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Topological Quantum Hardware Emerges
From Fractional Anomalous Hall Effect
Physics.

Jduly 2, 2025
BY QUANTUM NEWS

The pursuit of robust quantum computation necessitates the identification and control of exotic states of
matter exhibiting topological order, where information is encoded not in local degrees of freedom but in the
global properties of the system. Recent observations of fractional anomalous Hall (FQAH) states,
characterised by fractionalised quantum Hall effects in the absence of an external magnetic field, present a
promising avenue for realising such topological hardware. However, confirming the existence of the crucial
anyonic excitations, quasiparticles obeying non-Abelian statistics essential for guantum computation, remains
a significant challenge.
opological Systems at New York University Abu Dhabi, address this issue in their work, “ldentifying Anyonic
[o]els]lels ][I N0l TN r=lad [« L EINSE (Vs W:Nalelna EI s IVER EIBSS =1l Their research establishes a link between
the fragile topology of these systems and the identification of anyons within momentum space, utilising a
theorem from algebraic topology dating back to 1980, and providing a framework for understanding
symmetry-protected topological order in FQAH systems through computations in equivariant cohomotopy.
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nature

NEWS | 03 July 2020

Welcome anyons! Physicists find
best evidence yet for long-sought
2D structures

The ‘quasiparticles’ defy the categories of ordinary particles and herald a potential way
to build quantum computers.

By Davide Castelvecchi
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[Ruelle et al.
[Glidic et al.
[Kundu et al.
[Veillon et al.
[Ghosh et al.
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Article = Published: 17 August 2023
Observation of fractionally quantized anomalous Hall effect

Heonjoon Park, Jiagi Cai, Eric Anderson, Yinong Zhang, Jiayi Zhu, Xiaoyu Liu, Chong Wang,

William Holtzmann, Chaowei Hu, Zhaoyu Liu, Takashi Taniguchi, Kenji Watanabe, Jiun-Haw Chu,

Ting Cao, Liang_Fu, Wang_Yao, Cui-Zu Chang, David Cobden, Di Xiao & Xiaodong Xu &

Nature 622, 74-79 (2023) | Cite this article




Fractional Quantum Anomalous Hall systems.

Very recently also observed:
2D crystals, exhibiting “dual” FQH, where

Berry curvature over momentum space T?
plays the role of flux in position space

Hall effect
magnetic
. Lorentz force position flux density
k = —0e¢/0¥ + & x eB - T eB
Semiclassical electron \ 0 0
equation of motion K 4 1
5 — — — <__// — —
r = 0¢/ok — k x k ()
anomalous velocity = momentum Berry
curvature
Anomalous Hall effect
A
Energy e Conduction band
(Chern number = —C)
gapped
Dirac cone
Fermi €, 4=------mmmgmommoommmmmm oo - -
/ hOIe
) ]‘7;1/ ¥ Valence band
< (Chern number= +C')
— = k >
Berry curvature o

. momentum
concentration



Fractional Quantum Anomalous Hall systems.

Very recently also observed:
2D crystals, exhibiting “dual” FQH, where

Berry curvature over momentum space T?
plays the role of flux in position space

Hall effect
magnetic
. Lorentz force position flux density
k = —0e¢/0¥ + & x eB - T eB
Semiclassical electron \ 0 0
equation of motion K 4 1
r = 0ok — kx QF k Q
anomalous velocity = momentum Berry
curvature
Anomalous Hall effect
A
. Energy € Conduction band
suggests FQAH systems as viable - (Chern mumber = —C)
topological quantum hardware! gapped
Dirac cone
Fermi €, 4=------mmmgmommoommmmmm oo - -
/ hole
) kg/ ¥ Valence band
= (Chern number) +C)
/ k.

Berry curvature

. momentum
concentration



Fractional Quantum Anomalous Hall systems.

Very recently also observed:

2D crystals, exhibiting “dual” FQH, where
Berry curvature over momentum space T?
plays the role of flux in position space

Hall effect
magnetic
) Lorentz force position flux density
k = —0e¢/0¥ + & x eB - T eB
Semiclassical electron v * 0
equation of motion K 4 1
r = 0ok — kx QF k Q
anomalous velocity = momentum Berry
curvature
Anomalous Hall effect
A
. Ea Igy € Conduction ban
suggests FQAH systems as viable % ¢ (Cliom muber )
topological quantum hardware! #sepped
1rac cone
. Fermi €, 4==nmmmmmmm g a o m e o
but open question: / hole
] ky, > Valence band
Where & hOW are FQAH aHyOl’lS? = ’ (Chern number= +C')
= | —
/ ]{71.)

Berry curvature

. momentum
concentration



Fractional Quantum Anomalous Hall systems.

Very recently also observed:

2D crystals, exhibiting “dual” FQH, where
Berry curvature over momentum space T?
plays the role of flux in position space

Hall effect
magnetic
) Lorentz force position flux density
k = —0e¢/0¥ + & x eB - T eB
Semiclassical electron \ 0 *
equation of motion // 3 4
r = 0ok — kx QF k Q
anomalous velocity = momentum Berry
curvature
Anomalous Hall effect
A
s Ene gy € Conduction ban
suggests FQAH systems as viable ¢ (Cliom muber )
topological quantum hardware! #sepped
1rac cone
. Fermi €, 4=------mmmgmommoommmmmm oo - -
but open question: / hole
= ky, > Valence band
Where & hOW are FQAH aHYODS? = ! (Chern number= +C')
2
/ Al)

Berry curvature

. momentum
concentration



Answer — in general:




Answer — in general:

Given:
crystal symmetry group G
Bloch Hamiltonian space A

Then:
topological phase:



Answer — in general:

Given:
crystal symmetry group G
Bloch Hamiltonian space A
Then:

topological phase: C & WO(Map (f 2, A)G)



Answer — in general:

Given:
crystal symmetry group G
Bloch Hamiltonian space A Qé@éz
N Q@Q
Then: §

topological phase: C' € WO(Map (f 2, .A)G)



Answer — in general:

Given:
crystal symmetry group G
Bloch Hamiltonian space A Qé@éz
N Q(b)o
Then: §

topological phase: C' € 7T0<Map (f 2, A)G)

the Bloch Hamiltonians are a map
from the Brillouin torus of crystal momenta
to the given space of Hamiltonians

