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1 Obstruction sequence 1

Consider the derived category over smooth manifolds... inside the homotopy theory of smooth stacks:

Sh(SmoothMfd,ChainCplx)
Dold-Kan correspondence // Sh(SmoothMfd,KanCplx) .

Write
Ωk: sheaf of k-forms;
BkZ := Z[k],
Bk[R := R[k]

locally constant coefficients

The degree filtration on the de Rham complex induces a map

Ωp+2
cl −→ Bp+2[R

This induces the homotopy pullback

Bp+1(R/~Z)conn

(pb)

//

curv

��

Bp+2Z

2π~
��

V

∇
99

F∇

// Ωp+2
cl

// Bp+2[R

∇ is equivalently

• p-gerbe connection with band (R/~Z);

• principal Bp(R/~Z)-connection;

• Deligne cocycle of degree (p+ 2).

on the stack V .

Theorem. [Fiorenza-Rogers-S 13a] For any ∇ there is a long homotopy fiber sequence of group stacks:

Ch•(V, (R/~Z)) −→ StabAut(V )(∇) −→ im(StabAut(V )(∇)→ Aut(V ))

V

∇

~~

∇

  
Bp+1(R/~Z)conn

'~�


−→



V

∇
##

' // V

∇
{{

Bp+1(R/~Z)conn

homotopy
stabilization

{�


−→

{
V ' // V

}

KS

��

B



V

∇

~~

∇

  
Bp+1(R/~Z)conn

'~�


Theorem. [S 15]
Given a V -fiber bundle E, then the class KS(E) is the obstruction to parameterizing ∇ over E.

2



2 Obstruction sequence 2

For Σ a smooth manifold of dimension (p+ 1),
consider now the derived category over PDEs over Σ.

Sh(SmoothMfd/Σ)
oo Underlying!

F ree!

// Sh(PDEΣ) ; U(F (E)) ' J∞Σ E jet bundle

Ωp+1,1
S (E) ⊂ Ωp+2(J∞E): forms of degree (p+ 1)-on Σ, vertical degree-1 on E

Now the bidegree filtration
of the de Rham complex
on J∞Σ E
gives factorization

Ωp+2
cl

�� $$
Ωp+1,1
S,cl

// Bp+2[R

This induces
the homotopy pullback

Bp+1
H (R/Z)conn

(pb)

//

δV
��

Bp+2Z

2π~
��

E

L

99

EL
// Ωp+1,1

S
// Bp+2[R

Euler−Lagrange
equation

E � _

ker(EL)

��

Bp+1
H (R/~Z)conn

δV

variational
differential &&

spacetime/
worldvolume Σ

solution

77

φ

field configuration
// E

L

local
Lagrangian

77

EL
// Ωp+1,1

S

Theorem. [Sati-S 15, Khavkine-S 15] There is homotopy fiber sequence of group stacks like so:

E

L

��

L

��
Bp+1
H (R/~Z)conn

topological
current
}�


−→



E

L

""

'
symmetry // E

L

||
Bp+1
H (R/~Z)conn

Noether current

z�


−→

{
E 'variational

symmetry
// E

}

��

B



E

L

��

L

��
Bp+1
H (R/~Z)conn

topological
current
}�


Theorem. [Khavkine-S 15] On shell, the Lie algebra is the Dickey bracket on conserved currents

and for suitably regular non-gauge theories the Lie extension is the sharp version of Noether’s theorem
[Vinogradov 84, theorem 11.2].
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3 Obstruction sequence 3

Yet one more factorization from bidegree filtration:

Ωp+2
cl

�� &&
Ωp+1,1
S,cl ⊕Ωp,2

cl

��

// Bp+2[R

Ωp+1,1
S,cl

88

This induces the homotopy pullback [Khavkine-S 15]

Bp+1
P (R/~Z)conn

(pb)

//

curv

��

Bp+2Z

2π~
��

E

Θ

99

ω
// Ωp+2

cl ⊕Ωp,2
cl

// Bp+2[R

ω: canonical pre-symplectic current
(E , ω); covariant phase space
(E ,Θ): its Kostant-Souriau prequantization

Theorem. [Khavkine-S 15] There is a homotopy fiber sequence of group stacks like so:

E

Θ

��

Θ

��
Bp+1
P (R/~Z)conn

topological
Hamiltonian

~�


−→



E

Θ

""

'
symmetry // E

Θ

||
Bp+1
P (R/~Z)conn

Hamiltonian
current

z�


−→

{
E 'Hamiltonian

symplectomorphism
// E
}

classical
anomaly

��

B



E

Θ

��

Θ

��
Bp+1
P (R/~Z)conn

topological
Hamiltonian

~�


Theorem. [Fiorenza-Rogers-S 13b] The Lie algebra is the Poisson bracket.
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4 The original WZW term

g semisimple Lie algebra
G its simply-connected Lie group
θ ∈ Ω1(G, g) Maurer-Cartan form
〈−,−〉 Killing metric
µ3 = 〈−, [−,−]〉 Lie algebra 3-cocycle
k ∈ H3(G,Z) level

µ3(θ ∧ θ ∧ θ) q−→
'

kR prequantization condition

Ω3
cl

��
G

k
//

µ3(θ)

66

B3Z // B3[R
q
�	

⇔

B2(R/Z)conn

(pb)

��

curv // Ω3
cl

��
G

k
//

∇WZW

99

B3Z // B3[R
x�

Definition [Khavkine-S 15] Full WZW model is the (p = 2)-dimensional field theory with

L := 〈θH ∧ ?θH〉︸ ︷︷ ︸
Lkin

+ (∇WZW)H︸ ︷︷ ︸
LWZW

: Σ×G −→ Bp+1
H (R/~Z)conn .

