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Collective excitations of Fractional Quantum Hall (FQH) liquids at long wavelengths are thought
to be of a generally covariant geometric nature, governed by area-preserving diffeomorphisms (SDiff).
But current analyses rely solely on the corresponding perturbative w∞ Lie algebra. We argue this
is insufficient: We identify a non-perturbative construction of the effective Maxwell-Chern-Simons
quantum field theory which carries unitary SDiff equivariance. But this turns out to be non-
differentiable, suggesting underappreciated subtleties when the usual Hilbert space truncation is
removed.
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I. INTRODUCTION

Fractional quantum (anomalous) Hall systems (FQH)
are noteworthy for the experimentally verified topolog-
ical order they exhibit in their gapped ground states,
making them candidates for future platforms of much-
anticipated intrinsically stabilized quantum computing
hardware. Yet more remarkably, above these topological
ground states, FQH liquids are now expected to exhibit
collective excitations which, at long wavelengths, are ef-
fectively described by a kind of supergravity. In this set-
ting, chiral graviton states are expected to exhibit general
covariance under the group SDiff of area-preserving dif-
feomorphisms of the 2-dimensional FQH liquid, accompa-
nied by gravitino-like superpartner excitations promoting
this to a supergroup. First signatures of both excitations
have been experimentally observed.

These fascinating recent developments (references be-
low) call for a more thorough and rigorous theoretical un-
derstanding of the nature of FQH excitations and their
SDiff covariance.

A. FQH Systems

Fractional Quantum Hall Systems (FQH, cf. [1, 2]) are
ultracold, effectively 2-dimensional electron gases pene-
trated by a transverse magnetic field which is so strong
and yet so fine-tuned that there is some integer (or, gen-
erally, rational) number K of magnetic flux quanta per
electron. Relatedly, fractional quantum anomalous Hall
Systems (cf. [3–5]) are crystalline topological insulators
with “flat” topological electron bands (fractional Chern
insulators), where the role of the external magnetic flux
is instead played by an intrinsic crystalline property: the
Berry curvature of the valence band over the Brillouin
torus of crystal momenta.
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Both kinds of systems are thought to have isomor-
phic effective quantum properties under a duality (cf. [6,
Fig. 3]) which exchanges electron positions and magnetic
flux density with electron crystal momenta and Berry
curvature, respectively; and we will use “FQH” to re-
fer to either case. The non-anomalous real-space version
is experimentally well-established, but the “anomalous”
crystalline version (experimentally realized just recently)
has the tantalizing advantage for engineering applications
that the required low temperatures are much less extreme
and the extreme external magnetic fields are unnecessary.

While the eponymous signature of FQH systems is
their quantized Hall resistivity, the interest in these sys-
tems as quantum materials is that they are topological
phases of matter whose degenerate gapped ground states
are topologically ordered (cf. [7]), meaning essentially
that they follow laws of topological quantum field theory
(TQFT, cf. [8]). It is this property and the fact that
its experimental signatures are consistently being seen
(starting with [9], recent pointers in [10]) which makes
FQH systems a rare instance of candidate platforms for
future topological quantum computing technology (cf.
[11]), especially in their more amenable “anomalous” ver-
sion, cf. [12].

But even if it is the ground states of FQH systems that
carry this TQFT intrigue, one needs to understand the
gapped excitations above these ground states, if only to
control the topological ground-state phase under realistic
non-ideal conditions.

B. FQH Excitations

The lowest collective excitation modes of an FQH liq-
uid are understood to be bosonic density waves known
as the magneto-roton or GMP mode due to [13], and
a fermionic analog present at certain “non-abelian” fill-
ing fractions, known simply as the neutral fermion mode
[14]. It has been argued [14, 15] that at long wavelengths
(hence in the infrared where the microscopic details of
the system are not resolved and an effective field theory
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description may apply), these modes look like a massive
spin-2 chiral graviton (cf. [16], akin to the expected but
elusive quantum of gravity in high energy physics) and a
superpartner spin-3/2 gravitino (akin to the yet more elu-
sive fermionic quantum of gravity present in hypothetical
supersymmetric versions of gravity, SuGra). The actual
supersymmetry between these two kinds of modes can be
made precise [17] and has been experimentally observed
[18], prompting attempts to develop an effective super-
gravity description of FQH systems [19].

In fact, the symmetry algebra generated by the GMP
operators [13, (4.13)] expected to create the magneto-
roton mode from the ground state (an FFZ or W∞-
algebra [20, 21]) transitions at long wavelength into the
Lie algebra of area-preserving diffeomorphisms (APDs),
hence into a form of the general covariance which is the
hallmark of gravitational theories, but reflecting the char-
acteristic incompressibility of the FQH liquid. This sug-
gests that effective FQH excitation theory should be an
APD gauge theory [22–27]!

