence of homotopy classes of maps of the form

Cycy 8% —----mommmmeee ~ Cyc B*Z
W iz
is an extension of (77a) by (77b), split by f& + ¢% (60), hence is the middle
group in
¢“ > f§
0—Z{(#F) — Z{(#) 0 206°) o> 2UfF) —~ 0. (87)
2

This reveals that—up to addition of the ambiguity term ( fs )2 which disappears
on L;S*—these brane charges come in joint multiples of ¢, which by (60) means
that n - f{ goes along with n - f.

This way we arrive at the main claim of item (i).

(vi) From the last step, item (f) in item (v), we immediately obtain the proof of most of
the claim item (ii): If ® sends f$ +— n - f$ (75), then (87) implies that

o 0@ —n-¢C = Af), (88)

for unique A € Z. This is the claimed commutativity of (76). O

Remark 3.18 (Explicit construction). The universal twisted K-theory class ® on Cyc,S*
at n = 2k, whose existence is guaranteed by Thm. 3.17, admits a more direct explicit
construction relying on the pushout characterization of Cyc,;S* given by Lem. 3.4. We
briefly indicate this without proof:

Denoting by
(i) L the complex line bundle classified by £,
(ii) 3 the Bott generator on S* (99)

(the tautological quaternionic line minus its complex rank),

(iii) G the transition line bundle of the gerbe h{
(with respect to chosen trivializations of hz on the legs of the pushout, which exist
since the latter’s integral 3-cohomology vanishes)

we have the following data on the pushout components (for n = 2k in (75)):

On oriented great circles the K-theory class A= %(L — L),

on degenerate circles the K-theory class B:=n(L-1)+38(L+1), (89)

on great circles & poles  the K-theory relation A = GB.
Here the product operation corresponds to tensoring of vector bundles, hence in the last
line corresponds to the BU(1) action (by G) on BU. Therefore these data constitute a
cocone under our pushout (42) which by the universal property of the latter establishes a
comparison map ¢ (Fig. 3). This is the map guaranteed by Thm. 3.17.

Remark 3.19 (Cohomology operation from small-cycl. Cohomotopy to twisted K-theory).
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Figure 3: The cohomology operation
from small-cyclified 4-Cohomotopy
to twisted K-theory, guaranteed by
Thm. 3.17, is the amalgamation of
a pair of canonical K-theory classes
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and their relation (89) that exist
naturally on the components of the
pushout decomposition (42) of the
small-cyclified loop space of the 4-
sphere, as described in Rem. 3.18.

(i) We may read Thm. 3.17 as establishing (for fixed NS5-brane charges hy € H3(X";Z))
K-valued “character map”-like cohomology operations (10) that naturally approximate
small-cyclified 4-Cohomotopy of 9-manifolds by twisted rank-zero K-theory (25):

H} (X% QCye,8%) — H} (X% QBU) ~ KUk (X?). (90)

(ii) In view of (75), this means that twisted K-theory is an abelian approximation to
small-cyclified 4-Cohomotopy over ITA spacetimes, which:
(a) necessarily forgets the NS1-brane charge
(not quantizable in any abelian cohomology theory),
(b) accurately reflects NS5-brane charge,
(c) reflects D4- and D6-brane charges possibly up to an index-2 subgroup.
Next we reconsider this situation in the DMW subsector, where the comparison becomes

finer still, since there the factor of 2 in Thm. 3.17 (75) disappears (by Thm. 3.21 item (iii)
below).

3.4. The DMW Sector

By the DMW sector we shall mean the situation of vanishing NS5- and D6-brane charge, as
in § 1.2. In terms of classifying spaces, passage to this sector means lifting classifying maps
of charges through the homotopy fibers of the maps (fQC, hg) (60) and (fQK, h?{() (69) that
extract these charges, respectively:

—_—~—

L,5% * BSU g *
|
d L e 1)
C pC 5 hy
Cyc, S* 5 1) B2Z x B¥z, BUJBU(1) B*Z x B*Z.

Lemma 3.20 (Rational model of small-cycl. Cohomotopy in DMW sector).

