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The Problem

Quantum Computing



Pure quantum circuits are easy...

Linear operator composed & tensored from given guantum logic gates
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but real quantum circuits have classical control & effects

(Example: QBit Teleportation protocol)
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Existing quantum typed circuit languages

are embedded inside classical type theories:

unverified linear type universe

for lack of a universal linear type theory.

Why did that not exist?



The Problem

Type Theory



Historical search for quantum/linear logic/type-theory — a goose chase:
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Historical search for quantum/linear logic/type-theory — a goose chase:

Birkhoff-von Neumann 1936 (BvIN) give physically well-motivated quantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)
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THE LOGIC OF QUANTUM MECHANICS

By GARRETT BIREHOFF AND JOHN VON NEUMANN

(Received April 4, 1936)

1. Introduction. One of the aspects of quantum theory which has attracted
the most general attention, is the novelty of the logical notions which it pre-
supposes. It asserts that even a complete mathematical description of a physi-
cal system & does not in general enable one to predict with certainty the result
of an experiment on &, and that in particular one can never predict with cer-
tainty both the position and the momentum of & (Heisenberg’s Uncertainty
Principle). It further asserts that most pairs of observations are incompatible,
and cannot be made on & simultaneously (Principle of Non-commutativity of
Observations).

The object of the present paper is to discover what logical structure one may
hope to find in physical theories which, like quantum mechanies, do not con-
form to classical logic. Our main conclusion, based on admittedly heuristic
arguments, 1s that one can reasonably expect to find a calculus of propositions
which is formally indistinguishable from the calculus of linear subspaces with
respect to set products, linear sums, and orthogonal complements—and resembles
the usual calculus of propositions with respect to and, or, and not.
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Historical search for quantum/linear logic/type-theory — a goose chase:

Birkhoff-von Neumann 1936 (BvIN) give physically well-motivated quantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)
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Historical search for quantum/linear logic/type-theory — a goose chase:

Birkhoff-von Neumann 1936 (BvIN) give physically well-motivated quantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”
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Historical search for quantum/linear logic/type-theory — a goose chase:
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LINEAR LOGIC*

Jean-Yves GIRARD
Equipe de Logique Mathématique, UA 753 du CNRS, UER de Mathématiques, Université de Paris

VII, 75251 Paris, France

Communicated by M. Nivat
Received October 1986

A la mémoire de Jean van Heijenoort

Abstract. The familiar connective of negation is broken into two operations: linear negation which
is the purely negative part of negation and the modality “of course” which has the meaning of
a reaffirmation. Following this basic discovery, a completely new approach to the wholc area
between constructive logics and programmation is initiated.
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Historical search for quantum/linear logic/type-theory — a goose chase:

Birkhoff-von Neumann 1936 (BvIN) give physically well-motivated quantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”

Abramsky, & Duncan 2005 also find BvN “a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb
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Historical search for quantum/linear logic/type-theory — a goose chase:

Birkhoff-von Neumann 1936 (BvN) give physically well-motivated guantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”

Abramsky, & Duncan 2005 also find BvN “a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb
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Historical search for quantum/linear logic/type-theory — a goose chase:

Birkhoff-von Neumann 1936 (BvIN) give physically well-motivated quantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”

Abramsky, & Duncan 2005 also find BvN “a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb
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Historical search for quantum/linear logic/type-theory — a goose chase:

Birkhoff-von Neumann 1936 (BvIN) give physically well-motivated quantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”

Abramsky, & Duncan 2005 also find BvN ““a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb, which
Coecke & Pavlovi¢ 2008 equip with Frobenius monads for quantum measurement.
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Historical search for quantum/linear logic/type-theory — a goose chase:

Birkhoff-von Neumann 1936 (BvN) give physically well-motivated guantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”

Abramsky, & Duncan 2005 also find BvN “a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb, which
Coecke & Pavlovi€ 2008 equip with Frobenius monads for quantum measurement.
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Historical search for quantum/linear logic/type-theory — a goose chase:

Birkhoff-von Neumann 1936 (BvIN) give physically well-motivated quantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”

Abramsky, & Duncan 2005 also find BvN ““a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb, which
Coecke & Pavlovi¢ 2008 equip with Frobenius monads for quantum measurement.
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Historical search for quantum/linear logic/type-theory — a goose chase:

Birkhoff-von Neumann 1936 (BvIN) give physically well-motivated quantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”

Abramsky, & Duncan 2005 also find BvN ““a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb, which
Coecke & Pavlovi€ 2008 equip with Frobenius monads for quantum measurement.

Coecke & Duncan 2008 make this the first practically successful quantum logic.
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Historical search for quantum/linear logic/type-theory — a goose chase:

Birkhoff-von Neumann 1936 (BvN) give physically well-motivated guantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”

Abramsky, & Duncan 2005 also find BvN “a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb, which
Coecke & Pavlovi€ 2008 equip with Frobenius monads for quantum measurement.

Coecke & Duncan 2008 make this the first practically successful quantum logic.
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Historical search for quantum/linear logic/type-theory — a goose chase:

Birkhoff-von Neumann 1936 (BvIN) give physically well-motivated quantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”

Abramsky, & Duncan 2005 also find BvN ““a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb, which
Coecke & Pavlovi€ 2008 equip with Frobenius monads for quantum measurement.

Coecke & Duncan 2008 make this the first practically successful quantum logic.
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Historical search for quantum/linear logic/type-theory — a goose chase:

Birkhoff-von Neumann 1936 (BvIN) give physically well-motivated quantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”

Abramsky, & Duncan 2005 also find BvN ““a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb, which
Coecke & Pavlovi€ 2008 equip with Frobenius monads for quantum measurement.