We highlight that, remarkably, APDs are in fact the
symmetries seen on the membrane (M2-brane) probe of
11D supergravity [28–30], and that it is generally on p-
dimensional such brane probes of SuGra that volume-
preserving diffeomorphism symmetry appears [31–33].
This will be relevant for the geometric engineering (cf.
[34]) of FQH systems on branes, as in [35, 36].

C. Open Problems

A comprehensive understanding of FQH excitations,
therefore, appears to hinge on a good understanding of
the action of APD symmetry on quantum states of FQH
liquids. This, however, seems to have been lacking:

For a surface Σ2, the APD symmetry group – denoted

APD
symmetry SDiff(Σ2) ⊂ Diff(Σ2) general

covariance (1)

in the mathematical literature (the special subgroup
of the full diffeomorphism group) – is an infinite-
dimensional Fréchet-Lie group, and as such its repre-
sentation theory is subtle (cf. [37, 38]). In particular,
representations of such groups on Hilbert spaces H

U(−) : SDiff(Σ2) U(H) (2)

are generically not differentiable (and we will see in § II
that this is the case here!). This means that the study of
its “perturbation theory” in the guise of the correspond-
ing Lie algebra

w∞(Σ2) := Lie(SDiff(Σ2)) (3)

may fail to correctly represent the infrared FQH excita-
tions.

Indeed, this has recently been noticed in special cases:
The single GMP mode already at long wavelengths, un-
derstood as the action of such Lie algebra elements on a
vacuum state (cf. [17, (4)] going back to [13]),

ρ |0⟩ , ρ ∈ w∞ , (4)

fails even to be an accurate approximation of the actual
excited FQH states, at least

(i) for filling fractions near ν = 1/4 [39],

(ii) for ν = n/(2pn ± 1) with |n|, p > 1 [40, 41],

(iii) for spinful (non-polarized) electron liquids [42].

In fact, according to [40, 41] these failures are intrinsically
due to an internal parton/exciton structure of the GMP
mode, so that even where the GMP mode is an accurate
approximation (such as at ν = n/(2n ± 1) [41]) it is not
an exact quantum state of the FQH system.

But this raises the conceptual question of what the
APD symmetry action (2) on FQH systems actually is,
if not induced by a w∞ Lie action (4) taking quantum
states to quantum states, as commonly advertised!

Here, we aim to clarify at least a fundamental aspect of
this problem. Doing so might be particularly interesting
in that it introduces constructive QFT methods to the
topic that may not have been applied to FQH systems
before, and whose conclusions may lie outside of what
can be achieved with more traditional methods.

II. GLOBAL APD COVARIANCE

Namely, we turn to methods of constructive quantum
field theory (cf. [43]) for the rigorous construction of non-
perturbative quantum field theories, here applied to the
effective field theory of FQH excitations.

A. Effective MCS Theory

First we recall (cf. [44, (11.41)][45, §10][46, §2.3]) that
at long wavelengths FQH liquids are effectively described,
one way or another, by Maxwell-Chern-Simons theory
(MCS, general review in [47, §2.2][48, §2.2.3]) of an ef-
fective gauge potential 1-form A with Lagrangian density
locally of the form (cf. [49, (1)]):

L(A) := m̃

T
dA ∧ ⋆3dA︸ ︷︷ ︸
Maxwell

+ k

4π
A ∧ dA︸ ︷︷ ︸

Chern-Simons

, (5)

where we use the standard physics convention for the flux
quantization (cf. [50, §2.1]) of the flux density F (locally
given by dA), normalizing it such that 1

2π F has integral
periods.

The constants in (5) are:
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•
√

T/m̃, the coupling constant expressed relative to
the mass gap m̃ of the theory (for this notation cf.
Tab. I),

• k ∈ Z, the Chern-Simons level (in its divided integer
form appropriate for spin-TQFT, cf. [51, §2]), being
the inverse of the filling fraction ν = 1/k of the FQH
system (cf. [52, (2) & (8)]).

In the strong coupling limit — T → ∞ at fixed k, m̃
— the kinetic Maxwell term in (5) becomes negligible
and nominally only the topological Chern-Simons (CS)
interaction remains (cf. [47, p. 20]). This is traditionally
used to describe the topological ground states of FQH
systems (going back to [53, 54], review in [46]).

