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ABSTRACT: The electric Gauss law in 11D SuGra is famously non-linear, whence its
flux quantization must be in nonabelian cohomology. We have previously shown that the
minimal admissible choice is 4-Cohomotopy, which in the presence of magnetized M5-probes
takes its relative twistorial form.

Here we discuss how this situation is further refined in the presence of M-string probes
on the M5-worldvolume. Based on the superspace formulation of 11D SuGra, we find the
nested Bianchi identities by iterating the superembedding construction for super p-branes.
The resulting probe brane hierarchy (M1 on magnetized M5 in 11D bulk) turns out to
admit flux quantization in a doubly-relative form of twisted Cohomotopy, classified by the
factorization of the quaternionic Hopf fibration through the twistor fibration.

The further equivariant refinement of this cohomology theory reduces on A-type sin-

gularities to a form of relative Cohomotopy which geometrically engineers Chern-insulator
phases on M5 N A,,, with the M-string playing the role of gapped nodal lines.
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1 Introduction

1.1 The Problem

Despite the relevance of topological quantum effects in general ([1], notably in potential
applications to topological quantum hardware [2]) and in particular in string/M-theory
[3, 4], the global topological completion of (higher) gauge fields coupling to branes ([5, 6,
§7]) has not received sufficient attention.

For example, the famous conjecture that RR-flux is quantized in K-theory (cf. [7-9]
and (3.7) below) tacitly admits that besides magnetic flux also (Hodge dual) electric fluxes
are to be charge-quantized. But this insight has been applied to other flux species only
recently (review in [10]), where it requires new mathematical methods (such as developed in
[11, 12]), since electric Gauss laws are generically non-linear, precluding their quantization



in Whitehead-generalized abelian cohomology theories like K-theory (we briefly review this
below in § 3).

Yet more pronounced subtleties appear when bulk fluxes are probed by branes that
carry their own worldvolume flux densities: For instance, whichever quantization law is
chosen for the 4-flux G4 in the bulk X of 11D Supergravity (cf. [4, §3.1.3]), which is
already subtle ([13-15]), it must affect the quantization of the (itself rather subtle) self-
dual 3-form flux Hs on Mb-brane embeddings & <% X (cf. [3, §3]), due to the relative
Gauss law, d Hy = ®*Gy4 ([16, (36)][17, (5.75)]), that relates the two; but no real method
to address this situation had been considered until recently [18-20] (but cf. [21-23]).

Here we explore the iteration of this subtlety, namely the global completion of 11D
SuGra by flux quantization in the presence of a sequence of probe brane embeddings. We
also include an “M-string” (cf. [24, §11][25]) probing the M5-brane probe of the 11D bulk
(cf. Fig. 1):

M-string < ? . M5-brane “2> 11D bulk. (1.1)

Besides showcasing (in § 4.1) the algebro-topological technology which allows proper
flux quantization of such rich situations, we will demonstrate (in § 4.2) that, on A-type
orbi-singularities, the global completion of 11D SuGra with such sequential probe branes
naturally admits geometric engineering (cf. [26]) of anyonic topological quantum effects
recently seen in experiment (in the conclusion § 5 below).

1.2 The Wider Picture

We expand on the general issue addressed here, of global completion of higher gauge theories
by electromagnetic flux quantization. Further background exposition is given in [10, 27, 28].

Traditionally, much of fundamental theoretical physics has been and still is tacitly
considered only on a single chart of spacetime. For instance, configurations of the C-field
(“3-index photon”) in 11D supergravity are routinely identified with differential 3-forms,
(3, and configurations of the B-field (“self-dual tensor field”) on the M5-brane are routinely
identified with differential 2-forms Bs, etc. This habit is tightly connected to the ubiquitous
idea that field theories would be defined by Lagrangian densities that are wedge polynomials
in these gauge potential differential forms and their de Rham differentials.

That this is not actually the case remains well-appreciated only in the simplest example
of the A-field, namely the usual electromagnetic field whose gauge potential is locally a
1-form A;.

The Case of Electromagnetism. In this case, going back to the seminal article by
Dirac 1931 [29], it is well-known now that A; is only the local data of the electromagnetic
field, whose global completion is given by a differential-topological structure equivalently
known as a connection on a complex line bundle, or a 2-cocycle in differential integral
cohomology.

A modern way to say what this classical statement means is: In addition to the electro-
magnetic flux density Fy (locally the differential of A;), the electromagnetic field, globally



on spacetime X% involves a classifying map X ¢ 2 B2Z to the Eilenberg-MacLane space
B?7 (often denoted K (Z,2), classifying integral 2-cohomology), and the collection of local
gauge potentials A; are what exhibits an identification of the de Rham 2-cocycle Fy with
the integral 2-cocycle X in real cohomology (cf. [11, §9, Prop. 9.5]):

charge
% -5 Map(X'4, B*Z)
i ,;,x{z’\/,/’
LS
X
| O =~
LSt Ay ch (12)

flux | F
¥

Q2 (x19) — " Map(X'<, B2R).

Here the hat on A; indicates that this differential 1-form is only locally defined, namely
on an open cover X "¢ of spacetime.

As indicated in (1.2), the class [X] € H2(X"%;Z) here is the total charge which sources
the electromagnetic field, carried by the “O-branes” of electromagnetism, the magnetic
monopoles. The diagram implies that this is integrally “quantized” in that the non-torsion
part of this integral charge is reflected in the flux density F5 being an integral form, in that
its total flux through any sphere is an integer.

This global completion of the Maxwell field has crucial physical impact: It describes
not just the effect of (still hypothetical) magnetic monopoles, but also the experimentally
observed flux quanta through Abrikosov vortices (the “solitonic 1-branes” of electromag-
netism, cf. [10, §2.1]) in type II superconductors, and, last not least, the effective gauge
field of anyons in fractional quantum Hall systems, in the guise of U(1)-Chern-Simons fields
(cf. [30]). In the latter case, the flux density vanishes on-shell, F» = 0, and the field con-
tent is hence all in the global completion. Below in §§ 3 and 4 we are interested in seeing
this kind of phenomenon realized on M5-branes and M-strings.

But the point of general importance here is that this global completion of the elec-
tromagnetic field is all controlled by the choice of the classifying space B?Z, encoding
traditional Dirac charge quantization.

In fact, one could choose other classifying spaces A (cf. [10, Ex. 3.9]), which induce
other global completions of the electromagnetic field by variant flux quantization laws (and
hence imply potentially other experimental predictions): What makes the globalization
construction (1.2) work is that:

(i) The Bianchi identity dF; = 0 induces a single real 2-cohomology class, hence classi-
fied by B2R, so that we have the bottom map 7.

(ii) The “realification” (R-rationalization, cf. [11, §5]) of A coincides with B?R, so that
we have the character map ch on the right.

A key demand on the “right” choice of a flux quantization law A is global consistency of
probe branes charged under these background fluxes: For instance Dirac’s flux quantization



(1.2) was motivated and is justified by the fact (cf. [31][32, §2]) that it gives consistent
global meaning to the topological term

“exp (27 [0 ¢* A1) (1.3)

in the exponentiated action functional for an electron worldline %0 2x Ld by under-
standing it as the holonomy functional defined by the differential cocycle (1.2).

In the same vein one should ask, for instance: What flux-quantization condition on
the combined C-field (locally: Cs, Cg) in 11D SuGra and the tensor field (locally: Bs) on
an M5-brane worldvolume £5 - X110 engures that the M5’s exponentiated Hopf-WZW
action [33, (1)]

“exp (47 [i15 ($*Cs — $dBy A B*C3))", (1.4)

1s globally well-defined?
This question was only answered in [19], using the method [10, 11] that we are con-
cerned with here and briefly survey now.

The Case of Higher Gauge Fields. In fairly straightforward generalization of the
above situation of electromagnetism, we may now ask for global completion of any higher
gauge field of Maxwell type, including those with non-linear Bianchi identities, where the
flux densities are not necessarily closed but have differentials that are wedge-polynomials
in the other flux densities.