Coecke & Duncan 2008 make this the first practically successful quantum logic.

Murfet 2014 gives rare amplification that (FD)Vect, of course, interprets Girard’s
linear logic: So this was secretly a successful quantum logic all along!
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Birkhoff-von Neumann 1936 (BvIN) give physically well-motivated quantum logic,
but seemingly formally unsatisfactory (infamous lack of implication-connective, etc.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”

Abramsky, & Duncan 2005 also find BvN “a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb, which
Coecke & Pavlovi€ 2008 equip with Frobenius monads for quantum measurement.

Coecke & Duncan 2008 make this the first practically successful quantum logic.

Murfet 2014 gives rare amplification that (FD)Vect, of course, interprets Girard’s
linear logic: So this was secretly a successful quantum logic all along!

But it 1s still unsatisfactory as a type theory, notably lacking type-dependency.
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oul secmingly rormally unsatisiaCctory (inramous 1ack Ol implication-connective, €ic.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”

Abramsky, & Duncan 2005 also find BvN “a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb, which
Coecke & Pavlovi€ 2008 equip with Frobenius monads for quantum measurement.

Coecke & Duncan 2008 make this the first practically successful quantum logic.

Murfet 2014 gives rare amplification that (FD)Vect, of course, interprets Girard’s
linear logic: So this was secretly a successful quantum logic all along!

But it 1s still unsatisfactory as a type theory, notably lacking type-dependency.

Ironically, enhancing the internal linear logic of FDVect with type dependency,
(to see the slices FDVect ;) would immediately recover BVN’s quantum logic:
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oul secmingly rormally unsatisiaCctory (inramous 1ack Ol implication-connective, €ic.)

Girard 1987 finds BvN a “magisterial mistake”, introduces linear logic in the
“wild hope of direct connection with quantum mechanics — but let’s not dream!”

Abramsky, & Duncan 2005 also find BvN “a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb, which
Coecke & Pavlovi€ 2008 equip with Frobenius monads for quantum measurement.

Coecke & Duncan 2008 make this the first practically successful quantum logic.

Murfet 2014 gives rare amplification that (FD)Vect, of course, interprets Girard’s
linear logic: So this was secretly a successful quantum logic all along!

But it 1s still unsatisfactory as a type theory, notably lacking type-dependency.

Ironically, enhancing the internal linear logic of FDVect with type dependency,
(to see the slices FDVect, ;) would immediately recover BvN’s quantum logic:

Internal logic in FDVect ;5

proposition conjunction disjunction
P D P

/i\

‘P Py «—— PINPy — Py P Span Tl,T2> P,

) C A 2 D
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“wild hope of direct connection with quantum mechanics — but let’s not dream!

Abramsky, & Duncan 2005 also find BvN “a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb, which
Coecke & Pavlovi€ 2008 equip with Frobenius monads for quantum measurement.

Coecke & Duncan 2008 make this the first practically successful quantum logic.

Murfet 2014 gives rare amplification that (FD)Vect, of course, interprets Girard’s
linear logic: So this was secretly a successful quantum logic all along!

But it 1s still unsatisfactory as a type theory, notably lacking type-dependency.

Ironically, enhancing the internal linear logic of FDVect with type dependency,
(to see the slices FDVect, ;) would immediately recover BvN’s quantum logic:

Internal logic in FDVect ;5
proposition conjunction disjunction
P D P
P P +— PINP, —— P, | P Span(P;, P,) P,
r D N S
1|9 Pl\ Plfpz /pz P1 pP1Vp2 P2
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Abramsky, & Duncan 2005 also find BvN “a non-logic...never satisfactory”
consider the internal logic of T-compact closed categories, like FDHilb, which
Coecke & Pavlovi€ 2008 equip with Frobenius monads for quantum measurement.

Coecke & Duncan 2008 make this the first practically successful quantum logic.

Murfet 2014 gives rare amplification that (FD)Vect, of course, interprets Girard’s
linear logic: So this was secretly a successful quantum logic all along!

But 1t 1s still unsatisfactory as a type theory, notably lacking type-dependency.

Ironically, enhancing the internal linear logic of FDVect with type dependency,
(to see the slices FDVect, ;) would immediately recover BvN’s quantum logic:

Internal logic in FDVect ;5
proposition conjunction disjunction
P DP;
P P +—— PINP, —— P, | P Span(P;, P,) P,
r D DN
p rP1 PPz P2 P1 P1VDp2