But here we are concerned with the case of finite cou-
pling, T < ∞, where the kinetic energy plays a role,
and FQH excitations above the topological ground state
are supposed to appear. Incidentally, it has been argued
([55, §IX]) that some excitations do survive even in the
limit, so that MCS for T → ∞ is still richer than pure
CS, and we will find this borne out in rigorous detail (cf.
§ A 2).

B. Its Quantum States

For the canonical quantization (cf. [56][57, §19]) of
the Maxwell-Chern-Simons Lagrangian (5), we consider
a spacetime of the globally hyperbolic form

X1,2 ≃ R1,0 × Σ2, (6)

where Σ2 denotes a closed orientable surface to be un-
derstood as the region inhabited by the effectively 2-
dimensional FQH electron liquid.

Focusing on the topologically trivial gauge field sector
for the time being (which is the only case that occurs for
Σ2 = S2, but not for higher genus surfaces), the con-
figuration space of the theory is that of gauge-potential
1-forms

A ∈ Ω1
dR(Σ2; iR) . (7)

Classically, these are smooth differential forms, but quan-
tum mechanically (“in the path integral”), a key subtlety
is identifying the appropriate stochastic generalization
class, which we turn to in a moment.

However, first note that the CS-term in (5) “twists”
the Gauss law constraint (cf. [56, (5.8)][57, (19.8)]).
This results in the quantum states of the theory being
(“wave”)functions Ψ of the gauge potentials (7) which
are not quite invariant under gauge transformations A 7→
A + dξ but instead pick up a complex phase, as follows
(cf. [47, (94)][49, (7)]):

Ψ(A + dξ) = e
ki
4π

∫
Σ2 A∧dξ Ψ(A) . (8)

Notice that this transformation property is independent
of the coupling constant

√
T and, in particular, is the

same for plain Chern-Simons theory (for which cf. [48,
(2.191)]). Hence it applies to the effective description of
FQH systems both generally and in the topological limit.

Therefore, a rigorous construction of the Hilbert space
H of quantum states of MCS theory (5), schematically

H = {wavefunctions Ψ satisfying (8)} , (9)

requires, for its inner product ⟨−|−⟩, the construction of
a suitable Gaussian (“path integral”) measure on a space
of Hermitian squares of wavefunctions Ψ as in (8) by
integration over a suitable space of gauge potentials (7),
such that the result tends to the Hilbert space of plain
Chern-Simons theory in the limit T → ∞.

This may seem demanding, but our main observation
now is (detailed in § A 1) that a rigorous such construc-
tion may be identified from a careful utilization of [58]
(based on [59], both done with a formal purpose, not
motivated by our physical context), which proceeds by
functional integration methods of non-perturbative con-
structive quantum field theory (cf. [43]) as follows.

Subject to (heavy) analytic details, the Gaussian mea-
sure is (cf. [60, p. 64]) a renormalized form of the ex-
pected exponential kinetic Maxwell Lagrangian in (5) re-
stricted to the spatial leaf Σ2; making precise this infor-
mal spatial “path integral” expression:

⟨Ψ1 | Ψ2⟩ =
∫

[A]
Ψ1(A)Ψ2(A) e( −1

2T

∫
Σ2dA ∧ ⋆2dA)D[A] (10)

over gauge equivalence classes [A] of field configurations.
This follows from equations (2.3)-(2.33) of [58], noting

that the starting-point equations (2.1) & (4.7) in op. cit.
(where the latter has the proper prefactor) are just our
Gauss law (8); cf. also [49, (4)]. In §A 1 we relate (10)
to the expected expression in the physics literature.

Little further is currently known about this exact non-
perturbative Hilbert space (10) (for lack of investigation)
— except for the following remarkable result, which ap-
pears to rigorously bring out the expectations about FQH
excitations from § I B.

C. The APD Covariance

The main result now is that, over a closed surface Σ2:

(i) the canonical action of SDiff(Σ2) (1) (via pullback of
gauge potentials A) does induce a continuous unitary
representation U(−) (2) on the MCS quantum states
(9), by [58, §2];

(ii) this action is not differentiable, by [58, Rem. 2.36];

(iii) these statements continue to hold in the strong cou-
pling limit T → ∞ where the Chern-Simons space
of states is recovered, by [58, p. 179 & §3].
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To put this in perspective, notice that all previous dis-
cussions of the algebra of FQH excitations on the sphere
(recently in [42, 61, 62]) consider truncation to bounded
angular momentum, where the algebra becomes finite-
dimensional. While (as observed for membrane dynamics
long ago, [29, p. 563]) the Lie algebra of area-preserving
diffeomorphisms is recovered as the truncation is lifted
(cf. [62]), the analogous limit fails dramatically at the
level of groups (as has been pointed out long ago in
[63]), rendering the truncation non-perturbatively incon-
sistent.

