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ABSTRACT. Topological Chern phases of quantum materials, as well as brane
charges on M-theory orbifolds, have famously been argued to be classified by
(orbi) topological K-theory, or possibly by other stable and, notably, complex-
oriented cohomology theories, such as elliptic cohomology or Morava K-theory.

However, closer inspection reveals that the most fine-grained “fragile” mi-
croscopic classification in both cases is in (orbi) Cohomotopy, which is the pri-
mordial “unstable” or nonabelian generalized cohomology. Coarsening takes
the latter (fragile) to the former (stable) cohomology along nonabelian coho-
mology operations. But what then is the role of complex orientation on the
stable side?

We observe here (i) that over gapped nodal lines in the 2D Brillouin torus
and on probe M5-branes in 11D spacetime, the cohomotopical phases/charges
lift through the complex/quaternionic Hopf fibration, and (ii) that measur-
ing this fragile situation in stable cohomology means equivalently to ask for
universal complex/quaternionic orientation on stable cohomology in four/ten
dimensions!

Then we give an explicit realization of such unstable four/ten-dimensional
complex/quaternionic orientation in U(2)/Sp(2)-equivariant K-theory, using
real division-algebraic tools within a new model of twisted orbifold K-theory
in cohesive homotopy theory; and we explain this as an extraordinary character
map from orbi Cohomotopy-twisted Cohomotopy to relative orbi K-theory.

Finally, we discuss an application to the classification of 2-band crystalline
topological insulator phases sensitive to the topology in the gapping process of
their nodal line semimetal parent phase, and to the measurement of M-string
charges inside M5-brane probes.
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4 HISHAM SATI AND URS SCHREIBER

Outline:

§ 1: Bird’s eye view on the role of twisted relative nonabelian cohomology,
specifically of Cohomotopy, in classifying fragile crystalline Chern phases
and microscopic M-brane charges, and of how their measurement in abelian
cohomology theories corresponds to universal low-dimensional orientations.

§ 2: Streamlined introduction to topological groupoids/ stacks, culminating in a
general definition of (generalized nonabelian) twisted orbifold cohomology.

§ 3: Based on this, a slick construction of twisted orbi-orientifold K-theory and
of its four/ten-dimensional C/H-orientation in the KU-sector.

§ 4: Novel applications, using this machinery, to the classification of gappings
of nodal line semimetal phases to Chern topological insulators, and to the
measurement, of M-string charges on M5-brane worldvolumes.

1. OVERVIEW: CHARGES IN NONABELIAN COHOMOLOGY

1.1. Cohomology in Quantum Systems. In algebraic topology and homotopy
theory, cohomology is, quite generally, about deformation classes of structures
fibered over spaces [nLa25a; FSS23, §I; SS25¢; SS26b]. Our central perspective
is that this is ultimately encoded via classifying maps (cf. Fig. 1 below) in the
notion of homotopy (recalled in § 2.1.4), namely of continuous deformations be-
tween continuous maps f,g : X — A, making them have the same homotopy class

mo(—):

(1) X }} Y exists iff [f] = lg] € moMap(X,Y).

In physics, cohomology describes global dynamical invariants of quantum sys-
tems [nLa25w]: Strongly interacting quantum materials in their ground states may
occupy globally non-trivial configurations classified by cohomology classes of the
space occupied by the sample (or dually of its Brillouin space of crystal momenta).
Moreover, in the “geometric engineering” of such quantum systems on higher di-
mensional gravitating “branes” [nLa25k; SS25b; GSS25], older arguments suggest
that some form of generalized cohomology measures the charges of higher gauge
field fluxes sourced by such branes (cf. § 1.2 for more).

These suggestions follow up on the classical observation, going back to a famous
insight by Dirac from almost a century ago, that the totality of ordinary mag-
netic flux through surfaces is classified (in a modern parlance) by ordinary integral
cohomology [Alv85; Frall, §16.4e; SS25d, §2.1].

It was a major development (first in brane physics [nLa25f], then in topologi-
cal quantum materials [nLa25]]) to realize that more general topological charges
may plausibly be classified more accurately in “extraordinary” or “generalized”
cohomology theories (in a sense going back to Whitehead, cf. [nLa25u]), more fine-
grained than ordinary cohomology — such as notably in the famous example of
topological “K-cohomology theory” (traditionally just called topological K-theory),
cf. [nLa25v].

IMore generally (in Fig. 1), we are to consider pointed spaces — the base point of the domain
X regarded as its “point at infinity” and the base point of the coefficient space A regarded as
zero — and maps ¢ € Map*(X,.A) that preserve these base-points — thus literally implementing
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FIGURE 1. The unifying perspective on general cohomology is as ho-
motopy classes mo(—) of maps Map(—, —) into a classifying space A. '

( Ordinary ‘Whitehead-generalized Fully generalized )
cohomology stable cohomology nonabelian cohomology
n ~
H™"(X;A) ~ EM(X) ~ H(X;A) ~
n n
mo Map(X, E
mo Map(X,B"A) o Map( ’\/) ﬂ'gMap(X,\.%/l_/)
Eilenberg-MacLane stage in a any space
space spectrum of spaces
L Map(X, A) = {X --> A} )

But there are yet more fine-grained unstable generalized cohomology theories
called non-abelian cohomology ([Toc02, Def. 6.0.6; Sch09, Def. 2.3; NSS15; Lurl4,
Def. 6], cf. [FSS23, §1; SS25f, §1]), which properly capture also non-linear Gaufl
laws of flux densities [SS25d; SS24b]. In full generality, all these notions of coho-
mology are neatly understood as being about homotopy classes (1) of classifying
maps to some classifying space, see Fig. 1.

1.2. Choices of Charge Cohomology. The mathematical situation in § 1.1 high-
lights a general question (largely open) in physics theory building:

Which generalized (nonabelian) cohomology theories reflect the topological
phases/charges of a given quantum system, both microscopically as well as at
some level of coarse graining?

This is the question for the choice of flux quantization [SS25d]. Here we discuss
this question in parallel for three situations, shown in Fig. 3, which are quite distinct
at face value but turn out to be intimately related.

Traditionally, topological phases and brane charges have been conjectured to be
classified by stable generalized cohomology theories (with classifying spaces given
by stages of spectra F, cf. again Fig. 1) such as:

e ordinary cohomology (cf. [SS25d, Ex. 3.10]),

e complex K-cohomology (cf. [nLa25f; nLa25m]),

e elliptic cohomology (cf. [Seg88, §6; KS04; KS05; Sat06; ST11; Hua20;
Hua25])

e Morava K-cohomology (cf. [KKS04; SW15]).

Curiously, all of these proposed cohomology theories are compler oriented (cf.
Fig. 4) — which is remarkable in view of our first main observation in § 1.4 below.

the condition that solitonic charges vanish at infinity, c(oo) = 0 (cf. [SS25d, §2.2; SS24b, §A.2;
SS23b, Ntn. 3.3]). We disregard this extra structure here just for brevity of the exposition; the
pointed generalization of all statements is straightforward.

Similarly, another important generalization: For geometric cohomology (such as étale coho-
mology or differential cohomology) the classifying space A is generalized to a moduli stack A,
cf. [SS26b]. This is particularly relevant for refining the discussion here from topological sectors
to actual gauge field configurations (cf. [SS25d, §3.3; SS24a]), but again we disregard it here for
brevity of exposition.

2All 2-dimensional diagrams we show, here and in the following, are filled by homotopies (1),
but we display only some of these homotopies explicitly, for emphasis.
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FIGURE 2. The general notion of twisted relative non-abelian cohomol-
ogy, in evident generalization of Fig. 1, has cocycles given by squares of
maps commuting up to specified homotopy.>

On the right, the expression “(—)L_y(—)” denotes a homotopy pushout
and “(—) x(—y (=)” a homotopy pullback. The ordinary notion of rel-

ative cohomology is recovered for ¢ a cofibration and B = #, whence
X Us B ~ X/¥. But in general the homotopy pushout is richer (cf.
Fig. 6).
s N
charges
3 - >~ B Probe on brane s Brane
brane coeffs
2 =
Pl |2 g
Higp) =ml®| A [P o Z|=
Twisted relative | & 2
cohomology X A ] charges &
77777777 > Bulk in bulk Bulk
space coeffs
P P
> — B P ——

12

Hp, (X, 3A4) = mp} @ ,/9// P o 4 ? XuB P

Y DI
Relative cohomology / \_*
X oo > A X e - A
)R - B S s B
P2 Y /
H?7(SB,A) = mo ¢ K//? Po ~mp? XﬁB P
Twisted cohomology /

On the other hand, closer analysis reveals [SS26c; SS25¢]/[FSS20; GSS24a,
GSS24b)] (following [Sat18, §2.5; FSS17], reviewed in [FSS19; SS25d, §4.4]) that
the most fine-grained microscopic description of topological insulator phases and of
brane charges in D=5/D=11 supergravity is in a non-abelian cohomology theory,
namely in Cohomotopy 7™ (—) [Hu59, §VII; FSS23, Ex. 2.7],

(2) 7"(=) := mo Map(—; 5"),

specifically in 2-Cohomotopy/4-Cohomotopy, whose classifying space is the 2-sphere/
4-sphere S?/S* — and that in the presence of gapped nodal lines and of probe
L1/Mb5-branes this becomes twisted Cohomotopy relative to the brane (recalling
Fig. 2) classified by the complex/quaternionic Hopf fibration p./p, (261) — this is
shown in Fig. 5.

This “proper” flux quantization in Cohomotopy — properly reflecting the non-
linear Gauss laws of the flux densities — has the remarkable consequence that it
reflects the actual phase space structure of the (globally completed) gauge fields
[SS24a]. Moreover, when spacetime has an “M-fiber” R}, and the probe p-brane
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FIGURE 3.

We discuss here the refined cohomological description [SS25¢e]/[FSS20;

F'SS21b] of microscopic charges in 5D/11D Supergravity with probe L1/M5-branes,
minimally flux-quantized in Cohomotopy relatively twisted by the Hopf fibration
(261). We find (cf. Fig. 6) that measurement of these unstable charges in a sta-
ble cohomology theory F is equivalent to complex/quaternionic four/ten-dimensional
orientation in E — such as exists in particular on complex K-theory, £ = KU (dis-

cussed in §3).

p
Topological phases of
crystalline 2-band insulators
from gapping nodal lines

»i I
- |
S PL1
: |
D)

Brane charges on
D=5 SuGra orbifolds
with probe L1-branes

qy ydoH-D

Brane charges on
D=11 SuGra orbifolds
with probe Mb5-branes

HT
. 25 777777 3 o S7
5 oMms PHE
T
-

Xlo 77(77477777)7> 54

FIGURE 4. Notions of universal orientations of fibers of vector bundles
in a multiplicative stable cohomology theory E (cf. [SS23b, §3.8]):

Top left: A complex orientation is a choice of 2-class ¢ on CP>° which
restricts to the unit on CP' ~ §? (cf. [TKO06, §3.2; Koc96, §4.3]).

Top right: A quaternionic orientation is a choice of 4-class %p’f on
HP restricting to the unit on HP' ~ §* (cf. [TKO06, §3.9]).

Bottom row: A complex orientation over 4-dimensions is a choice of
2-class % on CP? restricting to the unit on CP'; and a quaternionic
orientation over 10-dimensions is a choice of 4-class k5§ on HP? restrict-
ing to the unit on HP* [Hop84, §1.2; SS23b, §3.8].
Note that complex orientations in 4k +2 dimensions induce quaternionic
orientations in the same dimension [SS23b, Thm. 3.99].

- N
cre HP®
ot = NG
BN N\
CP! —s2p— > E2 HP! — 542 — E*
U )
CcP? HP?
7 o 7 NG
RN A
CP! — 5218 ——> E2 HP! — 528 —> E2
- )
“wraps” it, in that
P x4
—_——— : / —
(3) ¢ Ry x xp-l X? Rl yd-l

then:
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The topological quantum observables on solitonic field configurations are com-
pletely determined from the flux quantization law. [SS24b; SS25€]

(Concretely, with the flux quantization given by its classifying space A, the
algebra of topological quantum observables is the Pontrjagin algebra of the mapping
space of a Cauchy surface of spacetime into A.)

In summary then, the microscopic flux quantization of 5D /11D supergravity with
probe L1/M5 branes that we consider corresponds to the following set of charges
in twisted relative Cohomotopy:

EO 77777 53 24 77777 S?
(4) H(df1ip.) = 704 ot . el H(Gsip) =m0 M“Fw |
X3 -2 62 X9 .t g4

Fj F;

1.3. Cohomology Operations on Charges. Cohomotopy is rich and may con-
tain more information than necessary in a given situation. A nonabelian cohomology
operation [FSS23, Def. 2.3] from n-Cohomotopy to a stable cohomology theory E,
hence a natural transform n"(—) — E™(—), may be understood as a coarse grain-
ing or extraordinary character map, which retains less but potentially more per-
tinent information. By the Yoneda lemma, such cohomology operations are given
simply by postcomposition with maps o : S™ — E™ between the corresponding
classifying spaces:
(X)) —2—— E™(X)

5) (X o 7] s [X s §7 % B,

The fundamental (but most coarse) example is the (real, for our purpose) Chern-
Dold character [nLa25¢; FSS23, §7] on Cohomotopy (seen through its stabilization),
which extracts its degree=n class in R-rational cohomology

™ (X) —— H"(X;R)
X 8] o [X e 57 L

by composing with the R-rational unit class

(6)

(7) [S” = B”R} — 1€ R~ H'(S:R).

In view of flux quantization of the Fy/Fy flux in 5D /11D supergravity, this character
map (6) witnesses how Cohomotopy indeed quantizes the total flux, in that it forces
its de Rham class to be the rational image of a Cohomotopy class (cf. [SS25d, §3]).

This notion of nonabelian cohomology operations has an evident generalization
[FSS23, Def. 3.6] to twisted relative nonabelian cohomology (Fig. 2), where a coho-
mology operation is thus given by “pasting” (38) of homotopy-commuting squares,
in our case as follows:

H(¢;p) —— E"(X4,50)
) s, g2n-1 Py g2l
¢£ f’i — ¢£ Pi A lo

Xd IR Xd IR _°. E"
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FIGURE 5. 1st row: On a Cauchy surface X*/X'" of spacetime and compatibly
of the probe brane, ¥!/%5 «— X4/X107 the relative Gauss laws of the flux densities
on probe L1/M5-branes in 5D /11D supergravity are equivalent [SS24a] to the closure
condition (cl) on differential forms Qq4r with coefficients in the real Whitehead Loo-
algebra [p. /Ip, of the C/H-Hopf fibration (cf. [FSS23, §5, §12]).

2nd row: The proper quantization of these fluxes is therefore [SS25d] in those twisted
relative nonabelian cohomology theories whose classifying fibration p has the same
[p. The minimal and hence most fine-grained choice among all these is the C/H
Hopf fibration p./p, itself. The dashed maps shown classify the charges under this
twisted relative cohomotopical flux quantization [SS25e, §4.1.2]/[F'SS20, §3.7; FSS21b;
FSS21c].

3rd row: But other admissible proper flux quantization laws exist. For instance,
the factorization ¢. (262) of the C-Hopf fibration through RP? has the same relative
real Whitehead Loo-algebra, lt. =~ [p.. Choosing this for flux quantization turns
out to classify topological classes of Bloch Hamiltonians H(_) of 2-band topological
insulators (TI) sensitive to the topology of the mass term M (_y which creates the TI
phase from a parent nodal line topological semimetal phase (NLSM) — we discuss this
in § 4.2.3.

Ay = ¢ F, | S -0l (18%)

cl
r [
¢ (1)« 4 (P«
dF, =0 } ! »

X221 (182
dFs = 1P A B iy lan (=315

H(¢L1;pC> = 7o V[Ll lpc H(¢MS§pH) = To £¢M5 lp]“

Microscopic charges Microscopic charges
of L1 in 5D SuGra X4 22 > S2 of M5 in 11D Sugra x10

H(¢nuite) = mo jNL ltc
TI Bloch Hamltn, rela-
tive to NLSM parent Td 77777777 N SQ

.

With the left-hand side of (8) understood as the set of microscopic brane charges
(Fig. 5), we may think of the character map (8) as “measuring” or coarse-graining
these to the extent reflected in the given stable E-cohomology.
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1.4. Orientations measuring Brane Charges. The first main observation we
highlight now (following [SS23b, §2.8, §3.8]) is the following, whose proof is shown
in Fig. 6:

Measuring (8) in a stable cohomology theory E the fragile charges of 2-band
insulators in the presence of nodal lines, or the microscopic brane charges in
5D/11D supergravity in the presence of probe L1/Mb5-branes (see Fig. 5), is
equivalent to having four/ten-dimensional complexr/quaternionic E-orientation
(Fig. 4).

Example 1.1. Every elliptic curve C (over any base ring) entails an elliptic coho-
mology theory E¢ (cf. [Seg88, (5.2)]), which is complex oriented (cf. [Seg88, Ex. p.
197]) and hence also quaternionic-oriented (cf. [SS23b, Prop. 3.98]). Therefore the
result of Fig. 6, in the situation (3) of an M5-brane wrapped on the M-fiber, says
that a choice of an elliptic curve and of a sub-4-manifold determines an extraordi-
nary character map from microscopic M-brane charges to the elliptic cohomology
of the bulk spacetime relative to the brane locus:

(9)

elliptic curve C

H (s EY (X9, 24).
4-manifold X* i>X9} = (¢M5’pﬁl) - C( ) )

This result is similar to the situation expected by informal arguments in [Guk+21].

Example 1.2. Consider specifically the situation of an Mb5-brane worldvolume of
the form ¥ = R12 x 83 inside 11D Minkowski spacetime R'10. Since the latter
is equivalent to the point, in this situation the microscopically quantized charges
of the 3-form field Hz on X1 are in plain 3-Cohomotopy, classified by the fiber of
the H-Hopf fibration, hence are given by some integer ¢ € Z ~ 73(S%). Measuring
this situation in a stable cohomology theory E which is complex-oriented in 10d by
some h¥ (according to Fig. 6) sees a charge H¥ of the 3-form field Hj classified by
QFE* ~ E? and being the ¢ fold multiple of the generator there:

53 231}3‘*\ QE4

2 3 ™
) R x5 = — &

7 *

Pu-l/hE/ (‘)
3

x ~ R0 FT 54 n4E E*.

This means that, in this simple situation, the coarsened charges seen in E coho-
mology still reflect the full microscopic charges on the M5 in Cohomotopy iff the
unit class [1¥] is non-torsion.
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FIGURE 6. How measuring (8) in stable cohomology F the chiral flux on L1/M5-
branes, microscopically in relative twisted Cohomotopy (Fig. 5), is equivalently a
four/ten-dimensional C/H-orientation in E-cohomology (following [SS23b, §2.8,
§3.8]):

Top row: The generator hq/hs of the Sullivan model of the C/H Hopf fibration
De /Py, relative to that of the base, exhibits a null homotopy of the pullback of the
generator f2/f4, the latter giving the unit map to the rational classifying space.
2nd row: Lifting this situation from rational cohomology to any multiplicative
stable cohomology theory E means to ask for a null homotopy A% / hE of the
pullback of the E-unit X217 /%17, Indicated in gray is how this defines a char-
acter cohomology operation (8) from p.-twisted Cohomotopy, to E-cohomology
relative to the probe L1/Mb5-brane, by forming pasting composites of homotopy
squares (38).

3rd row: Factoring through the homotopy pushout (po) exhibits (Lem. 3.43)
these null homotopies as equivalent to maps 71’ /k% from CP?/HP? to E?/E*,
whose restriction to CP' /HP" is (homotopic to) the E-unit: These are four/ten-
dimensional C/H-orientations in F-cohomology (cf. Fig. 4). We spell this out for
E = KU below in § 3.3.

4th row: By the pasting law (Prop. 2.4) and by Lem. 3.43, this statement re-
mains true when the microscopic brane flux is quantized instead in RP*/RP7
(ct. 3rd row of Fig. 5), if now the stable coefficients are taken to be the pullback
of the E-orientation to R*/RS:

g
dhy = pifs ) 8

~

o | dhs=pifs ST

0 0
dfa=0 { Z | dfi=0 v Z |
1 S? —fp— B2 1

dfs=35faAf2 dfr=35fiNfa

X s e s B2 X101, 5ty B
S8 % ST .k
w) w)
~ 7 cp2 0 ~ Py HP? 0
o N
i / ' l i / g l
S? — 5218 — E? St — 512 — E4
S8 — % ST s
v v ¥ ! po ¥
RP3 5 RPY RPT - RPS
~ (po) / >~ ‘ (po) /
tl CP? l HP?
S E S E
/ g / . N
S? — 52— E? St —s4p— p4

11
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1.5. Tangential Twisting and Orbifolding. Finally, all these considerations are
to be generalized to include tangential twisting of the charge cohomology theory by
tangential G-structure of the spacetime domain.

Concretely, the C/H-Hopf fibration p./p, is equivariant with respect to a canon-
ical Spin®(3)/Spin(5) ~ U(2)/Sp(2) action (Def. Lem. 3.42 below), so that the
microscopic brane charges may and should be [FSS20; FSS21b; SS21] twisted by
tangential U(2)/Sp(2)-structure 7 (Fig. 7). By [SS26b, Thm. 6.2.6] this implies
that the charges are in the correspondingly RO-graded equivariant cohomology in
the vicinity of orbifold singularities.

It is this tangentially twisted/equivariantized version of the construction of ori-
entations as extraordinary characters that we establish below in § 3.

FIGURE 7. Top row: With coupling to background gravity taken into account —
whose topological charges are encoded in the class of the tangent bundle T X — the
relative brane charges are to be further twisted by tangential SU(2)/Sp(2)-structure
7, hence equivalently by Spin(3)/Spin(5)-structure on spacetime. *

If we understand the homotopy quotients (—)/(—) and deloopings B(—) ~ %/(—) in
topological groupoids (stacks), then this tangentially twisted cohomology automati-
cally reduces to RO-graded equivariant cohomology in the vicinity of orbi-singularities
[SS26b, Thm. 6.2.6].

Bottom row: In this situation, the E-valued orientation character maps (Fig. 6) are
to be equivariantized accordingly. This is what we construct, for E = KU, in § 3.

[ I H ----- - S3/U(2) D HF ------ > S7/Sp(2) )
| | | |
¢ P /U(2) b Py /SP(2)
L LM
Xt T e X0 T sysp)
g \T 3 E \T 7
*l N / *l ~ /
BGL(4) «— BU(2) BGL(10) < BSp(2)
S?/U(2) */U(2) S7/Sp(2) *//Sp(2)
‘ L2 ‘ ~2F
e /U(2) rE yu(2 O//I‘J(Z) Py /SP(2) »h»f//Sp(?) 0//8‘[)(2)
b | P
S?2)U(2) — =17 yu@e)— E?JU(2)  S*)Sp(2) — =*1%sp2) — E*Y/Sp(2)
BU(2) BSp(2)

3Beware the crucial subtlety (cf. Fig. 7) that Spin(5) ~ Sp(2) as abstract Lie groups, but that
as subgroups of Spin(8) (and hence of the full Spin(1,10)) they are not equivalent — but related
by the less widely appreciated form of triality [FSS20, §2.3]:

Spin(5) ——— Sp(2)

(11) ¥ 22

Spin(8) %) Spin(8) .
ity

tria.



ORIENTATIONS OF ORBI-K-THEORY MEASURING CHARGES 13

2. TOPOLOGICAL STACKS AND ORBIFOLD COHOMOLOGY

We give a pedagogical and practical new account of a streamlined theory of
topological stacks (in § 2.1, as a faithful fragment of the smooth co-groupoids briefly
recalled in § 2.3) neatly supporting a general notion of twisted orbifold cohomology
(in Def. 2.59 below).