https://ncatlab.org/nlab/show/quantum+logic#BirkhoffvonNeumann36
https://ncatlab.org/nlab/show/linear+logic#Girard1987
https://ncatlab.org/nlab/show/quantum+logic#MagisteralMistake
https://ncatlab.org/nlab/show/quantum+information+theory+via+dagger-compact+categories#AbramskyDuncan05
https://ncatlab.org/nlab/show/quantum+logic#NonLogic
https://ncatlab.org/nlab/show/quantum+measurement#CoeckePavlovi{\unhbox \voidb@x \bgroup \let \unhbox \voidb@x \setbox \@tempboxa \hbox {c\global \mathchardef \accent@spacefactor \spacefactor }\let \begingroup \let \typeout \protect \begingroup \def \MessageBreak {
(Font)              }\let \protect \immediate\write \m@ne {LaTeX Font Info:     on input line 11539.}\endgroup \endgroup \relax \let \ignorespaces \relax \accent 19 c\egroup \spacefactor \accent@spacefactor }
https://ncatlab.org/nlab/show/ZX-calculus#CoeckeDuncan08
https://ncatlab.org/nlab/show/linear+logic#Murfet14
https://ncatlab.org/nlab/show/quantum+logic#LinearLogicAndDependentLinearTypeTheory
https://ncatlab.org/nlab/show/dependent+linear+type+theory#FuKishidaSelinger20
https://ncatlab.org/nlab/show/bunched+logic#O'HearnPym99
https://ncatlab.org/nlab/show/bunched+logic#Unsatisfactory
https://ncatlab.org/nlab/show/bunched+logic#Sch%C3%B6ppStark04
https://ncatlab.org/nlab/show/bunched+logic#UnsatisfactorySch%C3%B6ppStark
https://ncatlab.org/nlab/show/Joyal+locus#Joyal08
https://ncatlab.org/nlab/show/Joyal+locus#Hoyois19
https://arxiv.org/pdf/1310.7930v1.pdf#page=444
https://ncatlab.org/schreiber/show/Differential+generalized+cohomology+in+Cohesive+homotopy+type+theory
https://ncatlab.org/schreiber/show/Quantization+via+Linear+homotopy+types
https://ncatlab.org/nlab/show/bireflective+subcategory#RFL21
https://ncatlab.org/schreiber/show/Quantum+Certification+via+Linear+Homotopy+Types

consider the internal logic of f-compact closed cateéories, like FDHilb, which
Coecke & Pavlovi¢ 2008 equip with Frobenius monads for quantum measurement.

Coecke & Duncan 2008 make this the first practically successful quantum logic.

Murfet 2014 gives rare amplification that (FD)Vect, of course, interprets Girard’s
linear logic: So this was secretly a successful quantum logic all along!

But it 1s still unsatisfactory as a type theory, notably lacking type-dependency.

Ironically, enhancing the internal linear logic of FDVect with type dependency,
(to see the slices FDVect, ;) would immediately recover BvN’s quantum logic:

Internal logic in FDVect 5
proposition conjunction disjunction
P D P
‘P Py <— PNPy, —— Py Span ?1,1’2) P>
r D \ S
p P1 PiAP2 P2 P1 P1Vp2
j{ Ny i ' . i /
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LOECKE & FavioviC LUV equip with rFrobenius monads 1or quantum measurement.

Coecke & Duncan 2008 make this the first practically successful quantum logic.

Murfet 2014 gives rare amplification that (FD)Vect, of course, interprets Girard’s
linear logic: So this was secretly a successful quantum logic all along!

But it 1s still unsatisfactory as a type theory, notably lacking type-dependency.

Ironically, enhancing the internal linear logic of FDVect with type dependency,
(to see the slices FDVect, ;) would immediately recover BvN’s quantum logic:

Internal logic in FDVect ;5
proposition conjunction disjunction
P DP
P Py —— PINP, —— P, | P Span(P;, P,) P,
r D AN S
p P1 P1/ADP2 P1 P1VDp2
j{ N i / . i /

Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.


https://ncatlab.org/nlab/show/quantum+logic#BirkhoffvonNeumann36
https://ncatlab.org/nlab/show/linear+logic#Girard1987
https://ncatlab.org/nlab/show/quantum+logic#MagisteralMistake
https://ncatlab.org/nlab/show/quantum+information+theory+via+dagger-compact+categories#AbramskyDuncan05
https://ncatlab.org/nlab/show/quantum+logic#NonLogic
https://ncatlab.org/nlab/show/quantum+measurement#CoeckePavlovi{\unhbox \voidb@x \bgroup \let \unhbox \voidb@x \setbox \@tempboxa \hbox {c\global \mathchardef \accent@spacefactor \spacefactor }\let \begingroup \let \typeout \protect \begingroup \def \MessageBreak {
(Font)              }\let \protect \immediate\write \m@ne {LaTeX Font Info:     on input line 12188.}\endgroup \endgroup \relax \let \ignorespaces \relax \accent 19 c\egroup \spacefactor \accent@spacefactor }
https://ncatlab.org/nlab/show/ZX-calculus#CoeckeDuncan08
https://ncatlab.org/nlab/show/linear+logic#Murfet14
https://ncatlab.org/nlab/show/quantum+logic#LinearLogicAndDependentLinearTypeTheory
https://ncatlab.org/nlab/show/dependent+linear+type+theory#FuKishidaSelinger20
https://ncatlab.org/nlab/show/bunched+logic#O'HearnPym99
https://ncatlab.org/nlab/show/bunched+logic#Unsatisfactory
https://ncatlab.org/nlab/show/bunched+logic#Sch%C3%B6ppStark04
https://ncatlab.org/nlab/show/bunched+logic#UnsatisfactorySch%C3%B6ppStark
https://ncatlab.org/nlab/show/Joyal+locus#Joyal08
https://ncatlab.org/nlab/show/Joyal+locus#Hoyois19
https://arxiv.org/pdf/1310.7930v1.pdf#page=444
https://ncatlab.org/schreiber/show/Differential+generalized+cohomology+in+Cohesive+homotopy+type+theory
https://ncatlab.org/schreiber/show/Quantization+via+Linear+homotopy+types
https://ncatlab.org/nlab/show/bireflective+subcategory#RFL21
https://ncatlab.org/schreiber/show/Quantum+Certification+via+Linear+Homotopy+Types

Coecke & Duncan ZUUs make this the nirst practically successtul quantum logic.