Briefly, for the higher gauge field sectors of 11D supergravity and its descendants:

(i) there is an Lo.-algebra a such that the duality-symmetric Bianchi identities equiv-
alently characterize closed (i.e., flat, Maurer-Cartan) a-valued differential forms in
QL (X1 a) (cf. [10, §2.5, 3.1]),

(ii) any choice of classifying space A whose R-rationalization L®A has Whitehead brack-
ets A ~ a provides an admissible flux-quantization (cf. [10, §3.2]),

(iii) in that there exists solid maps as follows, in generalization of (1.2), whence the
corresponding globally completed gauge field configurations are given by a “cone” of
dashed maps (cf. [10, §3.3]):

-ha
* —--mmo- A—c—l—;?% Map(X14, A)
R 2N
2 ch (1.5)

For the present purpose we do not need the full details of where such diagrams live (namely
in cohesive homotopy theory) and how exactly the objects and maps are defined (namely



via the fundamental theorem of dg-algebraic rational homotopy theory). The key point
here is just that:

Any choice of A which is admissible, [A ~ a, gives a global completion of the higher
gauge theory, in which the topological (brane) charges correspond to homotopy classes

of maps X% --> A.

If one imagines that the physics to be described is fixed (e.g.: the “M-theory” comple-
tion of 11D SuGra) then any such choice is a hypothesis about the correct global (infrared)
description.

In § 3 we go through examples of how admissible such classifying spaces A (and more
generally: classifying fibrations) are found.

1.3 From M-Theory to Math

Concretely, the duality-symmetric flux Bianchi identities of 11D SuGra are, famously as
shown on the left here (cf. [4, §3.1.3][34, Thm. 3.1]):

Gy
{G7
As indicated on the right, a standard fact (cf. [35, §1.2][11, Ex. 5.3]) in rational homotopy
theory implies (cf. [10, p. 21]) that pairs (G4, G7) satisfying these identities are equivalently
closed differential forms with coefficients in the Whitehead-bracket L..-algebra [S* of the
4-sphere.

This Loo-algebra is also known as the M-theory gauge algebra [36, (2.6)][37, (3.4)][38,

(75)][39, (86)][40, (4.9)], which is the free graded Lie algebra R, (—) on generators vz and
vg subject to one nontrivial Lie bracket relation:

dG4 =0
dGr; = %G4/\G4

} ~ Qb (x1d;154) . (1.6)

(4 ~ RL<U3,UG>/([U3,U3] = vﬁ). (1.7)

It follows with (1.5) that the set of possible global (infrared) completions of the super-
gravity C-field is:

infrared leti 4
{lonfrlalr]% sfl‘;rgr%fa‘l,??ys } ~ {homotopy types A’ (A~ (S } (1.8)

Of the infinitude of distinct possible choices, we mention three:

(i) the homotopy fiber space of the rationalized cup square on B*Z:

(=)

A = nfib(B'Z O sz B*Q). (1.9)

This choice completes the G4-flux to a differential integral 4-cocycle (a “U(1)-bundle
2-gerbe connection”, as direct higher generalization of how F» is quantized in (1.2)



(ii)

(iii)

by a U(1)-bundle connection) and essentially imposes the non-linear second Bianchi
identity (1.6) only on Gy itself, not though on its integral charge structure.

Essentially this choice is tacitly the C-field flux-quantization traditionally considered
in the literature [14, 41, 42].

Of course, with G7 remaining essentially unquantized with this choice, it cannot imply
the (Page) charge quantization of M2-branes. In any case, there are other choices
one may consider:

The 4-sphere itself:
A= 5% (1.10)

This choice, originally proposed in [43, §2.5], is the minimal choice in number of cells
(hence it is “universal” in that its charges map into the charges for all other choices).

In [15, 19, 44] it was shown that this choice implies a whole list of subtle topological
conditions that are expected in M-theory, notably it implies:

(a) [15, Prop. 3.13]: the {pi-shifted integral quantization of G4 argued in [13],
(b) [19, Thm. 4.8]: global consistency of the M5’s topological term (1.4).

Closely related to the second point is the more immediate statement that 4 = 54
quantizes not just the charge of black M5-branes but also of black M2-branes, because,

o Map(RLlo — R1’5,S4> ~ 7r4(S4) ~ 7, (1.11)

0 Map(RLlO — R1’2,54) ~ m7(84) ~ Z & Lo - '
These results support the hypothesis that (1.10) is the “right” choice of global com-
pletion for the purpose of “M-theory” and as such the choice (1.10) has been called
Hypothesis H ([15], since it implies that M-brane charges are in the nonabelian coho-
mology called co-Homotopy [45, §VII|[11, Ex. 2.7], hence “H-cohomology” analogous
to the more familiar K-theoretic “K-cohomology”).

This is the choice we will be concerned with below. But there are still other choices
of interest:

The homotopy fiber of the squared second SU(2)-Chern class:

_\u

A = nfib(BSU(2) % B'z % oz). (1.12)
Since S* ~ HP! and BSU(2) ~ HP™ (quaternionic projective spaces), one may
understand this choice as a kind of hybrid of the previous two choices (1.9) and (1.10).

Its noteworthy property is [46] that under dimensional reduction to 10D, it implies
a flux-quantization of type IIA supergravity which is a form of twisted unstable K-
theory.



The topological charges predicted by this choice are actually indistinguishable from
those predicted by Hypothesis H on spacetime compactifications of the form X110 ~
R3 x X7, since the canonical comparison map

§' — bfib(BSU(2) % B'z' 5 B) (1.13)

is a 7-equivalence [46, Thm. 2.6].

This baseline understanding of global completion of 11D supergravity by C-field flux
quantization generalizes to various kinds of further structure, notably to the presence of
probe M5-branes [18, 20] and to orbifold spacetimes [47, 48].

Outline. Our aim here is to discuss the further refinement of flux-quantization to the
situation where M5-probes of A-type singularities are themselves probed by M-strings. To
this end, we now:

(8§ 2) derive the relevant Bianchi identities in the presence of M-string probes,
(8§ 3) recall more technical detail of flux-quantization with super p-brane probes,

(§ 4) construct an admissible flux quantization for M-strings probing M5-branes probing
an 11D bulk with an A-type orbi-singularity.

2 M-String Superembedding into M5

To start with, we apply the super-embedding formalism (going back to [17, 49, 50]) to the
construction of M-string probes (cf. [25] going back to [24, §11]) of M5-brane probes of
the 11D SuGra bulk. We follow the super-embedding construction of the M5-brane itself,
as laid out in [18, 51], following [16][17, §5.2].

Superembedding Formalism. For context, we briefly review the idea of the super-
embedding construction of the M5-brane itself.

Historically (cf. [52]), the superstring was famously first found in its Ramond-Neveu-
Schwarz (RNS) formulation. While this has manifest supersymmetry on the worldsheet,
the supersymmetry of its spacetime spectrum is not manifest and came as a surprise (that
fueled the early interest in string theory). Later, the Green-Schwarz (GS) superstring model
made spacetime supersymmetry manifest, but now at the cost of losing manifest worldsheet
supersymmetry and introducing a somewhat more unwieldy “x-symmetry” constraint. The
superembedding formulation arose as a synthesis of the lessons learned from the RNS and
the GS models, originally called the doubly supersymmetric geometrical approach [53]:

Here the string worldsheet is modeled as a supermanifold, of super-dimension (1, 1|8-2),
as is the target spacetime (for type ITA, say), of super-dimension (1,9|16 & 16), and the
worldvolume fields are understood as constituting supergeometric embeddings (immersions,
really) of supermanifolds:

yLig2 ¢ 1916616 (2.1)



Remarkably, the equations of motion of the superstring then turn out to be equivalent to
the requirement that this super-embedding is “tangent space-wise 1/2-BPS” in a suitable
sense (stated in a moment, originally known as the geometrodynamical condition, then as
the basic embedding condition and eventually as the superembedding condition [17, 49],
overview in [18, Rem. 2.24]). With this, supersymmetry of the model is manifest both on
the worldsheet and on the target space, and the GS “k-symmetry” is geometrized as the
evident super-diffeomorphism invariance of the formulation [17, §4.3].