(i) The relative Whitehead Ly, -algebra [cycls4fl\§1 of 7 (91) (the Koszul dual to its relative
minimal Sullivan model [FSS23, Prop. 5.16]) induces the fluzes and Gauss laws of
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Prop. 3.10 with global potentials Ay and By for Fy and Hs adjoined, respectively:

Ay € Qe (X?) dA, = B
— By, € Q2. (X? dBy, = H
Q;I(X‘J; [ 4L154) ~ > € Ui (X°) 27 L (99)
o Ha Hr\ 1 (x9. 10ye, 60
€ ;
F2aF47F67F8 Cl( Ya )

(ii) The absolute Whitehead Lo -algebra (1,5 instead induces
H37 H/ﬁ

QEI(XQ; [Z;S’/‘l) o~ -~
F27F47F67F8

F2:0

H; =0
€ Q4(XY% ICyc, 5% ’ } (93)

(iii) Their weak equivalence leyc, 54171\574 = [171\574 induces the following transformation of
closed Ly -algebra valued differential forms on X°:

QX% L IS " 4 x (1,51)
A 0
B, 0
i e ) (94)
H7 H7 = H7 + Al A F6 ’
F Q
Fyon Fyor = (€2 A, For)agan

Proof. Ttems (i) and (ii) follow by standard arguments in rational homotopy theory.

Item (iii) is mainly a reincarnation of the classical observation in twisted cohomology (cf.
[RWS86, (23) & app.]), that

dle B2 NS, Fy) = 0
= d<€732 Ao, F2r>2k; =0 V.
The only extra subtlety here is the presence of Hy with its non-linear Gauss law (24). For
this, first observe that dH; is invariant in form under exchanging F,, <> Fb,, where we

include ~ B
Fy = (67 AP F2r)2 = Iy, (96)

dH; = $Fy AN Fy— F A Fy
=P ANF - P, A Fy.
Namely consider the algebra automorphism o which on even degree generators By, Fjy is
o(ag) = (—1)kag, then:
TFANFy— B AF =

(95)

in that:
(97)

o(X, For) NY, FQT)S
(B AY, Fo) AeB2 AT, Foy)s
€_B2 A J(Zr ﬁ2T> A €B2 Zr ﬁQT)B

U(Zr ﬁ2r> AN, ﬁQT)S
FyANFy— Fy A Fy.

Q

P e e

NI= NIF NI NE N
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Therefore the differential on Hy in (94) indeed has the required form
dH} = d<H7 + Al N F%)
LR N Fy— (Fy — dA) AFy

~ ~ %/_/
SFyNFy. 0 [

In this DMW sector (91), we have our second main result, elaborating here on Thm. 3.17:

Theorem 3.21 (Comparison map in the DMW sector).

(i) In the DMW sector (91), the analogues of the lifts (74), namely dashed maps of the
form

> e (98)
exist for all n € N.
(ii) A canonical such lift at n = 1 is given by the Bott generator [ € @0(54):

LS4, gt 7, psu, (99)
whose Chern character is concentrated in degree 4:
ch(evig) = FC e HYL,5% Q). (100)
(iii) For every lift & atn = 2 in (74), its shift by the Bott generator (99),
O = 770 — evyf, (101)

is a lift atn = 1 in (98).
(iv) The universal Chern character of such a lift in (101) is up to degree 10 of the form
F’;j; € H2k<m/4; Q>
A e Q,

where each summand in the relevant degrees < 8 is integral and is as such an indivisible
generator of the lattice H*(—;Q) of rational cohomology classes that have integral
preimages:

chaio(®) = FC + 2FC + 2FC + 2FC + NFC A FC { (102)

Z- FC if2k =4
(Z,5%Q) ~ {z - 2EC  if2k =6 (103)
Z.-2FC  if2k = 8.

(v) In particular, the lift ® (74) does not become divisible by 2 in the DMW sector; instead
it is the shift (99) that normalizes it.

H-2 k

int

Proof outline. We explain the main steps modulo spectral sequence runs.

(i) Consider the generators HI and Ff of the rational minimal model of BU/BU(1) (cf.
[FHTO8, §2; FSS23, Ex. 6.6]), satisfying

dFyy = Hi ANFjy ). (104)

The universal twisted Chern character on this space is ch = 3oy Fax, with Fif* nor-
malized to the rational image of the first Chern class ¢;.