Murfet 2014 gives rare amplification that (FD)Vect, of course, interprets Girard’s
linear logic: So this was secretly a successful quantum logic all along!

But 1t 1s still unsatisfactory as a type theory, notably lacking type-dependency.

Ironically, enhancing the internal linear logic of FDVect with type dependency,
(to see the slices FDVect, ;) would immediately recover BvN’s quantum logic:

Internal logic in FDVect ;5
proposition conjunction disjunction
P DP
P Py —— PINP, —— P, | P Span(P;, P,) P,
r D AN S
p P1AP2 P1 P1Vp2
j{ \ l / . i /

Also, we need classically-dependent linear types, eg. n : N = C”
— these ought to be interpreted as vector (Hilbert) bundles.

: LinType

Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
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Coecke & Duncan ZUUs make this the nrst practically successtul quantum logic.

Murfet 2014 gives rare amplification that (FD)Vect, of course, interprets Girard’s
linear logic: So this was secretly a successful quantum logic all along!

But 1t 1s still unsatisfactory as a type theory, notably lacking type-dependency.

Ironically, enhancing the internal linear logic of FDVect with type dependency,
(to see the slices FDVect,,) would immediately recover BvN’s quantum logic:

Internal logic in FDVect 5

proposition conjunction disjunction

Logical Methods in Computer Science
Volume 18, Issue 3, 2022, pp. 28:1-28:44 Submitted N
https://Imcs.episciences.org/ Published S

LINEAR DEPENDENT TYPE THEORY FOR QUANTUM
PROGRAMMING LANGUAGES

PENG FU® @, KOHEI KISHIDA ®* ©, AND PETER SELINGER “

Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory


https://ncatlab.org/nlab/show/quantum+logic#BirkhoffvonNeumann36
https://ncatlab.org/nlab/show/linear+logic#Girard1987
https://ncatlab.org/nlab/show/quantum+logic#MagisteralMistake
https://ncatlab.org/nlab/show/quantum+information+theory+via+dagger-compact+categories#AbramskyDuncan05
https://ncatlab.org/nlab/show/quantum+logic#NonLogic
https://ncatlab.org/nlab/show/quantum+measurement#CoeckePavlovi{\unhbox \voidb@x \bgroup \let \unhbox \voidb@x \setbox \@tempboxa \hbox {c\global \mathchardef \accent@spacefactor \spacefactor }\let \begingroup \let \typeout \protect \begingroup \def \MessageBreak {
(Font)              }\let \protect \immediate\write \m@ne {LaTeX Font Info:     on input line 12835.}\endgroup \endgroup \relax \let \ignorespaces \relax \accent 19 c\egroup \spacefactor \accent@spacefactor }
https://ncatlab.org/nlab/show/ZX-calculus#CoeckeDuncan08
https://ncatlab.org/nlab/show/linear+logic#Murfet14
https://ncatlab.org/nlab/show/quantum+logic#LinearLogicAndDependentLinearTypeTheory
https://ncatlab.org/nlab/show/dependent+linear+type+theory#FuKishidaSelinger20
https://ncatlab.org/nlab/show/bunched+logic#O'HearnPym99
https://ncatlab.org/nlab/show/bunched+logic#Unsatisfactory
https://ncatlab.org/nlab/show/bunched+logic#Sch%C3%B6ppStark04
https://ncatlab.org/nlab/show/bunched+logic#UnsatisfactorySch%C3%B6ppStark
https://ncatlab.org/nlab/show/Joyal+locus#Joyal08
https://ncatlab.org/nlab/show/Joyal+locus#Hoyois19
https://arxiv.org/pdf/1310.7930v1.pdf#page=444
https://ncatlab.org/schreiber/show/Differential+generalized+cohomology+in+Cohesive+homotopy+type+theory
https://ncatlab.org/schreiber/show/Quantization+via+Linear+homotopy+types
https://ncatlab.org/nlab/show/bireflective+subcategory#RFL21
https://ncatlab.org/schreiber/show/Quantum+Certification+via+Linear+Homotopy+Types

Murfet 2014 gives rare amplification that (FD)Vect, of course, interprets Girard’s
linear logic: So this was secretly a successful quantum logic all along!

But it 1s still unsatisfactory as a type theory, notably lacking type-dependency.

Ironically, enhancing the internal linear logic of FDVect with type dependency,
(to see the slices FDVect, ;) would immediately recover BvN’s quantum logic:

Internal logic in FDVect ;5

proposition conjunction disjunction
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Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
explicitly as a practical quantum programming language (proto-Quipper)
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linear logic: So this was secretly a successful quantum logic all along!
But 1t 1s still unsatisfactory as a type theory, notably lacking type-dependency.

Ironically, enhancing the internal linear logic of FDVect with type dependency,
(to see the slices FDVect, ;) would immediately recover BvN’s quantum logic:

Internal logic in FDVect 5

proposition conjunction disjunction
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Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
explicitly as a practical quantum programming language (proto-Quipper) with
categorical semantics in (notably) vector bundles over sets: Vectgy.
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linear logic: So this was secretly a successful quantum logic all along!
But 1t 1s still unsatisfactory as a type theory, notably lacking type-dependency.