Concretely, [58, Rem. 2.36] shows that the failure of
the would-be Lie derivative to exist is a superficial di-
vergence of the norm of the would-be quantum state (4).
That norm is proportional to the static structure factor
of the FQH liquid (by [13, (2.7)]), whose definition may
hence need more attention in the untruncated effective
theory.

III. CONCLUSION

Remarkably, the result of § II C suggests that:

The APD symmetry/excitation spectrum of FQH liq-
uids is realized on the genuine Hilbert space of FQH
quantum states at the level of the full topological
symmetry group SDiff, but not at the w∞ Lie alge-
braic level of projected density operators tradition-
ally assumed.

This would mean that the traditional schematic ex-
pression for excited FQH states (cf. [17, (4)] going back
to [13]),

|ϕk⟩ := ρk|Ψ0⟩ , (11)

is — at least in the long-wavelength limit where the pro-
jected density operator ρk may be regarded as a would-be
representation of an element of the w∞ Lie algebra (3)
— not actually a quantum state in the Hilbert space H
(§ II B) of the FQH liquid, in general, even where it is
an excellent approximation to one in a truncated Hilbert
space.

Instead, the facts in § II C say that what would exist as
actual FQH quantum states are expressions of the form

|ϕκ⟩ := 1
ϵ
(Uκ − id)|Ψ0⟩ , (12)

for ϵ a normalization factor and κ ∈ SDiff(Σ2) a finite
area-preserving diffeomorphism (1), with Uκ its unitary
operator representation (2) according to § II C.

The traditional expression (11) implicitly requires that
suitable limits of (12) of the form κ e, ϵ 0 exist,
but this is generally not the case non-perturbatively, ac-
cording to § II C.

It would remain to be clarified how exactly this discrep-
ancy arises. Currently, we have two opposite approaches

to determining the quantum states of excited FQH sys-
tems:

(i) Traditionally: explicit Laughlin-type Ansätze (edu-
cated guesses, going back to [64]) for FQH ground
states |Ψ0⟩, argued to be accurate (as opposed to ex-
act) in the purely topological sector (cf. [65, §3.1]),
and then acted on by projected density operators
(11) argued to, in turn, produce accurate (as opposed
to exact) excited quantum states from the approxi-
mate topological ground states.

(ii) Here: abstract characterization of the exact non-
topological FQH states in the long-wavelength limit,
according to § II B.

Apparently, there is a gap between these two ap-
proaches that remains to be filled. Meanwhile, it ap-
pears that the effective description of FQH excitations
via (super-)APD covariant brane/gravity field theories
(as envisioned in [22, 23, 25–27]) may need to shift atten-
tion beyond the perturbative w∞ symmetry (which does
not actually exist exactly) to the full non-perturbative
SDiff symmetry established in § II.

Here it appears suggestive that such SDiff symmetry is
naturally expected not in effective gravity theories (which
of course should be Diff-covariant, instead) but on brane
probes of gravitational targets (by [31]), specifically (by
[32]) on M-branes (cf. [66], for which analytic subtleties
in the removal of the regulator have been pointed out long
ago [63]), and for which we have recently shown ([35, 36])
how their topological sector coincides in fine detail with
the topological order of FQH liquids (based on [52, 67]).

Appendix A: Supplementary Material

1. Canonical MCS Theory

In § II B we claim that the Hilbert space constructed
by Pickrell (2000) in [58, §2,3] is that of quantum states
of Maxwell-Chern-Simons theory at any finite coupling.
Here, we indicate how to see that this is indeed the case.

To that end, we invoke the analysis of canonical quan-
tization of 3D Yang-Mills-Chern-Simons theory due to
Karabali, Kim & Nair (KKN) [49] (following [68]) from
the same year — which was given independently and has
not before been related to Pickrell’s result. It is then a
matter of carefully matching the notation and conven-
tions between these two (groups of) authors. The result
is shown in Tab. I (where we straightforwardly specialize
the KKN expressions to the abelian case of interest here).

Now, the last line of Tab. I obtains the “path inte-
gral” measure used in (10) for the definition of the inner
product of wavefunctions. The table shows that, in the
unrenormalized form in which the expressions are given,
they match between these authors. But the fully rigorous
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TABLE I. Notations and conventions in canonical MCS the-
ory, for comparison in § A 1. Here, in specializing the dis-
cussion of YMCS theory of [49] to the abelian case of MCS
theory, we use Tr(B2) = 1

2 B2 (cf. [49, p. 2]) and cA = 0
(the quadratic Casimir of the Lie algebra, cf. [68, p. 4]). All
integrals are over the surface Σ2 (6) against the volume form.