34



(ii)

(iii)

3. Results

Therefore, by the multiplicities (75) from Thm. 3.17, the twisted Chern character of ®
starts out as ch(d) = CD*(F2K + K +)

= P (FQK) 4.
I (105
v HE - HS.
where the ellipses denote higher degree terms.
Since pullback ®* respects wedge products and the differential, this gives
d(¢* Ff) = o*d Ff
= O*(HE N FE) by (104) (106)
— (1) n ()
= 2HS NFY by (105).
But the only elements in the minimal model (53) of Cyc,S* with this property are
O FN = 2FC + NFSANFY, XN e R. (107)

Iterating this kind of argument in increasing degrees gives:
O FX = 2FC + O(FY) (108a)
O*FE = 2F¢ + O(FY) (108b)
*FY = 2F + O(FS) + vdHY (108c)
P = 2F + O(FY, H ) + M(ES ANFE +2HS ANHY —3FS AFE),  (1084d)

where O(- - -) denotes the ideal generated by the listed generators, where v € R, and

where A € R in (108d) is a point in the line of those closed elements in the minimal
model that do not vanish with F{’, which is possible due to the nonlinear differential

of Hy, cf. (24) and Prop. 3.10.

Since FS and HS do vanish upon pullback j* (91) to the DMW sector, we conclude

that: chayo(5*®) = 2FC + 2FC + 2FC + (2FG + N FE A FE)

+ d(l/]A{}C ) ,
where the tilded generators appear via the transformation (94) in item (iii) of

Lem. 3.20. The last summand in (109) is exact and has no effect on the following
analysis of cohomology classes.

(109)

The Bott generator (99) has Chern character concentrated in degree 4 of the form:
ch(eviB) = F, (110)
since it is pulled back from S* and indivisible there. With (109) this implies the claim
(102) for ch(j*fb — evgﬁ). Analogously it implies that
ch(j*® — 2eviB) = 2F¢ + -+ . (111)
The Chern character induces a morphism of Atiyah-Hirzebruch spectral sequences over

Z/L_l\g‘*, from K-theory to even-periodic rational cohomology. Inspection of this morphism
reveals that here the lowest-degree non-vanishing component of a Chern character is
an integral form, provided that component has degree at most 10. With (111) this
implies that 2F is integral.
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(iv) Inspection of the Serre spectral sequence of L,S* — L, S* shows that 2Fy is also inte-
gral and that all three integral components thus obtained are in fact integral generators,
hence establishing the claim (103).

(v) Finally, with 2}?6 thus established to be integrally indivisible, we see from (109) with
item (iii) that j*® — 2ev{p is not divisible, hence that j*® is not, and consequently
neither is ®. This proves the final claim item (v). O

Remark 3.22. Some physical impact of Thm. 3.21:

(i) The shifted lifts in (101) refine the lifts considered by DMW (1) to a natural construc-
tion (on those M-brane charges that appear in Cohomotopy), both in the colloquial
sense and in the technical sense: ® is a cohomology operation (10) from small-cyclified
Cohomotopy to K-theory—here considered on topological charges, but after passage
to differential nonabelian cohomology [SS26¢] also on actual IR-completed fields.

(ii) Equation (103) entails that K-theory classes approximating small-cyclified 4-
Cohomotopy classes are guaranteed to have integral Chern character components.”
This may address a worry voiced by early authors, that non-integral Chern charac-
ter components are a conceptual problem for RR-flux quantization in K-theory, cf.
IMWO0, (1.1), (2.19): BDS00, §6].

(iii) The Bott generator (99) may be regarded as the K-theoretic unit measure of M5-brane
charge already up in 11D (cf. [SS23b, §2.3; SS26b, §2.2]). Hence the comparison map
(101) measures K-theoretic D-brane charge relative to this backdrop.

(iv) The indivisible integrality of the 10D flux 2F in (102), with its factor of 2, is reminiscent
of (and probably equivalent to, under dimensional reduction) the indivisible integrality
of the 11D Page charge flux 2(G7 — %Cg A G4) found in [F'SS21, Thm. 4.8] with the
“same” factor of 2, again under Hypothesis H. For a possible physical interpretation cf.
[FSS21, (3)].

Finally, we may characterize more explicitly how close the comparison maps (74) and (101)
are to equivalences:

Corollary 3.23 (Homotopy fiber of the comparison map).
(i) The homotopy fiber of ® (101) followed by 10-truncation,

( $§1o l

has low homotopy groups corresponding exactly to the NSI-brane charge and all the
torsion brane charges in Tab. 3:

torsion branes ,E/SL
_ Ziv) ifk =7
Vi< Wk(ﬁb((bﬁlo)) = Tor(wk(quSA))@ {0 7 otherwise. (113)

9An analogous observation was made already in [BSS21], there for the case of fractional D-branes with
charges in equivariant K-theory of an orbifold singularity: Lifting these to equivariant Cohomotopy
forces their equivariant Chern characters to have integral components.
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(ii) The homotopy fiber of Cyc,S* g0, [BU]10/BU(1) (74) for n = 2 has low homotopy
groups equal to those of (113) plus two copies of Z o reflecting the multiplication (75):
Z, itk e {1,3}

) (114)
0 otherwise.