Analogous statements may be made for essentially all the super p-branes one encounters
in string/M-theory. This is particularly striking for those branes that carry higher flux
densities (“tensor fields”) on their worldvolume, such as the M5-brane with its H3 flux: Its
superembeddings are of the form

nLo28 @ x1,1032 (2.2)

and a remarkably subtle analysis of the superembedding condition, combined with the
supertorsion constraint of the 11D SuGra target, shows ([16], cf. [18, Prop. 3.18]) that the
naive form of the Bianchi identity,

dHS = &°GS (2.3)

but imposed on suitable supergeometric incarnations (—)* of the flux densities, is equivalent
to the equations of motion on Hs, including its notorious non-linear self-duality property
(cf. [18, Rem. 3.19]). Nontrivial explicit solutions of M5-superembeddings are exhibited
in [51].

Such an equivalence between (i) duality-symmetric Bianchi identities on super-flux
densities over superspace and (ii) super-gravity/brane equations of motion also holds for
11D supergravity itself ([34, Thm. 3.1]). This is noteworthy in view of the fact that these
Bianchi identities are also the input datum for the flux quantization procedure (as indicated
in § 1.2 and further discussed in § 3.3 below).

Therefore, we now begin with indicating the analogous analysis for the superembedding
of M-strings into M5-branes.

The Superembedding condition More in detail, the strong form of the superembed-
ding condition that is relevant here (cf. [18, Rem. 3.20]) says that the superembedding
must be 1/2-BPS in the following sense [18, Def. 2.19, Lem. 2.20] (for relevant background
on supergeometry see [54][34, §2]):

On the super-vector space RMMN which is the local model of superspacetime X 14N,
let
P - RI,d|N N Rl,p|n s Rl,d|N (24)

be the super-projection operator onto the local model space RMPI™ of the super p-brane,
with n = N/2 (the tangential projection on the fixed space of a p-brane involution [55,
Def. 4.4], exhibiting the local halving of the “number of supersymmetries”). Write F, for
the orthogonal super-projector (the transversal projection).



Then a super-immersion
phrln 2. x1LdN (2.5)

is said to satisfy the 1/2-BPS embedding condition [18, Def. 2.19, Lem. 2.20] iff there exists
an orthonormal super-coframe ((E“)gzo, (\I'O‘)évl) on X14N and a super-shear map

Sh € C*°(5; Hompg(P(R1N), p(R1N),)) (2.6)

(defined on the open cover 3 of the worldvolume on which its super-coframe is defined, cf.
[18, §2.1]) such that:

(i) The pullback of the tangential part of the target super-coframe is a super-coframe
(e, 1) on the brane:

& (P((E9)d_g, (0)A,)) = ()i, (¥)a,). (2.7)

(ii) The pullback of the transversal part is expanded in this coframe by the given shear
map (2.6):
(BB, (¥)),)) = Sh-@*(P((E*)L, (¥9)),))
= Sh- ("o, (V=)

(2.7)

(2.8)

and equivariantly so with the transversal Spin(d — p)-action.

Remarkably, the transverse fermionic shear in (2.8) is, when it exists, the origin of
nonvanishing worldvolume flux densities, in addition to the “embedding fields” that con-
stitute the tangential component (2.7). But the transversal equivariance condition on the
shear means, by Schur’s lemma, that it can only be non-vanishing if the Spin(d — p)-
representations P(N) and B (N) share isomorphic irrep summands (cf. [18, Rem. 2.2]).

With this background in hand, we turn to the corresponding analysis for the M-string.

2.1 The Spin Geometry

Let I', denote the 11D Clifford generators satisfying (cf. [4, §2.5], we follow [34, §2.2.1])
Lol'y +Tpl'g = +21qpids2, (2.9)

where the tangential Minkowski metric is  := diag(—1,+1,--- ,+1) and where 32 denotes
the real 32-dimensional Spin(1, 10)-irrep with its Spin(1, 10)-invariant skew-symmetric bi-
linear form denoted

(5)) : 320, 32 — R, (2.10)

with respect to which I, = —TI',. As usual, we denote the Clifford algebra basis elements
as

1
Lajoa, = 5 Z se0(0)Ca, 1y Tapgay = Tagy
o€Sym,,



and we will use that (cf. [34, Lem. 2.63])

Lo123455/6789 = ida2 , (2.11)

reflecting the N' = 1 supersymmetry in 11D.

Now, adapted to the tangent geometry of an M-string embedded into an Mb5-brane
embedded into the 11D bulk (cf. Fig. 1), we decompose the tangential basis of Clifford
generators like this:

M-string
/_/%

Mb5-brane transverse
= bulk

01 2 3 455 6 7 8 9

[y [y Ty I3 Ty I Ty Tg Ty Tg Ty € Pin™(1,10) C End,(32) (2.12)
Y Y2 V3 Y4 s € Pin"(1,5) C End,(2-8; ©2-8_)
oo 01 € Pin"(1,1) C End,(16 -1, ®16-1_).

Here the elements of the last two lines are defined by

ve for a tangential to M5
PT,P+PI,P = 2.13a
Lo ¢t {0 for a transverse to M5 ( )
o, for a tangential to M1
n - 2.13b
PYaPT P %Py {0 for a transverse to M1, ( )
with respect to the following projection operators:
P := 1(1+To2345), B := 1(1—To12345) (2.14)
p = 3(1+Tos) = P, p, = 3(1—Toiz),
satisfying
PP =P EP =0, and I'nP = BT, for a tangential to M5, (2.15)
PE =F, PE =0 I'yP = PI'y for a transverse to M5,

YaP = P7Ya for a tangential to M1,
and I'yp =pl, fora =75, (2.15Db)
Iep = p Ty for a # 5 transverse to M1,

pp =p, pp=0,
bp =D, PP 0

and
Pp=pP Pp=pP
p pL, b pLy, (2.16)
Pp =p P, Bpo=p L.
The operator P in (2.14) projects onto that half of the spinors/susy charges which survives
on the 1/2-BPS Mb5-brane, while p projects onto the further half of that which survives on
an M2-brane intersecting the M5 locally in the 01-plane and extending transversally along

the 5'-axis. This is what characterizes the intersection as an M-string (cf. [25, (2.2)]).

~10 -



Figure 1. The M-string (M1) is the transversal [
intersection of an M2-brane incident onto an Mb5-
brane. In a Darboux frame adapted to the intersec-
tion, the tangent spaces of the M5 may be taken to
extend along the 012345 axes, that of the M2 along
0125’; hence that of the M1 along 01. The configu-
ration need not be rectangular as seen in the graph-

ics, but in the superembedding Darboux coframe it

does look like this in every tangent space.

First, recall (following [18, §3.2]) the spinor representation on the M5-brane, projected
out by the operator P. We observe that P decomposes as

P = (1 +Toia345) = 3(1+ Dsrg7s9)
= 1(14+5)2(1 4 Derse) + 5(1 —T'5) 1(1 — Derso) (2.17)
Py P_

with the two summands exhibiting the irrep decomposition of the M5 spinor representation
as [18, (91)]:

P(32) ~ 2.8., P32 ~ 2-8_, 2.18
( )Spin(1,5) + i )Spin(l,s) (2.18)

where 8+ denote the two real 8-dimensional irreps of Spin(1,5). In addition, P(32) and
P (32) inherit a transversal Spin(5)-action (acting in 5’6789, being the R-symmetry group
from the M5’s worldvolume perspective). With respect to that, they are both isomorphic
to the 4 - 4 of Spin(5) [18, (98)]:

2-8 =~ P32) ~ 4.4 ~ PR

~ 32 ~ 2-8_
Spin(1,5) Spin(5) Spin(5) 1(32)

Spin(1,5)

Our task here is the analogous analysis of the induced spinor rep on the M-string.
To that end, notice that, since the group Spin(1,1) is generated by exponentiating o1, it
has two 1-dimensional spinorial irreps 1., characterized, as Clifford modules, by the two
possible eigenvalues

Yorl1y = Fida, . (2.19)
With this, we find that:

P(32 ~ 4.1 4.1_ ~ P(32 2.20
pP(32) Spin(1,1) +® Spin(1,1) p.P(32), ( )

For pP(32) this may be seen as follows:

Lot [pp(s2) o) Lo1l015T012345 [pp(32)

= ]__‘ 12
(g 0123155 lpP(32)

= T
o5y L6789 lpP(32)

(2.21)

(17 +id [,p, (32) — id |,p_(32)

- 11 -



and analogously for p P(32):

Lo1 |y p(s2) = ~To1lo15T 012345 | p(32) (2.22)

Moreover, the spinor subspaces pP(32) and p, P(32) inherit compatible representations
of Spin(4)r, operating in 2345 and of Spin(4)r operating in 6789 (cf. Fig. 2).