Ironically, enhancing the internal linear logic of FDVect with type dependency,
(to see the slices FDVect ;) would immediately recover BVN’s quantum logic:

Internal logic in FDVect 5
proposition conjunction disjunction
PP
‘P Py +— P1NPy, —— Py P Span Tl,Tz) P>
[ AN [ / AN [ /
P P1 P1IAP2 P1 P1Vp2

Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
explicitly as a practical quantum programming language (proto-Quipper) with
categorical semantics in (notably) vector bundles over sets: Vectgy.
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But 1t 1s still unsatisfactory as a type theory, notably lacking type-dependency.

Ironically, enhancing the internal linear logic of FDVect with type dependency,
(to see the slices FDVect, ;) would immediately recover BvN’s quantum logic:

Internal logic in FDVect ;5
proposition conjunction disjunction
P OP;
‘P Py +— P NPy, —— Py P, Span Tl,Tz) P>
r NS AN S
p P1AP2 P1 P1Vp2
j{ \ l / . i /

Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
explicitly as a practical quantum programming language (proto-Quipper) with
categorical semantics in (notably) vector bundles over sets: Vectget.

NB: A linear-dependent internal logic of Vectse; would still see BvN quantum logic.
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Ironically, enhancing the internal linear logic of FDVect with type dependency,
(to see the slices FDVect, ;) would immediately recover BvN’s quantum logic:

Internal logic in FDVect 5
proposition conjunction disjunction
P DP
P Py —— PINPy, —— P, | P Span(P;, P,) P,
r D AN S
p P11 P1/A\DP2 P1 P1VDp2
j{ N i / . i /

Also, we need classically-dependent linear types, eg. n : N = C”
— these ought to be interpreted as vector (Hilbert) bundles.

: LinType

Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory

explicitly as a practical quantum programming language (proto-Quipper) with
categorical semantics in (notably) vector bundles over sets: Vectget.

NB: A linear-dependent internal logic of Vectser would still see BVIN quantum logic.

NB: Vectget carries two monoidal structures: cartesian (x) and “external” (&) tensor.
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(to see the shces FDVect y }[) Would 1mmed1ately recover BVN s quantum logic:

Internal logic in FDVect ;5
proposition conjunction disjunction
P DP
P Py +—— PINPy —— Py Py Span(P;, P,) Ps
r NS AN S
p P PIAP2 p1 PiVp2

Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
explicitly as a practical quantum programming language (proto-Quipper) with
categorical semantics in (notably) vector bundles over sets: Vectget.

NB: A linear-dependent internal logic of Vectser would still see BVIN quantum logic.

NB: Vectge carries two monoidal structures: cartesian (x) and “external” (&) tensor.

Hence full dependency requires handling nested contexts like X X (H ® V) x W.
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Internal logic in FDVect ;5
proposition conjunction disjunction
P DP
P P +—— PINP, —— P, | P Span(P;, P,) P,
r D DN
p rP1 PPz P2 P1 P1Vp2

Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
explicitly as a practical quantum programming language (proto-Quipper) with
categorical semantics in (notably) vector bundles over sets: Vectget.

NB: A linear-dependent internal logic of Vectser would still see BVN quantum logic.

NB: Vectget carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X x (?{ QR YV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
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Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

Fu. Kishida & Selinger (2020) present a classically-dependent linear type theor
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Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

Fu. Kishida & Selinger (2020) present a classicallyv-dependent linear type theor
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O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Published online by Cambridge University Press: 15 January 2014



https://ncatlab.org/nlab/show/quantum+logic#BirkhoffvonNeumann36
https://ncatlab.org/nlab/show/linear+logic#Girard1987
https://ncatlab.org/nlab/show/quantum+logic#MagisteralMistake
https://ncatlab.org/nlab/show/quantum+information+theory+via+dagger-compact+categories#AbramskyDuncan05
https://ncatlab.org/nlab/show/quantum+logic#NonLogic
https://ncatlab.org/nlab/show/quantum+measurement#CoeckePavlovi{\unhbox \voidb@x \bgroup \let \unhbox \voidb@x \setbox \@tempboxa \hbox {c\global \mathchardef \accent@spacefactor \spacefactor }\let \begingroup \let \typeout \protect \begingroup \def \MessageBreak {
(Font)              }\let \protect \immediate\write \m@ne {LaTeX Font Info:     on input line 15819.}\endgroup \endgroup \relax \let \ignorespaces \relax \accent 19 c\egroup \spacefactor \accent@spacefactor }
https://ncatlab.org/nlab/show/ZX-calculus#CoeckeDuncan08
https://ncatlab.org/nlab/show/linear+logic#Murfet14
https://ncatlab.org/nlab/show/quantum+logic#LinearLogicAndDependentLinearTypeTheory
https://ncatlab.org/nlab/show/dependent+linear+type+theory#FuKishidaSelinger20
https://ncatlab.org/nlab/show/bunched+logic#O'HearnPym99
https://ncatlab.org/nlab/show/bunched+logic#Unsatisfactory
https://ncatlab.org/nlab/show/bunched+logic#Sch%C3%B6ppStark04
https://ncatlab.org/nlab/show/bunched+logic#UnsatisfactorySch%C3%B6ppStark
https://ncatlab.org/nlab/show/Joyal+locus#Joyal08
https://ncatlab.org/nlab/show/Joyal+locus#Hoyois19
https://arxiv.org/pdf/1310.7930v1.pdf#page=444
https://ncatlab.org/schreiber/show/Differential+generalized+cohomology+in+Cohesive+homotopy+type+theory
https://ncatlab.org/schreiber/show/Quantization+via+Linear+homotopy+types
https://ncatlab.org/nlab/show/bireflective+subcategory#RFL21
https://ncatlab.org/schreiber/show/Quantum+Certification+via+Linear+Homotopy+Types

proposition conjunction disjunction
PO P
‘P Py +— P1NPy —— Py P Span Tl,Tz) P>
[ AN [ / \ [ /
p P11 P1AP2 P1Vp2
i \i/ \i/

Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
explicitly as a practical quantum programming language (proto-Quipper) with
categorical semantics in (notably) vector bundles over sets: Vectget.

