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in math: topology via algebra
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chromatic nilpotence, ...
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(ADE-singularities, G2-singularities, ...)

geometric moduli spaces

(of elliptic curves, of Calabi-Yau mfds, ...)

in physics: all of the above and:

spaces of discernible crystal momenta in

symmetry-protected quantum materials:

B ≡ Rd � crystallographic group

≃ Td � crystal point group
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A really convenient category of spaces.

Now to combine all this!

first, pass to the
really convenient category of spaces

SmthGrpd∞ := Sh∞(CrtSp) smooth
∞-groupoids

∈

X : Rn 7−→
plain ∞-groupoid
of smooth maps

Rn −→ X

modeled on

probe
spaces

CrtSp :=
{

Rn Rn′smooth
∣∣∣ n ∈ N

}
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In SmthGrpd∞

... exist the homotopy quotients X�G:

as X ≡
{
x

∣∣∣ x ∈ X
}

so X�G ≡


g ·x

x g′ ·g ·x

g′
∼g

∼

g′·g
∼

∣∣∣∣∣∣∣∣∣
x ∈ X

g ∈ G


eg. BG ≡ ∗�G ≃

{
•
g

∣∣∣∣ g ∈ G

}
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Basic idea of twisted orbifold cohomology

SmthGrpd∞ is the place to speak
about twisted orbifold cohomology.

In the following, square brackets
mean concordance classes of maps
hence geometric homotopy classes:[
X A

]
:= π0 SMap

(
X, A

)
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Basic idea of twisted orbifold cohomology

first recall equivariant cohomology
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Basic idea of twisted orbifold cohomology

equivariant cohomology

for G-spaces G ↷X and G ↷A

HG

(
X; A

)
=



A�( )G

X�G

BG

G

G
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equivariant cohomology

equivalently, maps
of quotient stacks
sliced over BG!

for G-spaces G ↷X and G ↷A

HG

(
X; A

)
=



A�( )G

X�G

BG



108



Basic idea of twisted orbifold cohomology

equivariant cohomology

equivalently, maps
of quotient stacks
sliced over BG!

for G-spaces G ↷X and G ↷A

HG

(
X; A

)
=



A�( )G

X�G

BG



109



Basic idea of twisted orbifold cohomology

equivariant cohomology

bu
t t
his

ad
mi
ts

na
tur

al
gen

era
liza

tio
n

HG

(
X; A

)
=



A�( )G

X�G

BG



110



Basic idea of twisted orbifold cohomology

twisted equivariant cohomology

bu
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twisted equivariant cohomology

classes of
sections of
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G-equivariant
Γ-structured
A-fiber bundle
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twisted equivariant cohomology

key principle:
suppose coefficient bundle is
pullback of universal one
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Examples of twisted orbifold cohomology.

A ≡ Fred(H) Z2-graded
Fredholm operators

G ≡ PU
gr

(H)⋊Z2
Z2-graded

projective unitaries

⇒ twisted orbifold K-theory

on Z2-graded
Hilbert space
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The need for singular cohesion.

while this is nice, we are not done yet:

mapping classes considered so far are concordances

Hτ
(
X; A

)
= π0 SMap

(
X, A�G

)
BG

but a good cohomology theory is of the form

Hτ
(
X; A

)
= π0H

(
X, A

)
BG

= π0 ♭Map
(
X, A

)
BG

so we need Oka principles to
“take the shape inside the mapping space”
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The need for singular cohesion.

Smooth Oka principle:

For X ∈ SmthMfd , A ∈ SmthGrpd∞:

SMap
(
X, A

)
≃ ♭Map

(
SX, SA

)
Elmendorf theorem – recast:

For G-spaces X, A:

SMap
(
X�G, A�G

)
BG

≃ ⊂Map
(

S ≺X�G, S ≺A�G
)

S ≺BG

[E
P
B

3
.3
.5
3
]

goes b
ack to

[Pavlo
v 2014]
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Where it takes place: Singular-Cohesive ∞-Topoi
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Where it takes place: Singular-Cohesive ∞-Topoi

CrtSp :=
{

Rn Rn′smooth
∣∣∣ n ∈ N

}
Snglrt :=

{
∗�G ∗�G′

∣∣∣ G finite
}

H := Sh∞
(
CrtSp× Snglrt

)
singular-cohesive ∞-topos

≃ Sh
(
Snglrt, Sh∞(CrtSp)

)
globally equivariant

smooth homotopy theory

≃ Sh
(
CrtSp, Sh∞(Snglrt)

)
smooth

gbl equivariant homotopy theory

≃ Sh∞(CrtSp)×
Topos∞

Sh∞(Snglrt)smooth & globally equivariant
homotopy theory
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Where it takes place: Singular-Cohesive ∞-Topoi
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Where it takes place: Singular-Cohesive ∞-Topoi
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⊥

⊥
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smooth

singular

purely conical
aspect < := Spc ◦ Cncl

⊥
purely smooth

aspect ⊂ := Spc ◦ Smth
⊥

purely orbi-singular
aspect ≺ := Snglr ◦ Smth .
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Where it takes place: Singular-Cohesive ∞-Topoi
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Where it takes place: Singular-Cohesive ∞-Topoi

Here we have a yet better Oka principle,

true to “absorbing equivariance into the twist”:

Twisted Elmendorf theorem

For G-space X, and (Γ⋊G)-space A:

SMap
(
X�G, A�(Γ⋊G)

)
B(Γ⋊G)

≃ ⊂ ♭Map
(
S ≺X�G, S ≺A�(Γ⋊G)

)
S ≺B(Γ⋊G)
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Where it takes place: Singular-Cohesive ∞-Topoi

This witnesses twisted orbifold cohomology

as a good geometric cohomology theory:

Hτ (X; A)

≡ π0 SMap
(
X, A�G

)
≃ π0 SMap

(
X�G, A�(Γ⋊G)

)
B(Γ⋊G)

≃ π0H/ ≺BG

(
S ≺(X�G), S ≺(A�(Γ⋊G))

)
S ≺B(Γ⋊G)
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Outlook: Differential twisted orbifold cohomology

From this point on one can define
differential twisted orbifold cohomology
via the twisted equivariant character
of the coefficient object S ≺(A�(Γ⋊G))

178



Outlook: Differential twisted orbifold cohomology

From this point on one can define
differential twisted orbifold cohomology
via the twisted equivariant character
of the coefficient object S ≺(A�(Γ⋊G))

179



Outlook: Differential twisted orbifold cohomology

From this point on one can define
differential twisted orbifold cohomology
via the twisted equivariant character
of the coefficient object S ≺(A�(Γ⋊G))

180

https://ncatlab.org/schreiber/show/The+Character+Map+in+Twisted+Equivariant+Nonabelian+Cohomology


Outlook: Differential twisted orbifold cohomology
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Urs Schreiber on joint work with Hisham Sati:

an invitation to the monographs:

-Equivariant Principal ∞-Bundles, CUP (2025, in print)

-Geometric Orbifold Cohomology, CRC (2026, to appear)

Geometric Orbifold Cohomology
in Singular-Cohesive ∞-Topoi

talk at ItaCa Fest 2025

17 June 2025

@

(June 2025) find these slides at: [ncatlab.org/schreiber/show/ItaCa+Fest+2025]

The End.
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