T2 > A
kK — HBlch(k>




Answer — in general:

Given:
crystal symmetry group G
Bloch Hamiltonian space A Qé@éz
N Q@Q
Then: §

topological phase: C' € WO(Map (f 2, .A)G)



Answer — in general:

Given:
crystal symmetry group G

Bloch Hamiltonian space A N o
Y ‘@QQ@Q@ S @@Q

®%Q

Then:
topological phase: (' & WO(Map (f{ A)G)



Answer — in general:

Given:
crystal symmetry group G &
. . N )
Bloch Hamiltonian space A @QQZC)@ 0@%@

Then: (ﬁf

topological phase: (' & 7T0<Map (T 2, A)G)

equivariance is the mathematical term
for what in condensed matter is:

HBlch(g ' k) = U, o Hpen (k) o Ug_1




Answer — in general:

Given:
crystal symmetry group G ﬂ &
Bloch Hamiltonian space A QQXQ‘@ .@9@%
& *Q@b @§@®Q
Then: ; H

topological phase: C' € WO(Map (f 2, .A)G)

equivariance is the mathematical term
for what in condensed matter is:

Hpien (94' k) = Uy o Hpien (k) 0 Ug_l




Answer — in general:

Given:
crystal symmetry group G ﬁ &
Bloch Hamiltonian space A QQ&@ .@9@%
& *Q%C) @§@®Q
Then: ; H

topological phase: C' € WO(Map (f 2, A)G)

equivariance is the mathematical term
for what in condensed matter is:

Hpgien (94' k) = ({g o Hgien (k) OﬁUg_l




Answer — in general:

Given:
crystal symmetry group G ﬁ &
Bloch Hamiltonian space A QQ”Q@ .@@%
& *Q@C) e)&?@%@
Then: ; H

topological phase: C' € WO(Map (f 2, A)G)

equivariance is the mathematical term
for what in condensed matter is:




Answer — in general:

Given:
crystal symmetry group G

Bloch Hamiltonian space A N o
Y ‘@QQ@Q@ S @@Q

®%Q

Then:
topological phase: (' & WO(Map (f{ A)G)



Answer — in general:

Given:
crystal symmetry group G ﬁ X
Bloch Hamiltonian space A Q@QQ; | @\i@;
ConneCted QQ%%Q%Q @Q?X@@Q
Then: Componentsz ~

topological phase: C' € 7T0<Map (f 2, .A)G)



Answer — in general:

Given:
crystal symmetry group G

X0
: : N2 >
Bloch Hamiltonian space A Q@Q I o
cted ST e o
conne N
Then: Compoﬂentsz —

topological phase: C' € 7T0<Map (T\ 2, A)G)

connected components give the
topological deformation classes
of Bloch Hamiltonians



Answer — in general:

Given:
crystal symmetry group G ﬁ X
Bloch Hamiltonian space A Q@QQ; | @\i@;
ConneCted QQ%%Q%Q @Q?X@@Q
Then: Componentsz ~

topological phase: C' € 7T0<Map (f 2, .A)G)



Answer — in general:

Given:
crystal symmetry group G X
Bloch Hamiltonian space A Q&% | @i\@;
connected : @(boﬁ(b@ @O?X@@Q
Then: Componcﬂtb? .

topological phase: C' € WO(Map (f 2, A)G)



Answer — in general:

Given:
crystal symmetry group G X
Bloch Hamiltonian space A Q»\%&é; | @i\@;
nected N Q(bp &> @Q
Then: C%(igponcntb‘? v
topological phase: (' & 7T0<Map (f 2, .A)G) =H



Answer — in general:

Given:
crystal symmetry group G . X
. . o . oY
Bloch Hamiltonian space A o &L cquivariant
cted &{b@ oY S ®®Q extraordinary
. conne s M\ N S nonabelian
Then: componetl (\> 4\5 cohomology

topological phase: (' & 7T0<Map (T 2, .A)G) = H}, (fz; QA)



Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space ./4 Q@Q) . @f&@% equivariant
octe 4 é\(b@ oY (}?X ®®Q extraordipary
. coni ks N >\ nonabelian
Then: componel 4\5 cohomology

topological phase: C &€ 7T0<Map (T\ 2 A) H}, (fz; QA)

Q
N—
]



Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Sspace A Q&@ ch& o equivariant
octed @fb@ oY Q}x\ {@Q oxtraordipary
. connet ks N >\ O nonabelian
Then: componell H cohomology

topological phase: C &€ WO(Map (f 2 A) H}, (fz; QA)

Q
N—
]

classitying space A phases

Examples:




Answer — in general:

Given:
crystal symmetry group G . &
. . o A . (b)
Bloch Hamiltonian Space A Q&@ . 4@& ¢ Cquivariant
cted @fb@ oY Q}x\ {@Q oxtraordipary
. connec s N >\ O nonabelian
Then: componel 4\5 cohomology

topological phase: C &€ 7T0<Map (f 2 A) H}, (fz; QA)

Q
N—
]

classitying space A phases
v+c) __ U(ctv)
Gry (C i ) = U(c)xU(0)

Examples:




Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space A Q&@ . 4@& ¢ equivariant
octed @fb@ oY Q}x\ {@Q oxtraordipary
. conne s N S\ O nonabelian
Then: componetl g\} cohomology

topological phase: C &€ WO(Map (f 2 A) H}, (fz; QA)

Q
N—
]

classitying space A phases
v+c) __ U(ctv) '
Gr, ((C k& ) — T X000 fragile

Examples:




Answer — in general:

Given:
crystal symmetry group G
Bloch Hamiltonian Space A S D equivariant
Do SO &N extraordinary

d NG ‘
Th . COﬂIlCCt(iltb M\ N e\ nonabelian
1. comp one H cohomology

topological phase: C &€ WO(Map (f 2 A) H}, (fz; QA)

Q
N—
]

classitying space A phases
v+c) __ U(ctv) ;
Gr, (C¢) = T X000 fragile

Examples: BU(1) = UU C><+U1(1)




Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Sspace A Q&@ . @f& o equivariant
octed @fb@ oY 0?\ @& extra‘ordipary
. connec s N >\ nonabelian
Then: componetl H cohomology

topological phase: C &€ WO(Map (f 2 A) H}, (fz; QA)

Q
N—
]

classitying space A phases
v+c) __ U(ctv) ;
Gr, (C¢) = T X000 fragile

Examples: BU() = U UEchirUl()l) Chern
ceN




Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space A Q& c(/\“;&@ equivariant
necte 4 &%JQQ@C)QJ O?\Q N extraordinary
1 2 &> nonabellan
Then: C((:)(ﬁlp ()11()11)557 N Q}\}X C 01101110%00\
topological phase: C & WO(Map (f2, .A)G) = H}, (fz; QA)
classitying space A phases
v+c) __ U(ctv) ;
Gr, (C¢) = T X000 fragile
Examples: - U(c+1)
P BU1) =  Uwggxom Chemn
ceN
BU = U UU((;_%))U)




Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space A Q& . c@\@ equivariant
necte d @fb@Q@Q@ Q?XQ @Q extraordinary
Then: C%?Eponentb? N Q}JQ (lgﬁgﬂﬁgni
topological phase: C & WO(Map (f2, .A)G) = H}, (fz; QA)
classitying space A phases
v+c) __ U(ctv) ;
Gr, (C¢) = T X000 fragile
Examples: - U(c+1)
P BU1) =  Uwggxom Chemn
ceN
BU = U Ug%)v) K-theoretic




Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space A Q& . c@\@ equivariant
necte d @fb@Q@Q@ Q?XQ @Q extraordinary
Then: C%?Eponentb? N Q}JQ (lgﬁgﬂﬁgni
topological phase: C & WO(Map (f2, .A)G) = H}, (fz; QA)
classitying space A phases
v+c) __ U(ctv) ;
Gr, (C¢) = T X000 fragile
Examples: - U(c+1)
P BU1) =  Uwggxom Chemn
ceN
BU = U Ug(‘j[}) )U) K-theoretic




Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space ./4 Q@Q) . @f&@% equivariant
octe 4 é\(b@ oY (}?X ®®Q extraordipary
. coni ks N >\ nonabelian
Then: componel 4\5 cohomology

topological phase: C &€ 7T0<Map (T\ 2 A) H}, (fz; QA)

Q
N—
]



Answer — in general:

Given:
crystal symmetry group G X
, ) , oS
Bloch Hamiltonian Space A Q&@ 4@@1 equivariant
ted &\@Q ol N f@Q(O extraordinary
connec ks P\ >\ nonabelian
Then: componel 7 4\5 cohomology
. - G -
topological phase: (' & 7T0<Map (T2, A) ) = H}, (Tz, QA)
Ce
. ¢
topological order: X7



Answer — in general:

Given:
crystal symmetry group G . X
. . o
Bloch Hamiltonian Space A Q&@ . 4@@;} equivariant
necte 4 “6@@@@6 Q?X Nf@Q extraordinary
Then: con nents S >\ & nonabehan
€1l compo 4\5 cohomology
: - G -~
topological phase: (' & 7T0<Map (T2, A) ) = H}, (Tz; QA)
topological order: H & Wl(Map (T 2 A) C)—IrrRep X7



Answer — in general:

Given:
crystal symmetry group G . X
. . . . oY
Bloch Hamiltonian Sspace A Q@Q) . @f»@; equivariant
onnec\led KQ@QQ@Q & x{‘& extf??ﬁ(hf%m’y
Then: C OﬂCﬂtS? (\> S Q Hx %10114} elian
. comp cohomology
. A G P
topological phase: (' & 7T0<Map (TQ, .A) ) = H}, (Tz; QA)
-~ G “en
topological order: H & m(Map (Tz, A)C)—IrrRep rqy A
8r Oupn aZ/ 1]2



Answer — in general:

Given:
crystal symmetry group G . X
. . . . oY
Bloch Hamiltonian Sspace A Q&@ . @2&@; equivariant
onnec ted ®®QQ®Q (}?} Q:@Q extrag)ﬂdiﬁl‘my
Then' one nts ) Q Hx non@ : e 1@1}
. comp cohomology
. - G -
topological phase: (' & 7T0<Map (T2, .A) ) = H}, (Tz; QA)
-~ G eng
topological order: H & m(Map (TQ, .A)C) IrrRep —faz Cla
fundamen aU 311]]
group



Answer — in general:

Given:
crystal symmetry group G . X
. . . . oY
Bloch Hamiltonian Sspace A Q&@ 4@“&@1 equivariant
ted &\@Q ol N f@Q(O extraordinary
connec ks MR S\ nonabelian
Then: componell 7 (\j H cohomology
. SENe =
topological phase: (' & 7T0<Map (T2, .A) ) = H}, (Tz; QA)
Ce
: 72 G Q.
topological order: H € m Map(T ,.A)C -IrrRep S74 Cla
fundamentay Unitary QIOI

group



Answer — in general:

Given:
crystal symmetry group G . X
. . . . oY
Bloch Hamiltonian Sspace A Q&@ . @2&@; equivariant
ted &\@Q ol S N extraordinary
connec ks MR S\ nonabelian
Then: componell 7 (\j H cohomology
. SENe =
topological phase: (' & 7T0<Map (T2, A) ) = H}, (Tz; QA)
~ G “eny
topological order: H & m(Map (TQ, .A)C) -IrrRep < fa7 Cl.
fUIldamenta{/ u.nl'tary) QIO]
group lrl’eps

why?