Theorem. [Baez-Crans-S-Stevenson 07] Write Ω̂kG for level-k Kac-Moody loop group extension of G. This
has an adjoint action by the based path group PeG. Write

String(G) := PeG//Ω̂kG

for the homotopy quotient. This is a differentiable group stack, called the string 2-group.

Theorem. [Fiorenza-Rogers-S 13a] For the WZW model the above homotopy fiber sequence becomes:

G

∇WZW

~~

∇WZW

  
B2
H(R/~Z)conn

topological
current
}�


−→



G

∇WZW

""

'
symmetry // G

∇WZW

||
Bp+1
H (R/~Z)conn

Noether current

z�


−→

{
G '

point

symmetry
// G

}

BU(1) −→ String(G) −→ G

Theorem. [Fiorenza-Rogers-S 13a]
Obstruction to parameterizing ∇WZW over G-principal bundle is canonical 4-class.

Example.
For G = Spin× SU this is the sum of fractional Pontryagin and second Chern class:

1
2p1 − c2 .

The vanishing of this class is the Green-Schwarz anomaly cancellation condition for the heterotic string.
(This persepctive on the Green-Schwarz anomaly via paramterized WZW models had been suggested in
[Distler-Sharpe 07].)
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5 The GS-WZW cocycles

There are plenty of higher cocycles on higher Lie algebras.
Observation. [Fiorenza-Sati-S 13b] A 2-cocycle on a Lie algebra is equivalently an L∞-homomorphism

µ2 : g −→ R[1] .

The central extension ĝ that it classifies is equivalently homotopy fiber of this morphism

ĝ

��
g

µ2 // R[1]

Hence generally, a (p + 2)-cocycle on an L∞-algebra g is an L∞-homomorphism to R[p + 1], and the L∞-
extension that it classifies it the homotopy fiber of that.

This yields bouquets of higher extensions:

!! }}ˆ̂g

��
ĝ

��

µp2+2 // R[p2 + 1]

g
µp1+2 // R[p1 + 1]

Theorem. [Fiorenza-Sati-S 13b] The Green-Schwarz WZW models for super p-branes come from the bou-
quet of cocycles on super-translation Lie algebras:

D0brane

**

D2brane

%%

D4brane

��

D6brane

yy

D8brane

tt

KK

DD

sdstring

d=6
N=(2,0)

++

stringIIA

d=10
N=(1,1)

��

stringhet

d=10
N=1

tt

littlestringhet

d=6
N=1

rr

OO

T

��

m5brane // m2brane d=11
N=1

// Rd;N

ss

ns5branehet
d=10
N=1

oo

R0|N stringIIB

d=10
N=(2,0)

99

(p, q)stringIIB

d=10
N=(2,0)

OO

Dstring

d=10
N=(2,0)

ee

(p, q)1brane

44

(p, q)3brane

::

(p, q)5brane

OO

(p, q)7brane

dd

(p, q)9brane

jj

oo
S

//
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6 Higher WZW terms

For
µp+2 : g −→ R[p+ 1]

an L∞-cocycles, define the Lie integration of g to be the looping of the stack

BG : (U, k) 7→ coskp+2(Ω vert
flat

(U ×∆•, g)) .

Theorem. [Fiorenza-S-Stasheff 10] µp+2 integrates to homomorphism of group stacks

exp(µp+2) : G −→ Bp+1(R/Γ)

Theorem. [S] there are canonical Maurer-Cartan forms on this

θG : G −→ Ω1≤•≤p+2
flat (−, g)

Define G̃ as the homotopy pullback that universally turns the hyper-cocycle θG into a globally defined
differential form θG̃

G̃

θG̃
��

// G

θG

��
Ωflat(−, g) // Ω•flat(−, g)

Example:

1. for ordinary Lie algebra then G̃ ' G;

2. for g = R[p+ 1] then G̃ = Bp+1(R/Γ)conn

Hence the general case is a twisted product of these two cases. This means that sigma-models with target
space G̃ contain gauge fields on their worldvolume (unification of sigma-model with gauge field theory in
higher geometry)

Theorem. [Fiorenza-Sati-S 13b] [S 15] There is induced a unique, up to equivalence, WZW term

G̃ −→ Bp+1(R/Γ)conn

with curvature µ(θG̃) and underlying bundle being the extension Ĝ classified by exp(µp+2)

Theorem. [S 15] Given consecutive L∞-cocycles

ĝ

��

µp2+2 // R[p2 + 1]

g
µp1+2

// R[p1 + 1]

then Lie integration yields two consecutive WZW terms, the second defined on a Bp1(R~Z)conn-extension of
G:

Bp(R/~Z)conn
// ˜̂G
��

L
p2+1

WZW // Bp2+1(R/~Z)conn

G
L

p1+1

WZW

// Bp1+1(R/~Z)conn

Application. Solves open problems in global definition of M2/M5-brane charge [Fiorenza-Sati-S 15, Sati-S 15].
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