Figure 2. The presence of an M-string Spin(1,1) Spin(4) Spin(4)n

on an Mb-brane breaks the local Lorentz ’ Q Q

spin symmetry from Spin(1,5) x Spin(5) to | —~——">—— ——
Spin(1,1) x Spin(4) x Spin(4)x. 0123455 6789

In order to analyze this transversal group action, observe that the projectors p and p,
decompose as:

p = 3(1+To1s) = 3(1+ Ta3456780)
= 2(1+T2345) 5(1 + Tersy) — 5(1 — Ta345) 5(1 — Tgrso) (229
2.23
p. = 3(1=To15) = 3(1 — Ta34567s9)
= 2(1 —T2345) 3(1 + Terso) — 5(1 + Ta345) 5(1 — Tgrso)
respectively. Combined with (2.17) this yields:
pP = (14 Ta345) 5(1 + I'sr) 3(1 + Tgrso) + 5(1 — Tagas) 3(1 — T'sr) 3(1 — Trso) (2.24)
2.24
p P = 1(1—Toss5) 2(1+T5) (1 + Tgrso) + 5(1 + Tazas) 3(1 — Ts) 3(1 — Tgrsg) -

We see that pP(32) is Spin(4)-equivariantly isomorphic to p, P(32), for instance via
the action of I'sig, using that I'sigp P = p, P56 (2.15):

P (32 ~ P(32). 2.25
pP(32) = pP(32) (2.25)

On the other hand, the two spinor spaces are not Spin(4);, x Spin(4)g-equivariantly iso-
morphic. This is because any such isomorphism has to commute with I'93451¢789, While
(2.24) shows that this product operator acts differently on the two spaces:

pP(32) o p.P(32). (2.26)
Spin(4)r xSpin(4) g

More concretely, with
o= 3(1+Toss), 7 = 2(1—Toss),

we have

Spin(4)r, ~ Spin(3) x Spin(3)

(2.27)
exp ({23, 7La4, 7T'34) ) exp (('Ta3, 7' T4, 7'T'34)) ,

1
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whence Spin(4)-representations on which I'y345 has positive or negative eigenvalue are left-
chiral, (n, 1), or right-chiral, (1,n), respectively, as representations of Spin(3) x Spin(3).
But since the analogous statement holds also for Spin(4)g, it follows with (2.24) (using

also I's/|,p32) = To1lpp(s2) and F5/|pr(32) = —F01|plp(32)) that (for the first line, cf. [25,
(2.4))):
P(32 ~ 1, X(2,1)K(2,1) & 1_XK(1,2)K(1,2),
p ( ) Spin(1,1)xSpin(4)r, XSpin(4) g + ( ) ( ) ( ) ( ) (2 28)
p,P(32) ~ 1, X(2,1)X(1,2) @ 1-K(1,2)K(2,1). ‘

Spin(1,1)xSpin(4)r, XSpin(4)r

In particular, this confirms (2.26), which is the relevant statement for the following su-
perembedding construction.

2.2 The Iterated Embedding

Given an 11D SuGra spacetime X0 we consider a sequence of 1/2-BPS superembeddings
[18, §2.2]: first of a super M5 worldvolume into the 11D bulk, and then of a string worldsheet
into the M5. We use the following notation to describe this situation (cf. again Fig. 1):

M-string M5-brane 11D bulk
Worldvolume NB1 & PO i> X110
Super-coframe (57 X) (6, "Lﬂ) (E, \If) (229)
Spin connection w w Q
Clifford algebra o Y I.

Since our goal is the analysis of Gauss laws/Bianchi identities for flux densities on these
objects, it will be sufficient to determine the torsion constraints, which we obtain as (2.35)
and (2.38) below. However, to determine this, we first need to analyze the iterated su-
perembedding in more detail.

In (2.29), the coframes are understood to be adapted to the superembeddings ( Darbouz
coframes, cf. [18, §2.1]) in that

(2.30)

0 for a transversal to Mb.

Bret = e for a tangential to M1 oo — )¢ for atangential to M5
0 for a transversal to M1

But the supergeometric generalization of this Darboux condition allows, a priori, for an
odd component of the superembedding to involve fermionic shear operators ([16, (15)], cf.
[18, (106)]),

oy = (H1)a0"Tss, M3 = L(H3)ara0a57" 2", (2.31)
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appearing in the pullback of the ambient fermion coordinates like this:

32
—_—~
2.8, ®2 8_

fia0)
gru=r i (2.32a)
¥

2'8"!‘7

Ty

odd coframe on M5
2-84
- (4-1,®4-1.)® (4-1_©4-1,)

W’ i (2.32b)

4.1, ®4-1_.

TN

odd coframe on M1

The shear operator Hs in (2.31), which is necessarily self-dual (cf. [18, Lem. 3.8]), is the
origin of the non-linearly self-dual 3-form flux Hs on the M5 (cf. [18, Prop. 3.18, Rm.
3.19] and (3.16) below). Its square (cf. [18, (70)])

(ﬁ32)2 = (ﬁ?))aclcz(ﬁS)bClCQ (233)

will play a key role shortly (2.35).

The shear operator A, in (2.31) is superficially an analogous source of a 1-form flux
on the M-string (the factor 'y is needed to make it actually shear into the orthogonal
spin representation, by above (2.25)). We will see shortly (2.37) that #; is dynamically
constrained to vanish — and the remainder of the article, in § 3 and § 4, is concerned
with explaining how vanishing M-brane flux may still have topologically nontrivial and
noteworthy gauge potentials.

However, we want to highlight that H1 should be taken to vanish already on more
fundamental grounds: Namely, the conceptual origin of the fermionic shears (2.32) among
super-embeddings is (cf. [18, Rem. 2.22]) the possibility that half of the spinors/susy
charges which survive on the embedded brane is equivariantly isomorphic to the broken
orthogonal half, with respect to the transversal Lorentz spin symmetry.

This traditional rule of superembedding needs refinement in our case of iterated su-
perembeddings: While #; in (2.32) is Spin(4)-equivariant (2.25), as befits a string su-
perembedding into an 5-brane seen in isolation, it is not (2.26) equivariant with respect
to the actual larger transversal symmetry group Spin(4); x Spin(4)g, which takes into
account that the Mb5-brane itself is embedded into a larger bulk (cf. Fig. 2).

So if we demand, as appears reasonable, that the rule for iterated superembeddings
must be their equivariance under the full iterated transversal symmetry group, then #; in
(2.31) must vanish already on these grounds, and with it also any other shear component
Ho and 5, which could otherwise be present for an M-string embedding.

2.3 The Torsion Constraint

The dynamics of supergravity is largely controlled by torsion constraints (cf. [56]). In
11D, this constraint just says that the bosonic components of the super-torsion tensor of
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the super-spin geometry (E, ¥, Q) in (2.29) vanish (cf. [57]):
dE®* + Q% E® — (Urew) = 0. (2.34)

Indeed, the equations of motion of 11D SuGra are already equivalent ([34, Thm. 3.1]) to
this super-torsion constraint combined with the Gauss/Bianchi identity on the super-flux
densities (3.18), we come back to this remarkable phenomenon in §3.3 below.

Pulling back the 11D torsion constraint (2.34) along the super-embedding ® (2.29),
of an M5-brane probe with a fermionic shear 3 (2.32), yields (among other equations of
motion, cf. [17, §5.2]) the torsion constraint on the M5-brane [18, (116)]:

de® +wye® = M;}(@V“/ LZJ), where M = (53, - 2(ﬁ32)g/). (2.35)

In this vein, the further pullback of this M5-torsion constraint (2.35) along an M-string
super-embedding ¢ (2.29) yields the equations of motion of the M-string. Here we focus
on the following two components:

(i) Since the pullback of the Ml-transversal component of (2.35) along ¢ has no (¥?)-
terms on the left, by (2.30), specifically the pullback of the 5 component of (2.35)
gives the following condition, by (2.15a) and as in [18, (118)]: !

0 = ¢" (")
= (XB(1— i) (1+ ) PX) (2.36)
= 2<Yﬁ1V5I X) .