Here “topological stacks” (cf. [Carl2; SS25¢, §4.2]) refers to the geometric homo-
topy theory (cf. § 2.3) of groupoids (cf. [IR21] and § 2.1.5) with topological structure
(topological groupoids, cf. [Mac87, §II; SS25¢, §2.2.1]), subject to Morita equiva-
lences (discussed in § 2.1.6). This may be viewed as the first-stage enhancement
of classical general topology to include gauge transformations between points of
topological spaces: such as the isotropy group actions in orbifolds and the quantum
symmetry actions in spaces of Fredholm operators — which in fibered combination
makes for the twisted orbifold K-theory discussed in § 3.1.

For perspective, afterwards we briefly indicate (in § 2.3) how this theory of
topological stacks is a full fragment of the more encompassing cohesive homotopy
theory of smooth oco-groupoids ([SS25¢, §4.3][SS26b, §4.1], going back to [SSS12,
§3.1][Sch13]). This is in the general context of “geometric homotopy theory” (co-
topos theory [TV05; Lur09][FSS23, §1]) — see exposition for mathematical physi-
cists in [Sch25Db].

2.1. Topological Groupoids and Orbifolds. Discussion of topological stacks in
traditional literature may tend to look mysterious to the newcomer and cumber-
some to the expert. We spell out an approach (in specialization of § 2.3) which is
transparent and practically useful.

2.1.1. Topological Spaces. To set up notation, first some quick paragraphs on topo-
logical spaces in general. (Beware that from § 2.1.2 on we will be entirely concerned
only with the special case of D-topological spaces.)

For X a topological space, we write

e 1o X for its set of path-connected components,
e b X for its underlying set of points,
both regarded as discrete topological spaces, if necessary. We write:
e “x” for the singleton space (the point),
o “g” for the empty set regarded as a topological space.

The archetypical topological spaces for our purposes (cf. the next § 2.1.2) are the
Cartesian spaces R™ with their usual Euclidean topology. For a pair of topological
spaces (X,Y), an arrow X — Y denotes a continuous function between them,
called a map, for short. On every space X there is the identity map X Mox. A
homeomorphism is a map f which has an inverse map f~!, denoted f : X = Y,
hence such that f~'o f = id and fo f~' = id. A most basic but important
example for our purpose is the homeomorphy of Cartesian spaces with their own
open balls of any radius ¢ € Ryq:

R" —=— D" := {z € R"| |z] < €}

T
T — €1+‘-7J| .

(12)

A diagram of maps is always meant /understood to commute in that all composite
maps between any pair of spaces in the diagram are equal. Notably a commuting
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square is:

Y —°“ -+ B
(13) ¢l lP & poc ="bog.
x b o
The following are some universal constructions on topological spaces (cf. [Sch17b,
§1.6]) that we need:

Definition 2.1. For X Lply a pair of coincident maps, their fiber product,

or pullback (pb) of one along the other, is X X Y M X x Y, unique up to com-
B

patible homeomorphism, which makes the following bottom right square of maps

commute (13), and universally so in that it uniquely factors (shown by the dashed

map) every other completion to a commuting square:

Xxy —2 o

v plf - lfz
S X— - B.

1

Dually, for X LBy, pair of co-emanent maps, their cofiber product, or

B
pushout (po) of one along the other, is X UY M X x Y, unique up to compat-

ible homeomorphism, which makes the following top left square of maps commute
(13), and universally so in that it uniquely factors (shown by the dashed map) every
other completion to a commuting square:

J:

T Ly
5 Jo N
r Y
(15) X xUy \
-

\VJQ.

Definition 2.2. For a pair of parallel mapsT ~ h—> x , their coequalizer is X > X /T,

fa —
unique up to compatible homeomorphism, which makes the following horizontal
composites agree, and universally so in that it uniquely factors (shown by the
dashed map) every other such coequalizing completion:

T x —1— X/T.

(16) xvl /,31"/
Q-

Concretely, X/T is the quotient space by the smallest equivalence relation ~ on X
for which fi(x) ~ fao(z) for all z € X.
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Example 2.3 (cf. [BT82, p. 217; AGP02, §3.1]). For n € N a pushout (15) along
the boundary inclusion of the closed n-dimensional unit ball, S"~1 = S(R") —
D(R™) = D™, is called an n-cell attachment

S(R") —— s D(R")

(17) 1} r v
X XUu;D"

with attaching map f. A topological space that arises from & via (possibly transfi-
nite) sequences of such n-cell attachments is called a cell complex and a CW-complex
if the cell dimension n is increasing monotonically in the process.

Proposition 2.4 (Pasting law, cf. [nLa25q]). Given a “pasting” diagram of com-

muting squares, (13) l l l then:

(1) If the right square is a pullback (14) then the left square is so iff the total
rectangle is.

(i) If the left square is a pushout (15) then the right square is so iff the total
rectangle is.

2.1.2. D-Topological Spaces. The topological spaces that one actually cares about
in geometry are probeable (cf. [Sch25b]) by Cartesian spaces R™ (n € N) with their
standard Euclidean topology, in that they are D-topological (cf. [nLa25h; SS25c¢,
Ntn. 4.3.19]):

Definition 2.5. A topological space X is called D-topological (traditionally: Delta-
generated or numerically generated) if their subsets S C X are open iff their preim-
ages under all maps of the form R™ — X are open in Cartesian space.

Basic classes of examples D-topological spaces include, in increasing generality:

e topological manifolds,
e cell complexes (Ex. 2.3),
e retracts of cell complexes,

and thereby all the cofibrant spaces of algebraic topology (cf. [nLa25d]).

More generally, all pushouts (15) (and generally: colimits) of D-topological
spaces are themselves D-topological.

Moreover, the topology of topological spaces A may be refined to their induced
D-topology

(18) Xp 225 X
without changing the maps into it out of D-topological spaces:
(19) X is D-topological = {X -> A} ~ {X - Ap}.

In particular this means that for the discussion of cohomology in terms of maps
from manifolds/CW-complexes into classifying spaces (as surveyed in § 1.1) the
topology on the classifying spaces may without restriction be taken to be refined
to their D-topology.

For some pairs (X, Y) of exotic D-topological spaces, their fiber products X x g Y’
(14) may fail to be D-topological — but the D-topologization (X xg Y, (18) still
satisfies the universal property (14) among D-topological spaces, and hence is the
correct fiber product (generally: limit) in the category of D-topological spaces.
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Finally, the central property of the category of D-topological spaces is its carte-
stan closure, meaning that for (X,Y") a pair of D-topological spaces, the set

(20) Map(X,Y) = {X -> Y}

of all maps X — Y becomes a D-topological space (with the D-topologization
of the compact-open topology) such that there are natural homeomorphisms (cf.
[SS25¢, Rem. 2.0.17))

Map(Z x X,Y) —= Map(Z, Map(X, Y))

fl=-) — f(=)(=).
In summary, this says that, in this technical sense, D-topological spaces form a

convenient category of topological spaces (cf. [nLa25e; SS25¢, §1.1.1]). Therefore
we declare that:

(21)

Notation 2.6. From now on, by “topological spaces” we mean “D-topological
spaces” (Def. 2.5). In consequence, we say “topological group” (22) for “D-topological
group” and “topological groupoid” (in § 2.1.5) for “D-topological groupoid”, etc.

2.1.3. Spaces with group action.

Definition 2.7 (cf. [SS25¢, §2.1]). For G a topological group, hence a topological
space equipped with maps of the form

(22) GXG&G, * —= G,

and for X a topological space, a (left) topological G-action on X is a map

axx %X x

(g;2) = g-m,

e-r =2

(23) st Vaex {

Vg g:6G 1 (92-91) @ = g2 (g91-2).
One also says that GC X is a G-space, for short. For a pair of these, GC X and
GCY, an equivariant map f between them is
(24) f € Map(X,Y) s.t. ngé flg-z) =g f(z).

g

We denote the subspace of the mapping space (20) on the G-equivariant maps as
follows:

3 (%
(25) f = Map(X,Y)% C Map(X,Y).
X --=-5 >Y
Here for GCX a G-space, the notation
(26) X% .= {v € X|Vyegg-z =2} C X

indicates the G-fized subspace.
For example, the plain mapping space between G-spaces becomes itself a G-space
by the conjugation action

G x Map(X,Y) —— Map(X,Y)
(0./(=)  — gt flg--)
and its G-fixed points (26) are precisely the G-equivariant maps (25).

(27)
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The most basic examples of G-spaces are the coset spaces for subgroups H C G,
(28) G/H :={g-H|g € G}
equipped with their inherited G-action:

GxG/H —— G/H

29
(29) (9,9-H) — ¢ -g-H.

We come back to this in (78) below.

2.1.4. Homotopy. A homotopy (cf. [FF16, §3]) between a pair of parallel maps
f,9 : X — Y is a continuous deformation between them,

/‘f‘\
(30) X yn Y : [0,1] — Map(X,Y),
~_ ¥

namely a continuous path between the corresponding points (]?, g) in the mapping
space (20), hence a map 7 fitting into this commuting diagram of maps:

{0} _
(id70)£ \ f \
(31) X x[0,1] --=-n----- Y < [0,1] --—-- 7----> Map(X,Y).

21 [07 1]
(id,l)AL / . t /

X {1} '

When the spaces are equipped with G-action (23), then an equivariant homotopy
between equivariant maps (24) is a homotopy (31) running inside the equivariant
mapping space (25):

o
Fo—

(32) [0,1] -7 ---> Map(X,Y)¥ & Map(X,Y).
L —
{1} !

A map is a homotopy equivalence, to be denoted

(33) fiX Y

hmtpy
if there exists a reverse map f : ¥ — X and homotopies (30) of this form:

Y

A N A
(34) /f | f\u/f
X id— X .

id—— Y
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The vertical composition of a composable pair of homotopies (30) is the evident
concatenation of these paths of maps

/N | (H)H{m(x,s) if s € [0,1]

na(z,s) ifs € [%,1],

N

g —Y
|| 2

while horizontal composition of homotopies by maps is the evident actual compo-

sition of component maps:

(35)

— I
(36) X s x \H,n/r Y "Y' : (2,8) = ron(—,s)ol(x).
\g

Combining this, one obtains horizontal composition of homotopies themselves, as

(37) /\/_\ — /Q/—\
N A N AN

(or the other way around, which is different but higher-order homotopic), such as
in the important special case of pasting composites of “square” homotopies:

_— S
%
Py p Py
/,/// ///// Wi s

38 2 P = ” 2
(38) % ~ %

% I N

_—

The higher homotopy theory of such 2- and higher-dimensional diagrams of maps
and homotopies is usefully captured by model category structure on topological
spaces (cf. [nLa25d], for review in our context see [FSS23, §1]). Here we pro-
ceed with making explicit only the most minimum amount of technology necessary
at this point.

2.1.5. Topological Groupoids. A groupoid (cf. [Wei96; Sch17b, §2.1; TR21; Sch25b,
p. 6]) is a “set with gauge transformations” between its elements. For example, the
phase space of a gauge theory is a groupoid, whose “objects” are the gauge field
configurations and whose “morphisms” are the actual gauge transformations be-
tween them. This example is actually a Lie groupoid, hence with smooth structure
on its sets of objects and morphism (in physics this is best known for infinitesi-
mal gauge transformations only, which gives the underlying Lie algebroid whose
Chevalley-Eilenberg algebra is known as the BRST complez, cf. [Sch17a, §10].)

For the time being, we disregard smooth structure (we turn to this instead in
§ 2.3) and consider groupoids in the broad generality where they are equipped
with any topological structure (which here means: any D-topological structure, by
Ntn. 2.6, whence the following is about D-topological groupoids):

Definition 2.8. A topological groupoid X (cf. [Mac87, §I1.1; SS25¢, Ntn. 2.2.1])
is a topological space Mor(X') of “morphisms” and a subspace Obj(X) of “objects”
(identity morphisms) — equipped with continuous maps of this form:

",
Mor(X) ijJ Obj(X),

(39) Mor(X) ,x, Mor(x) 22224
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such that

(i) soe = toe = id, which means that the morphisms form a reflexive graph
over the subspace of objects,

(ii) the composition operation (—)o(—) — of a morphism f whose target object
t(f) coincides with the source object s(g) of another morphism g — is
associative, and unital with respect to the identity morphisms e, on objects
x, and has inverse morphisms given by 1.

For notational transparency, when identities and inverses are understood, it is
often useful to denote topological groupoids by the set of generic pairs of composable
morphisms and their composites, like this:

Y
(40) X = { ygof\g 5

r —>

z,y,z € Obj
f,g € Mor '

Given a topological groupoid X we say:

(i) The coequalizer (16) of the source and taget map is its space of isomorphism
classes:

(41) [Xlo == Obj(X) /(1)
(i) The fiber of the combined source/target map

(42) Mor(&) 2% Obj(x)?
over a single object z := (x,2) € Obj(X)? is the isotropy group (or auto-
morphism group or stabilizer group) of x

(43) X, = { " ‘ g€ Mor(X)} ,

with topological group structure (22) inherited from the restriction of the
topological groupoid structure.

Remark 2.9. There are several natural variants and generalizations of the topological
groupoids of Def. 2.8:

(i) A Lie groupoid (cf. [Mac87; MMO3]) is a topological groupoid whose spaces
of objects and morphisms are equipped with the structure of smooth mani-
folds, whose structure maps are smooth maps, and whose source and target
maps are submersions, so that their fiber product (of composable mor-
phisms) also inherits the structure of a smooth manifold.

Most of the following examples and discussion apply to Lie groupoids
just as well. Exceptions are mapping objects, starting with Ex. 2.17, which
may be “too large” to be smooth manifolds (nor even Fréchet manifolds,
for that matter).

(ii) More generally, one may consider diffeological groupoids, whose morphism
space is equipped with the structure of a diffeological space (cf. [Igl13;
SS25¢, Ntn. 4.3.15; nLa25i]) and whose structure maps are smooth maps
with respect to that diffeological structure. This class faitfully subsumes
both D-topological groupoids and Lie groupoids and is closed under all
operations discussed here.
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(iii) Fully generally, as far as groupoids in differential topology are concerned,
one may counsider smooth groupoids [Sch13, Def. 1.2.252; Eggl4d], whose
space of morphisms is equipped with the structure of a smooth set [Sch13,
Def. 1.2.16, 1.3.58; GS25; Sch25b; SS25¢, Ntn. 4.3.15; IM25] and whose
structure maps are smooth with respect to that. This class faithfully sub-
sumes all of the above but contains also “non-concrete” groupoids, like the
moduli stacks of BT 'conn of I-principal bundles with connection ([Schl3,
Prop. 1.2.107; FSS15; BSS18, Ex. 2.11], in variation of the plain moduli
stack BI" discussed below in Exs. 2.12 and 2.33 and Thm. 2.13).

(iv) From this point on it is natural to generalize, finally, to higher smooth
groupoids, namely to smooth co-groupoids [Sch13, §4.4; SS25¢, §4.3; SS26b],
which is what we indicate in § 2.3.

For the remainder of this section on topological groupoids we disregard all this

further generality just for pedagogy of the exposition. The inclined reader is invited
to make the evident substitutions.

Example 2.10. Given a topological space X, it may be regarded as a topological
groupoid whose only morphisms are identities:

) id
(44) (XLX«idl X> = {z|z € X},
id

and we denote this groupoid still by “X”.

Example 2.11. The interval groupoid I has two objects, Obj = {0,1}, and a
single morphism and its inverse between these (hence, with the identity morphisms,
a total of four morphisms):

(15) I= o)

Example 2.12 (cf. [SS25¢, Ex. 2.2.6]). For T' a topological group, its delooping
groupoid is the topological groupoid with a single object, I' worth of morphisms,
composition given by the group operation (=) - (=) : I' x I' — T" and inversion
given by group inverses (—)~! : I' — T, hence:

(-
)
(46) BG = (rxrﬂ r —e— *> - / \12 v €T

72 71

When regarded as a topological stack, below in § 2.1.6, this simple delooping
groupoid is (a representation of ) the moduli stack of principal T'-bundles (cf. Thm. 2.13
and Ex. 2.33), in fact of equivariant principal T'-bundles (cf. Ex. 2.37).

Example 2.13. For X a topological space I" a topological group (22), the groupoid
(47) IPrnBdl(X) = / \
p—"" o p

has as objects the (discrete set of) I-principal bundles P over X (cf. [Hus94, §4.3;
RS17, §1.1; Nak18, §9; SS25¢, Ntn. 2.0.25]) and as morphisms their I'-equivariant
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bundle homomorphisms,

(48) p—" P

hence the gauge transformations if we think of these bundles as charge sectors of
gauge fields.
Over the point, this reduces to the delooping groupoid from Ex. 2.12:

(49) I'PrnBdl(x) = BI.

Example 2.14 (cf. [SS25¢, Ex. 2.2.6]). Given an action GCX (Def. 2.7), its action
groupoid (or homotopy quotient) is:

(9.2) =
(92,91,%) = (g2-91,x)

G\\Xﬁ GxGxX GxX <(ez)me— X
(g:%) — gz
(50) ’
gi- z e X
g1 92
= \
SC/192—.91>92'91'£C 91,92 € G

For an action GC* on the point, the corresponding action groupoid (50) is the
delooping groupoid (46):

(51) G\\*:BGz{(il‘geG}.

Example 2.15. Given a topological groupoid X, its underlying topologically dis-
crete groupoid bX’ has the same objects, morphisms and structure maps as X, but
for the discrete topology:

t

G T
(52)  bX = (bMor(X) X, bMor(X) —> bMor(X) Z{ bObj(X)).

Example 2.16. Given a topological space X, its fundamental groupoid, [1 X, is the
topological groupoid with objects the discrete set of points of X, and morphisms the
homotopy classes of continuous paths between fixed endpoints, with composition
by concatenation (—) % (—) of paths:

Y L’/YJ N
m)(MaP([O,l],X)I> (CORED)) y L
(63)  I1 LD, g (Map((0.,1], X)) < fers o X
wé%i o (Map([o,l],X) ) z,y€X T
’ THY =Y

where

Map([0, 1], X)? ——— Map([0,1], X)
(54) l B l(evo,evl)
* (z,y) X x X
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is the space of paths with endpoints (z, y). Hence in the notation (40) a fundamental
groupoid looks like this:

A\ Yy /-
Y ¥/
(55) WX =9 LN
T Ty
X z

The isomorphism classes (41) of a fundamental groupoid are the connected com-
ponents of the topological space

(56) iX], = mX.

Example 2.17. For X' a topological groupoid (39) and U a space, then forming
mapping spaces (20) from U into the component spaces of X,

Map (U, Mor (X)) , x, Map (U, Mor(X))

(57)  Map(U, X) := lo* . )
Map (U, Mor(X)) <e-— Map(U, Obj(X))

Ly

gives a topological groupoid which may be thought of as the groupoid of U-
parameterized objects of X.

If here U = R™ is a Cartesian space (12), we also call Map(R™, X') the space of
n-dimensional plots of X. Consider the quotient spaces

(58) Map(G", —) := Map(R",—)/ ~p

(where “G” is for “germ”, which is not an actual topological space itself, but defined
via the above formula) by the equivalence relation ~,, which identifies a pair of maps
¢,¢" : R" — (—) if they agree on any open ball D” (12) around the origin:

(59) ¢ ~n (,ZS/ = El € € R>0, (b]DJ;L = QS/

This construction extends to topological groupoids X" as in (57) to yield what we
may call the groupoid of stalks of n-dimensional plots of X:

n .
]D)E

Map(G™, Mor(X)) , x, Map(G", Mor(X))

(60) Map(G",X) := lo* s
Map(G”,Mor(X)) z Map(G",Obj(X))

ta

Definition 2.18. Given a pair (X, ) of topological groupoids (Def. 2.8), a contin-

uous functor (or topological functor) X £ Y between them is a map Mor(X) EiN

Mor(Y) which homomorphically respect all the structure (39):

X—F>y

Fo(z) R

(.T
f = F(f) =
(61) &l ! &
gy Fo(y) o
>
ng )
z

&
Fo(Z) <J
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(Here Fy : Obj(X) — Obj(Y) is the restriction of F' to identity morphisms iden-
tified with objects.)

Definition 2.19. A continuous (“natural”) transformation between parallel con-
tinuous functors (Def. 2.18) is a map

/Fl\
62 X : Obj(X) — M
(62) b 2y onw or(¥)

whose values make these diagrams commute:

T Fi(z4) SN Fy(xy)
(63) v fl LRG| B
xro Fl(XQ) M FQ(QSQ) .

The wertical composition of composable such transformations is by composition of
their component morphisms:

F
g m(x) (=)
PR—Y =z +— F(z) — Fy(z) —> F3(3),

N

(64) X

while the horizontal composition with functors is

ATy
(65) XL X ﬂn}r y_EL.y o R(n(Lo(:c’))).
Fs

Example 2.20. There is a close relation between homotopies between topological
spaces (30) and transformations between topological groupoids (62). Concretely,
any homotopy between topological spaces gives a transformation between their
fundamental groupoids (Ex. 2.16).

Example 2.21. Between delooping groupoids (Ex. 2.12), continuous functors (Def.
2.18) are continuous group homomorphisms, hence continuous linear representa-
tions if the second group is linear:

(66) {BG _Be, BU(H)} ~ {p c Rep(G,’H)}.

Transformations (Def. 2.19) between these are intertwiners of representations.

Definition 2.22. For a pair of topological groupoids X, Y (Def. 2.8), their functor
groupoid, Func(X,)), is the topological groupoid whose objects are the continuous
functors X — Y (Def. 2.18), topologized as a subspace of Map(Mor(X), Mor(Y))
(20), and whose morphisms are the continuous transformations (62), topologized as
the product space of that with Map (Obj (X), Mor(y)). Composition and inversion
of transformations is given by composition of inversion of their component functions
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(63). Hence in the notation (40):

y
2 ’71 ‘
(67) Func(X,Y) = Q\jq\\»n

2.1.6. Topological Stacks. If we think — as we may and should — of topological
groupoids as topologized “sets with gauge transformations between their elements”,
then some of them ought to be “the same up to gauge fixing” and yet no invertibe
continuous functors exist between them (Fig. 8 illustrates a simple example, a
special case of Ex. 2.28 below).

FIGURE 8. Indicated on the left is a topological groupoid whose space
of objects is the disjoint union of two intervals, but whose morphisms
uniquely connect — and thereby uniquely identify — a subinterval of
points in either component (a Cech groupoid, cf. Ex. 2.28). Indicated
on the right is the topological groupoid whose space of objects is the
result of gluing these two interval along this subinterval, and which has
no non-identity morphisms. The evident topological functor from the
left to the right is an equivalence of topological groupoids (Def. 2.23)
but no continuous functor can serve as its inverse.

Wi

X

This means that topological functors by themselves are too rigid as a notion of
“maps” between topological groupoids, and that the actual maps (Def. 2.24 below)
must subsume inverses to those topological functors that ought to be equivalences
of topological groupoids:

Definition 2.23. A topological functor (Def. 2.18) is an equivalence, denoted
(68) F:x =Y,
if for all n € N the induced functor on stalks of n-dimensional plots (60),
(69) F, : bMap(G”,X) —_— bMap(G",X),
is:
(i) surjective on isomorphism classes (41) of objects (“essentially surjective”):

(70) v i [Map(G",X)], ——— [Map(G", V)],

neN

(ii) bijective on morphisms between pairs of objects (“fully faithful”):

F.(y)
F.(x)’

n y Fx n
(71) nZ/N Oﬁ%i) : Mor(bMap(G 7.X))x —_— Mor(bMap(G ,y))
j
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where
(72) Mor (=) = * ,x; Mor(—) ;x, *.
denotes the subspace of morphisms between a given pair of objects.

Definition 2.24. A (Morita) map between topological groupoids (as opposed to
a plain continuous functor, Def. 2.18) is a span of continuous functors (Def. 2.18),
with the left one an equivalence (Def. 2.23):

(73) X< x -y

In particular, a (Morita) equivalence between topological groupoids is a span of
continuous functors which are equivalences

(74) X <X =y,

When considered up to (Morita) equivalence, topological groupoids are also referred
to as topological stacks (which is terrible terminology, but completely standard),cf.
§2.3.

