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k⃗

E

eigenvalues
of HBlch
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momentum

valence
band

conduction
band

2-band systems

⇒ Bloch Hamiltonian expanded in Pauli σ

T̂ 2 Mat2×2(C)

k⃗ 7−→ HBlch(k⃗)

≡ h0

(
k⃗
)

+

H(k⃗)︷ ︸︸ ︷∑3
i=1hi

(
k⃗
)
σi

HBlch

which are gapped

⇒
∣∣H(k⃗ )

∣∣ := √∑3
i=1

(
hi(k⃗ )

)2
> 0 ,

⇒ valence bundle is Eig−1

(
H/|H|

)
⇒ Hamiltonian space is U(2)

U(1)×U(1)
≃ S2 ≡ A

T̂ 2 S2 ⊂ R3

k⃗ 7−→ h⃗
(
k⃗
)
/|H| .

H/|H|
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Answer – for FQAH: 2.) topological phases

⇒ valence bundle is pullback of tautological/universal line bundle

valence
bundle

tautological complex
line bundle

universal complex
line bundle

V L EU(1)×
U(1)

C

T̂ 2 S2 U(1)
U(1)×U(1)

⋃
c∈N

U(1+c)
U(1)×U(c)

BU(1) ,

fragile
band topology

(pb) (pb)

d ∼

stable
band topology
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(
T̂ 2, BU(1)

)
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winding
number

Chern
number

⇒ fragile = stable, for topological phases

but not so for topological order...

95



Answer – for FQAH: 2.) topological phases

⇒ valence bundle is pullback of tautological/universal line bundle

valence
bundle

tautological complex
line bundle

universal complex
line bundle

V L EU(1)×
U(1)

C

T̂ 2 S2 U(1)
U(1)×U(1)

⋃
c∈N

U(1+c)
U(1)×U(c)

BU(1) ,

fragile
band topology

(pb) (pb)

H/|H| ∼

stable
band topology

⇒ topological phases characterized by an integer

C :=
[
H/|H|

]
∈ π0Map

(
T̂ 2, S2

)
≃ π0Map

(
T̂ 2, BU(1)

)
≃ Z

winding
number

Chern
number

⇒ fragile = stable, for topological phases

but not so for topological order...

96



Answer – for FQAH: 2.) topological phases

⇒ valence bundle is pullback of tautological/universal line bundle

valence
bundle

tautological complex
line bundle

universal complex
line bundle

V L EU(1)×
U(1)

C

T̂ 2 S2 U(1)
U(1)×U(1)

⋃
c∈N

U(1+c)
U(1)×U(c)

BU(1) ,

fragile
band topology

(pb) (pb)

H/|H| ∼

stable
band topology

⇒ topological phases characterized by an integer

C :=
[
H/|H|

]
∈ π0Map

(
T̂ 2, S2

)
≃ π0Map

(
T̂ 2, BU(1)

)
≃ Z

winding
number

Chern
number

⇒ fragile = stable, for topological phases

but not so for topological order...

97



Answer – for FQAH: 2.) topological phases

⇒ valence bundle is pullback of tautological/universal line bundle

valence
bundle

tautological complex
line bundle

universal complex
line bundle

V L EU(1)×
U(1)

C

T̂ 2 S2 U(1)
U(1)×U(1)

⋃
c∈N

U(1+c)
U(1)×U(c)

BU(1) ,

fragile
band topology

(pb) (pb)

H/|H| ∼

stable
band topology

⇒ topological phases characterized by an integer

C :=
[
H/|H|

]
∈ π0Map

(
T̂ 2, S2

)
≃ π0Map

(
T̂ 2, BU(1)

)
≃ Z

winding
number

Chern
number

⇒ fragile = stable, for topological phases

but not so for topological order...

98



Answer – for FQAH: 2.) topological phases

⇒ valence bundle is pullback of tautological/universal line bundle

valence
bundle

tautological complex
line bundle

universal complex
line bundle

V L EU(1)×
U(1)

C

T̂ 2 S2 U(1)
U(1)×U(1)

⋃
c∈N

U(1+c)
U(1)×U(c)

BU(1) ,

fragile
band topology

(pb) (pb)

H/|H| ∼

stable
band topology

⇒ topological phases characterized by an integer

C :=
[
H/|H|

]
∈ π0Map

(
T̂ 2, S2

)
≃ π0Map

(
T̂ 2, BU(1)

)
≃ Z

winding
number

Chern
number

⇒ fragile = stable, for topological phases

but not so for topological order...