This means that (cf. the discussion on p. 14):

H,=0. (2.37)

(ii) With that, the pullback of the M1-tangential component of (2.35) immediately gives
the torsion constraint on the M-string:

de® + @ e’ = (¢*M)%(X o X) . (2.38)
(Here all indices are in {0, 1}, including those being summed over.)

We shall assume in the following that the 3-flux density on the M5-brane is non-critical
on the M-string, meaning that the coefficient matrix on the right of (2.38) is invertible:

det(¢*M) # 0. (2.39)

!The other transverse components with o' € {2,3,4,5,6,7,8,9} give no further constraints, since for
them the term analogous to (2.36) vanishes identically, now using the properties of p (2.15b):

6" (By"'w) = (Xp(1— #) " (1 + F1)px)
= (Yppi(l—ﬁﬁ)va/ (1+ﬁ1)X) =0.
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This is the case on an open neighborhood around Hs = 0, hence in particular in the
commonly considered small field limit in which the corresponding 3-flux H3 density (which
is a quadratic function of E[g) is approximately Hodge self-dual, constituting the famous
self-dual tensor field in the D = 6, N = (2,0) worldvolume SCFT (cf. [18, Rem. 3.19]).

Beyond (2.37) and (2.38), there are further constraints implied by the pullback of the
torsion constraint (2.35) along the M-string superembedding, and these translate to the
equations of motion of the M-string inside the M5-brane. Here, we do not further dwell
on this local dynamics but turn attention now to global topological aspects that have not
previously found the attention they deserve.

Crucially, we want to highlight that if with (2.37) we identify a 1-form flux density on
the M-string worldvolume which is on-shell vanishing,

H, € Q%x(NVY),  H =0, (2.40)

then this is only locally redundant as field content. Globally, there may be nontrivial
topological quantum observables associated with the global completion of the H; field.
This phenomenon is familiar from (abelian) Chern-Simons theory (whose flux density F
also vanishes on-shell, F, = 0), but it may remain underappreciated in the context of
M-branes.

Our next goal is to work out a topological global completion of the field content of
11D SuGra probed by M5-branes probed by M-strings, including the 1-form flux (2.40).

3 Proper Flux Quantization

Beyond local equations of motion on flux densities, the global definition of (higher) gauge
fields requires a choice of fluz/charge quantization law [10]. This is in principle well-known,
but in practice most discussions still focus on just the field content visible on a single chart
of spacetime. We highlight the rich space of choices involved in defining a theory’s field
content globally.

In the generality that we need here, which includes electric fluxes satisfying non-linear
Gauss laws, flux quantization takes place not just in Whitehead-generalized cohomology
(such as ordinary cohomology or K-theory, cf. [8]) but in nonabelian cohomology [10, 11, 58].

We now give a brief review, leading from Dirac’s original insight into charge quanti-
zation in Maxwell theory to the proper flux quantization of magnetized M5-brane probes,
which is the starting point for flux quantization on the M-string in § 4 below.

Aimed at a theoretical physics audience, the following assumes some familiarity with
basic concepts of algebraic topology, but will sacrifice mathematical fine print for ease of
readability.

3.1 Flux Quantization

The notion of flux/charge quantization goes back to Dirac’s foundational observation that,
in modern paraphrase, the ordinary magnetic Gauss law

dF2 = 0 I”“‘r’;”(‘l‘ic (31)

Gauss law
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entails that globally the electromagnetic field consists, beyond its flux density F5, also of
a map from spacetime X3 to a classifying space, like
X' s BU(L) =~ K(Z,2) 5000 (3.2)

representing a class in the ordinary cohomology H? (X 13, Z): the magnetic charge which
is sourcing the magnetic flux.

More recently it is understood that also the vacuum electric Gauss law dFy = 0 (for
Fj := %4F5) is potentially quantized, an admissible classifying space being the product
space K(Z,2) x K(Z,2).

The general rule for flux quantization is essentially the following: 2 Given a
set of (electric & magnetic) flux densities F(*) (differential forms of some degree deg(i))
satisfying Gauss/Bianchi identities

dF® = pO(FO) F@ ...) (3.3)

for graded-symmetric polynomials P(®, then the admissible classifying spaces A are those
whose real cohomology is computed by the cohomology of these differential relations when
the F( are regarded as abstract algebra generators f():

1 ker(d)

Admissible : ) -~
gh,)(},)al Z‘Tl{l?l'g(} X-—-Aif H (A) — 1m(d)

For example, the real cohomology of the higher classifying space B"U(1) (the Eilenberg-

. where df) = PO(rM) r@ ..)  (3.4)

MacLane space K(Z,n + 1)) is the graded polynomial algebra on single closed generator
fn+1, dfns1 = 0; whence this is the standard candidate classifying space for plain n-form
gauge fields:

magnetic dF,.1 =0, xld _____ > K(Z,TL+ 1) global (35)

Gauss law charge *

This gets doubled when also the electric fluxes Fa’{_n = *F), 1 are quantized:
(‘l(‘,(‘th'o/ylneh‘-’,‘ll(‘ti(‘ an+1 =0 Xl,d 77777 > K(Z7 n+ 1) ;;‘lol,);:lk] ) (36)
Gauss laws dFé,n =0 7 XK(Z, d— n) charge

For another example, the real cohomology of the classifying space KUy := U,BU(n) x Z
for K-theory is the graded polynomial algebra on closed generators fo,, d foe = 0 in all even
degrees (the Chern classes); whence this is a famously conjectured candidate classifying
space for the RR-field in type ITA supergravity (cf. [10, §4.1]):

electro/magnetic dFye = 0, Xl’d 77777 > KU global (37)

Gauss laws charge *

2The math behind (3.3) is that of minimal Sullivan models in rational homotopy theory (cf. [11, §5], as
reviewed in [10, §3.1]), closely related to the “FDAs” of the SuGra literature (cf. [59]).
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Notice how in this case the electric flux densities Fhe~5 are quantized by the same classifying
space as the magnetic flux densities Fhe<5, not splitting off via a product space as in (3.6).

So far, these examples all involve vanishing differentials, hence linear Gauss laws whose
solutions form a vector space. This is the case when the classifying space is an (infinite) loop
space like a stage in a spectrum of spaces representing a Whitehead-generalized abelian co-
homology theory like K-theory, elliptic cohomology or stable cobordism. Flux quantization
in this linear/abelian case has been discussed in [8] (cf. also [44]).

However, this is not the general case. Notably the Gauss law for the electric flux
G7 := G4 in 11D supergravity is famously quadratic, d Gy = %G4 A Gy4. This means that
the common idea that the magnetic 4-flux G4 can be quantized in K(Z,4) (and be it a
“shifted” version of that as proposed in [60], cf. [42, Prop. 3.1.1]), as in (3.5), necessarily
fails to account for any electric flux quantization as in (3.6).

But from (3.4) one sees how to fix this: We need a variant A of K(Z,4) which still
carries a cohomology class fy, but the square f7 of which vanishes in real cohomology.
This is well-known (cf. [35, §1.2][11, Ex. 5.3][10, (17,27)]) to be the case on the 4-sphere
S* C K(Z,4) which hence is a candidate classifying space for C-field charge (cf. [61,
§2][43, §2.5][59, §7)):

1
electro/magnetic d G7 - 2G4 A G4 Xl,d 77777 S 54 global (3 8)
rauss laws charge - .
Gauss laws d G4 -0 7 g

As with all flux quantizations, there are infinitely many other choices one could make
for A. For instance, with any finite group K, also A := S% x BK satisfies the condition
(3.4). But S* is in a precise sense the minimal choice of classifying space (having a single
“cell”) for 11D SuGra.

Since the nonabelian cohomology theory classified by spheres is called co-Homotopy
([45, §VII][11, Ex. 2.7], dual to the homotopy groups of maps out of spheres), the hypothesis
that this is the “correct” choice for the global completion of 11D SuGra has been called
Hypothesis H [15, 19, 44]. This hypothesis is supported by how it provably implies subtle
topological effects that are expected in the completion of 11D SuGra to “M-theory”. In
particular, the tangentially twisted version of 4-Cohomotopy (3.8) (which we disregard here
just for brevity) does imply [15, Prop. 3.13] the subtle half-integral shifting (by ip1) of
the de Rham class of G4 that had famously been argued for in [13, (1.2)].