NB: A linear-dependent internal logic of Vectser would still see BvN quantum logic.

NB: Vectge carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X x (?{ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.
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Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
explicitly as a practical quantum programming language (proto-Quipper) with
categorical semantics in (notably) vector bundles over sets: Vectget.

NB: A linear-dependent internal logic of Vectser would still see BVIN quantum logic.

NB: Vectge; carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X X (?{ QR V ) %

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
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Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

International Workshop on Computer Science Logic

Ly CSL 2004: Computer Science Logic pp 235-249 | Cite as

Home > Computer Science Logic » Conference paper

A Dependent Type Theory with Names and Binding

Ulrich Schopp & lan Stark

Schopp & Stark (2004) make progress towards bunched dependent type theory
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Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

International Workshop on Computer Science Logic

Ly CSL 2004: Computer Science Logic pp 235-249 | Cite as

Home > Computer Science Logic » Conference paper

A Dependent Type Theory with Names and Binding

Ulrich Schopp & lan Stark

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.
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Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
explicitly as a practical quantum programming language (proto-Quipper) with
categorical semantics 1n (notably) vector bundles over sets: Vectgy.

NB: A linear-dependent internal logic of Vectge; would still see BvN quantum logic.

NB: Vectge: carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X X (}[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.
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Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
explicitly as a practical quantum programming language (proto-Quipper) with
categorical semantics in (notably) vector bundles over sets: Vectget.

NB: A linear-dependent internal logic of Vectser would still see BvIN quantum logic.

NB: Vectge carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X x (}[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:
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Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
explicitly as a practical quantum programming language (proto-Quipper) with
categorical semantics in (notably) vector bundles over sets: Vectget.

NB: A linear-dependent internal logic of Vectses would still see BvN quantum logic.

NB: Vectge: carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X X (?{ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:
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Also, we need classically-dependent linear types, eg. n : N = C” : LinType
— these ought to be interpreted as vector (Hilbert) bundles.

Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
explicitly as a practical quantum programming language (proto-Quipper) with
categorical semantics in (notably) vector bundles over sets: Vectget.

NB: A linear-dependent internal logic of Vectser would still see BvIN quantum logic.

NB: Vectget carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X x (}[ ® vV ) %

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments 1n higher topos theory:
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Fu, Kishida & Selinger (2020) present a classically-dependent linear type theory
explicitly as a practical quantum programming language (proto-Quipper) with
categorical semantics 1n (notably) vector bundles over sets: Vectgy.

NB: A linear-dependent internal logic of Vectser would still see BVIN quantum logic.

NB: Vectge; carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X x (ﬂ‘{ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:
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categorical semantics in (notably) vector bundles over sets: Vectget.
NB: A linear-dependent internal logic of Vectser would still see BVIN quantum logic.

NB: Vectget carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X x (,‘F[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments 1n higher topos theory:
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NB: Vectset carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X X (}[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments 1n higher topos theory:
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NB: Vectset carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X X (}[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!
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NB: Vectset carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X x (}[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!
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NB: Vectset carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X X (}[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!
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NB: Vectset carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X X (}[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!

S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret
a modal, namely infinitesimally cohesive Homotopy Type Theory (HoTT),



https://ncatlab.org/nlab/show/quantum+logic#BirkhoffvonNeumann36
https://ncatlab.org/nlab/show/linear+logic#Girard1987
https://ncatlab.org/nlab/show/quantum+logic#MagisteralMistake
https://ncatlab.org/nlab/show/quantum+information+theory+via+dagger-compact+categories#AbramskyDuncan05
https://ncatlab.org/nlab/show/quantum+logic#NonLogic
https://ncatlab.org/nlab/show/quantum+measurement#CoeckePavlovi{\unhbox \voidb@x \bgroup \let \unhbox \voidb@x \setbox \@tempboxa \hbox {c\global \mathchardef \accent@spacefactor \spacefactor }\let \begingroup \let \typeout \protect \begingroup \def \MessageBreak {
(Font)              }\let \protect \immediate\write \m@ne {LaTeX Font Info:     on input line 20741.}\endgroup \endgroup \relax \let \ignorespaces \relax \accent 19 c\egroup \spacefactor \accent@spacefactor }
https://ncatlab.org/nlab/show/ZX-calculus#CoeckeDuncan08
https://ncatlab.org/nlab/show/linear+logic#Murfet14
https://ncatlab.org/nlab/show/quantum+logic#LinearLogicAndDependentLinearTypeTheory
https://ncatlab.org/nlab/show/dependent+linear+type+theory#FuKishidaSelinger20
https://ncatlab.org/nlab/show/bunched+logic#O'HearnPym99
https://ncatlab.org/nlab/show/bunched+logic#Unsatisfactory
https://ncatlab.org/nlab/show/bunched+logic#Sch%C3%B6ppStark04
https://ncatlab.org/nlab/show/bunched+logic#UnsatisfactorySch%C3%B6ppStark
https://ncatlab.org/nlab/show/Joyal+locus#Joyal08
https://ncatlab.org/nlab/show/Joyal+locus#Hoyois19
https://arxiv.org/pdf/1310.7930v1.pdf#page=444
https://ncatlab.org/schreiber/show/Differential+generalized+cohomology+in+Cohesive+homotopy+type+theory
https://ncatlab.org/schreiber/show/Quantization+via+Linear+homotopy+types
https://ncatlab.org/nlab/show/bireflective+subcategory#RFL21
https://ncatlab.org/schreiber/show/Quantum+Certification+via+Linear+Homotopy+Types

NB: Vectget ca

Hence full dep and Fundamental physics o X % ( H ‘V) <
O’Hearn & Py in Cohesive homotopy type theory

ran into techni

nd “external” (&) tensor.