99



Answer – for FQAH: 2.) topological phases

⇒ valence bundle is pullback of tautological/universal line bundle

valence
bundle

tautological complex
line bundle

universal complex
line bundle

V L EU(1)×
U(1)

C

T̂ 2 S2 U(1)
U(1)×U(1)

⋃
c∈N

U(1+c)
U(1)×U(c)

BU(1) ,

fragile
band topology

(pb) (pb)

H/|H| ∼

stable
band topology

⇒ topological phases characterized by an integer

C :=
[
H/|H|

]
∈ π0Map

(
T̂ 2, S2

)
≃ π0Map

(
T̂ 2, BU(1)

)
≃ Z

winding
number

Chern
number

⇒ fragile = stable, for topological phases

but not so for topological order...

100



Answer – for FQAH: 2.) topological phases

⇒ valence bundle is pullback of tautological/universal line bundle

valence
bundle

tautological complex
line bundle

universal complex
line bundle

V L EU(1)×
U(1)

C

T̂ 2 S2 U(1)
U(1)×U(1)

⋃
c∈N

U(1+c)
U(1)×U(c)

BU(1) ,

fragile
band topology

(pb) (pb)

H/|H| ∼

stable
band topology

⇒ topological phases characterized by an integer

C :=
[
H/|H|

]
∈ π0Map

(
T̂ 2, S2

)
≃ π0Map

(
T̂ 2, BU(1)

)
≃ Z

winding
number

Chern
number

⇒ fragile = stable, for topological phases

but not so for topological order...

101



Answer – for FQAH: 2.) topological phases

⇒ valence bundle is pullback of tautological/universal line bundle

valence
bundle

tautological complex
line bundle

universal complex
line bundle

V L EU(1)×
U(1)

C

T̂ 2 S2 U(1)
U(1)×U(1)

⋃
c∈N

U(1+c)
U(1)×U(c)

BU(1) ,

fragile
band topology

(pb) (pb)

H/|H| ∼

stable
band topology

⇒ topological phases characterized by an integer

C :=
[
H/|H|

]
∈ π0Map

(
T̂ 2, S2

)
≃ π0Map

(
T̂ 2, BU(1)

)
≃ Z

winding
number

Chern
number

⇒ fragile = stable, for topological phases

but not so for topological order...

102



Answer – for FQAH: 2.) topological phases

⇒ valence bundle is pullback of tautological/universal line bundle

valence
bundle

tautological complex
line bundle

universal complex
line bundle

V L EU(1)×
U(1)

C

T̂ 2 S2 U(1)
U(1)×U(1)

⋃
c∈N

U(1+c)
U(1)×U(c)

BU(1) ,

fragile
band topology

(pb) (pb)

H/|H| ∼

stable
band topology

⇒ topological phases characterized by an integer

C :=
[
H/|H|

]
∈ π0Map

(
T̂ 2, S2

)
≃ π0Map

(
T̂ 2, BU(1)

)
≃ Z

winding
number

Chern
number

⇒ fragile = stable, for topological phases

but not so for topological order...

103



Answer – for FQAH: 2.) topological phases

⇒ valence bundle is pullback of tautological/universal line bundle

valence
bundle

tautological complex
line bundle

universal complex
line bundle

V L EU(1)×
U(1)

C

T̂ 2 S2 U(1)
U(1)×U(1)

⋃
c∈N

U(1+c)
U(1)×U(c)

BU(1) ,

fragile
band topology

(pb) (pb)

H/|H| ∼

stable
band topology

⇒ topological phases characterized by an integer

C :=
[
H/|H|

]
∈ π0Map

(
T̂ 2, S2

)
≃ π0Map

(
T̂ 2, BU(1)

)
≃ Z

winding
number

Chern
number

⇒ fragile = stable, for topological phases

but not so for topological order...