Remark 2.25. Equivalent topological groupoids (Def. 2.24) have homeomorphic
spaces [—]o of isomorphism classes (41):

(75) X—y = [Xo— D

Example 2.26. If a continuous functor F' : X — Y is a homotopy equivalence
(better terminology would be “transformation equivalence”, cf. Thm. 2.20 and (34))

in that there exists a reverse continuous functor F' : ) — X and continuous trans-
formations (Def. 2.19) of this form:
Yy id— Y
A AN A
76 F F F
(76) bt
X id— X

then it is an equivalence in the sense of Def. 2.23.

Proof. After passage to n-dimensional stalks of plots (60), this reduces to the basic
statement of category theory that essentially surjective and fully faithful functors

are equivalences (cf. [Mac98, p. 93]). O
Example 2.27. For H < G a topological subgroup (22), consider the coset space
(28)

(77) G/H = {g-H|g € G},

with its canonical left G-action (29). Then the corresponding homotopy quotient
(50) is equivalent (Def. 2.23) to the delooping of H (Ex. 2.12):

BH —~>G\G/H
° e-H
™ ) =[]

e-H
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FIGURE 9. Top row: The Cech groupoid (Ex. 2.28) of a (good,
Def. 2.30) open cover of the open disk ]D%_H. The space of objects is
shown in light gray, the space of non-identity morphisms is shown in
dark gray (« denotes an angular coordinate function).

Bottom row: The original disk, as a groupoid with only identity mor-
phisms (Ex. 2.10), receiving the canonical projection functor (82) from
the Cech groupoid.

A key class of examples of equivalences of topological groupoids (Def. 2.23) which
are not homotopy equivalences (Ex. 2.26) are projections out of Cech groupoids (cf.
Fig. 8 and Lem. 2.29):

Example 2.28 (Cech groupoids). For a topological manifold X equipped with an
open cover

Lg (Li)iei
(79) u:={U Sper” X}iel, |7|Ui — = X,

then the corresponding Cech groupoid (cf. Fig. 9) is the topological groupoid (39)
given by

(,4,5)—(x,5,1)
(z,4,§) = (2,9

l_lUij < (z,i,)) = (@) — | JU; |,
i '

2

(80) Xu — I_I Uijk (z,i,5,k) — (2,i,k)
1,5,k

(,3,5) = (2,5)

where we abbreviate U;; := U; NU; and Usj, = U; NU; N Uy, and where (z,1)
denotes a point z € X but regarded as the corresponding point of U;, etc. Hence
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in the notation (40), a Cech groupoid looks like this:

1)) (@.J) (2,

(81) K = S

This comes with a continuous functor (Def. 2.18) to the original space (regarded as
a groupoid per Ex. 2.10); which is (see Lem. 2.29) an equivalence (Def. 2.23):

Xy —— X

(82) (z,1) x
Vein — |

(@, 4) .

To appreciate the relevance of this fact, consider a topological group I" and ob-
serve that there is a unique continuous functor X — BI to its delooping groupoid
(Ex. 2.12), and that unique functor is trivial (constant). But, due to the equivalence
(82), maps of this form, in the sense of Def. 2.24, subsume the continuous functors
out of the Cech groupoid (80) of any open cover, and these are identified with
the cocycles, relative to U, of nonabelian Cech cohomology H*(X;T') (for which cf.
[Wed16, §7; Alv85, §4]):

X ~ Xy 7 BT

1
J§

while their transformations (Def. 2.19) are identified with Cech coboundaries:

xr
< r lxz] — vij ()
x 3 (])

i L l(m,jyk) = Vik ()
(z,k)

.<;.<;.

u h BG
\g/ /
(84) (m, Z) — e —hi(zx)— @
@i l%‘j(r) lw;jm
(3373) — e — s e.

hy (@)

Below, we generalize this example further as Ex. 2.34. But first we make explicit
the argument we just used, since it is an instructive illustration of the general
machinery at play here:

Lemma 2.29. The above continuous functor (82) is indeed an equivalence of topo-
logical groupoids (Def. 2.23).

Proof. First to see that the functor is essentially surjective (70) on n-dimensional
stalks: For x : R® — X a continuous map (a plot), the open cover property of U
(79) implies that there exists ¢ € I and an open neighborhood U, C X of x(0)
such that U, C U;. Therefore the preimage x~1(U,) is an open neighborhood of
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0 in R”, and by the Euclidean topology on R™ this contains an open ball D} C
x~}(U,) around 0, such that x| pr factors through U;. Precomposed with any map
R"™ = D" which is the identity on a smaller open ball D7, C D¢, this is a plot
(x,1) of objects of the Cech groupoid whose germ maps to the germ of the given x.

Then to see that the functor is fully faithful (71) on n-dimensional stalks: Given
a pair of plots of the Cech groupoid, x; : R” — U, and x; : R" — Uy, there are
two cases: regarded as maps to X their germs either coincide — in which case there
is a unique morphism between them in X regarded as a groupoid (Ex. 2.10), namely
the identity — or their germs do not coincide, in which case the set of morphisms
between them in X is empty. We need to see that the same two cases hold for
morphisms between the germs of these plots regarded in the Cech groupoid. In the
second case this is immediate from the definition, while in the first case it follows
from the open cover property that the germs of x; and x; both factor through
U;NU;, which constitutes the required unique morphism between them in the Cech
groupoid. O

2.1.7. Mapping Stacks and Nonabelian Cohomology.

Definition 2.30 (Good open cover). An open cover {U; LN X}iel (79) of an

open
n-dimensional manifold is good if all finite intersections of its patches are either
empty or homeomorphic to R™:

< or
(85) vk€N21 v% EINS B Uil n---N Ulk = { R"™ .
We say that this is differentially good if these homeomorphisms (85) exist even as
diffeomorphisms.

For general topological manifolds the existence of good open covers is not known,
but we have:

Lemma 2.31 (cf. [BT82, Thm. 5.1; FSS12, Prop. A.1]). Every smooth manifold
admits a differentiably good open cover (Def. 2.30).

It turns out (in § 2.3) that the Cech groupoids (Ex. 2.28) of good open covers
(Def. 2.30) are “fine enough” (technical term: cofibrant) to represent all maps out
of topological manifolds into delooping groupoids (Ex. 2.12). Therefore:

Definition 2.32. Let X be a topological manifold which admits a good open
cover U (Def. 2.30, such as any smooth manifold does, by Lem. 2.31), and let T be
a topological group, then the mapping stack * from X to the delooping groupoid
BT (46) is, up to equivalence, the functor groupoid Func(—, —) (Def. 2.22) into BT"
out of the Cech groupoid Xy, (Ex. 2.28) of the good open cover U:

Map(X, BF) = Func(Xu, BF)

= {X - BF}7

where in the second line we are showing a more suggestive notation which highlights
again that this is to be thought of as maps out of X itself, in the sense of Def. 2.24.

(86)

4n the literature, the mapping stack (86) may also be called the derived internal hom, or
similar. We are tacitly using here that Xj; is cofibrant ([SS25c, Ex. 4.3.42]) and that BT is
fibrant ([SS25¢, Lem 4.3.30]) in the local projective model structure of simplicial presheaves over
the site of Cartesian spaces. This is is discussed in § 2.3 below.
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The underlying topologically discrete groupoid (52) we denote by a boldface
H(fv *):

(87) H(X,BT) := b Map(X,BT),

since this is (cf. [Jar09]) the cocycle groupoid (objects are Cech cocycles, morphisms
are coboundaries) whose isomorphism classes (41) are the nonabelian cohomology
sets H(—,—), as discussed in Ex. 2.33.

Example 2.33 (Ordinary nonabelian cohomology). We have seen in Ex. 2.28 (83)
and (84) that (86) is the groupoid whose objects are 1-cocycles and whose mor-
phisms are coboundaries in nonabelian Cech cohomology H L(X;T), relative to the
cover U (for which cf. [Wed16, §7; Alv85, §4]). In general, for these sets of co-
cycles modulo coboundaries to give the full cohomology set H*(X;T') one has to
take their colimit over cover refinements. But in the presence of a good open cover
it is sufficient to evaluate there! (For the case of abelian groups I' this is [Bre97,
§4.18], in general it follows immediately from the cofibrancy of the Cech groupoid.)
Therefore we have:

(88) H'(X;T) ~ [H(X,BI')], = [bMap(X,BI')], .

In words: The isomorphism classes of the mapping stack from a space X to BT
is identified with the nonabelian 1-cohomology of X with coefficients in I', and in
components this identification incarnates as Cech cohomology.

These classes are equivalently the isomorphism classes of I'-principal bundles
over X. In fact, before passing to isomorphism classes,

(89) I'PrnBdl(X) ~ H(X,BI)

is equivalent (cf. Ex. 2.45 and [SS25¢, §5.1.2]) to the groupoid of I'-principal bundles
(Thm. 2.13).

This means that the delooping groupoid BI serves not just as a coefficient object
for nonabelian cohomology, in (88), but as the moduli stack of T'-principal bundles
(cf. [NSS15; FSS15; SS25¢]).

On the other hand, there is also the classifying space of T' ([Mil67], cf. [SS25¢,

Prop. 3.3.4]), the “bar construction” or “topological realization” | — | of BI' (cf.
[SS25¢, Ntn. 2.2.28]), traditionally denoted:
(90) BT := |BI.

Over paracompact topological spaces X (such as manifolds and CW complexes,
Ex. 2.3) we have that homotopy classes of maps into BG coincide with transforma-
tion classes of maps into BG and hence give the same nonabelian cohomology (cf.
[RS17, Thm. 3.5.1; SS25¢, Thm. 5.1.13)):

(91) mMap(X, BG) z [JMap(X, BG)|, ~ [PMap(X,BG)], 5 HY(X,G).
56 88
To note here the two kind of classifying objects that appear:
e BT is a topological groupoid with trivial space of objects,
e BT is, as a topological space, a topological groupoid with only identity
morphisms.

Hence, general topological groupoids, regarded as classifying objects for cohomol-
ogy, unify these two extremes. We will see this in action from § 2.1.8 on.
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FIGURE 10. In equivariant generalization of Fig. 9:

Top row: The equivariant Cech groupoid (Ex. 2.34) of a (good,
Def. 2.30) equivariant open cover of the open disk ]]])%4_5 equipped with
rigid Zs-rotation action. The space of objects is shown in light gray, the
space of non-identity morphisms is shown in darker shades of gray.
Bottom row: The Zs-action groupoid (50) of the disk, receiving the
canonical projection functor (95) from the equivariant Cech groupoid.

|

In equivariant generalization of Ex. 2.28, we have:

Example 2.34 (Equivariant Cech groupoids). For GCX a topological group action
(Def. 2.7), consider an open cover U = {U; <> X }z ¢; (79) which is equivariant

in that the disjoint union of its patches is equipped with an action G¢ Ll; Ui, and
compatibly so in that the covering map is equivariant (24):

!
(92) LUy —» X

%
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then the corresponding equivariant Cech groupoid is

(91 -, g1 ‘j)((

) L2,
N, 9 2915
(93) (G\X)y = M M%) ’

(,1) (2.0, 92:91) (92-91-%, 9291 k)

where the general morphisms may usefully be thought of as composites of pure
Cech morphisms and pure gauge morphisms, in either order:

(@) (z,7) %

0 (@) = (@iire) —————— (g2, 9-J).-

W

G0
(g-2.g-i) oo™

In equivariant generalization of (82), the canonical functor from the equivariant

Cech groupoid to the original action groupoid is an equivalence (Def. 2.23, cf.
[SS25¢, Ex. 4.3.45])

(G\X)y ——=— G\X
(x,1) x
(95) y(2,3,3),9) — gl

((g-2,9-7)) g-x,
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so that, in generalization of (83), a Morita map now is a cocycle in nonabelian
equivariant Cech cohomology (cf. [SS25¢, Rem. 4.3.46]):

‘ )
(2,§) —— (i) —> (9- 7,9+ )
>
,,{)]e)
(96) (G\X)u
@+
(i) — (g2, -1)
K I
i P;](I) ° R
/ \?’*( S, .
2) R o
)
BI r\“\? /\ ® Q@J* i () S °
// Mk&ﬂ /(\q. 'w"”"kkg :
/

° pd(x) °

In equivariant generalization of Lem. 2.31, we have:

Lemma 2.35 ([Yanl4] ° ). For G a finite group, X a smooth manifold and GCX
smooth action (Def. 2.7) there exists a good open cover of X (Def. 2.30) which is
equivariant (92).

In equivariant generalization of Def. 2.32, we have:

Definition 2.36. For GCX a topological G-space (Def. 2.7) that admits a good
open cover U (Def. 2.30) which is G-equivariant (92) (such as is the case for G a
finite group acting smoothly on a smooth manifold G, by Lem. 2.35), and for T a
topological group, we say that

Map(G\ X, BT') := Func((G/X)y, BI)
97
67) — (G\X --> B

5In fact, [Yan14] proves something much stronger than Lem. 2.35, namely that good equivariant
regular covers exist (cf. also [SS25¢c, Def. 2.1.24]). This is needed when expressing equivariance
in terms of systems of H-fixed loci for subgroups H C G, cf. [SS25¢, §6.2.1].
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is the (up to equivalence) mapping stack out of the homotopy quotient G\ X (50)
into the delooping BI' (Ex. 2.12), where (G'\ X )y, is the equivariant Cech groupoid
from Ex. 2.34.

The underlying topologically discrete groupoid (52) we denote again by boldface
H(—,—) (87):

(98) H(G\X, BI') := bMap(G\ X, BI'),

since this is now the cocycle groupoid of ordinary nonabelian equivariant Cech
cohomology, see Ex. 2.37.

In generalization of Ex. 2.33 we have:

Example 2.37 (Equivariant nonabelian cohomology and equivariant bundles [SS25¢]).
In the situation of Def. 2.36, we have that

(99) GEquI'PrnBdl(X) ~ H(G\X, BI)

is equivalently the groupoid of G-equivariant T'-principal bundles on X (see Ex. 2.45
for the construction), and its connected components (hence equivalently the isomor-

phism classes of these bundles) is the equivariant nonabelian Cech cohomology of
X:

(100) Hg(X;T) ~ [H(G\X, BD)],

These constructions of mapping stacks (86) and (97) do not actually depend, up
to equivalence, on the use of good Cech groupoids, these are just a particularly nice
choice (when they exist) of general cofibrant resolutions, of which a larger class is
the following;:

Definition 2.38 (cf. [SS25c, Prop. 4.2.37]). A Dugger-cofibrant resolution of a
topological groupoid X is an equivalence (Def. 2.23)

(101) X = x

with a topological groupoid X for which:

(i) all three component spaces Obj(X), Mor(X), Mor(X) ,x,Mor(X) are home-
omorphic to disjoint unions of Cartesian spaces (12),

~ o~

(ii) the identity-morphisms including maps maps like Obj(X) —*— Mor(X)
and Mor()?) e Obj(é?) dexee, Mor()/(\) Xy Mor(é?), etc., are the inclu-

sions of disjoint summands.
Therefore in further generalization of Def. 2.36 we set:
Definition 2.39. For ¥ =% X a Dugger-cofibrant resolution (Def. 2.38) of a topo-

logical groupoid and I" a topological group, then the mapping stack from X to the
delooping BT is

Map(X, BT) := Func(X, BI)

102 = {x --> BT}
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Lemma 2.40. The mapping stack Map(X,BT') in Def. 2.39 is well-defined in that
it depends, up to Morita equivalence (Def. 2.24), only on the equivalence class of
X:

(103) x ey = Map (X, BT') 2> Map(X’, BT).
Proof. Discussed below in Fact 2.62 of § 2.3. O

2.1.8. Slice mapping stacks and Twisted cohomology.

Definition 2.41. Say that a continuous functor F' (Def. 2.18) between topological
groupoids is a global fibration, to be denoted as on the left here:

X Vo L t(f)
(104) FleFib N I 7
y s(F) = #(f)

if, as indicated on the right, for all
(i) n e N, f : R® — Mor(Y), a plot of morphisms in Y,
(i) = : R™ — Obj(}), a plot of objects of Y such that F(x) = s(f),

there exists f : R" — X such that F(f) = fand s(f) = z (a “lft”).

Example 2.42. For an action I'C X (Def. 2.7), its homotopy quotient (Def. 2.14)
comes with a canonical functor to BI' (51), which is a global fibration (104):

X T —7—> -
(105) rex lem I

Puniv

BI' e —7—— o.

Here the subscript notation indicates that this simple fibration is in fact is the
(stacky) universal I'-associated X -fiber bundle and even the universal globally equi-
variant such: see Ex. 2.45.

Definition 2.43 (Homotopy fiber product of topological groupoids). Given a pair

of coincident continuous functors, X npe Y, the corresponding fiber product
(Def. 2.1) of their morphisms spaces canonically inherits the structure of a topo-
logical groupoid, the fiber product of topological groupoids:

XxY —Y
B _I
(106) |F

v
XTZ&

hence

Mor (X xpY) = Mor(z’?) x  Mor(Y),

Mor(B)
(107) . S e
ObJ(X X3 y) = 0bj(X) x _Objy),
Obj(B)

etc., and the structure maps on X xg ) are induced entry-wise from the given ones
on X, Y and B.
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If here F; or Fy are global fibrations (Def. 2.41) then this is a representation
of the (up to equivalence) homotopy fiber product of the corresponding topological
stacks, or the homotopy pullback of one either along the other. ©

Example 2.44. The homotopy fiber (Def. 2.43) of G\X — BG (105) is X (via
Ex. 2.10):

X — G\X
(108) l B leFib

Conversely ([SS25¢, Prop. 4.2.77]), every fibration over BG with fiber X exhibits a

G-action on X this way! More generally (cf. [SS25¢, Prop. 4.2.79]), for ¢ : G' — G
a homomorphism of topological groups, and noting that this induces from the G
action on X also G'-action on X, via

GxX —X

(109) (¢ x) — o(g') =,

then the homotopy quotient by G’ is the following homotopy pullback of that by
G:

G\X — G\ X
(110) l - PleFib

B¢ —2% . BG.

Example 2.45 (Stacky universal fiber bundles). For GCX a finite group ac-
tion on a smooth manifold, and for (G\X)y = G\G the Cech groupoid reso-
lution (Ex. 2.34) of an equivariant good open cover (Lem. 2.35), and given a map
G\ X > BI to the delooping of a topological group T, hence an equivariant Cech

cocycle (96), then the homotopy pullback (Def. 2.43) along v of the homotopy quo-
tient T'\I" (105) is, up to equivalence (homotopy G-quotient of), the G-equivariant

I'-principal bundle * P 5 X corresponding to v under the Cech theory of Exs. 2.33
and 2.37:

G\P «=— G\P —— I'\T'
(111) lG\\p J{ B pfﬂivleFib
G\X <~— (G\X)y —— BI.

It is straightforward but instructive to unwind the definitions to see that this dia-
gram reduces in components exactly to the traditional constructions relating prin-
cipal bundles to their Cech data. A comprehensive discussion is in [SS25¢, §5.1].

SWe are tacitly using here that stackification preserves finite homotopy limits, so that a rep-
resentative for the homotopy fiber product in topological stacks is given already by a homotopy
fiber product of topological groupoids, hence already by a fiber product with a global fibration,
not necessarily a local fibration.

"With the conventions used here, the principal bundle P in (111) carries a right I'-action.
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In fact this situation is universal in the following way: Given a I'-principal bundle
P and any action I'CF then there is classically the P-associated F-fiber bundle

(112) PorF = {(r,¢) € Px F}/(Yyer (7-7,¢) ~ (m,7-9)),

and this is equivalently just the pullback of T\ F' (105) along the cocycle v for P
(cf. [SS25¢, §5.2.2]):

G\(P&rF) <= G\(P&rF) — > T\F
(113) G\\pleFib l - ree leFib

Puniv
~y

G\X «~— (G\X)y ————— BT".
In variation of Def. 2.32, we set:

Definition 2.46 (Slice mapping stack, cf [SS25¢, p. 4.2.66]). Given
(i) TCY a topological group action (Def. 2.7),
(ii) X > X a cofibrant resolution (Def. 2.38),

(iii) X —> BT a continuous functor (the twist),

then the slice mapping stack from X to the homotopy quotient T'\Y over BI" (105)
is this fiber product (106):

Map(X,T\Y )y = Func(z?, r\Y) p X5 H —> Func(é?,l"\\Y)

(114) l . lp*

 —_—T7 Func(/?, BF).
Following (86), we will more suggestively denote this also as follows:

r\vYy

(115) 1VIap()(,F\\Y)BF = 7 ip

A =Y
Remark 2.47. A slice mapping stack of the form Def. 2.46 is just a topological
space, in that it is a topological groupoid with only identity morphisms (Ex. 2.10).
This is because the fiber product (114) enforces the horizontal composition (65) of
the transformations between slice maps with the projection map to be the identity
on T:

L T\Y
f A ~ ~T=X
/’ 7] // —
(116) ; \f/, lp x| Br.
X-"" Br

This means that the component morphisms of p - n all have to be the identity
e > o which here means (105) that already the components maps of  have to

be identities, x > .



ORIENTATIONS OF ORBI-K-THEORY MEASURING CHARGES 37

Example 2.48. Given a G-equivariant '-associated F-fiber bundle according to
(113) in Ex. 2.45, then the slice mapping stack into it is equivalently its space
I'x (—)€ of equivariant sections of this bundle:

G\(P&rF)

T'x (P@FF)G //’/7 lG\\p

-

G\X —— G\X

R

(117)
I\F

-7 ¢
- I'CF
-7 niv
. Py
-

G\X —— BT

1R

Here the first equivalence follows because, by the slicing, dashed functors out of any
(Cech) resolution actually have to factor through G'\ X, while the second follows
either by direct inspection or abstractly by the universal property of the homotopy
pullback in (113).

Example 2.49 (cf. [SS25¢, Prop. 4.2.77]). For a pair of G-spaces GCX and GCY,
the slice mapping stack (Def. 2.46) between their homotopy quotients over BG (via
Ex. 2.44), which a topological space by Rem. 2.47, is naturally homeomorphic to
the equivariant mapping space (25) between X and Y:

Map(X,Y)¢ —=—— Map(G\X,G\Y) 4,

(118) ( (Gl (G),> . (G\\X 7,,9\&0,,, G\\Y)
X -ty ~ BG “ '
This follows because the slicing over BG entails that all Cech morphism in any
resolution CT\\?( of G\ X have to map to identity morphisms in G\\Y, whence all
Morita maps come from plain functors G\ X — G\Y.
In particular:

(i) an equivariant homotopy (32) is equivalently a homotopy taking values in
the slice mapping stack on the right of (118).

{o} 7 {0} __ &7
F poT—
(119)  [0,1] —-7--> Map(X,Y)¢ < [0,1] —-7--> Map(G\X,G\Y ), -

b t

-7 (11— A\
(ii) for
(120) GCX a trivial action = G\X = X xBG,

so that G-equivariant maps from X to Y are equivalently (cf. [SS25¢, Ex.
1.8]) maps from X into the fixed locus Y& C Y (26), it follows that

G\Y
(121) T b 2 X - YO

Pry

X xBG —2 . BG
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In mild but crucial generalization of Ex. 2.49, we also have:

Example 2.50. Given a homomorphism of topological groups ¢ : G’ — G, and
actions G’C X and GCY, then the slice mapping stack (Def. 2.46) between their
homotopy quotients sliced over BG (as in Ex. 2.44, for G'\ X via B¢) is a topolog-
ical space naturally homeomorphic to the G’-equivariant maps from X to Y, the
latter with its G’-action induced via ¢ (110):

G'\X -------- > G\X G'\X --- G'\Y — G\X
RN L=t NS
BG —By— BG BG' —B¢—— BG

As indicated on the right, this follows from Ex. 2.49 by the universal property (14)
of the pullback.