Answer — in general:

Given:
crystal symmetry group G . X
. . . . oY
Bloch Hamiltonian Sspace A Q&@ . 4@“0@ equivariant
ted &{Z»Q ¥ S N extraordinary
connec ks MR S\ nonabelian
Then: componell 7 (\j H cohomology
. ~o \G =
topological phase: (' & 7T0<Map (T2, A) ) = H}, (Tz; QA)
~ G ey
topological order: H € m(Map (TQ, .A)C) -IrrRep Ly Cl.
fUIldamentagj u.nl'tary) QIO]
Sroup Ireps

why?
by topological adiabatic theorem:



Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space A Q&@ . 4{(})&@;} equivariant
octe 4 @fb@ oY O?X {@Q extraordinary
. conn ks N >\ O nonabelian
Then: componet (\j 4\5 cohomology

topological phase: C & 7T0<Map (T\ 2, .A)G) = H}, (fz; QA)

topological order: H € m(Map (T\Q, .A)g -IrrRep
fllﬂdamentagj unitar )

group H’I’eps

by topological adiabatic theorem:
gapped ground state Hilbert spaces
form local system /flat bundle

over external parameter space



Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space A Q\Q@ . 4@@; equivariant
octed é\%@ oY 0?\ Nf@Q extraordinary
. conn ks SN S\ nonabelian
Then: componell (\j H cohomology

topological phase: C € m

N\
=
&

=
=)
S

)G) = H}, (fz; QA)
)

topological order: H € m(Map (T\z, .A)g -IrrRep
fundamentag/ Unitar )
group

by topological adiabatic theorem:
gapped ground state Hilbert spaces
form local system /flat bundle Hp,
over external parameter space
1’ D1



Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space A Q\Q@ . 4@@; equivariant
octed é\%@ oY 0?\ Nf@Q extraordinary
. conn ks SN S\ nonabelian
Then: componell (\j H cohomology

topological phase: C € m

N\
=
&

=
=)
S

)G) = H}, (fz; QA)
)

topological order: H € m(Map (T\z, .A)g -IrrRep
fundamentag/ Unitar )
group

by topological adiabatic theorem:
gapped ground state Hilbert spaces
form local system /flat bundle H,p,

0~ P2
over external parameter space L Y
D1



Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space A Q\Q@ . 4@@; equivariant
octed é\%@ oY 0?\ Nf@Q extraordinary
. conn ks SN S\ nonabelian
Then: componell (\j H cohomology

topological phase: C € m

N\
=
&

=
=)
S

)G) = H}, (fz; QA)
)

topological order: H € m(Map (T\z, .A)g -IrrRep
fundamentag/ Unitar )
group

by topological adiabatic theorem:
gapped ground state Hilbert spaces W
form local system /flat bundle ~— H,,

0~ P2
over external parameter space L Y
D1



Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space A Q\Q@ . 4@@; equivariant
octed @fb@ oY (}?X ‘x@Q extraordinary
. conn S SN S\ nonabelian
Then . comp onel (\> 4\5 cohomology

topological phase: C € m

N\
=
&

=
=)
S

)G) = H}, (fz; QA)
)

topological order: H € m(Map (T\z, .A)g -IrrRep

fUHdamGHtaZ/ Unitar )
group

by topological adiabatic theorem:

gapped ground state Hilbert spaces W
form local system /flat bundle H,,

o o P24 o
over extenral parameter space L A 23
P1

P3



Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space A Q\Q@ . 4@@; equivariant
octed é\%@ oY 0?\ Nf@Q extraordinary
. conn ks SN S\ nonabelian
Then: componell (\j H cohomology

topological phase: C € m

N\
=
&

=
=)
S

)G) = H}, (fz; QA)
)

topological order: H € m(Map (T\z, .A)g -IrrRep
fundamentag/ Unitar )
group

by topological adiabatic theorem:

H
gapped ground state Hilbert spaces U2 " &
form local system /flat bundle Hop, Ho,
P2 .
3

over external parameter space L v}
b1



Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space A Q\Q@ . 4@@; equivariant
octed @fb@ oY (}?X ‘x@Q extraordinary
. conn S SN S\ nonabelian
Then . comp onel (\> 4\5 cohomology

topological phase: C € m

N\
=
&

=
=)
S

)G) = H}, (fz; QA)
)

topological order: H € m(Map (T\z, .A)g -IrrRep
fundamenta{/ Unitar )
group

by topological adiabatic theorem:
gapped ground state Hilbert spaces U &
form local system/flat bundle Hop, Hop,

2 o P2 s
over external parameter space L o W%
13
P1 AAAAARNANANANS



Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space A Q\Q@ . 4@@; equivariant
octed @fb@ oY (}?X ‘x@Q extraordinary
. conn S SN S\ nonabelian
Then . comp onel (\> 4\5 cohomology

topological phase: C € m

N\
=
&

=
=)
S

)G) = H}, (fz; QA)
)

topological order: H € m(Map (T\z, .A)g -IrrRep
fundamenta{/ Unitar )
group

by topological adiabatic theorem:

H
gapped ground state Hilbert spaces U2 " %
U
form local system /flat bundle ~— H,, 2 > Hp,

2 o P2 s
over external parameter space L o W%
13
P1 AAAAARNANANANS



Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space A Q\Q@ . 4@@; equivariant
octed @fb@ oY (}?X ‘x@Q extraordinary
. conn ks N S\ nonabelian
Then: componet (\> FB cohomology
topological phase: (' & WO(Map (T 2 A

)G) = H}, (fz; QA)
)

topological order: H € m(Map (T\z, .A)g -IrrRep

fUHdamGHtaZ/ Unitar )
group

by topological adiabatic theorem:

gapped ground state Hilbert spaces G/r
form local system /flat bundlel H,,

&
7
2 o P2 s
over external parameter space L /\/W W/\/s%
13
b1

& rep of fundamental group




Familiar example — FQH systems:

topological order: H & m(Map (T\ 2, A)g) -IrrRep )

fundamen aU‘ Unitary

gl“Oup 11”1“eps

by topological adiabatic theorem: 1y

gapped ground state Hilbert spaces y’ " %
U

form local system /flat bundle ~— H,, L > H

p3
o P2 A s
over external parameter space 1 ,\jixf\/‘? ‘\/\/Q{/\)
13
b1

& rep of fundamental group AANANARANNANS Py




Familiar example — FQH systems:

parameters = configurations of anyons in plane

topological order: H € m(Map (T\Q, A)g) -IrrRep
Urdtar.’j:>

ﬁmdamentaUA
group

by topological adiabatic theorem:
gapped ground state Hilbert spaces
form local system /flat bundle ~— H,,
over external parameter space

1’ P1

& rep of fundamental group

1Irr €ps




Familiar example — FQH systems:
parameters = configurations of anyons in plane
monodromy = braiding of their worldlines