Concept KKN 2000 [49] Pickrell 2000 [58]

CS Level k
cf. (1) there

1, 2
impl. in (4.7), (4.2)

3D Coupling e
cf. (1) —

mass gap m̃ = ke2/4π
below (38) —

2D Coupling g =
√

m̃ e
below (39)

√
T

(2.3)

YM measure
(unrenormalized)

e− 1
2m̃e2

∫
B2︸ ︷︷ ︸

|Φ0|2

dµ

(37) & below (39)

1
Z e− 1

2T

∫
F 2

DA
(2.3)

Topol. weight eS(H) = det(DD)
(40) & (41)

|det|2
(2.6) & (2.23)

Full measure
(unrenormalized)

ekS(H) e
− 1

2g2

∫
B2

dµ
(40)

|det|2 e− 1
2T

∫
F 2

DA
Def. 2.30 & (2.32)

renormalized construction of this measure is just what
[58, §2] establishes — which with [49] is thereby iden-
tified as giving rise to the full non-perturbative Hilbert
space of MCS theory, as claimed.

2. CS States in MCS Theory

At the level of Lagrangian densities (5), Maxwell-
Chern-Simons theory (MCS) reduces to pure abelian
Chern-Simons theory (CS) in the strong coupling limit
T → ∞. But a moment of reflection shows that at the
level of full field theories there do remain MCS modes in
the limit (cf. also the Hamiltonian analysis in [55, §IX]).

This is simply because the phase spaces do not con-
verge in the limit:

(i) the phase space of MCS at any finite value of T is
the space of all gauge potentials and their electric
field strength canonical momenta, whence in stan-
dard real polarization the wavefunctions are func-
tions of all gauge potentials;

(ii) the phase space of CS is that of flat gauge poten-
tials only, whence its wavefunctions depend only on
the ”holomorphic half” of these (in complex polar-
ization).

This is generally a (maybe underappreciated) issue for
the common argument ([44, (11.41)][45, §10][46, §2.3])
that MCS theory serves as the effective field theory for
FQH liquids above the topological Chern-Simons vacua.

However, we now explain how Chern-Simons states are
recovered in MCS theory. This may be gleaned from [58]
under our identification from § A 1.

Namely, choose any complex structure J on the com-
pact surface Σ2 inhabited by the FQH liquid (just as
one does for constructing Laughlin wavefunctions). Then
Hodge theory implies (cf. [58, (2.5), (4.12)]) a canonical
decomposition of the MCS gauge field 1-forms (7) as:

Ω1
dR(Σ2; iR) ∂Ω0

dR(Σ2;C) ⊕ ker(∂|Ω1
dR)

A 7→ ∂ϕ + A0,1
0 ,

∼

(A1)

where:

(i) A0,1
0 is the (0, 1)-component of a flat gauge field:

A0 := A0,1
0 + A1,0

0 ∈ Ω1
dR(Σ2; iR) , dA0 = 0 , (A2)

and hence is exactly what topological CS wavefunc-
tions should be defined on;

(ii) ϕ is a further dynamical fluctuation about this topo-
logical component, as expected in MCS theory.

This also shows that gauge transformations A 7→ A+dλ
shift ϕ 7→ ϕ + λ by any imaginary functions λ, whence
gauge equivalence classes [A] may simply be parameter-
ized by taking ϕ to be real (cf. [58, below (2.8)]).

Finally, it turns out that the vacuum states of MCS
theory on Σ2 ≡ T 2 factor in their dependencies on this
decomposition into topological and fluctuation modes, as
follows (using [58, Lem. 4.10] with dz ∧ dz̄ = −2i vol):

Ψ0([A]) = e
−k
4π

∫
|∇ϕ|2vol e

−k
8π

∫
|A|2vol Θ(A0,1

0 )︸ ︷︷ ︸
ΨCS([A0,1

0 ])
, (A3)

where Θ(−) is a section of a holomorphic line bundle
over the space of gauge equivalence classes of flat gauge
fields. Here the factor ΨCS is just of the form of a CS-
wavefunction in canonical formulation (cf. [69, (3.14)]).
In conclusion, we find the MCS ground state wavefunc-
tions to be topological CS ground states of the topological
field component tensored with a Gaussian ground state
of the fluctuation modes about this topological vacuum.
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