In view of (91), we thereby obtain a natural re-formulation of equivariant co-
homology as a form of twisted cohomology of topological stacks (and it is this
reformulation which naturally generalizes to a notion of orbifold cohomology, see
Thm. 2.60 below in Def. 2.59):

Proposition 2.51. For a pair of topological G-actions GCX and GCA, the G-
equivariant cohomology of X with coefficients in A — in the style as on the left
hand side of (91) —, is:

G\A
(123) He(X,A) = 7 A P { (%) (Gl}.
G\X — BG X 4

Proof. By Ex. 2.49. O
More generally, in twisted generalization of (91) in Ex. 2.33, we have:

Definition 2.52. In the situation of Def. 2.46, we say that the connected compo-
nents of the space which is, by Rem. 2.47, the slice mapping stack of Def. 2.46, is
the 7-twisted cohomology of X with coefficients in Y:

r\Y
(124) H™(X;Y) = {fMap(XI\\Y)BF}O = T

-
-

X T - Bl
Remark 2.53. When the twist 7 in (124) is trivial, in that it factors through the
point, then this twisted cohomology (124) reduces, via (108) and (122), to the
ordinary nonabelian cohomology as on the left of (91):

r\Y Y — T\Y
///;7 /’7 J
(125) R l bt {x >V},
X ~— x —> BTl X —— x —— BI'
) L - b

In contrast, to obtain the twisted generalization of the right hand side of (91)
requires considerably more structure, namely passage, via a twisted Elmendorf the-
orem ([SS25¢, Thm. 6.2.3]), to a perspective (cf. [SS25¢, §6.2.1]) where topological
groupoids are probed not just by Cartesian plots (as indicated in Ex. 2.17) but also
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by deloopings BK of all finite groups K. Here we shall not further dwell on this
phenomenon, but see [SS25¢; SS26D).

Lemma 2.54. A (Morita) equivalence (74) of topological groupoids, induces

(i) a bijection between their equivalence classes of twists (Def. 2.46),
(il) an isomorphism in the correspondingly twisted twisted cohomology (Def. 2.52):

x —£ L x , N
(126) ~ = = H™ (X’; Y) %HT(X; Y).
— BT
Proof. The first statement follows by Lem. 2.40. With this, the second follows
on general abstract grounds discussed in § 2.3, along the following lines: In this

commuting diagram,

NIap(X,F\\Y)BF —_ Map(X,F\\Y) TN> Map(X’,F\\Y)

(127) l - lp* lp*

* s 1\/[3\,13(_)(‘7 BF) *>F~’* Map()('/’ BF) s

L >

the left square is a homotopy pullback by definition (114), and the right square
is because both its horizontal maps are equivalences, by Lem. 2.40. Therefore the
total rectangle is a homotopy pullback by the homotopy pasting law. This implies
an equivalence between Map (2(',F\\Y)BF and Map(X’,F\\Y)BF, and that implies
the claim by (75). O

T/

2.2. Orbifold Cohomology. We have seen in § 2.1.8 that — when seen from
the perspective of the geometric homotopy theory of topological groupoids — G-
equivariant cohomology (Prop. 2.51) is a form of twisted cohomology (Def. 2.52),

namely with coefficient fibration a homotopy quotient projection G\Y — BG and

twist also such a projection, G\X — BG. If we here just allow the twist to

be a more general map of topological groupoids X = BG, then we immediately
have a notion of twisted cohomology on topological groupoids, which restricts (by
Ex. 2.50) to G’-equivariant cohomology on all subgroupoids of X that look like
global homotopy quotients!

In particular, this immediately gives a good notion of twisted cohomology of
orbifolds (see Def. 2.55), namely of topological groupoids that admit an open cover
by Cartesian homotopy quotients G’ /R, for varying finite groups G’.

2.2.1. Orbifolds as Groupoids. With the language of topological and Lie groupoids
(Def. 2.8 and Rem. 2.9) in hand (§ 2.1), there is a beautifully transparent and pow-
erful definition of orbifolds: These are the proper étale groupoids (cf. Def. 2.55),
meaning essentially that orbifolds are those groupoids that locally look like homo-
topy quotients G\D" (Def. 2.14) of finite groups G acting continuously/smoothly
on open disks D™, in generalization of how a manifold locally looks like a plain open
disk D™. This observation is due to [MP97, pp. 15; MP99, §4; Moe(02] with further
details spelled out in [Ler10; Amel2; Cou+15].
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F1GURE 11. Like manifolds are spaces locally modeled on open balls,
so orbifolds (Def. 2.55) are “higher spaces” (groupoids) locally modeled
on (homotopy) quotients of open balls by finite group actions. In the
simple case of rigid rotation actions, these local (homotopy) quotients
are cones with a single orbi-singular point at their tip.

local chart group action quotient chart
of a manifold on the chart of an orbifold

Definition 2.55. A (topological/smooth) orbifold is a topological /Lie groupoid X
(Def. 2.8 and Rem. 2.9) such that:
(i) Etale:
(a) the spaces of Objects and morphisms are equipped with the structure
of topological /smooth manifolds,
(b) the source or target map, and with it necessarily all the structure maps
(39), are local homeomorphisms/diffeomorphisms.
(ii) Proper: the combined source/target map (42) is proper, which with the pre-
vious item means that this map preserves closed subsets and has compact
fibers.

The space [X]o of isomorphism classes (41) of the groupoid X is called the under-
lying coarse space of the orbifold. Conversely, given a (paracompact Hausdorfl)
topological space X then an orbifold structure on X is a choice of proper étale
groupoid X and of a homeomorphism [X]y —> X. Proper étale groupoids which

are equivalent (Def. 2.23) have homeomorphic coarse spaces (75) and are regarded
as presenting the same orbifold structure.

Remark 2.56. Given an orbifold X' (Def. 2.55) then for all x € Obj(X) the isotropy
groups X, (43) are discrete by étaleness and compact by properness of (s, t), hence
are finite groups. Furthermore, properness of (s,t) together with the manifoldness
of Obj(X) implies that the space of isomorphism classes [X]y (41) is paracompact
and Hausdorff.

Example 2.57 (Global homotopy quotient orbifolds). Consider X a topologi-
cal/smooth manifold, G a Lie group and GC X a continuous/smooth action (Def. 2.7).
Then the homotopy quotient G\ X (50) is an orbifold (Def. 2.55) under the following
conditions of increasing generality:
(i) G is finite:
in this case G\ X is called a very good orbifold,
(ii) G is discrete acting properly discontinuously with finite stabilizers:
in this case G\ X is called a good orbifold,
(iii) G is compact Lie, acting properly with finite stabilizers:
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G\ X of this form but not of the previous forms are called bad orbifolds.

Example 2.58 (Spindle orbifold). For n4,n; € N>; a pair of positive inte-
gers which are coprime, ged(ng,n_) = 1, then the (ny,n_)-spindle orbifold (cf.
Ex. 2.58) is the result of gluing the conical global quotients Z,, \D? (Ex. 2.57),
with respect to n4-fold rotation action on the disc, along a joint open annulus at
their smooth ends. When n = 1 but ny > 1 then the spindle reduces to what is
called the teardrop orbifold. When n, = 1 = n; then the spindle orbifold reduces
to the 2-sphere manifold.

FIGURE 12. Indicated is a proper étale Lie groupoid which represents
the (2, 3)-spindle orbifold (Ex. 2.58) and is Dugger-cofibrant (Def. 2.38).
Shown in light gray is the space of objects, while the darker shades of
gray are summands of the space of non-invertible morphisms.

On the bottom we have the equivariant Cech groupoid resolution
(Ex. 2.34) of the action groupoid Zz\D3i,. (from Fig. 10), and on the
top the analogous equivariant Cech groupoid for Z2\Di .. Indicated
in the middle are (the component spaces of) further gluing morphisms
which identify all the outer strips with each other and thereby glue the
bottom conical orbifold of order 3 to the top conical orbifold of order
2, to form the (2, 3)-spindle. To note that the composition of any two
composable such gluing morphisms gives a translation morphism by ei-
ther group action.

We indicate two explicit proper étale groupoids representing the spindle orbifold:
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(i)

(128)

(129)

(130)

(131)

(132)

(ii)
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A minimal model for the (n4,n_)-spindle has

ObJ Z:(C+|_|C,
Mor Z:((C+ X ZnJr (] (C+ X ZnJr)
U (O X Ty X 2 ) U (€Y X T X T,))

(where C* := C—{0}, and the subscripts on C are just to index the disjoint
summands) and, with the abbreviation

gy = e27ri/ni

the source/target maps for the internal and for the weightless gluing mor-
phisms are

(s,t)

Mor Obj?
() [ke]) = (5 4) (205, £)
(0, =), [0L,[0]) — (o™, %), (v7"%,5)).
Finally, the general gluing morphism is the unique composite
((v, 2F), [k+], [k=])
= (7", F), [kx)) o ((v.£,F), [0}, [0]) o (v - g7, %), [ks]) .

which defines either side by the other (meaning that the gluing morphisms
are a groupoid torsor from either side over these action groupoids) and its
source/target map is:

(s,t) + ((0,£F), [kx], [k£]) = (07" - g™, £), (0™ - g7, F)) .

In the special case of ny = 1 this definition reduces to the Cech groupoid

(Ex. 2.28) corresponding to the standard open cover of the Riemann sphere
by two copies C+ with double overlap C* C C, identified inside the second
copy via z — 271,
For the purpose of computing mapping stacks (§ 2.1.7) out of the spindle
orbifold, we want a presentation by a Dugger-cofibrant groupoid (Def. 2.38).
But the above minimal model fails to be Dugger-cofibrant since the factor
C* of the space of gluing morphisms is (not contractible and hence) not
diffeomorphic to R2.

One obtains a Dugger-cofibrant spindle by considering the disjoint union
of the Dugger-cofibrant Cech groupoids for the two cones Z,, \D?, . from
Fig. 10 and glueing the collars of all their segments to each other by a
summand-wise contractible space of gluing morphisms.

This construction is indicated in Fig. 12 for the case (ny,n_) = (3,2).

2.2.2. Twisted Orbifold Cohomology. We saw in § 2.1.8 a fairly general definition
of (nonabelian) twisted cohomology of topological groupoids, and in § 2.2.1 that
orbifolds are a special case of topological groupoids. Therefore we immediately ob-
tain a notion of twisted orbifold cohomology, inheriting all the good properties that
we saw hold in general for twisted nonabelian cohomolgy formulated via mapping

stacks.

Therefore, in discussing twisted orbifold cohomology here we are essentially re-
duced to summarizing previous statements on the twisted nonabelian cohomolgy
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of general topological groupoids — which may serve as a concise review of the
above discussion and to highlight how phenomena discussed in the literature by
other means are elegantly reproduced by our general approach to cohomology via
mapping stacks.

This also means that, at this level of plain (twisted nonabelian) cohomology,
the actual geometry of orbifolds — their smooth structure and possibly further
geometric structure such as Riemannian, holomorphic, conformal structure, ... —
plays no role. The refinement to geometric orbifold cohomology which is sensitive
to further geometric structure is discussed in [SS26D].

First, in specialization of Def. 2.52 we have:

Definition 2.59 (Twisted orbifold cohomology). For I'CY a topological group
action (Def. 2.7) on a topological space Y (to play the role of the classifying space
for the orbifold cohomology theory), then the twisted orbifold cohomology with

coeffcients in Y, of an orbifold X equipped with a map (the twist) X > BT, is
the 7-twisted cohomology of the orbifold groupoid X according to Def. 2.52, hence
is the connected components of the slice mapping stack (Def. 2.46, which is just a
space, by Rem. 2.47):

R r\y
(133)  HT(X;Y) = {f Map (X, r\\Y)BF]O = T

-

X", Br

Theorem 2.60 (Properties). Twisted orbifold cohomology (Def. 2.59) has the fol-
lowing properties:

(i) It is an invariant of the (Morita) equivalence class of the orbifold.
In particular, if G\X and G'\X' are two global quotient presentations
(Ex. 2.57) of the same orbifold class, then their orbifold cohomology agrees,
and their twisted cohomology agrees for corresponding twists.
(il) If on a global quotient presentation (Ex. 2.57) the twist is just the canonical

projection G\ X 2 BT, then twisted orbifold cohomology reduces to the G-
equivariant cohomology of X.

Proof. The first statement is Lem. 2.54, the second is Prop. 2.51. O

Remark 2.61. The basic properties in Thm. 2.60 have a somewhat more convoluted
history in the literature on orbifold cohomology by other means (reviewed in [SS26D,
§1.1]) than the mapping stack approach used here, for more discussion of which see
also [SS25¢, Rem. 6.2.4; Sch25a].

2.3. Embedding into Smooth oco-Groupoids. We indicate how the above ho-
motopy theory of topological groupoids is a fragment of the cohesive homotopy
theory of smooth oco-groupoids (“co-stacks over smooth manifolds”), which also
serves to neatly justify/prove key properties of topological groupoids/stacks that
we invoked above.

We will be very brief here, providing a digest of what is spelled out in detail
in [FSS23, §1; SS25c¢, §4; SS26b], going back to [SSS12; Sch13]. For this purpose
we now switch to category-theoretic language (for introduction in our context see
[Sch18] and for exposition see [Sch25b]).
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We write
R™
(134) CartSp — { L~ }
R0 gof Rn2

for the category whose objects are the Cartesian spaces R™, n € N (12), and whose
morphisms are the smooth functions between these. We regard this as a site with
respect to the coverage (Grothendieck pre-topology) of differentially good open
covers (Def. 2.30). The sheaves on this site we call smooth sets ([Sch13, §1.2.2;
KS17, Def. 2.1; SS25¢, Ntn. 4.3.15]); these faithfully subsume (cf. [SS25¢, Prop.
4.3.19]) smooth manifolds, D-topological spaces (Def. 2.5), and diffeological spaces:

DTopSp
(135) — DiflSp “—— SmthSet := Sh(CartSp).
SmthMfd <

The higher groupoidal/homotopy theoretic version of this sheaf topos is the
(hypercomplete) oco-sheaf topos over CartSp, whose objects we call smooth oo-
groupoids ([Sch13, §4.4; SS25¢, Ntn. 4.3.27; SS26b, Ex. 4.1.9], or smooth oo-stacks)
and which faithfully subsume the Morita (stack) theory of D-topological groupoids
(Def. 2.7), Lie groupoids and diffeological groupoids (Rem. 2.9):

DTopGrpd <
LieGrpd —

More concretely, SmthGrpd,, is equivalently the oco-category presented by the
projective model structure on simplicial presheaves [nLa25p] over CartSp (134),
left Bousfield-localized at the class W of stalkwise simplicial weak equivalences (cf.
[FSS23, Ex. 1.20]):

(137) SmthGrpd,, ~ L"PSh(CartSp x A).

A D-topological groupoid is represented here by (cf. [SS25¢, Ntn. 2.2.24]) the

simplicial presheaf which to R™ assigns the simplicial nerve of its underlying discrete

groupoid bMap(R™, X) of R"-plots (Exs. 2.15 and 2.17), hence to R™ x AF the set
of R™-plots of its space of k-tuples of sequentially composable morphisms:

(136) DiflGrpd “—— SmthGrpd,, := She(CartSp).

DTopGrpd «——~— PSh(CartSp x A)

(138) X — (R" X AF bMap(R”,Mor(X)sX’f)),
and this constitutes a fully faithful embedding of 1-categories with naive (not
Morita) morphisms on both sides. Under this embedding (138):
e The internal hom is given by the topological functor groupoid Def. 2.22.
e The weak equivalences in W (137) are just the equivalences of topological
groupoids according to Def. 2.23.
e The global fibrations are just the global fibrations of topological groupoids
according to Def. 2.41.

Moreover, the key point for our purpose then is that:
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Fact 2.62. With topological groupoids regarded among simplicial presheaves via
(138):
(i) Their (correctly “derived”) mapping stack is computed (by general model
category theory, cf. [FSS23, Ex. 1.10]) as the functor groupoid
(a) out of a global projective cofibrant resolution,
(b) into a local projective fibrant resolution.
(ii) The nerves of
(a) Dugger-cofibrant topological groupoids according to Def. 2.38 are global
projective cofibrant (cf. [Dug01, Cor. 9.4; FSS23, Prop. 1.23]),
(b) delooping groupoids BI' and with them the action groupoids G\I'
(Def. 2.14) are local projective fibrant (by [Pav22, Prop. 4.13; SS25¢,
Lem. 4.3.30])
over CartSp.

Together, these imply that the (sliced) mapping stacks according to Defs. 2.39
and 2.46 represent, under (138), the derived internal hom — which proves Lems. 2.40
and 2.54 and thereby ultimately the final Thm. 2.60 about Morita invariance of
twisted orbifold cohomology.
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3. TwiSTED ORBI K-THEORY AND UNSTABLE ORIENTATION

We describe in § 3.1 an elegant model of twisted orbifold K-theory based on
the general geometric homotopy formulation of twisted orbifold cohomology (from
Def. 2.59) via mapping stacks between topological groupoids (§ 2).

Then we explicitly construct (§ 3.3) in this model the low-dimensional equivariant
orientation character map, in specialization of the general discussion in § 1.4. Here
for orbifold K-theory this turns out to be orified incarnation of the equivariant
trivialization of the pullback of the tautological line bundle along the Hopf fibration,
which we review in § 3.1.5.

3.1. Twisted Orbifold K-theory via Geometric Homotopy. We recall and
expand on the elegant model of twisted orbifold K-theory from [SS22, §2.2; SS25c¢,
Ex. 6.2.5], complementing traditionally more component-based definitions in the
literature (cf. [AR03; LU04; TXL04; JKK06; ALRO7; FHT11; Gom17]). Our model
is based on the picture (surveyed in § 1 and Fig. 1, reviewed in §§ 2.1.7 and 2.1.8)
of generalized cohomology as being about homotopy classes of classifying maps: in
the present case between topological groupoids/stacks (reviewed in § 2.1) from the
domain orbifold X to the universal PU(#)-structured Fredholm space bundle that
classifies twisted equivariant K-theory according to [AS04], but:
(i) with the domain X regarded as the étale groupoid incarnation of orbifolds,
cf. Def. 2.55,
(ii) with the classifying fibration promoted (215) from a topological bundle over
the ordinary classifying space BPU(H) to a stacky universal fiber bundle
(Ex. 2.45) over the topological moduli stack BPU(H) ~ */PU(H) (cf.
Exs. 2.12 and 2.34), in fact over its further extension by PCT symmetries
(Ntn. 3.5) to the moduli stack BQS of quantum symmetries (§ 3.1.2).
This construction utilizes that, as homotopy types, the space of Fredholm operators
is a classifying space of complex K-theory (Prop. 3.16) but, as an actual topological
space, it moreover carries a strict topological group action of quantum symmetries
QS = PU(H), QS C Fredy,, which implements (Prop. 3.20, following [SS22, §2.2]
inspired by [FM13]) the grading and the flavors of topological K-theory (KU, KO,
KR).

We see in § 3.3 how the model lends itself neatly to the construction of the
four /ten-dimensional equivariant C/H-orientations of KU (Fig. 6), where we obtain
the relevant Fredholm operators and unitary operators essentially “tautologically”
from the C/H-operator algebraic construction of the C/H-Hopf fibration (discussed
in § 3.2).

3.1.1. Hilbert Space and PCT.

Notation 3.1 (The Hilbert space). In all of the following, we consider:
(i) A countably infinite-dimensional complex Hilbert space

(139) # € Hilbe,

as such unique up to isomorphism; in particular isomorphic to the di-
rect sum, as Hilbert spaces, of countably many copies of the standard
k-dimensional complex vector space:

(140) Vk € Nx : H~dHCr.

neN
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(ii) A real structure on H (139), hence a complex anti-linear involution and as
such self-adjoint (cf. [Uhl16, Def. 3.1])

H——H, 7% = id
(141) v o= Ty _
i — —iTy (=, T=) =(T-, ),

which under any of the above identifications (140) we may take to be given
by ordinary complex conjugation on the C summands.

(iii) A quaternionic structure on H (139), hence a complex anti-linear endo-
morphism, and as such self-adjoint (cf. [Uhl16, Def. 3.1]) and squaring to
minus the identity:

H—">H, J? = —id
(142) RS (1) -
W - —iJy (= J=) = =({J= =),

which under any of the above identifications (140) for even k we may take
to be given on the C? summands by

Cc? —C?
(143) 21 . —2z5
22 2 )
(iv) The group generated by T (141), to be denoted

(144) z$ = {id, T}.

(v) The fixed locus of this involution (141) and (144), which is the countably
infinite-dimensional real Hilbert space, to be denoted

(145) 1% € Hilbg .

(vi) The Zs-graded Hilbert space whose homogeneous summands are both (139),
to be denoted

(146) Her = HOH,

which inherits a real structure via (141).
(vii) The grading involution on Mg (146), to be denoted:

P
Her ———— Hgr

147
o () = ()
which satisfies
(148) P?=id, P' =P, PoT =ToP.
(viii) The group generated by
(149) C:=TP,
to be denoted
(150) zy) = {id, C}.
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(151)

(%)

(152)
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The diagonal subgroup

z¥ = {id, P} — ZI x 7§
P — TC,

so that we have these two isomorphic incarnations of the PCT-group:

8 x 2P =5 79 x 7P
T — T
P — cr.

Definition 3.2 (Projective unitary groups).

(i)
(153)

(154)

(ii)
(155)

(156)

(iii)

(157)
(iv)

(158)
(v)

(159)

We write
U(H) € Grp(Top)

for the topological group of unitary linear operators on H (139), equipped
with the norm topology.® This is famously contractible, by Kuiper’s theo-
rem (cf. [nLa25n]):

We write
PU(H) = U(H)/U(1) € Grp(Top)

for the topological quotient group of (153) by its subgroup of operators
acting by multiplication with a complex number of unit norm. The quotient
coprojection is a locally trivial U(1)-principal bundle [Sim70, Thm. 1]:

U(1) —— U(H)

¥

PU(H).

The group th) (144) acts compatibly on these groups:
Zét) Z(zt) Zéf)
(") (") (")
U(1) & U(H) — PU(H).
The fixed locus of this action is the group of orthogonal operators, equipped
with its operator topology, on the real Hilbert space ’HZS) (145):
t (t)
OH%") ~ (UH))™ .

In turn, the quotient of the latter by the subgroup of operators acting
by multiplication with real units is the infinite projective orthogonal group
[Ros89; MMS03, §3]:

POHA") = (PUM))® = O(H™")/{£1}) € Crp(Top).

8 More ambitiously (cf. [AS04]), one equips U(H) (153) with the strong/weak operator topology
or compact-open topology, which are all equal here but strictly coarser than the norm topology,
see [SS25¢, Ex. 2.3.19] for further pointers.
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3.1.2. Quantum Symmetries.

Remark 3.3. We have an isomorphism

U(H) % 28 > U(H) U Unnii (H)
(U,id) — U
U,y  — UoT

(160)

between the semidirect product of the unitary group (153) with Zg) (144) and the
group of unitary or anti-unitary maps (cf. [Uhll6, p. 29-30]); and analogously for
the projective group (155):

PU(H) x Z) —~> PU(H) U PUani(H)
(161) ([U], id) — U]
([U],T) — [UoT].

This is the group of quantum symmetries according to Wigner’s theorem (cf. [nLa25z]),
in which context the operator T (141) is interpreted as time-reversal symmetry.

We next enlarge this group by what one may think of as particle/anti-particle
symmetry (cf. [SS22, Fact 2.3]) or “charge conjugation”.

Definition 3.4 (Graded projective unitary group).
(i) We write

Uy (Her) == (U(H) x U(H)) x Z5

e = {<U6+ U?_)’ (U(l U(T)

for the graded unitary group acting in homogeneous degrees on the graded
Hilbert space Hgr (146).

(ii) The graded projective unitary group PUg (Hgr) (cf. [Par88, Prop. 2.2;
CWO07, p. 5]) is the quotient of this graded unitary group (162) by the
diagonal subgroup U(1) — U(H) — Ug(Hgr), and the Zg)—action (157)
evidently extends to an automorphism action on all these graded groups:

U,. ¢ U(H)} C U(Hgr)

&) Y 3
(163) U(l) > Ug(Hy) — > PUgt(Her) -

Notation 3.5 (Graded quantum symmetries). The further semidirect product
PUg (Hgr) X Zg') of the graded projective unitary group (163) with th) (144)
plays a key role in the following, to be called the group of quantum symmetries
(cf. [nLa25z; SS22, (15)]):

U(H)?