/@

©
/\ ,_K\_Ag

—T
\/\\/

|61

topological order: H € m(Map (T\Q, .A) )—IrrRep )

fllﬂdamentagj U.Hl'tary
group

by topological adiabatic theorem:
gapped ground state Hilbert spaces V
form local system /flat bundlei“z'-[

&
1 D2 %
over external parameter space L A/\/\/‘>f M’%
D1

& rep of fundamental group




Familiar example — FQH systems:
parameters = configurations of anyons in plane
monodromy = braiding of their worldlines
irrep = braid representation = anyon statistics

7—[ U > H

e ,_A"_/S
@_X’/,M
W'—’O@

K

topological order: H € m(Map (T\Q, A)g) -IrrRep )

fundamentag/ Qnitary

group H’I’eps

by topological adiabatic theorem:
gapped ground state Hilbert spaces V
form local system /flat bundlei“z'-[

&
1 D2 %
over external parameter space L A/\/\/‘>f M’%
D1

& rep of fundamental group




Familiar example — FQH systems:
parameters = configurations of anyons in plane
monodromy = braiding of their worldlines
irrep = braid representation = anyon statistics

7—[ U > H

P g e
X —
@\’x?&\’?:/@

K

topological order: H € m(Map (T\Q, A)g) -IrrRep )

fundamenta%/ Qnitary

group H“I’Gps

by topological adiabatic theorem:
gapped ground state Hilbert spaces ﬂy’
form local system /flat bundlei“z'-[

&
1 D2 %
over external parameter space L A/\/\/‘>f M’%
D1

& rep of fundamental group




Answer — in general:

Given:
crystal symmetry group G . &
Bloch Hamiltonian Space ./4 Q.&@ . 4(‘;&@% equivariant
octed @C@Q ¥ O?X ®®Q extraordinary
. conn S N >\ O nonabelian
Then . comp onel (\> 4\5 cohomology

topological phase: C € m

N\
=
&

=
=)
S

)G) = H}, (fz; QA)
)

topological order: H € ﬂl(Map (T\z, A)g -IrrRep

fundamentay Unitar )
group

by topological adiabatic theorem:

gapped ground state Hilbert spaces O/r
form local system /flat bundlem H,,

&
7
2 o P2 s
over external parameter space L /\/w Wi/g
13
b1

& rep of fundamental group




Answer — in general:

Given:
crystal symmetry group G
Bloch Hamiltonian space A

Then:
topological phase: C & WO(Map (fQ, .A)G) = H}, (fz; QA)

topological order: H € ﬂl(Map (T\Q, A)g)—lrrRep



Answer — in general:

Given:
crystal symmetry group G
Bloch Hamiltonian space A

Then:
topological phase: C & WO(Map (f2, .A)G) = H}, (fz; QA)

topological order: H € ﬂl(Map (T\Q, A)g)—IH‘Rep

more precisely, the ground state TQFT is generally covariant



Answer — in general:

Given:
crystal symmetry group G
Bloch Hamiltonian space A

Then:
topological phase: C & WO(Map (f2, .A)G) = H}, (fz; QA)

topological order: H € ﬂl(Map (T\z, A)g)—IH‘Rep

more precisely, the ground state TQFT is generally covariant
= band topologies differing by diffeos are equivalent to the TQFT"



Answer — in general:

Given:
crystal symmetry group G
Bloch Hamiltonian space A
Then:

topological phase: C & 7T0<Map (fQ, .A)G) = H}, (fz; QA)
topological order: H € ﬂl(Map (T\z, A)g)—IH‘Rep

more precisely, the ground state TQFT is generally covariant
= band topologies differing by diffeos are equivalent to the TQFT:

topological phase: C' = 7T0( Map (f2, A)G Vi Diff+(f2)G )
as seen by band t:o:pology digfgos

’

N\ '

topological order: ‘H &€ 7'('1( Map (fz, A)G // Diﬂ‘*(f 2)G ,C’) -IrrRep

ooy



Answer — in general:

Given:
crystal symmetry group G
Bloch Hamiltonian space A

Then:
topological phase: C & WO(Map (fQ, .A)G) = H}, (fz; QA)

topological order: H € ﬂl(Map (T\Q, A)g)—lrrRep

more precisely, the ground state TQFT is generally covariant
= band topologies differing by diffeos are equivalent to the TQFT:

topological phase: €' = 7T0( Map (f 2, A)G // Difer(YAﬁ)G )

N

as seen by band tﬂ)ology dhiffos

topological order: H & 7'('1( Map (fz, A)G // Diﬂ‘*(f 2)G ,C’) -IrrRep

5y
OOV
KO“X K‘\c&\i

~— (\\\()




Answer — for FQAH: 1.) Bloch Hamiltonian space




Answer — for FQAH: 1.) Bloch Hamiltonian space

2-band systems

E
conduction
band
eigenvalues
of Hgich

/ valence \
band

crystal ————>
momentum  k




Answer — for FQAH: 1.) Bloch Hamiltonian space

2-band systems
= Bloch Hamiltonian

o Hpich
A
72 oo \fato o(C) ;
— —
k % H Blch ( k) conduction
band
eigenvalues
of Hgich
valence
/ band \
crystal ————>
momentum  k




Answer — for FQAH: 1.) Bloch Hamiltonian space

2-band systems

= Bloch Hamiltonian expanded in Pauli o

o Hpicn A
T2 —<% Matgxg((C) E
relative
— — Bloch Hamiltonian
k % H Blch ( k ) H ( E) coxf;itiion

N\ eigenvalues

y N\
- 3 g f H, .
— ho(k) +Zz:1hz(k) 0; o :
S SN
crystal ————>
momentum &




Answer — for FQAH: 1.) Bloch Hamiltonian space

2-band systems

= Bloch Hamiltonian expanded in Pauli o

H Blch A
T2 —<% Matgxg((C) E
relative
— — Bloch Hamiltonian
k M H Blch ( k ) H (E) coxﬁii:(‘iion T
7 - N\ eigenvalues
. - 3 - of Hpien |H |
_ / valence \
band
which are gapped e T

= |HF)| = /S5, ((F)” > 0.



