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dff(X3;Z) E2 ∈ H2
dff(X3;R)

duality-symmetric
IR-completion Â1 ∈ H2
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dff(X3;Z)

general
IR-completion
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dff(X3;Z)

general
IR-completion
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Â

potentials

non-abelian
de Rham map



55

IR-Completion of Higher Maxwell-Type

Higher Gauge Theory
of Maxwell-type:

For characteristic a ∈ L∞AlgR
temporal germs of on-shell fluxes

on X1,d ≃ R1,0 ×Xd are:
on-shell fluxes

 ≃ Ω1
cl(Xd; a)

then
fluxes
are

modulated
by:

Adff A

Xd

Ω1
cl(·; lA≃

a

) AR

⌟
R-rational-

ization
F⃗

fluxes

χcha
rge

s

Â
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Â

potentials

non-abelian
de Rham map



58

IR-Completion of Higher Maxwell-Type

Higher Gauge Theory
of Maxwell-type:

For characteristic a ∈ L∞AlgR
temporal germs of on-shell fluxes

on X1,d ≃ R1,0 ×Xd are:
on-shell fluxes

 ≃ Ω1
cl(Xd; a)

rational
homotopy

theory
gives:

Adff A

Xd

Ω1
cl(·; lA≃

a

) AR

⌟
R-rational-

ization
F⃗

fluxes

χcha
rge

s

Â

potentials

non-abelian
de Rham map



59

IR-Completion of Higher Maxwell-Type

Higher Gauge Theory
of Maxwell-type:

For characteristic a ∈ L∞AlgR
temporal germs of on-shell fluxes

on X1,d ≃ R1,0 ×Xd are:
on-shell fluxes

 ≃ Ω1
cl(Xd; a)

flux quantization:
fluxes
are

rational
image of
charges χ

in
A-cohomology

Adff A

Xd

Ω1
cl(·; lA≃

a

) AR

⌟
R-rational-

ization
F⃗

fluxes

χcha
rge

s

Â
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phase space: Phs(Xd;A) ≡ Map(Xd;Adff) differential cocycles

�gauge symmetries

its shape: SPhs(Xd;A) ≃ Map(Xd,A) black brane charges
�global symmetries

solitonic: SPhs
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∪{∞},A) all brane charges

�global symmetries
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Topological Light-Cone Quantization
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Xd ≃ R1 ×Xd−1

observables
are Pontrjagin
∗-algebra

TopObs0(Xd;A) ≃ H0(Ω Map∗(Xd−1
∪{∞},A);C)

≃ C[π1Map∗(Xd−1
∪{∞},A)]
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Example/Theorem [arXiv:2312.13037]: g-Yang-Mills on R1,1 × Σ2

Lie-Poisson algebra of fluxes: C∞(Σ2, gℏ)
electric

⋊ad C∞(Σ2, g0)
magnetic

nonperturb. quantization: C
C∞(Σ2, G)

electric

⋊ad C∞(Σ2, g0/Λ)
magnetic



topological sector: C[π0(−)] ≃ C
π1 Map

Σ2, BG
el
× B2Λ

mag




https://ncatlab.org/schreiber/show/Quantum+Observables+of+Quantized+Fluxes
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Modular Functor
Stefanich 2025 suggests: Xd−1 7→ LocC(Map∗(Xd−1

∪{∞},A))
extends to an extended TQFTd

here:
boundary

theory

ModC LocC(Map∗((−)∪{∞};A))
Xd−1 ⊢ 1 7→ H(Xd−1)

⇒ over Xd−1 these boundary state spaces are:

H ∈ lim←−
Xd−1∈

BDiff(Xd−1)

LocC(Map∗(Xd−1
∪{∞},A))

≃ LocC(Map∗(Xd−1,A)�Diff(Xd−1))
“general covariance”

https://ncatlab.org/nlab/show/extended+functorial+field+theory#Stefanich2025
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A

B

℘

subject to l



A

B

℘


≃

a

b

& charges are in twisted relative nonabelian cohomology:

[χ] ∈ H̃0(Φ∪{∞}; ℘) ≡ π0

Σ∪{∞} A

X∪{∞} B

Φ∪{∞}
℘
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classifying space now becomes a classifying fibration
A

B

℘

subject to l



A

B

℘


≃

a

b

& charges are in twisted relative nonabelian cohomology:

[χ] ∈ H̃0(Φ∪{∞}; ℘) ≡ π0

Σ∪{∞} A

X∪{∞} B

Φ∪{∞}
℘

meaning that its Sullivan
relative minimal model is CE



a

b


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IR-Completion on Orbifolds
moreover, higher Maxwell-type fluxes on G-orbifolds

have an equivariant characteristic fibration
Orb(G)op Fib(L∞AlgR)

aH

G/H 7→
bH

& charges in equivariant nonabelian cohomology:

[χ] ∈ H̃0
G(Φ∪{∞}; ℘) ≡ π0

G ↷Σ∪{∞} G ↷A

G ↷X∪{∞} G ↷B
Φ∪{∞} ℘



138

IR-Completion on Orbifolds
moreover, higher Maxwell-type fluxes on G-orbifolds

have an equivariant characteristic fibration
Orb(G)op Fib(L∞AlgR)

aH

G/H 7→
bH

& charges in equivariant nonabelian cohomology:

[χ] ∈ H̃0
G(Φ∪{∞}; ℘) ≡ π0

G ↷Σ∪{∞} G ↷A

G ↷X∪{∞} G ↷B
Φ∪{∞} ℘



139

IR-Completion on Orbifolds
moreover, higher Maxwell-type fluxes on G-orbifolds

have an equivariant characteristic fibration
Orb(G)op Fib(L∞AlgR)

aH

G/H 7→
bH

& charges in equivariant nonabelian cohomology:

[χ] ∈ H̃0
G(Φ∪{∞}; ℘) ≡ π0

G ↷Σ∪{∞} G ↷A

G ↷X∪{∞} G ↷B
Φ∪{∞} ℘



140

IR-Completion on Orbifolds
moreover, higher Maxwell-type fluxes on G-orbifolds

have an equivariant characteristic fibration
Orb(G)op Fib(L∞AlgR)
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IR-Complete C-Field & M5 Model
recall: 11D SuGra with M5-probes

is characterized by:
l
S4S

7

lS4
lhH

⇒ admits IR-completion classified
by quaternionic Hopf fibration

S7

S4
hH
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IR-Complete C-Field & M5 Model
recall: 11D SuGra with M5-probes

is characterized by:
l
S4S

7

lS4
lhH

⇒ admits IR-completion classified
by quaternionic Hopf fibration

S7

S4
hH

- minimal completion in number of cells

- implies that M5’s Hopf-WZ term is globally defined, like
Dirac CQ implied electron WZ term well defined

- Hypothesis H : “This completion corresponds to M-theory.”

- entails that M-brane charges are in CoHomotopy

- but variants may be possible
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hence stably S4(X10)

in tmf tmf4(X10)

∼
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- minimal completion in number of cells

- implies that M5’s Hopf-WZ term is globally defined, like
Dirac CQ implied electron WZ term well defined

- Hypothesis H : “This completion corresponds to M-theory.”

- entails that M-brane charges are in CoHomotopy

- but variants may be possible

IR-Complete C-Field & M5 Model
recall: 11D SuGra with M5-probes

is characterized by:
l
S4S

7

lS4
lhH

⇒ admits IR-completion classified
by quaternionic Hopf fibration

S7

S4
hH

π4(X10)

hence stably S4(X10)

in tmf tmf4(X10)

∼

p = 0 1 2 3 4 5 6 7 8 9
0 0 Z 0 0 Z 0 0 0 0 (integral)H0(R1,10 − R1,p; S4)

≃ π9−p
(S4) ≃ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕

Z2
/2 Z2

/2 Z/12 Z/2 Z/2 0 0 0 0 0 (fractional)

near horizon of a p-brane
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- minimal completion in number of cells
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Dirac CQ implied electron WZ term well defined
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- entails that M-brane charges are in CoHomotopy
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/2 Z/12 Z/2 Z/2 0 0 0 0 0 (fractional)

M2-brane
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- minimal completion in number of cells
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M5-brane
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- minimal completion in number of cells

- implies that M5’s Hopf-WZ term is globally defined, like
Dirac CQ implied electron WZ term well defined
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- minimal completion in number of cells

- implies that M5’s Hopf-WZ term is globally defined, like
Dirac CQ implied electron WZ term well defined

- Hypothesis H : “This completion corresponds to M-theory.”

- entails that M-brane charges are in CoHomotopy

- but variants may be possible

IR-Complete C-Field & M5 Model
recall: 11D SuGra with M5-probes

is characterized by:
l
S4S

7

lS4
lhH

⇒ admits IR-completion classified
by quaternionic Hopf fibration

S7
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hH

π4(X10)

hence stably S4(X10)
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∼p = 0 1 2 3 4 5 6 7 8 9
0 0 0 0 0 Z 0 0 0 0 (integral)H0(R1,10 − R1,p; S4)

≃ π9−p
(S4) ≃ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕

0 0 Z/24 Z/2 Z/2 0 0 0 0 0 (fractional)
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- minimal completion in number of cells

- implies that M5’s Hopf-WZ term is globally defined, like
Dirac CQ implied electron WZ term well defined

- Hypothesis H : “This completion corresponds to M-theory.”
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- but variants may be possible
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∼

exactly in this (co)dimension
the sphere spectrum S

is approximated by tmf:
S tmf≃≤6
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and M-string charges
in twisted relative
CoHomotopy:
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The End
For more see:

– The Character Map In Nonabelian Cohomology (esp. §9)

– Complete Topological Quantization of Higher Gauge Fields

– Higher Gauge Theory via Differential Nonabelian Cohomology

– Higher Superspace Supergravity and its IR-Completions

https://ncatlab.org/schreiber/show/The+Character+Map+in+Non-Abelian+Cohomology
https://ncatlab.org/schreiber/show/Edinburgh+2025
https://ncatlab.org/schreiber/show/Zagreb+2026
https://ncatlab.org/schreiber/show/Nesselwang+2026