(164) QS = S “ (Zg) % Z§6)> 7

where on the right we used (152).
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Remark 3.6. The group QS (164) sits in this system of (split) short exact sequences
of topological groups:

U 1) - U(l) —1

) ¢ )
(165) U(H)? > Ugr(Har) ¥ th) — Zéc) X th)
U U() ¢ QS " 2 x 2

With the bottom row we also have the diagonal inclusion of the ordinary projective
group:

r Y
_ UMH dia, U(H)?
(166) PUH) = T« Jax_, B < Qs

Definition 3.7. A PCT quantum symmetry is
(i) a subgroup
G c 7 x zY
of the PCT group (152),

(ii) equipped with a lift [(/—\)} to the group QS of graded quantum symme-
tries (Ntn. 3.5), hence with a dashed homomorphism making this diagram
commute:

(167) o~

In other words, this is a graded or ungraded and unitary or anti-unitary projective
representation of G where the grading and anti-unitarity is fixed by the embedding
of G into the PCT group.

Here the notation for the homomorphism (167) means that [—] is the U(1)-
equivalence class of a representative (—):

[(/_\)} 2 (t) (e)

(168) G ——— QS ~ (UH)?* % (Zy xZy”))/U(1)
g — [g] forge UH)?x (2 x z).

Proposition 3.8. The PCT quantum symmetries (Def. 3.7) satisfy:
(i) If G = {id, P = TC}, then [P] has a representative P (168) satisfying

(169) P? =id.
(i) If T € G, then [T] has a representative T (168) satisfying
(170) T? € {+id}.

(ili) If C € G, then [C] has a representative C (168) satisfying
(171) C? € {+id},
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TABLE 1. Rows 1-3: The possible cases of PCT quantum symmetries
(Def. 3.7) according to Prop. 3.8.

Row 4: The spaces of Fredholm operators commuting with the given
PCT quantum symmetries are classifying spaces for the 10 flavors of
topological K-theory (cf. § 3.1.4).

Row 5: Traditional labels of these 10 cases in the context of the 10-
fold way classification of topological phases of matter (going back to
[Sch+4-08, Thl. 1], review in [Chi+16, Tbl. 1]).

PCT subgroup G =| {e} |{e, P} Zg)::{e,T} ch)::{e7 C} {e,T,C,P: CT}

Quantum symmetry

G - [0]---~ QS T = +1 -1 +1 | +1 | -1 | —1
Val

2

zy) x 2§ c? = F1 | =1 | 41| -1 | 41| -1

Fred. operators Fredg ~[|KU°| KU |KO°| KO* | KO2?2| KO8 | KO | KO7| KO% | KO3

commuting with G

10-fold way A | AIIT | AT | Al D C |BDI| CI | CIT | DII

class label

and all these cases occur. In consequence, PCT quantum symmetries fall into 10
classes as shown in Tab. 1.

Proof.

(172)

(173)

(174)
(ii)

(iii)

—

(i) The condition that [(—)] be a group homorphism is equivalently
that

[]3]2 = [id < P?=wid, forsomew € U(1).
But then for any choice of square root v/w € U(1) we have
=~ T15
] = [3P].
and since P is unitary (160) and hence in particular complex-linear, this
rescaled operator has the claimed property:

~\ 2 ~ ~ ~~
1 _ 1plp_ L 1pp_
(ﬁp> = wPml=rmwhfP=1

As in the previous case, homomorphy requires that
[f]Q =[id < T?=wid, for somew € U(1),

but since now 7 is anti-unitary (160) and hence complex anti-linear, there
is a constraint forcing w to be real:

72 = T°T
I | & we UL NR = {£1}.
T = wT

Moreover, the one remaining non-trivial value, w = —1, can not be scaled
away as in (173) and (174), since anti-linearity of T implies that

(+iT)? = (H)T(H)T = (+)(F)TT = T2

This case works verbatim like the previous case. ([
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3.1.3. Fredholm Operators. Our construction of twisted orbifold K-theory (in § 3.1.5)
is based on the fact that classifying spaces for topological K-theory are given by
space of Fredholm operators (the Atiyah-Janich theorem, Prop. 3.16 below). Here
we compile some basics on Fredholm operators that we will refer to for this discus-
sion.

For standard review of Fredholm operators see [Mur90, §1.4; Arv02, §3.3; DSW23,
§3]. As has become common, we will consider the space of graded self-adjoint Fred-
holm operators in the following Def. 3.9, since this is what lends itself naturally to
the classification of the different “quantum symmetry protected” flavors of K-theory
(in § 3.1.4) and to the construction of twisted equivariant K-theory (as observed by
[AS04]), and therefore eventually to the construction of twisted orbifold K-theory
(in § 3.1.5).

Definition 3.9. (1) A Fredholm operator on H (139) is a bounded operator
whose kernel and cokernel are of finite dimension:

dim (ker(f)) < oo}.

(175) Fred(H) := {f € B(H) dim(coker(f)) < 00

We consider this space of Fredholm operators as equipped with the operator
norm topology. °

(ii) Homeomorphically, we regard this space as that of odd graded but self-
adjoint Fredholm operators on Hg, (146):

(176) Fredg, (Her) = {F = (}JT g) € B(Hg)

f e Fred(’H)} .

(iii) We take this space to be pointed by:

(177) Fy = (i?l ig).

(iv) The kernel of a graded Fredholm operatorator F' (176) is hence a finite-
dimensional, virtual C-vector space:

ker(f)  ker(f)
(178) ker(F) = © = ©
ker(f1)  coker(f),

whose virtual dimension is the Fredholm index of f:
(179) dim (ker(F)) = ind(f) := dimc (ker(f)) — dimc (coker(f)) .

(v) In this graded form (176), the graded quantum symmetries (Ntn. 3.5)

(180) ({ZH g:] ,a) € PU,(Hy) » Z$) = QS(H)

-+

9More ambitiously, one modifies the space of graded Fredholm operators in (175) up to homo-
topy equivalence ([AS04, §4]) such that the PU(H)-action (181) on it becomes continuous also in
the latter’s strong/weak operator topology. Here we disregard this, for simplicity.
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have a canonical topological group action Def. 2.7 by conjugation:

Fredg, Fredg,
(181) 0 f+— U, U, 0 fz— U++ U, -
0 5) o )G ) o)

(Here either U, ,U_, = 0or U, ,U__ = 0; the square bracket denotes
the diag(U(1))-equivalence class of the matrix; and F? equals F' when o =

e and equals its complex conjugate (157) otherwise, cf. [Mat71, §5.B].)

Proposition 3.10 (Atkinson’s theorem (cf. [Mur90, Thm. 1.4.16])). A bounded
operator is Fredholm (175) iff there exists another bounded operator (a parametrix)
such that their composites differ from the identity by a compact operator:

fof—id S ’C(H),

(182)  f € B(H) is Fredholm & 3f € B(H) : {fof—id € K(H).

Remark 3.11 (Arithmetic on Fredholm operators). Given a graded Fredholm oper-
ator F' as in (176), its charge reversal

(183) oF = <? ];T) € Fredg,

is also graded Fredholm, with negative virtual kernel:
(184) ker(©Fp) = Oker(Fp).
Given a pair Fi, Fy € Fredy,, their direct sum is

0 f1€9f2)
flef o

acting on H®H ~ H, with virtual kernel the direct sum of those of the summands:

(185) FoF = (

(186) ker (Fy @& F») = ker(Fy) @ ker(F3).

In particular, the virtual difference between a pair of Fredholm operators is the
direct sum of the first with the charge reversal of the second:

(187) Fl@FQ = FlEB(@FQ)

Proposition 3.12 ([Jin65, Lem 4]). For X a topological space and F(_y : X —
Freds, a continuous map, this Fredholm index (179) is continuous and hence a lo-
cally constant function ind(F(,)) : X — Z. The graded contributions dimg¢ (ker(fx))
and dimg¢ (coker(fX)) need not be locally constant, but if they are then the virtual
kernel bundle is a virtual topological vector bundle over X :

Fx @ X 2% Fred,,
(188) = ker(Fx) € CVec¥ .
dime (ker(fy)) : X "% N
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Example 3.13. For k € N and identifying H ~ @y CF, the following graded
Fredholm operator (a “left shift operator”)

ck

H—L
12 12
0id 0 0 c* o
c* 00id 0 - 5 w— o @
(189) F(Ck = ( ng f >7 ka = 0 O 10 ld . I Ck - (Ck
(f ) 0 I . b /'\6/7 D
CF CF
® 7@
has virtual kernel (178) isomorphic to C*:
(190) ker(F®') = C* o0,

Hence a map constant on F' ct represents, under (188) the trivial rank=Fk vector
bundle:

(191) (x — E Fredy) V% C§ ©0 € CVec§.

We also observe the following example, which will be crucial in § 3.3 (Lem. 3.50).
Example 3.14. For k¥ € N and
(192) P:Ck—Ck, P=P, PoP=P,

a hermitian projection operator, then we obtain a graded Fredholm operator (175)

0 fp
(193) Fp = (f;r? O> € Fredgr
by setting
’HL'H
1 12
P 1-P 0 0 0 C* —p— CF
(100 ; 0 P 1-P 0 0 gk P g
p = o 3 — P —>
0 0 1 -P 0 @ X/P/ o
(C’“—P*; Ck
& .78

whose virtual kernel (178) reproduces the kernel of P:
(195) ker(Fp) = ker(P)©0.

This construction constitutes a continuous map from hermitian projectors to
graded Fredholm operators

(196) F {P € B(Ck) ‘ P*==P} > Fredy, .
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Proof. That the virtual kernel is as claimed in (195) follows by direct inspection,
crucially using that P is a projector, so that P and 1 — P have complementary
kernels and images in CF.

Incidentally, f; is a parametrix (182) for fp (194): From

t
H # H
1R 1R
P 0 0 0 Ck » Ck
1-P P 0 0 ® 1 p &
(197) b= 0 1-P P 0 S N et
0 0 1-P P & i, @
Ck — p—3 Ck
@ 53]
.
we find
fpofh—id =0
P-100 -
(198) . 0 00 - € K(H).
f}iofP_ld: 0 00 -
This completes the proof. O

Example 3.15. In further specialization of Ex. 3.14, consider the projector

(199) Py = <8 i&,) C2opC2 — C2oC2,

where the subscripts are just to name these two subspaces of C*, both isomorphic
to C2. Then, under the unitary transformation which “unshuffles” the copies of
these two subspaces in the infinite direct sum Hilbert space

(200) H=PC@oc) —T (@:C) o (B:CTh)
. L

the corresponding Fredholm operator (194)

0 0 id, 0 0 0 C4 Po—s C4
0id, 0 0 0 0 D P @
(201) fro, =10 0 0 0 id, O , (C4—P07>C4
00 0 idy 0 O & y—Po ®
. . . : . (C4 ipog;cél
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transforms into the direct sum of the left shift operator (189) and the identity:

0id, 0 0 0 --- id, 0 0 0 0

0 0 id, 0 0 --- 0 idy, 0 0 0

UofpoU ' =]00 0 idg 0 ---]@| 0 0 id 0 0
(202) 00 0 0 idg --- 0 0 0 idy O

= T @id : Hy D Hy — Ho & Hy .

This simple transformation is going to be useful in the proof of Prop. 3.55, via
Rem. 3.53.

3.1.4. Classifying K-Theory. The space of Fredholm operators (175) and its sub-
spaces compatible with PCT quantum symmetries (Prop. 3.8) turn out to the clas-
sifying spaces (cf. Fig. 1) for the flavors of the generalized cohomology theory called
topological K-theory (cf. [nLa25v]). As such, one may take the following statements
to be the definition of topological K-theory in its various flavors and degrees.

Proposition 3.16 (Atiyah-Janich theorem [Jan65; Ati67, Thm. Al]). The space of
Fredholm operators (175) is a classifying space for complex K-theory in degree=0,

(203) m0{X -- Fred} ~ KU°(X).
Over compact Hausdorff spaces X, where
(204) KU(X) ~ K[CVecx]

is the Grothendieck group of complex vector bundles, this equivalence is given by
passing to virtual kernel bundles (188) of good representative maps F}g(d in the ho-
motopy class (meaning that dim (ker(f%')) is locally constant, see Prop. 3.12):

(205) 7T0{X -3 Fred}  —— K[(CVecX]
[Fx] — [ker(F)“g(d)].

In particular, the connected components of Fred,
(206) mo Fred ~ mo{* -- Fredg},

are indezxed by the integer Fredholm index (179):

moFredy ——~— > 7
W e ()] - e

Notation 3.17 (Subspaces of Fredholm operators). For
(i) K € {R,C,C,H}
(il) o € {£1},
consider the following subspaces of that of Fredholm operators (Def. 3.9):

Fredy ¢ Fredx «—— Fred(H)
(208) i i
{f € Fredg | ff= U~f} C {f € Fred(H) | /s K-linear},
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where f being R-linear/H-linear means that it commutes with a fixed real structure
(141) or quaternionic structure (142) on H, respectively, and where by it being “C-
linear” we mean that it is C-anti-linear (while it being C-linear is no additional
condition, of course).

Proposition 3.18 ([AS69a; Kar70, Thm. 1.16]). The subspaces of Fredholm op-
erators from Nin. 3.17 are classifying spaces for flavors of topological K-theory as
follows:

(209a) mo{X --» Freds } ~ KU’(X)
(209b) mo{X --» Fredd} ~ KU'(X)U{+,-}
(209¢) mo{X --» Fredy } ~ KO"(X)
(209d) mo{X --» Fredj} ~ KO'(X)U{+,-}
(209e) mo{X --» Fredy } ~ KO"(X)
(209f) mo{X --» Fred%} ~ KO*(X)
(209g) m{X --» FredZ} ~ KO%(X)
(209h) mo{X --» Fredy} ~ KO*(X)
(209i) To{ X --» Fredj} ~ KO°(X)U {+, -}
(209j) mo{X --» Fredy } ~ KO*(X).

Remark 3.19. The disjoint sets {4+, —} in (209) witness pairs of contractible compo-
nents present in each of the spaces of self-adjoint R/C/H-linear Fredholm operators,
corresponding to such operators whose essential spectrum (Def. 4.4) is purely pos-
itive or purely negative, respectively [AS69a, Thm. B; Kar70, §IJ.

When the self-adjoint C-linear Fredholm operators are interpreted as tachyon
field values of open strings stretching between coincident D9/D9-branes (cf. [Sza02,
§3.1; GHI10, §8]) then those with a mixed essential spectrum are interpreted as
witnessing solitonic pair annihilation in a background where both D9/D9-branes
appear with infinite multiplicity (cf. [Hor98, (3.11); Wit01, p. 7] and § 4.3). Accord-
ingly, the components £ € {+,—} would have to be interpreted as backgrounds
where an infinite number of D9-branes is compensated only by a finite number of
D9-branes or vice versa, respectively.

For the purpose of K-theory classification these components are to be disre-
garded, but if we regard the full spaces of Fredholm operators as classifying a
(slightly) non-abelian cohomology theory (cf. Fig. 1) variant in its own right, then
+ € {+,—} are valid classes in the cohomology set of any space X which reflect a
pair of “collapsed” cases that one may keep track of.

We now reformulate the classical result Prop. 3.18 in the guise of the “10-fold
way” (cf. [nLa25s]) of topological phases protected by PCT quantum symmetry
(Def. 3.7), following [SS22, Fact 2.12], as shown in Tab. 1:

Proposition 3.20. The 10 subspaces of Fredholm operators (Ntn. 3.17) appearing
in (209), when regarded as subspaces of Fredg,(Hgr) (176) are homeomorphic to the
fixed subspaces (26)

(210) Fredgr C Fredg, (Hgr)
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for the conjugation action (181) of the 10 PCT quantum symmetries (Prop. 3.8
and Tab. 1), respectively:

(211a) Fredg, ~ Fredc

(211b) Flredf;r3> ~ FredZ  for P? = +id

(211c) Fredg> ~ Fredg  for T2 = +id

(211d) Fred{T'C) ~ Fredf  for 72 = +id, C? = +id,
(211e) Fredg’é> ~ Fredy  for T2 = +id, C? = —id,
(211f) Fred() ~ Fred?  for 0% = +id,

(211g) Fredé? ~ Fredz  for C? = —id,

(211h) Fred{l) ~ Fredy for T2 = —id,

(211i) Fred{"'¥) ~ Fredf; for 72 = —id, C? = +id,
(211]) Fred{T'?) ~ Fredy  for T2 = —id, C? = —id.

Proof. The quantum symmetry P with P? = +id (169) is represented by swapping
graded summands (147), possibly up to a sign, so that a graded Fredholm operator
F' of the form (176) commutes with P iff its component Fredholm operator f is
(anti-)self-adjoint:

(212) (ﬁf {;) . <(1> i()l) _ <(1) ﬂ;l) , (ﬁf JO°) e =4

This gives the homeomorphy (211b).

The quantum symmetry T with 7% = +id (170) is manifestly a real/quaternionic
structure on M, (141) and (142), whence operators commuting with it are manifestly
R/C-linear. This gives the homeomorphisms (211¢) and (211h).

Combining these two cases, if the quantum symmetries involve Tand C = TP
then the fixed locus is equivalently that of T and P and is hence given by R/C-
linear (anti-)self-adjoint operators. This gives the homeomorphisms (211d), (211e),
(211i) and (2117).

Finally, if there is only C then the condition on a Fredholm operator F' to be
fixed is that

(213) (fOT g)(% g) _ <% €>'<]9T g) s foT =Toft,

Now to observe that f satisfying this condition is equivalent to the anti-linear
Fredholm operator f o T being (anti-)self-adjoint
(214) (foT)' = Tloft = ()T o = +foT,
213
where in the second step we used that real structures are self-adjoint (141) while

quaternionic structures are anti-self-adjoint (142). Therefore the remaining home-
omorphisms (211f) and (211g) are given by f — foT. O
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3.1.5. Twisted Orbifold K-Theory. We have in hand now:

(i) a general definition of (generalized nonabelian) twisted orbifold cohomology
(§ 2.2.2) with coefficients in any space Y equipped with a topological group
action I'CY,

(ii) a classifying space Y = Fredg (Hg) for topological K-theory (§ 3.1.4)
equipped with a topological action QSC Fred, (181) by “graded quantum
symmetries” QS (Ntn. 3.5), combining the graded projective unitary group
with “PCT symmetries”: QS = (U(H)?/U(1)) x (Zg) X Zéc))7 and hence
the corresponding stacky incarnation of the universal globally equivariant
QS-associated Fredg,-fiber bundle (according to Ex. 2.45):

QS\\Fredg,
(215) P CEreds leFib

univ

BQS

Therefore we now immediately obtain a good definition of twisted orbifold K-
theory (Def. 3.22 below).

In fact, we obtain a highly structured version of such: Since the fixed loci by
the PCT quantum symmetries inside the classifying space Fredg, are the classifying
spaces of topological K-theory in all its flavors and degrees (Prop. 3.20 and Tab. 1),
the orbifolding of the cohomology theory represented by Fredy, not only imposes
equivariance conditions on any given flavor of topological K-theory, but it also serves
to “dial” which flavor and degree of K-theory is in effect where on the orbifold. Since
for the T- and C-symmetries one wants (in applications to quantum physics) the
corresponding orbifolding to be by orientation-reversing isotropy actions, one also
speaks of orbi-orientifolds (or just: orientifolds, for short):

Definition 3.21. (1) An orbi-orientifold (or Real parity orbifold, with capital
“R”) is an orbifold X (Def. 2.55) equipped with a map to the delooping
(Ex. 2.12) of the PCT group (152):

(216) X —> B(zg> X Zé”).

(i) A geometric K-theory twist, or just twist for short, on such an orbi-orientifold
is map 7 to the delooping of the group of graded quantum symmetries
(Ntn. 3.5) which lifts the PCT grading (216), hence a dashed map making
this diagram commute:

(217) Ea < Br,

Of course, such 7 fully determines o.

Now recall that for a topological group I' acting continuously on a topological
space X, we obtain the topological homotopy quotient groupoid T'\ X (Def. 2.14),
canonically X-fibered over BI' = x//G (108). Using this for the action QSC Fredg,
from Def. 3.9, we obtain the following concise and transparent definition, in spe-
cialization of Def. 2.59:
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Definition 3.22 (Twisted orbi-orientifold K-theory [SS25¢, Ex. 6.2.5; SS22, §2.2]).
Given an orbi-orientifold (X, o) with a K-theory twist 7 (Def. 3.21) then its 7-twisted
K-cohomology is the connected components of dashed slice maps (Def. 2.46) from
7 into the universal stacky QS-associated Fredg,-fiber bundle (215), as shown on
the right here:

QS\\Fred,,
(218) KT(¥) =moq 7
X r— BQS

Example 3.23 (Reduction to equivariant KU). Def. 3.22 is a “globally equivariant”
orbifold cohomology theory (in specialization of Thm. 2.60) in that the definition
does not refer to any particular equivariance/isotropy group, and yet the construc-
tion automatically reduces to equivariant KU-theory KUg(—) [AS69b, p 10; AS04,
§6] — when:

(i) the domain X is presented as a global quotient X ~ G\ X (Ex. 2.57),

(ii) the twist 7 factors as a (stable, cf. [SS25¢, Lem. 5.1.45]) projective G-

representation p

(219) G %> PU(H) (W QS
in that
( B Bi lf
G\ X BG £ BPU(H) —2> BQS

(220) T

l T~ Bpet

# ———— B(z < Z{")
then
(221) K™ (G\X) ~ KUg(X).

In particular this shows that the orbifold K-theory is independent of the choice
of global quotient presentation, a key property that is less manifest otherwise (cf.
[PS10, Prop. 4.1]).

Proof. Using the general results from § 2 we straightforwardly obtain that:
QS\Fredg,
K™ (G\X) = mo e i

G\X — BG —2+ BQS

G\PFred — QS\\Fred,,

A 4
>~ T // i i
(110) e

G\X — BG —22 BQS

N (“y (3
(ﬁs)ﬂ-o { X ----> Fred } ’

But the last line is the traditional definition of KUg (cf. [AS69b, p 10]). O

(222)
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We saw around Prop. 2.51 that equivariance is just a special case of twisting,
and indeed, in direct generalization of Ex. 3.23:

Example 3.24 (Reduction to twisted equivariant KU). When:
(i) the domain X is presented as a global quotient X ~ G\ X (Ex. 2.57),
(ii) the twist 7 classifies a G-equivariant PU(#)-principal bundle P %> X in
that it factors through a corresponding equivariant Cech cocycle (cf. Ex. 2.45,

the arrows below denote maps of stacks, hence notationally suppressing the
inverse equivalences seen on the left of (111))

G\P — PU(H)\PU(H)

(223) l - ipumv
G\X —— BPU(H)

as

P

( Bi ¥
G\X ——— BPU(H) —=>> BQS

(224) l \ %

¥ — B(Z x 2Y)

then the twisted orbi-K-theory (Def. 3.22) reduces to the corresponding P-twisted
equivariant K-theory KU[g] (X) of [AS04, §6]:

(225) K™ (G\X) ~ KUZ)(X).
Proof. As before, by the universal property of the pullback:

QS\Fredy,
K™ (G\X) = 7o T l
B | BQS

G\X =+ —» BPU(H)

PU(H)\Freds, — QS\\Fredy,

//7 —I
(226) (" l Bi l
G\X —— BPU(H) —=+ BQS

G\(P xr Fredy,) - PU(H)\Fredg, — QS\\Fredg,

,//( | |
(1/1;;) o l\ l l l

G\X —7—> BPU(H) 2=

~ 7Ty (P@rFred)”.