Answer — for FQAH: 1.) Bloch Hamiltonian space

2-band systems

= Bloch Hamiltonian expanded in Pauli o

o Hpicn A
T2 —<% Matgxg((C) E
relative
— — Bloch Hamiltonian
k M H Blch ( k ) H (E) coxf;itiion T

N\ eigenvalues

L — r 3 7 of Hgen !
= 1ol) T
which are gapped momentumk

= |HF)| = /S5, ((F)” > 0.
= valence bundle is Eig_, (H/|H|)




Answer — for FQAH: 1.) Bloch Hamiltonian space

2-band systems

= Bloch Hamiltonian expanded in Pauli o

f2 ﬂ Matgxg((C) i il
— — Blochll(ilgnllxiﬁ;onian
k M H Blch ( k ) H (E) coxf;g&ion T
— he i N Z?: h, i o e H ]
which are gapped —crystal ——>
— 3 — 2
= |HF)| = /S5, ((F)” > 0.
= valence bundle is Eig_, (H/|H|)
= Hamiltonian space is U(lI)J>(<2I)J(1) ~ S22 = A
fo_ HMIL L o g

—

k — h(k)/|H| .



Answer — for FQAH: 1.) Bloch Hamiltonian space

2-band systems

= Bloch Hamiltonian expanded in Pauli o

f2 ﬂ Matgxg((C) . il
relative
— — Bloch Hamiltonian
k M HBICh ( k) H (E) Conlilaliitiion T
_ > —3 oy e )
| = o) A xihBen T 3
which are gapped - crystal ——>
= |HF)| = /S5, ((F)” > 0.
= valence bundle is Eig_, (H/|H|)

Hamiltonian space is U(11)J>(<2[)J(1) ~ S22 = A

4

o M g g

k — h(k)/|H| .




Answer — for FQAH: 2.) topological phases




Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence

bundle



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex
bundle line bundle
% > L
l (pb) l
~o H/|H| U(1
721 g2 — YW

U(1)xU(1)



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
Y L — . EU(1) x C
l (pb) l o l u(1)
fg H/[H|

U(1 U(l+c ~
552 = T >gNU(1g+)) > BU(1),

U(1)xU(1) xU(c



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
y . L . EU(1) x C
| o l (bb) | u(1)
o H/|H] U ~
2 2 __ O N U(l+c) \
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile €<

band topology



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
y . L . EU(1) x C
| o l (bb) l u(1)
o H/|H| U ~
2 2 CO N U(1+4c) .
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile e stable

band topology band topology



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
) s [ . FU(1) x C
| o l (pb) | u(Q)
o H/|H| U ~
2 2 ___ €I U(l+c) \
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile ¢ stable

band topology band topology



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
y . L . EU(1) x C
| o l (bb) l U(1)
o H/|H| U ~
2 2 CO N U(1+4c) .
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile e stable
band topology band topology

= topological phases characterized by an integer



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
) . L . EU(1) x C
| o l (bb) l u(1)
o H/|H| U ~
2 2 CO N U(1+4c) .
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile ¢ stable
band topology band topology

= topological phases characterized by an integer

C = [H/|H]



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
V . L . EU(1) x C
| o l (pb) | u(Q)
o H/|H] U ~
2 2 ___ €I U(l+c) \
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile e stable
band topology band topology

= topological phases characterized by an integer

C = [H/|H]]



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
y . L . EU(1) x C
| o l (pb) | uQ)
o H/|H| U ~
2 2 __ O N U(l+c) \
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile ¢ stable
band topology band topology

= topological phases chayacterized by an integer

C:=|H/|H|| € m Map(f2, 5?)



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
) . L . EU(1) x C
| o l (bb) l u(1)
o H/|H| U ~
2 2 CO N U(1+4c) .
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile ¢ stable
band topology band topology

= topological phases chayacterized by an integer

C:=|H/|H|| € m Map(fz, 5?)

winding
number



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
) . L . EU(1) x C
| o l (bb) l u(1)
o H/|H| U ~
2 2 CO N U(1+4c) .
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile ¢ stable
band topology band topology

= topological phases chayacterized by an integer

C:=|H/|H|| € m Map(fz, 5?)

winding
number



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
y . L . EU(1) x C
| o l (bb) l U(1)
o H/|H| U ~
2 2 CO N U(1+4c) .
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile ¢ stable
band topology band topology

= topological phases chayacterized by an integer

C = [H/]H]] C WoMap(fz, S?) o~ WOMap(JAﬁ, BU(1))

winding
number



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
y . L . EU(1) x C
| o l (pb) | uQ)
o H/|H| U ~
2 2 __ O N U(l+c) \
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile ¢ stable
band topology band topology

= topological phases CharZacterized by an integ%r
C:=|H/|H|| € m Map(f2, S?) =~ m Map(f2, BU(1))

winding Chern
number number



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
y . L . EU(1) x C
| o l (pb) | uQ)
o H/|H| U ~
2 2 __ O N U(l+c) \
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile ¢ stable
band topology band topology

= topological phases CharZacterized by an integ%r
C:=|H/|H|| € m Map(f2, S?) =~ m Map(f2, BU(1))

winding Chern
number number



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
y . L . EU(1) x C
| o l (pb) | uQ)
o H/|H| U ~
2 2 __ O N U(l+c) \
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile ¢ stable
band topology band topology

= topological phases CharZacterized by an integ%r
C:=|H/|H|| € m Map(f2, S?) =~ m Map(f2, BU(1)) ~ Z

winding Chern
number number



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
y . L . EU(1) x C
| o l (bb) l U(1)
o H/|H| U ~
2 2 CO N U(1+4c) .
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile e stable
band topology band topology

= topological phases Cha{acterized by an integ%r
C:=|H/|H|| € m Map(f2, S?) =~ m Map(f2, BU(1)) =~

winding Chern
number number

= fragile = stable, for topological phases



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
y . L . EU(1) x C
| o l (pb) | uQ)
o H/|H| U ~
2 2 __ O N U(l+c) \
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile ¢ stable
band topology band topology

= topological phases CharZacterized by an integ%r
C:=|H/|H|| € m Map(f2, S?) =~ m Map(f2, BU(1)) =~

winding Chern
number number

= fragile = stable, for topological phases

but not so for topological order...