Differential generalized cohomology

nched” contexts, but
assical and linear unit.

Urs Schreiber

May 8, 2014

yendent type theory

The key hint fc notes supplementing a talk at n higher topos theory:

Joyal (2008), H Semantics of proofs and certified mathematics hd linear homotopy-types:
remarkably: o0 ihp2014.pps.univ-paris-diderot.fr /doku.php DES are again oo_toposes!
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S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret
a modal, namely infinitesimally cohesive Homotopy Type Theory (HoTT), and
S. (Feb 2014) suggests that classical HoTT should have a linear extension with
multiplicative conjunction & interpreted as the (external) smash product of spectra.
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NB: Vectset carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X x (}[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

[Submitted on 27 Feb 2014]

Quantization via Linear homotopy types |

Urs Schreiber

S. (Feb 2014) suggests that classical HoTT should have a linear extension with
multiplicative conjunction & interpreted as the (external) smash product of spectra.
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NB: Vectset carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X x (}[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

[Submitted on 27 Feb 2014]

Quantization via Linear homotopy types |

Urs Schreiber

S. (Feb 2014) suggests that classical HoTT should have a linear extension with
multiplicative conjunction & interpreted as the (external) smash product of spectra.
Demonstrates potential relevance as a quantum language — but gives no formal syntax.
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NB: Vectge: carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X X (}[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!

S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret

a modal, namely infinitesimally cohesive Homotopy Type Theory (HoTT), and

S. (Feb 2014) suggests that classical HoTT should have a linear extension with
multiplicative conjunction & interpreted as the (external) smash product of spectra.
Demonstrates potential relevance as a quantum language — but gives no formal syntax.
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NB: Vectge: carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X X (}[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!

S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret

a modal, namely infinitesimally cohesive Homotopy Type Theory (HoTT), and

S. (Feb 2014) suggests that classical HoTT should have a linear extension with
multiplicative conjunction & interpreted as the (external) smash product of spectra.
Demonstrates potential relevance as a quantum language — but gives no formal syntax.

Riley, Fister & Licata (2021) propose a syntax for such infinitesimally cohesive HoTT.
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NB: Vectset carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X x (}[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joy [Submitted on 8 Feb 2021]

Synthetic Spectra via a Monadic and |,
Comonadic Modality

Mitchell Riley, Eric Finster, Daniel R. Licata

Riley, Fister & Licata (2021) propose a syntax for such infinitesimally cohesive HoTT.
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NB: Vectge: carries two monoidal structures: cartesian (x) and “external” (&) tensor.
Hence full dependency requires handling nested contexts like X X (}[ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!

S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret

a modal, namely infinitesimally cohesive Homotopy Type Theory (HoTT), and

S. (Feb 2014) suggests that classical HoTT should have a linear extension with
multiplicative conjunction & interpreted as the (external) smash product of spectra.
Demonstrates potential relevance as a quantum language — but gives no formal syntax.

Riley, Fister & Licata (2021) propose a syntax for such infinitesimally cohesive HoTT.
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Hence full dependency requires handling nested contexts like X x (?{ ® vV ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!

S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret

a modal, namely infinitesimally cohesive Homotopy Type Theory (HoTT), and

S. (Feb 2014) suggests that classical HoTT should have a linear extension with
multiplicative conjunction & interpreted as the (external) smash product of spectra.
Demonstrates potential relevance as a quantum language — but gives no formal syntax.

Riley, Fister & Licata (2021) propose a syntax for such infinitesimally cohesive HoTT.

Riley (2022) realizes that infinitesimal cohesion allows to fix the bunching of ®:
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Hence full dependency requires handling nested contexts like X X (}[ ® V ) X W.

O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!

S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret
a modal, namely infinitesimally cohesive Homotopy Type Theory (HoTT), and
S. (Feb 2014) suggests that classical HoTT should have a linear extension with
multiplicative conjunction & interpreted as the (external) smash product of spectra.

Riley (2022) realizes that infinitesimal cohesion allows to fix the bunching of ®:
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O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!

S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret
a modal, namely infinitesimally cohesive Homotopy Type Theory (HoTT), and
S. (Feb 2014) suggests that classical HoTT should have a linear extension with
multiplicative conjunction & interpreted as the (external) smash product of spectra.

Riley (2022) realizes that infinitesimal cohesion allows to fix the bunching of ®:

the resulting bunched & infinitesimally cohesive homotopy type theory
seems to finally deal with all the above technical issues.
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O’Hearn & Pym (1999) already experimented with such “bunched” contexts, but
ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!

S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret

a modal, namely infinitesimally cohesive Homotopy Type Theory (HoTT), and

S. (Feb 2014) suggests that classical HoTT should have a linear extension with
multiplicative conjunction & interpreted as the (external) smash product of spectra.
Demonstrates potential relevance as a quantum language — but gives no formal syntax.

Riley, Fister & Licata (2021) propose a syntax for such infinitesimally cohesive HoTT.