Vico  mi(fib(®<io)) = m(fib(®<o)) @{

In particular, both maps induce isomorphisms on rational homotopy groups in degrees < 10
away from the degree 7 of the NS1-brane charge (cf. Tab. 4).

Figure 4: The comparison map d (101) ex- — ~
hibits, in the untwisted DMW sector, K-theory 5 ﬁb((I)<10> — %

as an abelian approximation to small-cyclified ‘&m/ef’fz” - r

4-Cohomotopy that misses (113) NS1 brane 660'}‘3,/(0; 50

charge (necessarily by Prop. 2.2, due to the non- ‘..\}‘f/x’%pd 0
linear Gauss law of its Hy-flux) as well as tor- e o®

sion branes'’predicted by Hypothesis H. Gen- - —~ P

erally, ® (74) exhibits twisted K-theory as such X i;AH];?(iiz;zrﬁeS LyS5* =3 [BSUl1o
an approximation, moreover missing (114) a Z o L 4
ambiguity (75) in D6- and D4-brane charge. ~approximated in K-theory

4. Conclusion

We close by briefly putting our results in perspective. To recall, the open problem we are
addressing is how to combine two key conjectures/hypotheses about string theory, namely:

(i) the Hypothesis K that type ITA flux/charge is quantized in twisted K-theory,

(i) the M-theory conjecture that type ITA is the dimensional reduction on a small circle of
a completion of 11D supergravity,
and the ambition is to combine these top-down: Since flux quantization is IR-completion, we
ask for an IR-completion of 11D SuGra whose dimensional reduction on small circle fibers
implies that type ITA charge is quantized in twisted K-theory.

4.1. Observations

We began with the following initial observations on the general problem of deriving flux
quantization in 10D from 11D:

(i) Proper electromagnetic flux quantization in nonabelian cohomology. These
are observations which we have already laid out elsewhere, but they are worth repeating
here:

(a) One should not only quantize the magnetic sector in 11D (G4, M5-brane charge)
but also include the electric sector (G7 + - -+, M2-brane charge).
(This holds on general grounds, but particularly here since quantization of electric
fluxes is already part of the traditional proposal—Hypothesis K: that type ITA
flux is quantized in K-theory—which is to be derived here from 11D.)

10The torsion brane charges indicated as missed by K-theory in Fig. 4 are those visible already on near-
horizon spacetimes of the form R? —R? (cf. § A.1) as listed in Tab. 3. On more general spaces, K-theory
also sees some torsion charges, cf. Rem. 2.3.
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(b) But since the Gauss law constraint on the electric G7-flux in 11D is non-linear,
the quantized charge must be in nonabelian cohomology, beyond the
traditional realm of abelian generalized cohomology theories like K-theory.

(Again, this issue was already visible all along in 10D: There the electric H,-flux
has a non-linear Gauss law (the direct dimensional reduction of the situation
with G7 in 11D), and this Gauss law is necessarily dropped by the traditional
Hypothesis K.)

(c) The universal (namely with minimal classifying cell complex) choice of nonabelian
cohomology for electromagnetic flux quantization admissible in 11D gives 11D
SuGra quantized in 4-Cohomotopy. This universal choice is what we con-
sider here—Hypothesis H.

(There are other admissible choices in 11D, but substantially different choices will
break our derivation of K-theory in 10D. Conversely, readers who already believe
in Hypothesis K for type ITA may read our result here in the opposite direction
as a further consistency check that Hypothesis H is the right IR-completion of
11D SuGra for the purpose of completing it to M-theory.)

(ii) Dimensional charge reduction on small M-circles via Morse-Bott theory.
This is our key novel observation, not discussed before:

(a) The notion that ITA is the dim-reduction of M-theory on a small circle needs
to be extended to the topological IR-completed sector of brane charges (where
metric circumference is not a meaningful size indicator).

(b) Our earlier theorem—that dimensional circle reduction of quantized charges
means passage to the cyclic loop space of the charge classifying space—allows us
to identify such topological small circle reductions as factoring charge classifying
maps through stages of the Morse-Bott filtration of loops of bounded variation.