104



Answer – for FQAH: 2.) topological phases

⇒ valence bundle is pullback of tautological/universal line bundle

valence
bundle

tautological complex
line bundle

universal complex
line bundle

V L EU(1)×
U(1)

C

T̂ 2 S2 U(1)
U(1)×U(1)

⋃
c∈N

U(1+c)
U(1)×U(c)

BU(1) ,

fragile
band topology

(pb) (pb)

H/|H| ∼

stable
band topology

⇒ topological phases characterized by an integer

C :=
[
H/|H|

]
∈ π0Map

(
T̂ 2, S2

)
≃ π0Map

(
T̂ 2, BU(1)

)
≃ Z

winding
number

Chern
number

⇒ fragile = stable, for topological phases

but not so for topological order...

105



Answer – for FQAH: 2.) topological phases

⇒ valence bundle is pullback of tautological/universal line bundle

valence
bundle

tautological complex
line bundle

universal complex
line bundle

V L EU(1)×
U(1)

C

T̂ 2 S2 U(1)
U(1)×U(1)

⋃
c∈N

U(1+c)
U(1)×U(c)

BU(1) ,

fragile
band topology

(pb) (pb)

H/|H| ∼

stable
band topology

⇒ topological phases characterized by an integer

C :=
[
H/|H|

]
∈ π0Map

(
T̂ 2, S2

)
≃ π0Map

(
T̂ 2, BU(1)

)
≃ Z

winding
number

Chern
number

⇒ fragile = stable, for topological phases

but not so for topological order...

106



Answer – for FQAH: 2.) topological phases

⇒ valence bundle is pullback of tautological/universal line bundle

valence
bundle

tautological complex
line bundle

universal complex
line bundle

V L EU(1)×
U(1)

C

T̂ 2 S2 U(1)
U(1)×U(1)

⋃
c∈N

U(1+c)
U(1)×U(c)

BU(1) ,

fragile
band topology

(pb) (pb)

H/|H| ∼

stable
band topology

⇒ topological phases characterized by an integer

C :=
[
H/|H|

]
∈ π0Map

(
T̂ 2, S2

)
≃ π0Map

(
T̂ 2, BU(1)

)
≃ Z

winding
number

Chern
number

⇒ fragile = stable, for topological phases

but not so for topological order...

107



Answer – for FQAH: 3.) topological order

108



Answer – for FQAH: 3.) topological order

the stable band monodromy is

π1

(
Map

(
T̂ 2, BU(1)

)
C

)
≃

〈
A,B

〉/(
AB = BA

)
≃ Z2

Maxwell Wilson loop observables

have 1-dim irreps ⇒ no topological order

but

the fragile band monodromy is

π1

(
Map

(
T̂ 2, S2

)
C

)
≃

〈
A,B, ζ

central

〉/(
AB = ζ2BA

)
Chern-Simons Wilson loop observables!

irreps are the anyonic

topological order on the torus!

⇒ solitonic anyons localized in momentum space

so far this assumed all symmetries broken
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Answer – for FQAH: 4.) crystal symmetry

we compute

fragile crystalline Chern phases

(apparently not computed before)

Example: crystalline p3 symmetry Z3

topological phase: (C, c) ∈ 3Z× {n, s}3 ≃ π0

(
Map

(
T̂ 2, S2

)Z3
)

Chern number is multiple of 3 & adjoined by 4 sectors

topological order: H ∈
(

Z3 ⋊ Sym(3)
)
-IrrRep

nonabelian!

high symmetry points as defect para-anyons!
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[ Sati & S 2025, Prop. 3.61 ]
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Conclusion.
FQAH topological order theoretically seen in

monodromy of fragile band topology

⇒ clear predictions via equivariant (co)homotopy theory

band topology is maps to Bloch Hamiltonian space A
topological phases is components π0

topological order is monodromy π1

For FQAH Chern insulators: A = S2 (2-Cohomotopy)

all symmetry broken ⇒ solitonic anyons in momentum space!

p3 symmetry Z3 ⇒ defect para-anyons in momentum space!

⇒ tantalizing targets for experiment
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Urs Schreiber on joint work with Hisham Sati:

surveying our preprint: [arXiv:2507.00138]

Identifying Anyonic
Topological Order
in FQAH Systems

@

(September 2025) find these slides at: [ncatlab.org/schreiber/show/QMATH16]

Thanks!

Thanks!
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