Answer — for FQAH: 2.) topological phases

= valence bundle is pullback of tautological /universal line bundle

valence tautological complex universal complex
bundle line bundle line bundle
) . L . EU(1) x C
| o l (bb) l u(1)
o H/|H| U ~
2 2 CO N U(1+4c) .
" =57 = U(1)xU(1) ’ UNU(l)XU(C) » BU(1),
fragile ¢ stable
band topology band topology

= topological phases CharZacterized by an integ%r
C:=|H/|H|| € m Map(f2, S?) =~ m Map(f2, BU(1)) =~

winding Chern
number number

= fragile = stable, for topological phases

but not so for topological order...



Answer — for FQAH: 3.) topological order




{Answer — for FQAH: 3.) topological order J

the stable band monodromy is

T (Map(f{ BU(l))C) ~ <A,B>/(AB _ BA) ~ 72




{Answer — for FQAH: 3.) topological order J

the stable band monodromy is
m (Map(T2, BU()),.) ~ (A, B)/(AB = BA) ~ 72

Maxwell Wilson loop observables

{



{Answer — for FQAH: 3.) topological order J

the stable band monodromy is
m (Map(T2, BU()),.) ~ (A, B)/(AB = BA) ~ 72

Maxwell Wilson loop observables

{

have 1-dim irreps = no topological order



{Answer — for FQAH: 3.) topological order J

the stable band monodromy is
m (Map(T2, BU()),.) ~ (A, B)/(AB = BA) ~ 72

Maxwell Wilson loop observables

{

have 1-dim irreps = no topological order

but



{Answer — for FQAH: 3.) topological order J

the stable band monodromy is
m (Map(T2, BU()),.) ~ (A, B)/(AB = BA) ~ 72

Maxwell Wilson loop observables

{

have 1-dim irreps = no topological order

Larmore & Thomas 1980,
. . Kallel 2001,
th@ f?”CLng@ band mOIlOdI‘OHly 1S going back to Hansen 1974

m(Map(f2, S?)C) - <A,B, % > / (AB:@BA)

central

bU't Sati & S. 2025, using ]


https://ncatlab.org/schreiber/show/FQH+Anyons
https://ncatlab.org/nlab/show/cohomotopy#LarmoreThomas80
https://ncatlab.org/nlab/show/cohomotopy#Kallel01
https://ncatlab.org/nlab/show/cohomotopy#Hansen74

{Answer — for FQAH: 3.) topological order J

the stable band monodromy is
T (Map(f{ BU(l))C) ~ <A,B>/(AB — BA) ~ 72

Maxwell Wilson loop observables

{

have 1-dim irreps = no topological order

bU't Sati & S. 2025, using
{ Ital‘lll(,)l‘(,‘ & Thomas 1980, ]
. . Kallel 2001,
the f?"ag’&le band mOHOdI'OIl’ly 1S going back to Hansen 1974
™ (Map (T2, S?)C) ~ <A, B, ¢ > / (AB — §2BA)
central

Chern-Simons Wilson loop observables!


https://ncatlab.org/schreiber/show/FQH+Anyons
https://ncatlab.org/nlab/show/cohomotopy#LarmoreThomas80
https://ncatlab.org/nlab/show/cohomotopy#Kallel01
https://ncatlab.org/nlab/show/cohomotopy#Hansen74

{Answer — for FQAH: 3.) topological order J

the stable band monodromy is
m (Map(T2, BU()),.) ~ (A, B)/(AB = BA) ~ 72

Maxwell Wilson loop observables

{

have 1-dim irreps = no topological order

bU't Sati & S. 2025, using
{ Ital‘lll(,)l‘(,‘ & Thomas 1980, ]
. . Kallel 2001,
the f?"ag’&le band mOHOdI'OIl’ly 1S going back to Hansen 1974
™ (Map (T2, S?)C) ~ <A, B, ¢ > / (AB — §2BA)
central

Chern-Simons Wilson loop observables!
irreps are the anyonic

topological order on the torus!


https://ncatlab.org/schreiber/show/FQH+Anyons
https://ncatlab.org/nlab/show/cohomotopy#LarmoreThomas80
https://ncatlab.org/nlab/show/cohomotopy#Kallel01
https://ncatlab.org/nlab/show/cohomotopy#Hansen74

{Answer — for FQAH: 3.) topological order J

the stable band monodromy is
m (Map(T2, BU()),.) ~ (A, B)/(AB = BA) ~ 72

Maxwell Wilson loop observables

{

have 1-dim irreps = no topological order

bU't Sati & S. 2025, using
Larmore & Thomas 1980,
. . Kallel 2001,
the f?"ag’&le band mOHOdI'OIl’ly 1S going back to Hansen 1974

m(Map(f2, S?)C) - <A,B, % > / (AB:@BA)

central

Chern-Simons Wilson loop observables!
irreps are the anyonic
topological order on the torus!

= solitonic anyons localized in momentum space


https://ncatlab.org/schreiber/show/FQH+Anyons
https://ncatlab.org/nlab/show/cohomotopy#LarmoreThomas80
https://ncatlab.org/nlab/show/cohomotopy#Kallel01
https://ncatlab.org/nlab/show/cohomotopy#Hansen74

{Answer — for FQAH: 3.) topological order J

the stable band monodromy is
m (Map(T2, BU()),.) ~ (A, B)/(AB = BA) ~ 72

Maxwell Wilson loop observables

{

have 1-dim irreps = no topological order

bU't Sati & S. 2025, using
Larmore & Thomas 1980,
. . Kallel 2001,
the f?"ag’&le band mOHOdI'OIl’ly 1S going back to Hansen 1974

Wl(Map(f2, S?)C) - <A,B, % > / (AB:§2BA)

central

Chern-Simons Wilson loop observables!
irreps are the anyonic
topological order on the torus!