(This requires the charge classifying space to admit the auxiliary structure of a
Riemannian manifold—a strong constraint, but satisfied by Hypothesis H.)

(c) Under Hypothesis H in 11D there appears exactly one non-trivial stage in the
Morse-Bott filtration, namely the first one, thus unambiguously called the small-
cyclified loop space of the 4-sphere. This is equivalently the space of round em-
beddings of the M-circle into S, with degenerate embeddings (collapsed circles)
included as shapes of reparameterization orbifold singularities */S' ~ BS!.

4.2. Derivations

From these premises we rigorously derived the following (proofs outlined here, with substan-
tial spectral sequence runs left to the reader):

(iii) Completion of 10D charge content. The resulting small circle reduction, from 11D
SuGra IR-completed in 4-Cohomotopy, gives IIA TR-completed in small-cyclified
4-Cohomotopy, which is the first nontrivial 10D flux quantization that reflects strictly
all magnetic and electric NS/RR-fluxes:

(a) Hr appears with its nonlinear Gauss law quantized, whence string (NS1-brane)
charge is now well-quantized (not so under the traditional Hypothesis K).
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(b) Fs appears right away as a quantized flux, as such not ordinarily originating from
11D, but completing the Chern character as demanded by the traditional
Hypothesis K.

(c) The corresponding black DO-brane charge is now well defined, which does
not ordinarily descend from 11D.

(Beware that the DO-branes in BFSS/BMN matrix models are probe branes on
flat or pp-wave backgrounds, while here we are dealing with their backreacted
black cousins, maybe underappreciated.)

(d) On non-compact Cauchy surfaces, this DO-charge turns out to be in integral
8-cohomology, but generally DO-brane charge is in stable 8-Cohomotopy
twisted by D6-brane charge (the M-circle bundle class) mod 2.

(e) The DO-brane tadpole is precisely the obstruction to restricting an uncon-
strained circle reduction to a small circle reduction of M-brane charges.

(iv) Twisted K-Theory emerges. This is now the key point:

This small-cyclified 4-Cohomotopy theory—mnot postulated but derived by small circle
reduction from 11D—turns out to be a nonlinear deformation (by NS1-brane charge)
of rank-zero twisted K-theory, as witnessed by a comparison cohomology operation

small-cyclified 4-Cohomotopy —=— rank-0 twisted K-theory |
which exhibits an abelian approximation, in that:
(a) in general it:
i. bijects on NS5-brane charge and Hj-flux,

ii. surjects onto an index-2 sublattice of D6/D4-charges with their Fy/Fj-
fluxes,

iii. forgets H,-flux and NS1 charge (invisible to twisted K-theory)
as well as some torsion charges,
(b) in the DMW-sector of vanishing NS5- and D6-charges it improves to & which:

i. has universal untwisted Chern character

ch(®) = Fy + 2F; + 2F; + ipelovant terms (115)
Y T Y -
where _ L
ng == FQk - B2 VAN ng_g + 532 N BQ A ng_4 =+ - (116)

are the untwisted RR-flux densities,

ii. where—as indicated below the braces in (115)—the relevant first three sum-
mands are generators of the integral lattice inside their cohomology group
(so Fg, Fy are actually half-integral),

iii. implying that the K-theoretic Chern characters underlying a small-cyclified
4-Cohomotopy class on a Cauchy surface X* are guaranteed to have integral
components.

(The failure of this property in plain K-theory had been the cause of some
head-scratching in the literature on Hypothesis K.)
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(c) This ® improves the ad hoc DMW lifts—of integral D4-brane charge to K-
theory—to a natural transformation (on those D4-charges that survive in Co-
homotopy), and ® generalizes this beyond the DMW sector to twisted K-theory.

Vistas

A number of follow-up questions arise; we briefly mention a few:

(i)

(ii)

(iif)

The Half-Integral Shift of G4. For brevity we have disregarded here the tangential
twisting of 4-Cohomotopy that is part of Hypothesis H proper [FSS20; FSS21], and
which implies [FSS20, Prop. 3.13] the half-integral shift in the G4-flux that is expected
in M-theory [Wit97]:

G+ ipi(w)] € HY(X'; Z) — HY (X' R). (117)
We expect that the statements and proofs in § 3 generalize with only mild adjustments
to this situation, but it remains to be worked out.