Riley (2022) realizes that infinitesimal cohesion allows to fix the bunching of ®:
the resulting bunched & infinitesimally cohesive homotopy type theory
seems to finally deal with all the above technical 1ssues.
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ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!

S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret

a modal, namely infinitesimally cohesive Homotopy Type Theory (HoTT), and

S. (Feb 2014) suggests that classical HoTT should have a linear extension with
multiplicative conjunction ® interpreted as the (external) smash product of spectra.
Demonstrates potential relevance as a quantum language — but gives no formal syntax.

Riley, Fister & Licata (2021) propose a syntax for such infinitesimally cohesive HoTT.

Riley (2022) realizes that infinitesimal cohesion allows to fix the bunching of ®:
the resulting bunched & infinitesimally cohesive homotopy type theory
seems to finally deal with all the above technical 1ssues.

CQTS (2023) understand this Linear Homotopy Type Theory (LHOTT)
as the missing quantum certification language (close to Quipper)...



https://ncatlab.org/nlab/show/quantum+logic#BirkhoffvonNeumann36
https://ncatlab.org/nlab/show/linear+logic#Girard1987
https://ncatlab.org/nlab/show/quantum+logic#MagisteralMistake
https://ncatlab.org/nlab/show/quantum+information+theory+via+dagger-compact+categories#AbramskyDuncan05
https://ncatlab.org/nlab/show/quantum+logic#NonLogic
https://ncatlab.org/nlab/show/quantum+measurement#CoeckePavlovi{\unhbox \voidb@x \bgroup \let \unhbox \voidb@x \setbox \@tempboxa \hbox {c\global \mathchardef \accent@spacefactor \spacefactor }\let \begingroup \let \typeout \protect \begingroup \def \MessageBreak {
(Font)              }\let \protect \immediate\write \m@ne {LaTeX Font Info:     on input line 25080.}\endgroup \endgroup \relax \let \ignorespaces \relax \accent 19 c\egroup \spacefactor \accent@spacefactor }
https://ncatlab.org/nlab/show/ZX-calculus#CoeckeDuncan08
https://ncatlab.org/nlab/show/linear+logic#Murfet14
https://ncatlab.org/nlab/show/quantum+logic#LinearLogicAndDependentLinearTypeTheory
https://ncatlab.org/nlab/show/dependent+linear+type+theory#FuKishidaSelinger20
https://ncatlab.org/nlab/show/bunched+logic#O'HearnPym99
https://ncatlab.org/nlab/show/bunched+logic#Unsatisfactory
https://ncatlab.org/nlab/show/bunched+logic#Sch%C3%B6ppStark04
https://ncatlab.org/nlab/show/bunched+logic#UnsatisfactorySch%C3%B6ppStark
https://ncatlab.org/nlab/show/Joyal+locus#Joyal08
https://ncatlab.org/nlab/show/Joyal+locus#Hoyois19
https://arxiv.org/pdf/1310.7930v1.pdf#page=444
https://ncatlab.org/schreiber/show/Differential+generalized+cohomology+in+Cohesive+homotopy+type+theory
https://ncatlab.org/schreiber/show/Quantization+via+Linear+homotopy+types
https://ncatlab.org/nlab/show/bireflective+subcategory#RFL21
https://ncatlab.org/schreiber/show/Quantum+Certification+via+Linear+Homotopy+Types

ran into technical problems, eg. unsound identification of classical and linear unit.

Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!

S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret
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Schopp & Stark (2004) make progress towards bunched dependent type theory
but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!

S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret
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but do not resolve these problems.

The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!

S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret
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The key hint for how to progress came from developments in higher topos theory:

Joyal (2008), Hoyois (2016) show unification of classical and linear homotopy-types:
remarkably: co-categories of bundles of linear homotopy types are again co-toposes!

S. (2013), §4.1.2; S. (May 2014) points out that bundles of spectra should interpret
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S — Quantum Systems language @ CQTS

~~ full-blown Quantum Systems language emerges embedded in LHoTT

ambient LHoTT verifies  classically dependent quantum linear types
ambient HoTT  provides specification of topological quantum gates
ambient dTT provides full verified classical control
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Aside: Linear indefiniteness monad recovers Coecke’s ‘““classical structures’’.

(see nLab:quantum-+reader+monad)
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Quantum Circuits



Quantum effects are compatible with tensor product.

Linear Randomness and Indefiniteness are “very strong” effects, in that:

Op(D®D') ~ (OpD)®D", Ycp(D®D') ~ (JepD) @D’

There 1s a whole system of them:
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Quantum circuits with classical control & effects

are the effectful string diagrams in the linear type system

E.g.
The dependent linear type of a measurement on a pair of gbits:

‘—E.
’ V(\
0 1
‘—E.
’ V(\
0 1

type of
. collapsed gbits
type of a pair of pair of measurements dependent on
coherent (bits measured bits b, b’

Egi2 (QBit, X QBit,)

Og;2 (QBit, X QBit, ) » QBit, X QBit,

measured bits 5 el bl
1q..q/ = g/
(b,0):Bi® + Ol (QBit, MQBiL,) ) ~ C?®C? == T C

collapse of the quantum state




Example: Bell states of q-bits are typed as follows (regarded in LTypeg; . pi):
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S — Quantum Systems language @ CQTS

~~ full-blown Quantum Systems language emerges embedded in LHoTT
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slides and further pointers at: ncatlab.org/Quantum+Certification+via+Linear+Homotopy+Types#T12023
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