3.2 Relative Flux Quantization

More generally, Gauss laws hold relatively. For instance, in general the ordinary electric
Gauss law for F} := xF} is of course

AdF) = Js. (3.9)

Here, the electric current density Js, which deforms the vacuum Gauss law (3.6), is spatially
1,3

compactly supported. As such, it is defined on the spatial 1-point compactification Xy,
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while the law (3.9) holds on X!3 < Xclé?t)' This way, (3.9) does not imply that the total

electric charge

Q = —e/XS s (3.10)

vanishes, and in fact we have that —Q/e € Z is the net number of electrons.

But this means that the current density J3 is classified by K(Z,3). To trivialize on
X 13 the corresponding classifying map equivalently means to lift through the path fibration
PK(Z,3) - K(Z,3) like this:

X1,3 ,,,,,,,, N PK(Z,3)
| (3.11)
X2 k(z,3).

This is hence the general relative form of electric flux quantization. Notice that the fiber
of the path fibration is a K(Z,2), so that (3.11) indeed reduces to (3.2) where @ = 0.

The general rule for relative flux quantization, in generalization of (3.4), is
essentially the following: Consider an embedding Y & X with flux densities F® on Y
satisfying

dF) — p(i’)(F(l),F@) X ACONY: 5 (CI .), (3.12)

for background fluz densities J® on X that themselves are subject to differential equations
dJ@ = P(i)(J(l), e ,J(ﬁJ)) as before for F' in (3.3). Then, given an admissible classi-
fying space B for the J-s according to the corresponding version of (3.4), the admissible
classifying fibrations A —> B are those for which the real cohomology of their total spaces
is computed by the cohomology of these differential relations when the F() and J@ are
regarded as abstract algebra generators f() and @, respectively:

;\('l.lr?fri?ihle }fq>> “jp ¢ H'(A) ’L ker(d) {df(ll) = P(Z’) (f(l), . ,j(l), . . ) (3 13)
gl()l)él‘ld‘(tll}:irg(\ T d)’ (1) _— @ (1) 52) ... ‘
Y B im(d) dj*V =P (] LI, )

For example, in generalization of (3.7), now with hs, dhs = 0 denoting the generator
of the cohomology of K(Z,3) as in (3.5), consider the real cohomology of the classifying
fibration KU /K (Z,2) — K(Z,3) for twisted K-theory. This is the hg-twisted cohomology
on even degree generators fo,, whence this qualifies as a classifying fibration for RR-flux
Fye twisted by N units of NS-flux Hj in type IIA supergravity:

X4 KUJK(Z,2
electro/magnetic d FQ.-‘,—Z - H3 A FQ. g // ( ’ ) relative
twisted J i global (314)

Gauss laws dHs =0 19 N charge
ST X s K(2,3)
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The example of interest in the following is this: To obtain the cohomology of the total
space of the quaternionic Hopf fibration (cf. Fig. 3)

S3 —— §7
' (3.15)
S4

(which is concentrated in degree 7), starting with the generators g4 and g7; which present
the cohomology of the 4-sphere in (3.8), we need to add a generator hs which removes
gq from cohomology. But this models just the Gauss law for the self-dual 3-form flux
density on probe M5-brane worldvolumes 1% <> X110 which thus has admissible flux
quantization in relative Cohomotopy-twisted Cohomotopy, as shown on the right here ([15,
§7.3][18, (20)][19, §3]):

_ F*
1 ng = G4 21,5 — 57 .
electro/magnetic relative
twisted dGr = 3G4 NGy [e | global . (3.16)
Gauss laws charge
4Gy =0, XL . g4

Figure 3. The quaternionic Hopf fibration hy and its factorization through the twistor fibration
tc is given by sending R -lines in quaternionic 2-space H? first to the C-lines which they span, and
then further to the H lines which these span, using the canonical inclusions Ry C C C H of the
positive real numbers into the complex numbers and further into the quaternions (cf. [62, §2][63,
Rem. 5.2.16]).

e 7
hy
{ ¥
S4
7 he 3 lc 1
S CP HP

l l l
(H2—{0})/Ry — (H2-{0})/C* — (H2-{0})/H*

. J

There are various further variants of the situation (3.16): For example, one may con-
sider the double dimensional reduction (via cyclification of classifying spaces, [64, §2.2]), of
these flux-quantized M5s probing 11D SuGra, to D4-branes probing type ITA 10D SuGra
(cf. [65]). Another variant is to adjoin “topological fluxes” to the system; we consider this
next.

3.3 Super Flux Quantization

Since the key to quantizing (higher) flux densities is — as we have recalled — their elec-
tro/magnetic Gauss laws, it is desirable to have a good grasp on how examples of these
come about. A profound observation here is that, when seen on superspace, the Gauss
laws imposed on super-flux densities are close to the full equations of motions.
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For an 11D super-spacetime with supertorsion-free super-vielbein (E, ¥), consider the
following super-flux lift of the ordinary flux densities (G4, G7), where (E, V) is a super-
coframe (2.29) satisfying the torsion constraint (2.34):

Gi =
Gs =

(Ga)aya B - B% + LW, ¥) BB

al a7 1(3 ai as (317)
(G7)ay-ar E™ - BT + 5!<\11Fa1,.,a5 \I’)E .

= =

The form of the Gauss law (3.8) imposed on (3.17) is equivalent to the equations of motion
of 11D supergravity ([34, Thm. 3.1]):

dGs = LG5 A G

< on-shell 11D SuGra. (3.18)
dGi =0

Similarly, with (e, ) the induced super-coframe on the M5-brane worldvolume, (2.30),
the twisted Gauss law (3.16) imposed on Hs regarded on super-space,

H; = %(H3)al@age‘“6‘126“3 +0, (3.19)

gives the (full non-linear) self-duality constraint and the equation of motion on the Hs flux
([18, Prop. 3.18]):

dH; = @*GZ} < on-shell self-dual tensor field. (3.20)

While largely classical, this superspace perspective on supergravity offers an underap-
preciated, powerful approach to non-Lagrangian theory building;:

We may define theories by imposing Gauss laws on super-fluz, followed by flux quantization.

For example, consider adjoining, in this manner, to the H3-flux on the M5 super-
worldvolume a super 2-flux of the form

F§ = %(Fg)ame‘“ea2 ) (3.21)

Now the non-degeneracy (2.39) of the torsion constraint on the M5-brane (2.35) implies
(cf. [48, p. 7]) that imposing on this super-flux the ordinary magnetic Gauss law (does not
affect the previous equations of motion but otherwise) is equivalent to F, = 0, hence:

dFy = 0} < on-shell abelian Chern-Simons. (3.22)

However, this has the remarkable consequence that we may add polynomials in a closed
super-flux Fis to the Gauss law (3.20) for the self-dual tensor flux on superspace, without
changing the local theory, notably like this:

dHj = &G — 0 F A F3

< on-shell self-dual tensor field, (3.23)
dFs =0

for any theta angle 6.
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This modified Gauss/Bianchi identity for Hs systematically implies ([66, p. 38][67,

(83)] following [34, p. 22]) that it is locally, on an open cover X - X of spacetime,
expressed in terms of gauge potential forms C3, Bo, A1 on X as

*Hy = C3+dBy + 0 CS(A1> s (324)

(where CS(A;) = A; A dA; is the Chern-Simons form, here in the abelian case). Expres-
sions of this form for the M-theory 3-form have previously been considered in [68, (2.1)][69,
(2.1.15)][42, §4.1], following [14], and earlier in [70, (3.3)].

But while the local dynamics of flux densities does not change under this addition, when
the Chern-Simons equations of motion hold (3.22), the flux-quantized global theory does

change substantially when § # 0, because the flux quantization changes, since S7 — 4
(3.16) is no longer an admissible classifying fibration.