The Partition Function. The DMW result has two parts:

(a) For every D4-brane charge fy satisfying Sq> fu = 0, and every lift Q to K-theory
through the AHSS as in (1), the corresponding M-theory phase of f, and K-theory
phase of Q) agree [DMWO00, (5.4)] up to a fixed correction factor.

(b) The M-theory partition function over f, € H*(X®;Z) localizes onto the con-

straint subset { fa | Sap fi = O} (the integral equation of motion), and there it
coincides with the type ITA partition function over K-theory charges Q.

In contrast, under Hypothesis H the integral equation of motion is absorbed, cf. (80),
into the Cohomotopical flux-quantization (thereby avoiding the notion that M-theory
has a path-integral definition). At the same time, this makes f; be in the image of the
Cohomotopical character map [FSS23, Ex. 6.11, cf. §12]

4
HY(X% QS1) = 74(X°) -2 H1(X*,7), (118)
which is in general not surjective (nor injective, nor with additive image): The first ob-
struction to lifting through (118) is Sq%pa fa, which is stronger than Sq% f1 = BSA%pafa.

Therefore, under Hypothesis H, the “M-theory partition function” is nevertheless over
a different domain than the “K-theory partition function” and the two may no longer
coincide. Since this image need not be an additive subgroup, it cannot directly replace
the charge lattice in DMW’s theta-function construction.

However, also under Hypothesis H this is now the wrong comparison to make anyway:
One should instead compare, on the IIA side, to a partition function not over K-
theory classes but over small-cyclified 4-Cohomotopy classes. While these putative
modified partition functions (over 4-Cohomotopy in 11D and over small-cyclified 4-
Cohomotopy in 10D) may be more complicated, their matching should no longer be a
surprising coincidence but a structural consequence, as now they are manifestly related
by dimensional reduction (along small M-circles).

Type IIB and T-Duality. Here we have focused entirely on type ITA. Beyond that
one wants to ask:
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(iv)

A. Background

What is the nonabelian refinement of fluz/charge quantization in type IIB
that is to twisted KU as small-cyclified Cohomotopy is to twisted KU®?

Since type IIB is related to M-theory only via its T-duality with type IIA, key guidance
on this matter should come from addressing the related question:

How does topological T-duality (cf. Ex. 2.6) lift from twisted K-theory to
small-cyclified 4-Cohomotopy and whatever its type IIB dual may be?

This will need a new idea, because inspection shows'! that the ordinary mechanism of
topological T-duality from (35) in Ex. 2.6 cannot generalize to the presence of NS1-
charges and their H;-flux: Already rationally, cyclification cannot relate non-linear
Gauss laws like (24) in this way (35).

Higher Global Symmetries. While we have shown that twisted K-theory is an
abelian approximation to small-cyclified 4-Cohomotopy up to 10-truncation, beyond
that the two cohomology theories diverge more substantially and increasingly so
(Tab. 4).

This divergence above 10-truncation has no effect on the classification of brane charges
in the nonabelian cohomology of a 9-dimensional Cauchy surface, moMap(X 9,A) =
H 1(X Q;QA) (for A one of the two classifying spaces), but it does mean that the
higher homotopy groups WnMap(X 9 A) eventually witness a substantial difference.

The homotopy type of Map(X 9 A), partially reflected in these higher homotopy groups,
is the oco-groupoid of large higher gauge transformations of the flux-quantized higher
gauge fields ([SS206c, §4.2.1, p. 32], cf. [Gwi25, p. 4; Per25; AKL26, §3.4]'%), and
hence reflects higher global symmetries (also known as categorified symmetries [SS09)],
or generalized symmetries). Therefore, while Hypothesis H and twisted K-theory es-
sentially agree on brane charges (away from the NS1-brane and up to torsion charges),
their implied higher global symmetries differ substantially and increasingly so as the
degree increases (cf. Tab. 4).

This could in principle serve as a further test of the hypotheses H/K against physical
expectations obtained by other means.

We leave these follow-up questions for future work.

A.

Background

We highlight a couple of pertinent points that tend to receive unclear discussion in the
literature.

1We are grateful to Grigorios Giotopoulos for highlighting this point.

12To compare these references to our discussion, notice that [AKL26, §3.4] addresses the (transgressive)
cohomology (instead of the homotopy) of the mapping space as generalized symmetries, which retains
a coarsened image of the homotopy type; while [Per25] considers the mapping space into Aut(A) in-

stead of into A, but for given charges [X %A}, evaluation provides a canonical comparison map
Map(X, Aut(A)) &% Map(X, A).
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A.1. Measuring D-Brane Charge

One needs to distinguish (cf. [SS25a, §2.2]) between:'?