= solitonic anyons localized in momentum space

so far this assumed all symmetries broken


https://ncatlab.org/schreiber/show/FQH+Anyons
https://ncatlab.org/nlab/show/cohomotopy#LarmoreThomas80
https://ncatlab.org/nlab/show/cohomotopy#Kallel01
https://ncatlab.org/nlab/show/cohomotopy#Hansen74

{Answer — for FQAH: 3.) topological order J

the stable band monodromy is
m (Map(T2, BU()),.) ~ (A, B)/(AB = BA) ~ 72

Maxwell Wilson loop observables

{

have 1-dim irreps = no topological order

bU't Sati & S. 2025, using
{ Larmore & Thomas 1980, ]
. . Kallel 2001,
the f?"ag’&le band mOHOdI'OIl’ly 1S going back to Hansen 1974

Wl(Map(T\2, S?)C) - <A,B, % > / (AB:§2BA)

central

Chern-Simons Wilson loop observables!
irreps are the anyonic
topological order on the torus!

= solitonic anyons localized in momentum space

so far this assumed all symmetries broken


https://ncatlab.org/schreiber/show/FQH+Anyons
https://ncatlab.org/nlab/show/cohomotopy#LarmoreThomas80
https://ncatlab.org/nlab/show/cohomotopy#Kallel01
https://ncatlab.org/nlab/show/cohomotopy#Hansen74

Answer — for FQAH: 4.) crystal symmetry




Answer — for FQAH: 4.) crystal symmetry

we compute

fragile crystalline Chern phases

(apparently not computed before)



Answer — for FQAH: 4.) crystal symmetry J

fragile crystalline Chern phases

(apparently not computed before)

Example: crystalline p3 symmetry Zs Y= VA




Answer — for FQAH: 4.) crystal symmetry J

fragile crystalline Chern phases

(apparently not computed before)

/‘ \Q/
Example: crystalline p3 symmetry Zg | : | 1,

topological phase: (C,c) € 3% X [4]




Answer — for FQAH: 4.) crystal symmetry J

fragile crystalline Chern phases

(apparently not computed before)

Example: crystalline p3 symmetry Zg

topological phase: (C,c) € 3Z x [4]
Chern number is multiple of 3 & adjoined by 4 sectors



Answer — for FQAH: 4.) crystal symmetry }

fragile crystalline Chern phases

(apparently not computed before)

,s/\\ | \_Q//\f
Example: crystalline p3 symmetry Zs | : | ,,

topological phase: (C,c) € 3Z x [4]

Chern number is multiple of 3 & adjoined by 4 sectors

labeled by how
the 3 fixed /high symmetry points
map to either fixed pole on the sphere




Answer — for FQAH: 4.) crystal symmetry }

fragile crystalline Chern phases

(apparently not computed before)

Example: crystalline p3 symmetry Zg

topological phase: (C,c) € 3Z x [4]
Chern number is multiple of 3 & adjoined by 4 sectorfs

labeled by how
the 3 fixed /high symmetry points
map to either fixed pole on the sphere




Answer — for FQAH: 4.) crystal symmetry J

L (o
3 S
N N
;
3
\/\\
1 (o
3 R
3

Chern number is multiple of 3 & adjoined by 4 sectors

fragile crystalline Chern phases

(apparently not computed before)

Example: crystalline p3 symmetry Zg

topological phase: (C,c) € 3Z x [4]



Answer — for FQAH: 4.) crystal symmetry J

fragile crystalline Chern phases

Example: crystalline p3 symmetry Zs | \/ ,,

topological phase: (C,c) € 3Z x [4]

(apparently not computed before)

Chern number is multiple of 3 & adjoined by 4 sectors

topological order: H € ( 7> % Sym(3) )—IrrRep



Answer — for FQAH: 4.) crystal symmetry J

fragile crystalline Chern phases

Example: crystalline p3 symmetry Zs | \/ ,,

topological phase: (C,c) € 3Z x [4]

(apparently not computed before)

Chern number is multiple of 3 & adjoined by 4 sectors

topological order: H € ( 7> % Sym(3) )—IrrRep



Answer — for FQAH: 4.) crystal symmetry J

1

fragile crystalline Chern phases

(apparently not computed before)

Example: crystalline p3 symmetry Zg

8

Q
Ny N

topological phase: (C,c) € 3Z x [4]
Chern number is multiple of 3 & adjoined by 4 sectors

topological order: H € ( 7> % Sym(3) )—IrrRep



Answer — for FQAH: 4.) crystal symmetry J

fragile crystalline Chern phases

Example: crystalline p3 symmetry Zs | \/ ,,

topological phase: (C,c) € 3Z x [4]

(apparently not computed before)

Chern number is multiple of 3 & adjoined by 4 sectors

topological order: H € ( 7> % Sym(3) )—IrrRep

. .
nonabelian! bigp iy
Sy, U
et[}» 11@(9
D



Answer — for FQAH: 4.) crystal symmetry J

fragile crystalline Chern phases

Example: crystalline p3 symmetry Zs | \/ ,,

topological phase: (C,c) € 3Z x [4]

(apparently not computed before)

Chern number is multiple of 3 & adjoined by 4 sectors

topological order: H € ( 7> % Sym(3) )—IrrRep

. .
nonabelian! bigp iy
S th
Ly, e

high symmetry points as defect para-anyons! Pojy,



Answer — for FQAH: 4.) crystal symmetry J

fragile crystalline Chern phases

Example: crystalline p3 symmetry Zs | \/ ,,

topological phase: (C,c) € 3Z x [4]

(apparently not computed before)

Chern number is multiple of 3 & adjoined by 4 sectors

topological order: H € ( 7> % Sym(3) )—IrrRep

. .
nonabelian! bigp iy
S th
Ly, e

high symmetry points as defect para-anyons! Pojy,



Answer — for FQAH: 4.) crystal symmetry J

fragile crystalline Chern phases

Example: crystalline p3 symmetry Zs | \/ ,,

topological phase: (C,c) € 3Z x [4]

(apparently not computed before)

Chern number is multiple of 3 & adjoined by 4 sectors

topological order: H € ( 7> % Sym(3) )—IrrRep
nonabelian! @f% 4

. . J/Jblb@;%fee
high symmetry points as defect para-anyons! s, .

standard Sym(3) irrep implements Z-and rotation-gate R, (27/3)
| Sati & S 2025, Prop. 3.61 |
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