To see how the flux quantization law gets modified for # # 0, notice that when imposed
on abstract algebra generators g4 and fo, the law in (3.23) then says that g4 represents
the same cohomology class as f2, whence the trivialization of g7 in cohomology (by g7) is
then equivalent to the trivialization of fj in cohomology. But that is the relation on the
cohomology of complex projective 3-space (cf. [35, §5.3]), which is fibered over S* via the
twistor fibration ([71, §111.1], cf. [62, p. 6]):

Yt (3.25)

Therefore this is, by (3.13), an admissible relative flux quantization law for 11D SuGra
with such “magnetized” M5-brane probes, for 8 # 0 ([48, §4] following [62], cf. [66, §2]):

dH; = "Gy — o N

xS Ccp?
twisted dFQ =0 relative
Gauss laws 1 ® tc (5411[“1}1):‘(] . (326)
dGr; = §G4/\G4 et
1,10 ___ 4
dGy =0, X . 5

To summarize: The field content on such a magnetized M5-branes is locally (on a
chart) the usual local field content, but globalized such that:

(i) the local 2-form gauge potential By of the self-dual tensor field is globally accompa-
nied by higher transition functions and coherence laws analogous to what is known
for bundle gerbe connections, but here defining a class in twisted Cohomotopy instead
of just a class in ordinary 3-cohomology;

(ii) in addition there is a flat U(1)-connection field (the “magnetization”) suitably twisted
by the 2-form field. Since its flux density F5 vanishes this does not show up in the
usual local worldvolume theory, but globally it does contribute through topological
effects (further discussed in § 4.3).

We next bring the M-string into this picture.
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4 M-String Flux Quantization

4.1 The Law

In the manner of (3.21), we may consider adjoining to the super-flux densities in the 11D
bulk (3.17) and on a M5-probe (3.19) also a super-flux on the M-string super-worldsheet
(2.29), of the form

HS = (Hp)ac® + 0 (4.1)

and subjected to the Gauss/Bianchi law
dH] = ¢"F; . (4.2)

Recall the subtle purely global/topological effect on the SuGra/brane dynamics that
is controlled by such a further Gauss law: We have already seen in (3.22) that the Bianchi
identity for F3 forces it to vanish on-shell. Therefore, the presence of F; does not affect
the on-shell dynamics at the level of flux densities, but it does crucially change the global/
topological behavior of the theory. Concretely, a flux density Fb with F5 = 0 induces a
topological gauge field of abelian Chern-Simons type.

Analogously, the above Gauss law (4.2) is, in turn, equivalent to the condition that H;
vanishes, compatible with the superembedding result (2.37) and (2.40):

0 (;) dHi — ¢"F}
oz S
‘ Vi (H “ b_a =0
y A(Hes?) < i 11)5,8 o {m =0 (43
- (Hl)a(¢*M)g/(Xcr“ X) =0 @39
= b_a
(2.38) (V(H1)a)e"e
+ (Hy)a(¢*M)% (X' x)

In particular, adjoining the Gauss law (4.2) again does not change the equations of
motion of the underlying {11D SuGra + branes}-system, at the level of field strengths.

But it does introduce topological effects. We may already see a hint of this at the level
of the local gauge potentials, for notice that gauge potential 0-form A corresponding to Hy
in (3.22) is characterized, on general grounds [67, (97)] by the law

dA = Hy — ¢" (A1), (4.4)

where A; is the Chern-Simons field from (3.24). But for H; = 0 (4.3) this becomes exactly
the defining equation [72, above (2.62)]

A\ = —¢* (A1) (4.5)

for an abelian WZW field expected to emerge as a boundary effect of our abelian Chern-
Simons field (3.22) (we expand on this in [73, §3.4], and we come back to this at the end,

§4.3).
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In summary, the H; sector on the M-string appears as the boundary sector of the
topological Chern-Simons F» sector in the bulk of the M5-brane. Both fluxes vanish on-
shell, but as such induce topological gauge potential dynamics as seen in Chern-Simons
theory with boundaries.

Indeed, adjoining H;-flux as in (4.2) with (4.3) does affect the admissible global topo-
logical completions of the field content on the sequence of brane embeddings, as follows.

Namely, with the above Gauss law (4.1) adjoined to the system of Gauss laws (3.26)
on the magnetized M5 and in the bulk, the twistor fibration (3.25) by itself is no longer
an admissible relative flux quantization law, as in (3.26). This is due to the general rule in
(3.13): An admissible classifying fibration that accounts for (4.1) needs its real cohomology
to be computed on abstract algebra generators involving, besides the previous fs, also a
further generator h; whose differential is dh; = fo. This removes the class of fo from
cohomology, contrary to the situation on CP3.

In fact, the only cohomology class that survives in this case is that of g7, which may
be understood as representing the unit cohomology class on the 7-sphere. Indeed, an
admissible relative flux quantization of (4.1) relative to the twistorial situation (3.26) is
the sequence of fibrations which is obtained by factoring the quaternionic Hopf fibration
(3.15) through the twistor fibration (3.25) (cf. Fig. 3) — this follows by [62, Lem. 2.13]:

dH, = ¢"F AR —
dH;y = &Gy — Py A Fy o fhe
S EO o CP T ()
dGr = 1G4 A Gy f‘l’ ltc -
dGy = 0, X110, g4

Let us highlight the consequences for the topological charges carried by these fields:
Recall that for ordinary Dirac charge quantization (3.2), the total magnetic charge is given
by the homotopy class of the classifying map from spacetime to BU(1):

magnetic charges € ﬂ0<Map<X1’3,BU(1))) ~ HQ(XL?’;Z). (4.7)
Generally, for A the classifying space of a flux quantization law (3.4), we have:

charges € Map(X,A). (4.8)

As we pass to relative flux quantization (3.13), the single classifying map is generalized
to a pair of maps forming a commuting square with the domain embedding ® and the
classifying fibration P. If we denote the topological space of such compatible pairs of

4For further discussion of Fig. 4 see, for the right part: [44, (97, 232)], [74, Fig. 6] for the top left part:
[74, Fig. 5], for the bottom rear part: [48], and for the bottom middle part: [48, (25)], [66, p. 13].
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Figure 4. Overview? of the system of brane embeddings, of classifying fibrations and of charge
classifying maps between these, for the M-brane on magnetized M5-branes in 11D SuGra, properly
flux-quantized according to (4.6). Solid maps are given (brane embeddings and classifying fibra-
tions) while dashed maps are dynamical data (charge sectors of fields). In particular, the bottom
square reflects cohomotopical C-field charge in the bulk, whose restriction to the orbi-singularity
X6 vanishes and (bottom right square) whose restriction to the magnetized M5-brane ¥° factors
through the twistor fibration t¢ (Fig. 3) thereby exhibiting the self-dual worldvolume charge (3.26),
whose further restriction to the M-string N (top right square) factors through the Hopf fibration
he, thereby exhibiting the topological charge on the M-string (4.6). The far right squares show the

underlying charges in K-theory.
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Y -——-- > A
Map(®,P) := f@ ip , (4.9)
X - > B

then the sets of relative charges of bulk/brane systems ® whose fluxes are classified by the
fibration P form the connected components of this relative mapping space:

relative charges € mo Map(®,P). (4.10)

"More precisely, the relative mapping space (4.9) is the fiber product of Map(X, B) with Map(Y, A)
with respect to their joint fibration over Map(Y, B) (the former by precomposition with ®, the latter by
postcomposition with P). That this topological space has the correct homotopy type follows (by the
existence of the Quillen model structure on topological spaces) from P being a (Serre-) fibration and ® a
cofibration. An analogous comment also holds for the doubly relative mapping space (4.11) below.
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In this manner, if we next have a sequence ?, 2, of brane embeddings, as in (2.29),

and a sequence —o> L of classifying fibrations for their relative flux quantization, as in
(4.6), then the connected components of the “doubly relative mapping space”

Map((¢, ®), (p,P)) := > (4.11)

are the doubly relative charges that may be carried by this system:
doubly relative charges € Map((gb, D), (p, 73)) : (4.12)

We highlight that all this is the topological incarnation of iterated relative Gauss/Bianchi
identities (3.12):

The commutativity of the squares of classifying maps in (4.11) is the topological incar-
nation of the appearance of new fluxes on brane embeddings ¢, ® whose classifying spaces
for trivial bulk charges would be the fibers of the classifying fibrations g, P, but whose
Bianchi identities are actually twisted by these bulk fluxes.

For example, when the bulk C-field charge happens to vanish, in that its classifying
map factors through the point, then the bottom square in (4.6) factors through the S?-fiber
of the twistor fibration, exhibiting the self-dual 3-flux H3 as quantized as a Hopfion charge:

777777777777777777777777

i M5 worldvolume charge ¥

30 e - S — CP3
fcp l - itc (4.13)
X110 x S4.