(i) backreacted, singular, black branes (cf. [Mar12]) that are spacetime singularities (not
necessarily curvature singularities but necessarily flux density singularities for the flux
they source) and as such are to be deleted from spacetime, as familiar from black hole
singularities,

(ii) nonsingular solitonic branes which are finite bumps of flux density wvanishing at
infinity (as is characteristic for solitons).

For brevity, here we focus on item (i), singular black branes whose charge is on their
linking spheres. (The charge of solitonic branes, such as the Abrikosov vortices of 4D elec-
tromagnetism, is instead on the one-point compactification of their transverse space.)

The concept is best nailed down by first recalling its classical template:

Black 0-Branes of 4D Einstein—Maxwell theory. These are the Reissner—Nordstrom
spacetimes, topologically the complement of the worldline of a point charge (which itself
is excised from the spacetime, whose timelike singularity it is, or would be if included, cf.

[C‘dl()S, C‘(LI'()S)]): singular worldline linking sphere
~ = =
Xpn ~ XM x XEy ~ R xRyox &2 ~ RMY—RMY 119
RN ~ X ARN = X IR X =~ - : (119)

The historical argument of Dirac ([Dir31], cf. [Alv85; SS25a, §2.1]) entails, in modern para-
phrase, that the quantized charge carried by these black 0-branes is the (ordinary integral)
2-cohomology of their ambient spacetime, hence of their linking sphere, which reveals that
they appear in integer multiples of a unit charge brane:

H*(X3\; Z) ~ H*(Rsgx S% Z) ~ H*(S%Z) ~ Z. (120)
Or rather, with both electric and magnetic charges quantized as in § 1.1, and adopting the

general notation of nonabelian cohomology as in § 2.1, we see the 2-dimensional lattice of
electromagnetic charges as:

HY( Xy QB%Z2) ~ myMap(S?, B*Z?) ~ 7. (121)
The analogous argument shows that there are no black (p > 0)-branes in 4D Einstein—
Maxwell, because locally near their (singular) worldvolume we see charge

Z* ifp =0

} (122)
0 otherwise.

H'(R3 — RP; QOB%*7Z?) ~ myMap(S*P, B27?) ~ {

Black Brane Charge in General. Clearly then (cf. [SS25a]) for any flux quantization law
A (as in § 1.1) the brane charge on a Cauchy surface X¢ is its nonabelian Q.A-cohomology
(5). Specifically, charges carried by p-branes as seen “near-horizon” are measured on their

13Beware that the meaning of the terminology “black brane” and “solitonic brane” is not standardized across
the literature. Some authors in the past have said “solitonic” for what we call “singular”. The reader in
doubt should take items (i) and (ii) as the definition of how we use terminology for the present purpose
(following [SS25a, §2.2]).
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near linking sphere (cf. [Marl2, §1.2.1]), since:

c9mplement of singular brane punctured singular brane radial linking

singular brane worldvolume  transverse space worldvolume direction sphere

—_—~ ~ = ~ = ~ = ——

RYM—RY  ~ RWY x (RIP-{0}) =~ R x R x s¥7°!, (123)
~—_————

contractible
and hence take values in the (d — p — 1)-st homotopy group of A (assuming here for brevity
that A is simply-connected):

Jundamental YR - RP; QA) =~ moMap(S9PL A) = T pa(A). (124)
For instance:

(i) with A = B3Z x B"Z in 10D (22) this gives a 5-brane and a 1-brane (the NS branes
in type IIA, cf. Tab. 5):

Z ifp e {51}

| (125)
0  otherwise,

HY(R? —R?; Q(B3Z x B'Z)) ~ ms_,(B*Z x B'Z) ~ {
(ii) with A = S%in 11D (28) one finds M-brane charges as displayed in (29) and (30).

Black D-Brane Charges in IIA. Consider A = BU, the classifying space of rank-zero
K-theory (no Romans mass term) inside the full classifying space KUy ~ Z x BU of K-
theory. This is the right classifying space to reproduce the expected black D-brane charges
in non-massive ITA, according to the general formula (124), in that:

7 ifp € {0,2,4,6}

| (126)
0  otherwise |,

H'(R® — RP; Q BU) ~ my Map(S®P, BU) ~ 75_,(BU) =~ {
which identifies exactly the sources for the RR-fluxes available in non-massive ITA, cf. Tabs. 1
and 5.