(117)

But the last expression is just the traditional definition ([AS04, Def. 6.1]) of twisted
equivariant KU®. (The equivariant local triviality condition on P which is required
by [AS04] is actually implied by our stacky construction, see [SS25¢, §5.2 & Ex.
6.1.2].) O
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Example 3.25 (Reduction to KR in any degree). When:

(i) the grading o is globally constant over X, in that there is a PCT-subgroup
G of which X is a global quotient orbifold (Ex. 2.57) of a manifold X fixed
by the action:

(227) G 57 <7l x ~G\X ~ X xBG,

—

(ii) and there is no further twist besides a PCT quantum symmetry [(—)]

r : Y
X' x BG pry BG (5] BQS
\ o lBL
\ Bpect

B(zT x Z§),

then the T4-twisted orbi K-cohomology according to Def. 3.22 reduces to the flavor
and degree of K-theory corresponding to the PCT quantum symmetry as shown in
Tab. 1:

KU%(X) | G=A
KUY (X)U{+,—} | G = Alll
KO (X) | G = Al
KO'(X)U{+,~} | G = BDI
K" (X x BG) ~ KO*(X) | G=D
KO?(X) | G = BDI
KO*(X) | G = Al
KO*(X)U{+,—} | G = CII
KO%(X) | G=cC
KO (X) | G = CI.

Proof. Using the general results from § 2 we obtain straightforwardly:

QS\Fredg,
-
Ke(X x BG) = 7 l
X x BG — BG —L» BQS
(228) G\Fredy, — QS\Fred,,
~ 7T ///1
(1) P - J
X x BG BG BQS
=~ T {X ————— > Fredgér} .
(121)
But the last line implies the claim by Prop. 3.20. O

These examples show that the twisted orbi-orientifold K-theory of Def. 3.22
unifies and mixes these aspects of K-theory: R/C/H-flavors, degrees, twisting and
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equivariance. Along the same lines the reader can find the sectors of twisted orbi
KU! and KO", etc.

In the following subsections we focus on the KU%-sector, twisted /orbifolded by
' € {U(2),Sp(2)}.

3.2. The Equivariant Tautological Line Bundle. In preparation of construct-
ing the four/ten-dimensional U(2)/Sp(2)-equivariant orientation of orbi-KU?, be-
low § 3.3, here we discuss the canonical U(2)/Sp(2)-equivariant C/H-line bundle on
CP!/HP!, and the equivariant trivialization of its pullback along the C/H-Hopf fi-
bration. We use quaternionic 2-component spinor calculus (following [FSS22, §2.1])
in a way that lends itself to constructing the required Fredholm operator families.

This subsection uses well-known constructions in quaternionic algebra, and the
result will not be surprising to experts. But since it does not seem properly citable,
and in order to establish notation needed in § 3.3, we spell out the pleasant con-
struction explicitly.

3.2.1. Quaternion algebra.

Definition 3.26 (cf. [Zha97; MGS13]). We write:

H for the real vector space of quaternions,
with their real associative product (=) - (=),
which is a real star-algebra via conjugation (—)*,
. . . 2 *
and equipped with a norm | — | given by |¢|” = qq*.
H;, C H for the real subspace of imaginary quaternions, ¢* = —q,
for which we choose, as usual, an orthonormal linear basis i,j,k € Hi,
such that

(229) i-j = k,
e which in fact generates H subject to the further relations
(230) ij=—ji, =4 = -1,

e and exhibits a star-algebra inclusion of the complex numbers:

C—H

(231) P .

o B(H?) for the real algebra of 2 x 2 matrices with quaternion entries,
e with star-operation

T
a b a* c*
(232) ( d) - <b* d*) |
e Sp(1) = S(H) for the unit norm quaternions, with their group structure

under quaternion multiplication.

Example 3.27 (cf. [MGS13, §1.27]). The Pauli matrices define a homomorphism
of real star-algebras from the quaternions (Def. 3.26) to the linear operators on C2:

(233) H — B(C?),
given by

1 0 . .10 . .01 .l 0 i
1'—>{O },1!—)1[0 ],J'—>l|: },kn—>1[.].
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One immediately checks that for a general quaternion x := zxo+xi+zoj+ask € H,
with (z; € R)?_,, one has det(vy,) = Zfzo(xi)z = 7,7}. This implies that under
the matrix representation (233) the unit norm quaternions are identified with the
special unitary 2 x 2 matrices:

(234) S(H) = Sp(1) —— SU(2) C B(C?).

Definition 3.28 (cf. [CD00, p 11; VB21, (2.4)]). The group of unimodular quater-
nionic 2 X 2 matrices is

(235) SL(H?) := {A € B(H2) | detp(A) = 1},
where
0 fb=c=d=20
. |ad—aca‘1b‘ if a#0
(236) detp (‘C’ d> = |da—dbd~tc| if d #0
lbdb~"a — be| if b # 0
|cac™d — cb| if ¢ # 0.

Definition 3.29 (cf. [Zha97, p. 28]). The group of unitary quaternionic 2 x 2
matrices (also: compact symplectic group) is:

(237) Sp(2) = U(H?) := {U € BH?) | U-Ut = 1}.

Remark 3.30. The condition in (237) is indeed sufficient, because for B € B(H?)
we have (cf. [Zha97, Prop. 4.1]):

(238) B-B'=1 & Bl.-B=1.

Remark 3.31. Applying the star-algebra homomorphism v (233) entrywise yields a
star-algebra homomorphism

B(H?) —— B(C?)
(239) a b Ya Vb
cd Yo Vi)’
where on the right the 2x2 matrix of complex 2x2 matrices is canonically regarded

as a 4x4 matrix. In particular, (239) gives a complex-unitary representation of the
quaternionic unitary group (237):

!
(240) C* :Sp(2) —— SU(4).

Lemma 3.32 (cf. [CDO00, Cor. 6.4]). Ewvery unitary matriz according to (237) is
unimodular according to (235):

(241) Sp(2) C SL(H?).
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Proof. The characteristic properties of detp (236) are (cf. [CD00, Thm. 5.1, &
Cor. 6.4]), for all A, B, € Matayo(H)

detD(l) - )
(242) detp(A- B) = detp(A) - detp(B)
detp(AT) = detp(A).

Thereby, U - Ut = 1 implies

1 = detp (U - UY)

(243) = detp(U) - detp (UT)
= (detp(1))?,
and the only solution to that in Ry is detp(U) = 1. O

Remark 3.33. Lem. 3.32 entails that the quaternionic unitary group (237) plays the
role of a special unitary group, certainly in its following appearance in Prop. 3.34.
In view of this, the notation “Sp(2)” is more suggestive than “U(2,H)”, with its
(coincidental but fortunate) alliteration to “SU(2)”.

3.2.2. The Tautological Line Bundle. What drives the following construction is this
fact:

Proposition 3.34 ([KT83], streamlined review in [BH10; VB21; FSS21a, §3.2]).
The following isomorphism of quadratic real vector spaces, from 6D Minkowski
spacetime with signature n := diag(—1,+1,--- ,+1), to the space of hermitian 2 x 2
quaternionic matrices with quadratic form being minus the ordinary determinant,
intertwines the canonical Spin(1,5) — SO(1,5)-action on the left with the conju-
gation action

(244) SL(E?) % Aute ({4 € B(H?) | AT = 4})
A A (=) Al

of SL(H?) (Def. 3.28) on the right:

Spin(1,5)Cean (R15, 1) —> SL(HQ)C@”)({A c B(H?)| Al = A},—det)

20

1
(245) x . 20— gl 22 4 iz® + jot + kab
22 —iz? — jat — ka® 20 4 2!
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and analogously so for 4D Minkowski spacetime and complex matrices, by restriction
along the inclusion C — H (231):

Spin(1,3) Cean (R, 1) —> SL(C?)C ({4 € B(C?)| Al = A}, ~det)

20
1

(246) x . 20 — 2l 22 4 g3
2 —ixd 2042 /-
23

Corollary 3.35. Under the identification of Prop. 5.3/, the subspace R® C R
with its Buclidean norm g, and furthermore (pointed) S* C R, are identified with
those Hermitian matrices that are traceless and traceless unitary, respectively, and
the corresponding subgroups Spin(4) C Spin(5) C Spin(1,5) are identified with
Sp(1) x Sp(1) C Sp(2) C SL(H?) (241), as follows:

Spin(1,5)Cean (RY?, ) —> SL(HQ)CCOHJ-({A € B(H2)\A+:A},—det)

J J

Spin(5)Cean (R, g) —— sp(2)cwnj({A € B(H?)

(247) J J

Spin(5)Cean Sty ——= > Sp<2><conj{A & B(H?)

| T

Spin(4)CcanS§thv —_— Sp(l)QCCOHJ{A € B(HQ)

t_
t;%Ajﬁo}’ —det)

A=A
tr(A)=0
A-AT=1

At=A }
tr(A)=0
A-AT=1 ((IJ _(1))_

Proof. From the component expression in (245) it is manifest that the condition
20 = 0, characterizing the subset R®> C R®, corresponds to vanishing trace on
the Hermitian matrices. To see that its is precisely Sp(2) = U(H?) C SL(H?)
which preserves this tracelessness condition, we note that this is equivalent to this
subgroup preserving the orthogonal complement of the traceless Hermitian matri-
ces. Again by the component expression in (245), this orthogonal complement is
spanned by the identity matrix 1. Therefore G € SL(H?) preserves the traceless
matrices iff G- 1-GT = 1, hence iff G is unitary (237).
Further from the component expression in (245) one sees that
(248) t;}j;);“o} = AAT = —det(A),
which shows that the unitary traceless Hermitian matrices form the unit sphere

inside R5. Finally, it is readily seen that the subgroup of Sp(2) whose conjugation
0

action fixes the base point (é .

) among these matrices is the diagonal

Sp(1) x Sp(1) ~ (Spél) Sp(zl)) .

This concludes the proof. ([
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Remark 3.36. The direct analogue of Cor. 3.35 over the complex numbers gives

At=A }
tr(A)=0 » .

(249) Spin(3)CcanS? —=—— SU(2)Ccon; {A € B(C?)
A-AT=1

However — in line with the fact that Sp(2) = U(H?) is actually the quaternionic
unitary group (237) and since unity of the determinant no longer plays a role when
we conjugating matrices A constrained to have det(4) = —1 — the SU(2)-action
on the right of (249) evidently extends to a U(2) ~ Spin®(3)-action:

A=A }
tr(A)=0 » .

(250) Spin®(3)CeanS? ———— U(2)Ccon {A € B(C?)
A-AT=1

Definition 3.37 (cf. [Bro68, §5.3]). For K € {R,C,H}, The K-projective space of
dimension n € N is the space of right K-lines in K"*1,

(251) KP* = {v-K c K" | v € K"*' - {0}},
traditionally denoted
(252) [v1 :wg v vpq] = 0K, forv = (vi, - ,vn41) € KT = {0},

with standard injections

KpP™ ¢ Kprtt
(253) [vl Do Un-‘,—l] — [vl Dt Upyq f O],
canonical fibrations
(254) RP?"Hl s CP" Cp?+l — s HP"
v-R — v-C, v-C —  v-H,
and their composites
r e Y ( e V

(255) RP?" s RP™H1 s CP", CP*™ —— CP?"*! —— HP".

These spaces carry a canonical action of the unitary group U(n + 1,K) (237) by
left multiplication:

O(n+1) x Rpr — 2t . gppn

U(n+1) x Cpr —2t . cpn

Sp(n+ 1) x HP? —2ult, gpn
(Gﬂv-K) — G-v-K.

(256)

Corollary 3.38. We have an identification of the two/four-sphere with the C/H-

projective line (251) which intertwines the canonical Spin©(3)/Spin(5)-action on

S2 /8% with the multiplication action (256) of U(2)/Sp(2) on CP!/HP! (251):
Spin®(3)CeanS? —=— U(2)Cpnu CP?,

(257) -
Spin(5)CeanS? —— Sp(2)Cmu HP?.
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Proof. We spell out the argument over H: By Cor. 3.35, the 4-sphere is identified
with traceless unitary hermitian matrices. These are furthermore identified, first
with rank=1 projection operators on H?, and then with lines in H2, like this:

T
t;‘%Aji‘o} <& {P € B(H?)

S s {A € B(H?)
A-A=1

(247)

t_
tf(P_)fl} <~ HP!
P-P=P

(258) A — Py = 1(1-A) — ker(Py4)
Ap = (1—2P) 1 P Pyi=1-_ v

[v]?

«~— ov-H.

Now, Cor. 3.35 also shows that the Spin(5)-action on S* becomes the Sp(2)-

conjugation action (244) on the matrices A. Under the above bijection (258), this

translates first to the same kind of conjugation action on projection operators P,

and then to left multiplication on H-lines, as claimed, since:

(259) ker(G-P-G') ~ G -ker(P). O
The argument over C is verbatim the same, now using the U(2)-action from

(250).

Definition 3.39. The kernel bundle of the family of the CP! /HP!-parameterized
projection operators (258) is the tautological C/H-line bundle over CP* /HP!:

Lot = {(P, v)

PcKP?! } « Kpl X KZ.

veker(P) /
T gpr

(260)

Next we are after the canonical trivialization of this tautological line bundle after
pullback along the Hopf fibration.

3.2.3. The Hopf Fibration.
Definition 3.40. The R/C/H-Hopf fibration is the map which sends unit norm
elements in R?/C?/H? (Def. 3.26) to the R/C/H-lines which they span (251):

Sle(Rz)B v 5325((:2)9 v S7ZS(H2)9 v

R R

Sl ~ RP' 3v-R, 82~ CP' sv-C, 54(;{)le > wv-H.
Remark 3.41. By incrementally forming lines along the sequence of inclusions R C
C C H, the C/H-Hopf fibration (261) canonically factors through further relevant
fibrations:

Pc
( . R
(262) 5(C?) RP3 e cP!
v — v-R — v-C,
and
Py
( . R
(263) S(H2) RP7 cP3 —E o HP?

v — v-R — v-C — v-H.
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The map t. : RP? - CP! (262) plays a key role below in § 4.2.4, while ¢, :

CP3 > HP! (263), also known as the twistor fibration (cf. [FSS22, §2]), plays
a key role in more refined variants of flux quantization on M5-branes, discussed
elsewhere (cf. [SS25a; SS25b; FSS23, §12; SS251]).

Lemma 3.42. The C/H-Hopf fibration (261) is equivariant with respect to

(i) the canonical U(2)/Sp(2)-action on S(C?)/S(H?);
(ii) the multiplication action (256) on CP!/HP!:

X\ L~ X\ A~
spin°(3) §% ~ S(C?) u() spin(s) S7 ~ S(H?) sp(2)
v v
(264) Pe 1 Py 1
v-C v-H
X\ L~
Spin®(3) S2 ~ CP! v Spin(5) S* ~ HP! sp(2).
N— ~— N— ~

This equivariance extends canonically to the factorizations of Rem. 3.41.

Proof. Evidently, for v € H? and G € Sp(2), the assignments

v —— G-v
(265) ¥ ¥
v-H* +— G-v-H*

commute. Analogously so over C. O

Lemma 3.43. The cell attachments (Ex. 2.3) along the Hopf fibrations (Def. 3.40)
and their factorizations (Rem. 3.41) are projective spaces (Def. 3.37) as follows:

~ 5(R?) & D(R?)  ~ S(C?) — D(C?) ~ S(H?) — D(H?)

(po)
(po) RP7T > RP8
(266) 7 P RP3 > RP* P b fE
f‘R CP3 —— CP*
(po) PO c C
P (po) \L (po) fu

> RP' — RP?, s CP' <« CP?, L, HP!' — s HP?
where the top right maps are given by

D(R") RP"

(267) (01, ,vm) [m:---:vn:m].

Proof. By the pasting law (Prop. 2.4), the claim follows from the general and
standard statement (cf. [Mas91, §IX.3.6]) that the following is a pushout for all
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n € Nand K € {R,C,H}:

S(K*H) s D(K™ 1) [vl D vn+1}
(268) i (po) l v
KP" «— Kpnt! {vl Dl Upyq \/1—|17|2].
Namely this expresses the fact that an element [v1 : -+ : V41 @ Upgo] € KPP+l

e cither has v, = 0, in which case it is in the image of KP" < KPP+t

and equivalently in the image of S(K"*!) < D(K"*1) — KP"+1

e or else it equals, (setting v/, := v, /vpso forn € {1,--- ;n+1}):
’ ’ 2
[1/:~-~:1/ :1}: 1 D —mEl ! = 1—‘ o
' s N VITPHL TP NG
and hence is in the image of D(K"*!) — KP"*L, O

Lemma 3.44. The R/C/H-Hopf fibrations (Def. 3.40) are equivalently the follow-
ing coset coprojections:

S~ SR > gae = 0(2)/ <é o(<)1>)
TR

1 1 o) ._ SORY

St~ RP' =~ Gl = 0(2)/( 0 O(l))’

(269b) ch J(ul.ic i |

2 1~ Sp2 . u@) 0
§? ~ CP' ~ 5 = U(2)/ ( 0 U(1))’
7T~ 2\~ Sp(2) — 1 0
ST = SHY) = gann = Sp@)/( 0 Sp(1)>
(269¢) L L}H l
Lo ompl . S Se(l). 0
§* ~ HP' ~ g5 = SP(QV( 0 Sp(1)/)°

(The full equivariance group of the H-Hopf fibration is larger, we discuss this in
§ 3.3.3.)

Proof. We indicate the argument over H, the other two cases are directly analogous:
By Lem. 3.42, we have a transitive Sp(2)-action, exhibiting the 7-sphere as the
Sp(2)-translations of its base point

(270) Sp(2) - <(1)> ~ S(H?).
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Now the stabilizer group of the base point is manifestly

1 0 0
(271) Stabsp(g) (0> = (0 Sp(l)) = Sp(l)stb C Sp(2),
while the fiber of the base point [1 : 0] € HP! is manifestly
_ (Se(M)\ _ (1) (Sp(1) O
(272) ﬁb(pﬂ-ﬂ) - ( 0 —\o ’ 0 1/
This implies the claim by the orbit-stabilizer theorem for Lie group actions (cf.
[War83, Thm. 3.62; Leel2, Thm. 21.18]). O

Over C we obtain from this yet another incarnation of the Hopf fibration, which
is useful to make explicit (cf. [Lyo03, (3)]):

Corollary 3.45. The C-Hopf fibration is equivalently given by the conjugation
action of SU(2) on the matriz representing the basepoint of S? (247):

§3 <« SU(2)

g
1

(273) Pe . (+01 N > !

A=A
tr(A)=0 p .
A-A=1

S? <~ {A € B(C?)

Proof. First to observe that we have a homeomorphism of underlying spaces:

U(2) ~
(274) U(D)sen SU(Q)
g -UD)ser,  «— g,

conversely reflecting the fact that every coset in U(2)/U(1)sp, contains precisely
one special unitary matrix.

Next to note that under the isomorphisms of (258), one incarnation of the C-Hopf
fibration is as shown on the left and middle of the following diagram:

S(C?) U J- (1)
(275) J ] ;

t—
A € B(C?) tf@ﬁio U-(2v0-0t=1)-U" g- 0 gt
A-A=1 0 -1

Combining these two statements gives that ¢ € SU(2) maps as shown on the right,
which is the claim to be proven. O

In § 3.3 we will crucially use the following curious incarnation of the Hopf fibra-
tion in geometric homotopy theory (§ 2), which may be less widely appreciated:

Corollary 3.46. After passage to homotopy Sp(2)-quotients, the quaternionic Hopf
fibration is equivalent to the delooping of the inclusion of the stabilizer subgroup
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Sp(1)sep into its product with the active Sp(1), as shown on the right here:
Spin(5)\S™ =~ Sp(2)\S(H?) = Sp(2)\g 22 ~ Sp(1)u\*
(276)  Svin)\n | |
Spin(5)\S* ~ Sp(2)\HP! =~ Sp(2)\\sslf’((12))2 ~ Sp(1)%\ * .

Proof. By the general equivalence BH ~ G\G/H (78), for subgroups H C G. O

3.2.4. Trivialization along Hopf Fibration. For completeness, we close this discus-
sion by highlighting the traditional trivialization of the pullback of the tautological
line bundle along the Hopf fibration (but below in § 3.3 we instead use Cor. 3.46
for a more powerful argument):

Proposition 3.47. The unit sphere bundle of the tautological line bundle (260) on
CPY/HP! is isomorphic to the Hopf fibration (261):
S(egp) —— §7
(277) ! |P
HP! —= - 54,

Proof. Unwinding the definitions, this is again essentially a tautology:

S(Hupr) = S(H?)
(Pv) =2 v
(278) v ¥
’UUT
P==1"pp
HP! HP!,
using here that every v € H? is in the kernel of a unique self-adjoint rank=1
projector (258), and observing that the condition |[v| = 1 is the same on both
sides. g

Proposition 3.48. The pullback of the tautological H-line bundle (260) along the
H-Hopf fibration (261) trivializes Sp(2)-equivariantly:

?p@i Sp(2)
\ )
(279) ST x H ———=—— prLiast

Proof. In components, the bundle isomorphism may be given as

S(H?)xH P Lap1
ueH? PcHP!
{(U, (J) qeel%l } <~ {('U,, P, U) u,veekcr(P)}
(280) Ju|=1 lu|=1
(u,q) — (u, 1-— uuT,u . q)
(u,v/u) — (u, P,v),

whose equivariance is manifest. ([
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Remark 3.49. In terms of classifying maps, the trivialization of Thm. 3.47 is a
homotopy of this form

S7 *
(281) lpc / l
HP! FoEPt — s HP™.

This shows that postcomposition with a quaternion orientation of complex K-
theory, HP> — KU, gives a homotopy h5" according to Fig. 6.

Next we turn to constructing this in detail and equivariantly (cf. Prop. 3.55
below).

3.3. The Unstable Equivariant K-Orientation. Recall the construction of the
Sp(2)-equivariant tautological quaternionic line bundle L1t (Def. 3.39) over S* ~
HP!, from § 3.2. We now explicitly construct its incarnation in the orbifold K-
theory of Def. 3.22 for trivial PCT symmetry (hence in the KU"sector, by Ex. 3.25),
and exhibit the trivialization of its pullback along the quaternionic Hopf fibration.
This explicitly exhibits the four/ten-dimensional equivariant orientation of KU? in

the manner explained around Fig. 6.

3.3.1. The equivariant unit. In fact, the tautological realization of Eﬁfgﬁ as the
kernel bundle of the projectors which are the points of HP! (Def. 3.39) induces a
similarly tautological incarnation of its reduced K-theory class as the virtual kernel
of parameterized Fredholm operators (205), by use of Ex. 3.14:

Lemma 3.50. The complex vector bundle underlying the tautological H-line bun-
dle over HP' (Def. 3.39) is the virtual kernel bundle (188) of the following HP!-
parameterized graded Fredholm operator:

Pt
.
1 _~ 2 iT:_P 2 4 pt=p } F)
(282) HP' = {P c B(H?) tﬁ(’fﬁi’l} = {P € B(C )‘Popzp 0ot Fredg,
P - P — ~v(P) = Fypy,
in that
(283) ker (Fifst) = v(LER) ©0.

Proof. By Ex. 3.14, the virtual kernel of Fg** = F,(py is that of y(P), by Rem. 3.31
this is the underlying complex vector space of the kernel of P, and that, by Def. 3.39,
is the fiber of the tautological H-line bundle over P. O

Example 3.51. The virtual difference (187) of the above (282) and the constant
HP!-parametrized Fredholm operator P + Fg2 (191)

2
taut C
F SFyp1

(284) HP! — 22— 50 Fred,,

has as virtual kernel bundle the “reduced” version of the (underlying complex vector
bundle) of the tautological H-line bundle,

2 au
(285) ker (Fis © Fiip1) = y(LipY) © Chips,

of vanishing virtual dimension, dim (ker(Fﬁ?};‘f ) Fﬁ;l)) =0.
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Notation 3.52. Let
(286)  Sp(2) 205 U(H) —> PU(H) “> PUg (Hy) — Aut(Fredy)

be (the projective image of) N direct summands of the 4-dimensional irrep (240),
realizing the Hilbert space H (139) as the unitary Sp(2)-representation which is the
N-indexed direct sum of these irreps (240): '°

st(zi S(p@i
(287) H o= Py C*.