L vanishing C-field charge A

The commuting squares in (4.11) are the twisted generalization of this situation to
the case that the (iterated) background charge does not vanish, reflecting the worldvolume
Bianchi identities twisted by background fluxes.

The rational homotopy theory providing these relations between relative twisted Bianchi
identities and their flux quantization by such commuting squares of classifying maps is es-
tablished in [62], reviewed in [11, §12].

4.2 Orbifolding

To see the implications of this doubly relative flux quantization on M-branes (4.6), it is
expedient to first consider the situation on A-type orbifold singularities, where the setup
simplifies and can be related to more familiar topological effects (cf. §4.3).

The orbifold cohomology (cf. [63]) of global orbifold quotients that we are concerned
with here is modeled by equipping both the domain spaces and the classifying spaces

— 926 —



with continuous actions of a group GG and then constraining the classifying maps ¢ to be
G-equivariant

GO
G-orbifold charges € moMap(X, A)Y := 770{ Y oo, }, (4.14)
in that for all x € X and ¢ € G we have:
c(g-z) =g-c(x). (4.15)

An important consequence of this equivariance condition is that G-fized points
XG::{xEX‘Vg:g-$:x}CX (4.16)

must be mapped to G-fixed points:

GO
:’; ******* g (4.17)
XC - - AC

In particular, the (iterated) mapping spaces (4.11) between G-spaces become themselves
G-spaces by the evident G-conjugation action, and their G-fixed loci are the (iterated)
spaces of equivariant maps:

Qs
bk

Map((¢, (I)), (p’P»G = [CR— > jG (4.18)
b
GG

The joint homotopy classes of such equivariant maps are the (relative) orbifold charges (cf.
[47, (3)][74, Fig. 7][63]), in generalization of (4.12):

Doubly relative orbifold charges € m Map(((b, D), (p, P))G. (4.19)

4.3 A-Singularities

Specifically for A,,_1-type orbi-singularities, the equivariance group is finite cyclic

G = Z/n,
and the action on the domain space is locally a product with C2 on which [k] € Z /n acts
as follows:
G G G
&) O) ) . ,
H~ CxC : (k] - (#1,22) == (62”1]“3/"21, e_zmk/"zz). (4.20)
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As indicated, this action is in fact right H-linear with respect to the identification C? ~_ H,

being the left multiplication action with unit quaternions in the image of the inclusion
U(1) € SU(2) ~ S(H). (4.21)

Therefore we may take the G-action on the classifying fibrations (4.6) to be “of the same
form” as on spacetime, namely with G acting as in (4.20) on one of the two C? ~ H-factors:

) I )
S7 e cp3 b 54
I I I (4.22)
(C? x C? —{0})/Ry — (C%* x C% —{0})/C* — (C? x C* —{0})/H*.

() () ()

It is manifest from this definition that the corresponding fibration of fixed loci (4.17) is the

map from S3 to the point, factored through the ordinary complex Hopf fibration hc:
G hg 3G € 41\G
(5%) (CP?) (5%)
| |
g3 he g2 L’ (4.23)
[ [ [
(C? - {0})/Ry — (C2—{0})/C* —— (C2 - {0})/H*.

Consider then (as in [75, p. 5]) an M5-brane worldvolume wrapping the half-space

& O
C c 2

of the A-type spacetime singularity (4.20), with the M-string embedded transverse to the
singularity:
Nl’l = Nl’l
@ f G
V @

sP = 8 x C

A

Xb10 .= w13 « C x C x X3.
)

This configuration is evidently G-equivariantly homotopic to its G-fixed locus (4.16)
(by linearly contracting the non-compact singularity to the point, C2 ~ x). Since the
(iterated) equivariant mapping spaces (4.18) are homotopy-invariant under equivariant
homotopy equivalence, the orbifold charges (4.19) reduce, by (4.17), to plain charges (4.12)
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on the fixed locus with G-fixed coefficients (4.23), cf. [48, p. 7][12, §4]:

G
¥_G
SN ST
j@b ihc‘(\ NLL . g3
GBS > CP G o \hep (4.24)
i‘b itc »hd . 52
xL10 . - G4 <
g_} e

But this is, on the right, exactly the Hopfion-like anyonic charge structure of Fractional
Quantum (Anomalous) Hall (FQ(A)H) systems (by [76-78]), with the M-string now play-
ing the role of a gapped nodal line [63, §2.2, Fig. 2.3] on which (4.5) exhibits edge mode
excitations [72, §2.5][79, §6.1.2]; we further discuss this in [73]. This phenomenon, that
anyonic topological order may be geometrically engineered (cf. [26]) on M5-branes wrap-
ping (here: orbisingular) Seifert fibrations, was also argued (by very different, informal
Lagrangian means) in [80].

5 Conclusion

Discussions of field theories, notably in the context of supergravity with brane probes, tra-
ditionally tend to restrict attention to the local field content given by flux densities defined
on a single chart of spacetime, ignoring the global topological nature of the (higher) gauge
fields. We have recalled in §3 how global completion requires a choice of fluz quantization
given by (fibrations of) topological classifying spaces for the charges. This involves a great
freedom of choice, reflecting a rich and largely unexplored space of flux-quantized Gauss
laws/Bianchi identities. Ordinary electromagnetic Dirac charge quantization as well as
K-theory quantization of RR-flux are just two examples of a general theory.

With a general theory of flux quantization in hand, we may in particular treat more
subtle situations such as relative flux quantization where bulk fluxes are probed by branes
that carry their own worldvolume flux, a crucial step that has traditionally not found
attention. The key example here is the M5-brane with its self-dual worldvolume flux
probing the bulk of 11D supergravity with its C-field flux.

In this vein, here we went one step further and considered the situation of sequences of
iterated brane species, concretely the case where the M5-brane probing the 11D bulk is itself
probed by an M-string (M1), for which we developed relevant aspects of its superembedding
construction in §2.

This development is logically independent from the web of conjectures in the string
theory folklore: We are using the on-shell superspace formulation of supergravity with
super p-branes, and consider its systematic global completion by flux quantization; all our
statements stand rigorously on their own feet.

Concretely, in §4 we have explored one possible flux quantization law, (4.6), for M1-
probes of Mb-probes in 11D, highlighting its resemblance to previous conjectures about
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the structure of M-theory 3-forms (3.24) and its implication of previously conjectured
topological order engineered on M5-branes wrapping Seifert fibers (§4.3) — now enhanced
by the presence of gapped nodal lines represented by the M-string.

This choice crucially involves another underappreciated aspect of global field comple-
tion: Since the non-Lagrangian on-shell superspace construction of 11D SuGra and its
branes prescribes only flux densities and not their gauge potentials (which instead are
brought into existence by compatible flux quantization), there is actually the freedom
to adjoin Chern-Simons-type gauge fields, whose flux densities identically vanish on-shell
(3.22)(4.3). These are invisible to the local physics but their topological effect shows up
in the global completion of the theory. This phenomenon is implicit in previous proposals,
cf. (3.24), but remains underappreciated.

We have used this freedom in global completion to exhibit, in §4.1, a Chern-Simons-like
1-form flux H; on the M-string, which is not visible from the usual local superembedding
construction but is consistent with it. This choice is motivated by and appears rather
suggestive due to the fact (§4.3) that it implies on A-type orbisingularities, where the
Mb5-brane engineers FQAH-type topological order, that the M-string engineers the gapped
nodal lines of the system.

However, we emphasize that this is just one choice out of an infinite space of other
admissible choices. For instance, if we omitted the (on-shell vanishing) source term on the
right of (4.2) then instead of the classifying space S” in (4.6), non-trivially Hopf-fibered
over CP3, an admissible classifying space at that stage would instead be the trivial circle
bundle space CP3 x S', with less interesting topological consequences.

Hence, independent of the concrete choice of flux quantization on the M-string explored
here, our discussion highlights that some such choice is crucially to be made when passing
from the traditional local discussion of fluxes on M-branes to their globally completed
theories. Exploring this realm of globally completed brane-probed supergravity remains a
wide-open field, to which we suggest we have opened the door a little.
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