Table 5: The NS/D-brane species in ITA sourc-
ing, via (126), the flux species from Tab. 1.
(We refrain from showing an entry for “D(-2)- brane: || NS1 NS5

branes” and their Fjy flux in massive ITA, cf. sourced H, H
Rem. A.2 item (ii).)

— type ITA — mageive
D0 D2 D4 D6 | DS
Fs Fs Fy Fy| Fp
sector: H NS ‘ RR

The analogous statement for type I D-brane charges seen in rank-zero KO-theory is:
Z if p € {0,4}
H'(R? — R?; Q BO) ~ myMap(S*?, BO) ~ m5_,(BO) ~ {Z,, ifp € {6,7} (127)

0 otherwise.

As seen in the traditional literature. The traditional literature on Hypothesis K instead
insists on using the full KUy ~ Z x BU as the classifying space. This then requires quotient-
ing out by hand the spurious (in non-massive IIA) D8-brane charge (cf. [Ber4-96]) reflected
in mo(Z x BU) ~ Z.

One way to write this suggestively is to consider the linking (8 — p)-sphere in (126) as the
boundary of the (9 — p)-ball filling it (which is physical in case the black p-brane enclosed
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by the sphere vanishes), .

SEP o D¥p (128)
and then to observe that the rank-zero K-cohomology (126) may equivalently be written as
the following quotient by the spurious (in plain ITA) D8-charge group Z«pg-:

ZppXLsps”

—_—N
KU%(s%r) )z ifp e {0,2,4,6}
FKUN(Dor) TP

| —

£4D8”

H'(R® —RP; QBU) ~ (129)

0  otherwise.

This quotient expression is how black D-brane charge in ITA is explained by Seiberg, Malda-
cena, Moore, Witten and others in [MMS01, (1.6); BGKO1, (2.2); MWO00, (2.10)]. Earlier,
the idea that ITA D-brane charge is to be measured in KU of the linking sphere, as in (126),
goes back to [Hor98, (3.13)—(3.16)], was stated for the case of orientifolds in [BGS01, p. 2],
and was recently reiterated in [KTY25, p. 6], perhaps without accounting for the D8-brane
issue.

A.2. Duality and Cauchy Surfaces

Throughout, we assume globally hyperbolic spacetimes (cf. [MS08, §3.11; BS05a, Thm. 1.1],
implicit in most of the literature on brane charges):
X4 ~ RYWx X? with Cauchy surface X¢ ~ {t = 0} x X <o, xld, (130)
We highlight two basic but important points:

(i) Brane charges (cf. § 2.1 and § A.1) are entirely on the Cauchy surface X, since there
is no topology in the time direction:

HY (XY QA) ~ HY (X% QA). (131)

(ii) Here on the Cauchy surface, the electric-magnetic flux/charge pairs become indepen-
dent of each other ([SS24b, Thm. 2.2; SS26¢, Thm. 3.4]): Although on spacetime,

Gd+1_p = *17de (132)

is the on-shell EM dual flux to F},, and as such fully determined by (132) once F,

is given on spacetime, their restrictions (pullbacks) to the Cauchy surface (130) are
independent of each other, in that the pair

Egi1p = i5Gai1yp,
d+1—p Zg d+1—p (133)
is initial value Cauchy data for the higher Maxwell equations of motion of F,. The

Hodge duality relation (132) is instead what determines the evolution of these data
away from the Cauchy surface into spacetime.

This is familiar in the archetypical example:

Example A.1. For 4D Maxwell theory in temporal gauge, the electric flux density E, on X3
is the canonical momentum to the magnetic gauge potential Ay, locally on X3 (cf. [HT92,
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§19.1.1; BG21, §5.1]), as such independent from A; as well as from the magnetic flux density:
canonical
coordinate momentum

ti i
potomtial A1 E, clectric on the Cauchy surface X3,

7
dys

magnetic 4N
flux ‘82

This means [SS24b] that:
Flux/charge quantization takes place on a Cauchy surface, without duality constraint.

Remark A.2. In the main text, this principle explains notably:

(i) why classifying spaces like BU /BU(1) or Cyc, S* really classify electromagnetic charges
without overcounting,

(ii) why the would-be universal D(-2) charge class f{—which survives on classifying spaces
in (102)—does not appear as a physical charge (as it should not in non-massive ITA,
cf. Tab. 5): its pullback to the Cauchy surface X° vanishes for degree reasons.
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