Remark 3.53. Below we will be concerned with the restriction of this Sp(2)-representation
(287) to a representation of the stabilizer subgroup (271),

(288) Sp(1)str <> Sp(2),

in which form it becomes equivariantly unitarily equivalent, as in (200), to the
direct sum of an infinite-dimensional trivial representation with an N-indexed sum
of copies of the defining representation C3; of Sp(1) ~ SU(2) (234):

Sp(1)sgb Spk(l)jfb Spk(l)sltb
H =@y C") = By(Chi ® Clet)
(289) Sh(1)ge
’%‘* (@Ncgriv> b (@N Cgef) :
Heriv Haet

Under this transformation, the Fredholm operator Fp, transforms into (202)
(290) U o FPO e} U71 = F(Cgriv @ F(]'C?lef .

Lemma 3.54. The tautological HP'-parameterized Fredholm operator (282) is
Sp(2)-equivariant with respect to the canonical action on HP! (264) and the ac-
tion on Fredg, from (286):

Sp(2i Sp(2)
Fay Ay
(291) HP! ——— Fredy,,

and hence descends to a map of homotopy quotient stacks (118) of this form:

SP\F Y

—

Sp(2)\HP! Sp(2)\Fredy; .

(292)
BSp(2)

Proof. The first two maps in (282) are tautologically equivariant, as around (259).
The third map in (282) is clearly equivariant by the block matrix form (194) of Fp

1OGenerally one would take H to be a stable representation of Sp(2), namely the N-fold direct
sum of the direct sum of all the complex irreducible representations of Sp(2). But for the present
purpose, and not to overburden the notation unnecessarily, we may stick with (286).
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being compatible with the direct sum of representations (287):

P 0 0
1-P P 0
(enn(@) | 0 1=P P | (eny(G)")
0 0o 1-P --.
(293)
AG)PAG)! 0 0
1=9(G)P~(G)™" ~(G)P~(G)! 0
= 0 1—(G)Py(G)™" ~A(G)P(G)!
0 0 1—(G)P~(G)™!
This establishes the claim. ([l

3.3.2. The orienting homotopy. With this in hand, we have the following Fredholm
operator analogue of Prop. 3.48, c¢f. Rem. 3.49, which realizes the phenomenon of
Figs. 6 and 7 for £ = KU:

Proposition 3.55. The pullback of the reduced version (284) of the tautologi-
cal CP' /HP'-parameterized Fredholm operator (282) along the C/H-Hopf fibration
(261) trivializes U(2)/Sp(2)-equivariantly, in that we have an equivariant homotopy
(32) of this form:

U@ S(C?) ———— * U@ S$p(2) S(H2) —— > % Sp(2)
T REY ~ F‘ B LU - F“
(294) vl(C L 1 f y-l]]-]l - 3 f
—~ A

u(2) CP! —————— Fredg, U@®), Sp(2) HP! — Fredg, sp(2).
= Fi O F b - - Fiptor, -
Proof. We spell out the proof over H; for C it is verbatim the same up to the
evident substitutions.
After equivalent passage to Sp(2)-homotopy quotients (118), and under the
equivalence of Cor. 3.46, we are reduced to exhibiting BSp(2)-sliced homotopy
(32) as indicated by the dashed arrow in this diagram:

Lstb \*

Sp(1)stn \ Sp(1)stb \ Sp(2)\*
,/:?:: ‘
(295) Lsf’b\\*l e Sp(L)aww\ Fo / lsp@)\\po
=77 )
Sp(1)2\* Sp(1)stb \Fredg, o\Frod Sp(2)\Fredg, .

Sp(1)2\ (Fry ©F v )
Here, in identifying the bottom map as shown, we have used that restriction along

the equivalence Sp(1) '\ + = Sp(2)\Sp(2)/Sp(1)! = Sp(2)\HP" means (78) to (re-

strict the isotropy action along Sp(1)? < Sp(2) and) evaluate on the neutral coset

e - Sp(1)? € Sp(2)/Sp(1)?, hence equivalently (by Lem. 3.44) on the base point
Py € HP'.
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However, precisely because the left map comes from inclusion of the stabilizer
subgroup, its composite with the bottom map produces the situation (290) discussed
in Rem. 3.53, whence the above diagram is equivalently of this form:

Sp(1)seb \* Sp(1)sb \*
SD(I)\\ (FCQ 4:::::::::/
(296) — e pe, ) Sp(1)aen \Fo
\
Sp(1)*\ Sp(1)stp \ Fredy, .

Sp(1)2\ (Fpy ©F v )

But now the maps of the top right triangle both pick Fredholm operators that are
nontrivial only on the first summand of H ~ Hiyiy @ Haer (289), hence on which
the group action is trivial. Therefore, the remaining dashed homotopy is obtained
from any plain homotopy (no equivariance constraint) in

* *

S 4eme B

202 coo 0

(297) C ~ v
Fred,, .

This does exist, by (207), since both these Fredholm operators have vanishing
index. ([l

Remark 3.56. In summary, by Prop. 3.55, we have constructed a homotopy of
topological groupoids:

Sp(2)\S” Sp(2) /*
_—
(298) Sp@)//p“l O o lsp@)\\Fo
Sp(2)\s* Sp(2)\Fredy, -

2
Sp(2)/ (Frrer )
This is the announced unstable equivariant quaternionic orientation in topological
K-theory, according to Fig. 7 (bottom row).

The construction for the complex orientation is obtained essentially verbatim by
restricting all of the above discussion along the inclusion C — H.

3.3.3. Full Equivariance. We note here that the equivariance group of the quater-
nionic Hopf fibration is larger than the group Sp(2) from Lem. 3.42. We discuss
to which extent the above results generalize accordingly — the trivialization of the
tautological K-class does not generalize (Rem. 3.64).

Definition 3.57 (Central product groups [Gra69][FSS20, Def. 2.11]). For n € N,
write
Sp(n).Sp(1) = (Sp(n) x Sp(1)) /{ (diag(q,0).0) |4 € Z(Sp(1)) }

~ (Sp(n) x Sp(1)) /(=I,,-1).
Remark 3.58. Since U(1) and O(1) are abelian, the analogous central product
groups in these cases are isomorphic to the plain orthogonal /unitary groups:

O(n).0(1) ~ O(n)
U(n).U(1) ~ U(n),

(299)
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which is the reason why the following equivariance enhancement occurs for the H-
but not for the R/C-Hopf fibrations.

In enhancement of Lem. 3.42 we have:
Lemma 3.59 (Full equivariance of H-Hopf fibration ([GWZ86, Prop. 4.1], cf.

[[FSS20, Prop. 2.20))). The H-Hopf fibration (261) is equivariant with respect to
the central product group Sp(2).Sp(1) (299) acting

(i) on S7 by:

Sp(2).Sp(1) x S(H?*) — S(H?)

(300)
([qu]vv) = G'U'(j,

(ii) on S* by:

Sp(2).Sp(1) x HP! —— HP!

(301) _
(1G, 4}, [v]) = [Grv-g =[G,
in that:
X Py
Spin(5).Spin(3) ST~ S(H2) Sp(2)-Sp(1)
N— ~
Dy T
(302) l i L'lH
X\ £~
Spin(5).Spin(3) S* ~ HP! sp(2).5p(1).

This larger equivariance no longer extends to the factorizations of Rem. 3.41.

Proof. For v € H? and G € Sp(2) and ¢ € Sp(1) C H, the assignments

v G-v-q
(303) Govog M
v H +— G-v-H-q
still commute. O

Thus, in enhancement of Lem. 3.44 we have:
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Lemma 3.60. The quaternionic Hopf fibration is equivalently the following coset
coprojection:

2\ ~ Sp(2).Sp(1) — Sp(2).Sp(1)
S =~ Giesow T o]
(€ 9 |oeesan}
(304) "
HP! ~ ( Sp(2)‘Sp(1)) — Sp(2).Sp(1)
SP(1)stb XSP(Lact ) -SP(L) s
pP(1)seb XSp(1) P(Dstn {{(g 2)’11/} q,q',pGSp(l)}.

Proof. The action (300) of Sp(2).Sp(1) on S7 is still transitive

Sp(2).Sp(1) - (é) ~ S(H2)

and the stabilizer of the base point is evidently the subgroup Sp(1)sth-Sp(1)stn’
given in (304), whence the claim for the top row again follows by the orbit-stabilizer
theorem. 0

Hence in enhancement of Cor. 3.46 we have:

Corollary 3.61 ([FSS20, Prop. 2.22]). After passage to homotopy Sp(2).Sp(1)-
quotients, the quaternionic Hopf fibration is equivalently identified as shown on the
right here:

1

Sp(2)-Sp(1)\S (H?) B(Sp(1)stb-Sp(L)str)

| \
(305) Sp(2)-Sp(1)\py; B(lg.q'1~a.4'.a1)

v v

Sp(2).Sp(H\HP* =~ B((Sp(1)stb X Sp(1)act)-Sp(1)str) -
Now in generalization of Ntn. 3.52 we set:
Notation 3.62. We have an action of Sp(2).Sp(1) on graded Fredholm operators
given by
Sp(2).Sp(1) —— PU(H) —— PUg (Hg) > Aut(Fredy,)
G.d = [en(G)],

which is well-defined since the sign ambiguity in the representative G is absorbed
by the equivalence relation (155) for the projective unitary group.

(306)

This way we may enhance Lem. 3.54 to:

Lemma 3.63. The tautological HP'-parameterized Fredholm operator (282) is
Sp(2).Sp(1)-equivariant with respect to the action (301) on HP' and the action
on Fredg, from (306):

Sp(2)-SE(1) Sp(2).Sp(1)
\ )

(307) HP! —" > Fredy, ,
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and hence descends to a map of homotopy quotient stacks (118) of this form:

Sp(2).Sp(\ Fuy
Sp(2).Sp(1)\HP!

(308) - —

B(Sp(2)-Sp(1))

Proof. By the nature of the action (306), where the extra datum ¢ just drops out,
the proof of Lem. 3.54 still goes through essentially verbatim. O

Sp(2).Sp(1)\Fredy, .

Remark 3.64. While all these generalizations so far have been straightforward, the
generalization of Prop. 3.55 fails: The tautological HP!-parameterized Fredholm
operator, which trivializes Sp(2)-equivariantly according to Prop. 3.55, does not
trivialize Sp(2).Sp(1)-equivariantly. This is clear from the proof of Prop. 3.55,
which relies on the absence in (296) of the second factor, Sp(1)s, appearing now
in (305).
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4. FRAGILE TOPOLOGICAL PHASES AND MICROSCOPIC CHARGES

We expand on the application of the construction in § 3 to the understanding of
fragile topological phases and of microscopic charges in physical systems.

4.1. On Band Nodes and Branes. First some general words on the mathemat-
ical reflection of band nodes in crystalline quantum matter and of monopole branes
in (higher) gauge quantum systems, in their charged singular version as well as
in their gapped or probe incarnation that we are concerned with here (cf. [SS25d,

§2.9]).

4.1.1. Essential nodes and singular branes. For the following, consider:

(i) X%, a manifold representing either the momentum space of a crystalline

quantum material or the physical space hosting (higher) gauge fields.

(ii) ¢ : X? < X% a submanifold representing the spatial part of the world-
volume of a higher dimensional gauge monopole (“p-brane”).

(iii) A, the classifying space of gapped Bloch Hamiltonians or of gauge charges,
respectively.

(iv) GC(-), a smooth action of a Lie group on this data, being the crystalline
point group symmetry or the orbifolding group, respectively.

Then the topological charge of ¢ being:
e an essential band node, where the Berry curvature would diverge
respectively:
e a singular monopole p-brane, where the bulk flux density would diverge,

is detected /measured by the G-equivariant A-cohomology of the complement space
X4 —¥P ¢ X9 (disregarding here any further twists, just not to notationally
overburden the discussion at this point):

G

(309 Ho (X~ 57 A) = ”O{Xﬁ_ép ,,,,, o }

The historical and archetypical example is that of a Dirac monopole ¢ : {0} < R?
whose magnetic charge is classified by A ~ BU(1) as

(310) H(R? — {0}; BU(1)) ~ H?*(S* Z) ~ Z,

where

(311) S? ~ S22 xRsyo ~ R3—{0}
hmtpy

arises as the 2-sphere around the monopole at the origin of space. The physical
picture is hence that the cohomology of the complement X¢ — ¥ measures the
charge reflected in the total field flux that emanates from the monopole brane
(where its density diverges) and penetrates through the boundary of a tubular
neighborhood.

Of course, of X itself has nontrivial cohomology then this may contribute to
the cohomology of the complement X — 3P,
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4.1.2. Gapped nodes and probe branes. Now, when the band node gets gapped (by
deforming the nature of the underlying quantum material), or respectively when
the monopole brane is regarded in the probe limit where the backreaction of its
(small) charge onto the ambient space is negligible and hence neglected, then this
must mean that the charge is well-defined (non-divergent) on all of X%, classified
by a map X¢ 5+ A, and that as such it receives no contribution from the previous
node/brane locus, hence that the composite map ¢*c

yp
(312) off &

Xd—T>A

has trivial class, in a suitable sense, namely that it can be equipped with whatever
structure it is that reflects the undoing of the previous charge. For instance, for a
band node its undoing is its gapping, typically exhibited by a choice of mass term.

Whatever the trivialization process is, it will itself have a topological class which
should have some classifying space B, equipped with a fibration B R | encoding
which trivializations b € B concern which charges p(b) € A.

In conclusion, the topological data of ¢ a gapped band node or probe brane,
relative to a background charge ¢, should be classified by a map P --- B making
this diagram commute:

YP e > B
(313) an %
Xd T o A

The deformation classes (relative homotopy classes) of such maps form the twisted
relative cohomology of Fig. 2.

Thus, a pair of topological phases on X? may superficially have the same topo-
logical class in Hg(X%; A), but in reality arise from a pair of topologically distinct
gapping procedures my #* mo € Hg*C(EP; B, A) (cf. Fig. 2) of a given mother
phase. These twisted cohomology classes m on XP hence witness that the two
phases are not actually deformable into each other, after all.

We discuss the example of 2-band Chern insulators, below in § 4.2.3.

4.2. Revisiting Fragile Topological Phases. Applying the construction of § 3.3.1
to the fragile crystalline topological phase [nLa25y] of 2-band Chern insulators
[nLa25b] recovers exactly the Bloch Hamiltonian (cf. [SS26¢; SS26a]) and then its
equivariant K-theory class (cf. [FM13; SS22]). At gapped nodal lines (cf. § 4.1.2),
the construction in § 3.3.2 gives the corresponding relative K-classification, a new
prediction.

We proceed to say this in more detail.

4.2.1. Bloch Hamiltonian Maps. In solid state physics, Bloch’s theorem (cf. [RS78,
§XIII.16; Ser23, §5.1.3]) entails that the Hamiltonian operator H for single electrons
propagating in a d-dimensional crystalline material is a direct integral

H E/A HBlcn du

(314) e

H:/AH[g]d/i s H— H
Td
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over crystal momenta [k] varying in the Brillowin torus (cf. [FM13, p. 52; Thi25,

§2.1])
(315) T ~ RY/77,

of a continuous family of Bloch Hamiltonians
(316) H(_) : fd fffff > End(HBlCh) .

acting on a fiber Hilbert space Hpicn. These Bloch Hamiltonians have discrete real
spectrum, and the graphs of eigenvalues of H(_y are called the energy bands (cf.
[RS78, Fig. XIII.13; See04, §2]).

In an insulator ground state, electron states occupy the lowest v € N of these
bands below a given Fermi energy: the wvalence bands. Depending on external
excitations, some number ¢ € N of further bands may be accessible to excited
electrons, the conduction bands. Hence in dependence on external parameters, the
system’s ground state and its accessible excitations are approximately described
by finite-rank Bloch Hamiltonians, given by maps of this form (cf. [FM13, Prop.
D.13)):

(317) H_y : T% —-> B(C"*) “— End(Hpian),

where we use the notation B(—) (“bounded operators”) for notational brevity:
(318) B(C™) ~ Mat,xn(C).

Now for gapped ground states, hence with a positive energy gap between the va-
lence and the conduction bands, the Bloch Hamiltonian map factors further through
the subspace shown on the right here:

(319) H(,) ;fd ,,,,, > B((CUJ'_C)

gap

- {H e B(C+)

Hi=H
Eig<0(H)~<c‘f}
Eig. o(H) ~C°

where we now made explicit that the Bloch Hamiltonians are hermitian and we
have chosen the origin of the energy scale to be the Fermi energy, so that the v
valence bands are those of negative energy. Quantum materials whose ground state
fills the valence bundle of Bloch Hamiltonians of the form (319) with a nontrivial
homotopy class [H(_)} € WoMap(fd,B((C”Jrc)gap) are called topological insulators
[nLa25t]: Insulators because of the gap to the conduction band, and “topological”
because of the twist [H(_)] in the electron couplings which is locally trivial but
globally non-trivial.

More generally, that a subgroup G of the point group of the crystal’s space
group (cf. [Arm88, §26; Ham15, §2]) is respected by (common jargon: “protects”)
the Bloch Hamiltonians means that there is a unitary representation of the point
group on the Bloch quantum states

(320) U:G— U(Cvte),

such that (cf. [NS18; Sta20, §5.2]

)
(321) Vigjer Hy = Ulg)oHp o U(g)™*.

geG
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We highlight that this says equivalently that the Bloch Hamiltonian map (319) is
G-equivariant (24) with respect to the given point group action on the Brillouin
torus (315) and the conjugation of action of (320) on the Bloch Hamiltonians:

() (%)
(322) g Heo | B(C+e)

gap

Yet more generally, the crystallographic symmetries may be accompanied by
time reversal symmetries in Zg (cf. [SS22, (32)]). This is exhibited by equipping
the symmetry group with a homomorphism

(323) 0c:G——> 17y
and generalizing (321) to

(324) v

[k]eT?

geG

Ulg) o H oU(g)™" if a(g) = e
Ulg)o Hpjy o U(g)~! otherwise,

where ( ) denotes component-wise complex conjugation.
In summary:

The parameters/couplings of d-dimensional G-crystalline (v, c)-band quantum

materials vary in the equivariant mapping space Map (fd, B(C”+C)gap)G (25).

4.2.2. Unstable topological phases of matter. A continuous deformation of the crys-

talline material — say by external tuning, heat or other noise — changes the Bloch

Hamiltonians (314) continuously, hence is an equivariant homotopy of the corre-
sponding maps (316) and (317). That these deformations

(i) preserve the presence of an energy gap means that this homotopy, too,

factors through the space (319) of gapped finite-rank Bloch Hamiltonians,

(ii) preserve the G-symmetry (322) (hence respect the symmetry protection)
means that this is an equivariant homotopy (32):

{0}
15%
<G)/H(—)\> (G) fo\
Td i B(Cv+e) .

v gap
\H< y—"

[0,1] --> Map(T%, B(C*)gap)

{11} &

and hence that the deformation classes of such gapped ground states are classified
by the corresponding equivariant homotopy classes (32):

(325)

. G
(326) (v, ¢)Phases(d)” = mg Map(Td, B(Cv+c)gap) :

To get a better handle on this classification, and since these equivariant homo-
topy classes of maps depend only on the equivariant homotopy type of the classi-
fying space, it is useful to pass to a tighter model of the latter. The following is
immediate, but worth making explicit:
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Lemma 4.1. The classifying space (319) of (v, c)-gapped Bloch Hamiltonians is
U(CYT°) x Zg-equivariantly homotopy equivalent to the Grassmannian space Grl+¢
(cf. [BZA24]) of v-dimensional complex subspaces of CVt¢:

U(C¥T°)xZy U(CY )% 2o
) ()
(327) B’(<CU+0)gap — s Crite,

where U(CY°) acts by conjugation on the left and by left multiplication on the right,
and Zs acts by complex conjugation on both sides.

Proof. Consider the following homeomorphic subspaces of B, (CVt¢):

! pi=p
PoP=P

N'=N
Eiglgcv} <~ {P c B((Cv+c)

Eig, ,~C*

{N € B(CU+C) ker(P)~C"

(328) N — 1(1+N)

2P -1 i P,

where the homeomorphism evidently respects the given group action on both sides.
The space of projectors on the right is moreover homeomorphic to the Grassmannian

Gry ™

v4-c ‘E::jp ~ v+c
(329) {P e B(Cv+) kg(lg)_:%v} > {vcc

P — ker(P),

dim(V) = v}

and, again, this homeomorphism is evidently equivariant for the given group actions.
Therefore, we are reduced to showing that the space of gapped Bloch Hamiltonians
is equivariantly homotopy equivalent to the space of normalized Bloch Hamiltonians
on the left of (328). To this end, consider these maps:

(330)

N i N
Hi=H )
B(Cv+c) = {H c B((Cv+c) E1g<O~Cv} {N S B((Cv—i-c)

gap Eigy,~C°) — 7

Ni=N
Eig_,~C"
Eig, ,~C*

-1
H HovH? |

where, on the right, /— denotes the unique positive definite operator square root,
and (—)~! its inverse operator.

Now, the map going right-left-right is the identity, so that we are reduced to
showing that the map going left-right-left is equivariantly homotopic to the identity:

-1
(331) i (He HoVE? ) = (H v H).
But such a homotopy is, for instance, given by
v+c n v4c
B(C )gap x [0,1] ——— B(C )gap

(332) (H.,1) s Ho ((1 —HVHE 4 t) :

whose equivariance is again evident. ([
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In summary, we have seen that:

The G-symmetry protected v-band topological phases of d-dimensional crys-
talline gapped quantum materials with access to ¢ conduction bands are classified
by G-equivariant nonabelian cohomology of the Brillouin torus with coefficients
in Grite,

in that, with (326):
(333) (v, ¢)Phases(d)® ~ Hg (fd, Gry*e).

This classification is “unstable” (called “fragile” or “delicate”, cf. [nLa25y]) in
that in its assumption of fixed finite numbers v and ¢ of valence and conductions
bands accessible by the system, its classification may break down when more bands
become accessible to the system, in particular in the stable K-theoretic limit where
v,C — 00.

Example 4.2 (Fragile crystalline 2-band insulator phases). The prominent case
of crystalline 2-band Chern phases (cf. [AF15; Ser23, §8-9] such as the Haldane
model, cf. [Ser23, §8.3]) corresponds to setting v = ¢ = 1 in (333) and ¢ = e in
(323). In this case the fragile classifying space (327) happens to be given by the
2-sphere

(334) Cr} ~ CP! ~ §?%,

whence (333) says [SS26¢, (17); SS26a] that the most fine-grained fragile crystalline
Chern-phases are classified by the equivariant form [Cru03; SS20] of Cohomotopy
cohomology theory (cf. [Hu59, §VII; FSS23, Ex. 2.7])

(335) (=) = moMap(—, S?)
in “degree” n = 2:
(1,1)Phases(d)® ~ 7% (fd)

(336) ~
moMap (Td, (CPl)G ,

hence by the connected components of the equivariant mapping space (25) from
the Brillouin torus to the 2-sphere.

This is the example on which we will focus now. While Chern phases have
received considerable attention, in particular in their 2-band form, actual analysis
of their fragile crystalline phases (336) seems to have found little to no attention
before we brought up the issue in [SS26¢, (17); SS26a].

4.2.3. Mass Terms gapping Nodal Lines. Following the discussion in § 4.1.2, we go
one step further and take account of the topological class of the process by which the
2-band Chern insulator phases Ex. 4.2 are obtained by “gapping out” nodal lines.
A nodal line in a topological semimetal (cf. [nLa25x]) is a curve in the Brillouin
torus (315) over which the bulk energy gap between the valence and the conduction
bands closes. A deformation of the material, reflected in a mass term being added
to its Bloch Hamiltonian, may lift the band energy degeneracy over the previous
nodal curve to turn the topological semimetal into a topological insulator (319).
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Typically, such band nodes are “protected” by a symmetry (320), such as by Zs
“mirror symmetry” (cf. [Fan+16, §2.A; Ma+18]), which acts on the Brillouin torus
by reflection of the z-coordinate (say):

ZQXf3—>f3

(337) ([1]7 [kasvkyvkz]) — [_kz7ky7kz]

and acts on the bands as the X Pauli matrix (233):

(338) “in(i) = (é _01>.

The nodal line then lies in one of the mirror planes [k,] = 0, say at k, = 0, where
the band symmetry (321) implies that the Bloch Hamiltonian, which may generally
be expanded in the Pauli matrices (233) as
(rw s . 2 2
Higy = by = (B () + 1% 1G) + higv(K)) € B(C?),
(339) s
= R

P € R

is of the form

(340) Hioky k) = Py, k] = 1ok, 7 ()

with vanishing energy gap on the nodal line ¢ : 1 ¢ T3,
(341) Worokg =0 & [0k, k] € 6(S") C T2

Conversely, the mass term perturbation which gaps this nodal curve (cf. [SS22,
p. 23]) typically needs to anti-commute (cf. [MF13, (4); CS14, p. 8; FH21, Lem
9.55]) with the Bloch Hamiltonian there, breaking the mirror symmetry. With the
mass term relevant only on a tubular neighborhood of the nodal curve, we may
therefore consider it as localized on the nodal curve, where it hence is of the form

M, = —i(miy(j) +m:y(k))
(342) (mg,m¥) € R* —{0}

s e St
hence equivalently

M, = —m;, e%v(i) i (j) - e—%w(j) 7
(343) ms € R>07
as; € R .

4.2.4. Classifying Fibration for Mass Terms. The above analysis (342) shows (which
may not previously have been appreciated) that there is topology in the choice of
mass term, classified by a winding number. (Mathematically, this is of just the
form familiar from the Su-Schrieffer-Heeger model, cf. [AOP16, §1; nLa25r], but
the physical phenomena described in both cases are different.)

Concretely, the above formula (343) makes manifest that, after picking any Bloch
basis state for the valence bundle over the basepoint [0] € S, the variation of the
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mass term along the nodal curve is equivalently reflected by the correspondingly
varying family of its Bloch eigenstates, say

(344) s o e300 1) +€+1a7 .
1 e

We observe now that this family of Bloch states over the (previous, now gapped)
nodal curve, reflecting the choice of gapping process (mass term) giving rise to a

fully gapped 2-band insulator phase H_y : Td — CP"', is exactly the choice of a
dashed arrow making the following diagram commute

(345) S oommmemiooo e >RP? v-R
¢£ % 7
Fd H 1
T crt v-C,

where the map on the right is the factor of the complex Hopf fibration from (262).

To note here how the commutativity of this diagram accurately reflects the
aspects of the gapping process relevant for topological classification: The composite
left-bottom map identifies the fibers of the valence bundle (after the gapping) over
the locus where the nodal gap closure had been, and the composite top-right map
identifies these with exactly the fibers that the mass term has produced by shifting
away the degenerate conduction band.

This indicates that the classification of topological insulator phases which takes
into account their origin by gapping a given topological semimetal phase with a
nodal curve ¢, is given not just by plain Cohomotopy as in (336), but by its relative
twisted version H((b, tC)G from Fig. 6.

Note that the above dashed map (345) has codomain RP3 ~ S(C2)/Z, instead
of S(C?) itself because with the mass term (343) being a well defined function on S*,
the Bloch states (344) are in general only periodic up to sign inversion. Explicitly,
iff the winding number of the mass term (343) is even then the dashed map (345)

factors via S(C?) - RP? (262) through the actual C-Hopf fibration

B e L L > S(C?)
(346) Even mass term winding = f

[ ipc

7d 7o CcP!.

In conclusion, we find that 2-band gapped topological phases together with the
gapping process that made room for it, of nodal curves ¢ in a parent semi-metal
phase, are jointly classified by the relative twisted generalization of the (equivariant)
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Cohomotopy classification from Ex. 4.2 which is classified by the fibration ¢, (262)

G
) S - RP3
(347) He(o;t.) = mo ¢£ ite
Sd Heo 1
T —-mmmm- > CP

This describes the (potentially) practically relevant physical situation where the
topological insulator phase remains close enough to the parent nodal line semimetal
phase that its deformations cannot reach insulator phases that arise from topolog-
ically distinct gapping processes.

4.2.5. Stabilization to K-Theory. Still more popular in the current literature than
unstable/fragile band topology (333) is (cf. [nLa25m]) the coarser but stable clas-
sification of crystalline topological phases in equivariant K-theory (221).

Our construction in § 3.3 now gives, first of all, the coarsening cohomology op-
eration from the fine-grained but fragile crystalline phases classified by equivariant
2-Cohomotopy (336) to coarse but stable classification by equivariant K-theory
(221):

Given a rank=2 unitary representation U (320) of the crystal point group G,
and hence the induced stable G-action on Fred,, as in Ntn. 3.52

@N’Y
_—

(348) ¢ Y% u©) U(H) — Aut(Fredy,)

encoding the given band symmetry as per (321), composition with the map which is
the tautological CP-parameterized Fredholm operator (as in Lem. 3.54) gives the
cohomology operation from fragile equivariant 2-Cohomotopy to stable equivariant
K-theory, shown at the bottom here:

(G> taut C “
(CPI Fep1 © F;;V Ffedlr
(349) o Map(fd, (CPI)G S (Fé;“f e F:ﬂv) _—> mo Map (T\d, Fredgr) ¢
l l
72 (T4) /5 KUg (T9).

Recalling the construction of this map from § 3.3, at P € CP' the tautological
Fredholm operator is F#"* = Fp (282), which is the Fredholm operator incarnation
(193) of the projector P. Unwinding the definitions, this recovers the normalized
Bloch Hamiltonian in its Pauli matrix expansion (cf. [SS25¢, §6.2.3]).

Secondly, we obtain the refinement of this stabilization construction to the rela-
tive twisted classification (347) of 2-band insulator phases sensitive to the gapping
procedure form their nodal line semimetal parent phase: The corresponding coho-
mology operation is now given by forming the pasting composite according to Fig. 6
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with the RP3-relative form of the homotopy A%V from Prop. 3.55:

He(:t:) He (¢: 1K)
y1 M) pps i _ T Rgp3c _ Rp4
\‘L\B
- ({ t:l — q{ tcl / l(f&*#“
~ H,_ /\d 7777777 1
7d 72, cpt H e “r W Frede

4.3. Revisiting Brane Charges. We here discuss (along the lines of Figs. 6 and 7)
the measurement in topological K-theory of the charges on M5-brane worldvolumes
(such as sourced by the singular self-dual string), which microscopically are in
twisted relative Cohomotopy. This will also give us occasion to make precise and
complete an old suggestion of [Hor98, (3.7, 3.17); Wit01, p. 6-8] (see Rem. 4.13
below) for how to exhibit D6-brane charge in K-theory, namely for how to construct
an explict map from S3 ~ IR?U’ {0} 1O the space of self-adjoint Fredholm operators
which represents, under Prop. 3.18, a generator of KU1(5’3) ~ 7.

4.3.1. Recap of abelian (D-)brane charges. In order to make contact with traditional
discussion, we briefly recall the gist of the traditional idea of measuring (D-)brane
charges in abelian cohomology (cf. [nLa25g]). While “well known”, in its totality
the following is not always easy to glean from existing literature.

So let E be an abelian cohomology theory (cf. Fig. 1) such as:

e E"(—) ~ H"(—;A) — ordinary cohomology,
e E"(—) ~ KU"(—) — complex topological K-theory.
Then:

(i) A singular magnetic brane is a substantial source of flux. In the absence
of twistings, the total flux through any sphere enclosing the brane is the
same (Gauf} law), hence the flux density on the enclosing spheres scales with
a negative power of their radius and thus diverges at the would-be locus of
the brane, which hence is a singularity. Therefore the charge/total flux of
singular branes is to be measured on the non-singular complement of their
worldvolume. For flat branes, this complement is homotopy equivalent to
the enclosing sphere:

(351) RY—RP ~ RP xRygx S P71 ~ gi-p-l
hmtpy
The original (theoretical) example is the Dirac magnetic monopole with
d = 3 and p = 0, and with the magnetic flux that is sourced by the
monopole measured in ordinary integral 2-cohomology:

(352) H*(R® —-R%Z) ~ H*(S*2Z) ~ Z.

Often overlooked is that the analogue remains true for singular type
ITA/B D-branes (cf. [SS23a, Rem. 4.5]), hence for d = 9 and p = 2k or
p = 2k+1, respectively, with the total RR-flux that they source measured
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(353)

(ii)

(354)

(355)

(356)
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TABLE 2. Topologies on which to measure the total charge associated
with singular (middle row) and probe D-branes branes (bottom row).

Type ITA Type 1IB

Dp-brane species || D0|D2| D4 | D6 | D8 || D(-1) | D1|D3 | D5 | D7 | D9

S%Iiili)islggﬂsg)}ieﬂgi 58 | 56| 54| g2 g0 S9 | 97195 53|91|g1

Transverse space

— 9—
S0P ~ R) D X RP

59 S? 55 SS Sl SlO SS SG 54 SZ SO

in KU? or KU, respectively (cf. the second row of Tab. 2):

KU?(RY — RP=2F)  ~ KU(S9-2+1) ~ Z,
KU'(R? — RP=2b+1) ~  KU'(S°72%) =~ Z.

Instead, the traditional literature insists that D-brane charge in type
ITA/B is measured in KU'/KU®, respectively (degrees reversed) — but
this statement refers to the charge not of substantial singular branes but of
“probe branes”, which is of different conceptual nature:

An electric probe brane is like a fundamental particle in perturbation
theory, hence not “back-reacted”. The spacetime topology is hence unaf-
fected by their presence, and their charge/number is the integral, in E9P,
of a density on the compactified transverse space. For flat branes, this is
homotopy equivalent to another sphere:

R? x (Rﬁ{g’o}) ~ RP x x§4P oy Sd-r,

The archetypical example is electric fundamental particles (like elec-
trons) whose total charge/number is measured in ordinary integral coho-
mology:

H*(R® x R} 3 Z) ~ H*(S*Z) ~ 7.

Applied to D-branes (cf. the bottom row in Tab. 2), this gives the
formulas found in the traditional literature [nLa25g] on “D-brane charge” :

2

KU (R* < RO2E) = KUY = 7

KUo—2k—1 (R%H x Rg{_%}_l) ~ KUO(§9-2%1) ~ 7
U{oo - -

It is, tacitly, this second set of formulas, for probe D-branes, which led to
the proposal [Hot98, (3.7, 3.17); Wit01, pp. 6-8] for formulas for D6-brane
charge in KU! (S?) in terms of Fredholm operators parameterized over their
transverse space R (oo}

Below in § 4.3.3 we complete these old arguments. But what actually motivates
us here is that (§ 4.3.2) the same mathematics also describes stable measurement
of charges on M5-branes (such as of the self-dual 1-brane there), along the lines of

§ 1.4,
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4.3.2. Charge on M5 probes of flat space. Consider the simple but important case
of Fig. 7 where an M5 brane worldvolume X% probes flat Minkowski spacetime.'!

Since this ambient bulk spacetime is contractible, its microscopic bulk charge is
trivial and equivalently represented by a map constant on a point in S*, whence
the relative cohomology on the brane worldvolume is microscopically in the plain
3-Cohomotopy of ¥°. Measuring this charge in relative KU is equivalent to mea-

suring it in QKU ~ KU' by pushforward along the unit %31¥Y : §3 — KU!

p OIS < B RN o (N Y5 o, g3

*
J
p‘m hKU// %\ L /
3 ~ KU

(357) |¢ ~ ¢
| 7 P
RO >~y x5 G4 SKU KU" RO ~ = 5 KU

HBut the following depends only on the pullback of the bulk Cohomotopy charge to the M5-
worldvolume being trivial, ¢*(Ff,FT) ~ 0, which is the case for instance also for holographic
embeddings of M5-branes into AdS7 x S4, cf. [GSS25].
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Example 4.3. The primary singular brane (cf. § 4.3.1) on the M5-worldvolume
is the 1-brane known as the self-dual string or M-string [nLa250], which is the
source of the self-dual Hs-flux (cf. [GSS24b, §3.3]): Its enclosing sphere (351) is
the 3-sphere

(358) YW=R -R' *R'xRox 85> ~ 53,

hmtpy

so that its microscopic brane charge in Cohomotopy is
(359) m(2%) = mo{Z° - $3} ~ Z,

as it should be. And, in fact, this is already equal to the stable brane charge as
seen in K-theory, in that the coarsening cohomology operation is an isomorphism,
in this case:

31KU
(360)  7(2°) ~ m{¥® - 5%} e mo{X® - KU'} ~ KU'(5%).

In order to understand this Mb5-worldvolume charge measurement in K-theory
more generally and more deeply, we proceed to construct an explicit model for
¥31XVU as a map to self-adjoint Fredholm operators:

4.3.3. The 3-sphere of self-adjoint Fredholm operators. By Prop. 3.18 we have
(361) {83 - Fred{} ~ mKU'(S?) ~ Z.

We ask now for an essentially explicit formula for the map on the left that
corresponds to 1 € Z on the right. Basic as this question is, it does not seem to
have been discussed in the mathematical literature. But a partial suggestion for
how to go about this construction may be understood to have been proposed by
[Hor98, (3.7, 3.17); Wit01, pp. 6-8], there with the aim of describing the K-theory
charge of D6-branes (whose transversal space is ~ S%). We will now complete this
suggestion to a rigorous solution. The key to that is the following Prop. 4.11 (of
which [Hor98, (3.7)] might have been an echo).

Before discussing this proposition and its consequences, we first recall some basic
operator algebraic background:

Definition 4.4 (Spectrum of self-adjoint operators). The spectrum spec(A) C C
of a linear operator A € B(#H) is the subset of A € C for which A — X - id does
not have a bounded linear inverse. For self-adjoint operators, where the spectrum
is real

(362) AT = A = spec(d) C R,
this is (cf. [Mor17, Rem. 9.15 ]) the union of
(1) the discrete spectrum specgq.(A) C spec(A), consisting of those eigenvalues
A of A which are
(a) isolated: there exists ¢ € R such that (A — ¢, A +¢€) C R contains
no other point of spec(A),
(b) of finite geometric multiplicity: the eigenspace ker(A — A -id) is finite-
dimensional,
(ii) the essential spectrum which is remainder:

(363) Specess(A) = SpeC(A) - Specdsc(A) .
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Definition 4.5. The unitary Fredholm group (cf. [nLa25j]) is the subgroup of
unitary operators on H (139) which differ from the identity by a compact operator:

(364) US(H) :={U € UH) | U—id € K(H)}.
We will also be interested in the space
(365) —U%(H) = {U e UH) | U+id € K(H)},

which is not a group, but as a space is homeomorphic to the unitary Fredholm
group.

Lemma 4.6. The group homomorphism from the stable unitary group to the uni-
tary Fredholm group (364), given by stabilizing unitary matrices

Unen U(C") ——— U(H)

366 .
(366) (U, n) — Uo Dy, iden

is a weak homotopy equivalence, in that it induces isomorphisms on all homotopy
groups.

Notation 4.7. Recall from Rem. 3.19 that the non-contractible component of the
space self-adjoint complex Fredholm operators, F‘redfcr , is that where these have both
positive and negative essential spectrum (Def. 4.4). Denote the further subspaces
with essential spectrum concentrated on +1 ([AS69a, below (2.5)]) and with actual
spectrum concentrated on +1 as follows, respectively:

Fo o= { f € Fredf | :?f;f{)l}}
(367) Foo= {f e Fread | ree(zirion
= SPeCess f NR 75@
Fredf, = { [ € Fredf | theces(N0k>o0 ﬂ}.

Remark 4.8. By functional calculus, the elements f € Fy (367) satisfy:
(368) fer = 2 =id.

Example 4.9. Let D(H;,) ~ D? denote the closed unit ball in the space of
imaginary quaternions (Def. 3.26). Under the representation of such quaternions
x € My, by Pauli matrices v, (Ex. 3.27) these give self-adjoint elements —ivy, €
B(C?) of operator norm |y,| = |z| € [0,1]. Therefore, stabilizing these matrices
by forming their direct sum with infinitely many copies of diag(+1,—1) € B(C?),
under (140), they constitute elements of the space F (367). Precisely when = €
D(Hjy,) is on the boundary, hence if [z| = 1, then this stabilized element is actually
in Fp C F. Hence we have a commuting diagram of maps of this form:

. +1 0
v — e @ eBN>0 < 0 71>

(369) D? =~ D(Hiw) stab F

J J

S? ~ 9D(Hyy,) ———— Fo,
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and therefore a map of quotient spaces
(370) 53 ~ D(Hipm)/0 —22 5 F/F,.

Our next goal is to show that this map represents the generator of KU*(S%) ~ Z.

Lemma 4.10. The second inclusion in (367) is a homotopy equivalence, as is the
coprojection of the quotient by the first inclusion:

(371) FlFo <o F S Fredf, .
Proof. The first statement (concerning the right map) is [AS69a, below (2.5)]. We
proceed to prove the second statement (concerning the left map). For that we
invoke some basic homotopy theory which we have not reviewed here, but which
may be found in standard textbooks, such as [AGP02].

Namely, we claim that the first inclusion in (367) is a Hurewicz cofibration
([AGP02, Def. 4.1.5]) including a contractible space:

~ C
(372) ¥ Fo ot F.
To see that Fy is contractible, note with (368) that, under passage to eigenspaces,
the operators in this space correspond to choices of direct sum decompositions
‘H ~ H4 ® H_. This shows that Fy is a Grassmannian homeomorphic to

(373) Fo = UH)/(U(H) x UH)) ,

and hence its contractibility is a consequence of Kuiper’s theorem (154).

To see that we have a cofibration: Since all spaces of operators in question are
metric spaces (as subspaces of bounded operators with the operator norm topol-
ogy) they are perfectly normal Hausdorff spaces (cf. [AGP02, Def. 4.1.13]). More-
over, Fg C F is a closed subspace (being the preimage of {0} under the map

F — B(H) : f + f?—1id). Therefore it is sufficient (by [AGP02, Thm. 4.1.14])

to see that the inclusion is a strong deformation retract of a neighborhood [AGP02,
Def. 4.1.11]. That neighborhood may be taken to be the invertible operators among
F, and the retraction may then be given by functional calculus, shifting all points
in the spectrum to their sign in {+1, —1}.

This implies the claim by the general fact (by [AGP02, Thm. 4.2.1]) that the
quotient coprojection of a cofibrantly included contractible space is a homotopy
equivalence. O

Proposition 4.11 (The Atiyah-Singer exponential map). The following exponen-
tial map from the self-adjoint Fredholm operators in F (367) to minus the unitary
Fredholm group —U¢(H) (365) is a homotopy equivalence:

(374) exp (ir(—)) : F —=— —U%(H),

hmtpy

which as such descends to the quotient by Fy:

(375) exp (ir(—)) : F/Fo ——— —U(H).

hmtpy
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Proof. The first statement is [AS69a, Prop. 3.3]. To see that the map as such
passes to the quotient, as claimed in the second statement, recall that f € Fy
implies that 2 = id (368), whence Euler’s formula gives that:

(376) 2 =id - {eXP (im f) i C_ois(,i(w) -id 4 sin(x) - f

Therefore we have a commuting diagram

F i —U(H)
(377) Zl

—F/J__.Oa

hmtpy

where the top map is a homotopy equivalence by (374) while the left map is a homo-
topy equivalence by (371). By the “2 out of 3”-property of homotopy equivalence,
this implies the claim that also the diagonal map is a homotopy equivalence. [

Now we are ready to prove:

Proposition 4.12. Under the equivalence of Prop. 3.18, the generator of KU1(53)
is represented by forming stabilized Pauli matrices (370):

71'0{53 -—» ]-"/.7:0} ~ 71'0{53 -—» Fredfc'} ~ KUY(S%) ~ Z
(378) (371) (209)

[D(Him) stab } } 1.

Proof. Since the exponential map (375) is a homotopy equivalence, it is sufficient
to see that the composite

§3 & D(Hi) /0 ——220 o FjF, —CPOEO) ey

<379) +1 0

T — =i, @ Py < 0 71> — e D (—id@N c2)

represents the generator of mg (UC(H)) ~ 7. But, as seen from its components
shown in the second row, this map is, up to stabilization, just the exponential map
from the unit ball in the Lie algebra su(2) onto SU(2) ~ S and as such represents
the generator of mo{S® --» 53} ~ Z, by Lem. 4.6. O

Remark 4.13. The terms —i7y, and e™= in (379) clearly want to correspond with
the expressions in [Hotr98, (3.7, 3.17); Wit01, (3.2)], under the syntactic translation

. o-z
1y & T

|z|
In [Hor98], it had remained open in which spaces these expressions are meant to take
values and how they actually represent the claimed K-theory classes. In particular,
[Wit01] pointed out that some argument for trivialization of these expressions at
|z] = 1 was missing, and suggested that the resolution has to do with Kuiper’s
theorem. But the spaces in which this would happen were still not declared, nor a
reason given for why the result represents a class in KUl(Sg), and specifically the
generator. We suggest that Prop. 4.12 fills these gaps and thereby completes this

old argument.
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5. CONCLUSION AND OUTLOOK

Motivated by a survey (§ 1) of

(i) how fragile topological phases and microscopic brane charges are classified
by twisted relative nonabelian/unstable generalized orbi-cohomology,
specifically by Cohomotopy, for 2-band insulators and for M-branes;

(ii) how coarsened measurement of these in abelian/stable generalized orbi-
cohomology is equivalent to four/ten-dimensional universal complex orien-
tations,

we laid out a detailed and explicit unraveling of what this means in the case of
measuring twisted relative Cohomotopy charges in relative topological K-theory.
To this end we:
(i) gave a streamlined pedagogical introduction to topological groupoids, stacks
and orbifolds (§ 2.1)
(ii) culminating in a general discussion of (generalized nonabelian) orbifold co-
homology (§ 2.2),
(iii) specialized this to a new elegant model for twisted orbi-orientifold K-theory,
based on classifying spaces of Fredholm operators equivariant under quan-
tum symmetries (§ 3.1),
(iv) spelled out in this model explicitly the four/ten-dimensional equivariant
complex/quaternionic orientation, by lifting the tautological line bundles
over the C/H Hopf fibrations to Fredholm operators (§§ 3.2 and 3.3).
As examples and applications we discussed:

(i) a refined classification of 2-band topological insulators taking into account
the topology of the gapping process of their nodal line semi-metal parent
phase (§ 4.2),

(ii) the measurement of brane charges on/in M5- probe worldvolumes (such
as sourced by M-strings), in 3-Cohomotopy and coarsened in KU (§ 4.3,
in the process completing an old argument for how to describe D6-brane
charge in KU', in § 4.3.3).

These developments serve to help bridge that gap between:

(i) the relatively more popular discussion of topological phases/charges mea-
sured in abelian/stable generalized cohomology theories such as K-theory,

(ii) their fine-grained fragile/microscopic classification in nonabelian/unstable
generalized cohomology theories such as Cohomotopy.

In particular, the motivating result — that measurement of twisted relative Co-
homotopy charges in stable cohomology E corresponds to low-dimensional complex
E-orientation — indicates that the role of topological K-theory here is generally to
be regarded as just the first approximation step in a chromatic tower of complex-
oriented cohomology theories, which continues with elliptic cohomology, proceeds
over a tower of Morava K-theories, and ultimately culminates in complex cobordism
cohomology.

This perspective, rooted in unstable Cohomotopy, may help better understand
existing proposals for the role of higher chromatic cohomology in M-theory and, by
the general correspondence to topological quantum systems, may bring these higher
chromatic concepts to bear also on the analysis of topological phases of matter.
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