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(1)
Brane Charge in Cohomotopy
implied by
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Dirac charge quantization — The topological sector of the
electromagnetic field 1s a cocycle in degree-2 ordinary cohomology;,

with classifying/coefficient space BU(1).
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Atiyah-Hitchin charge quantization — The moduli space
of SU(2) Yang-Mills monopoles is the cocycle space of complex-
rational Cohomotopy of any sphere enclosing them.
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Strominger-Witten: Monopoles are wrapped M5-branes
and the elusive non-perturbative Yang-Mills theory is in M-theory.
~+ Open problem: Wherein s M5-brane charge quantization?
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Hypothesis H (Fiorenza-Sati-Schreiber 19):
C-field 1s charge-quantized in J-tuisted Cohomotopy theory.
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Hopf degree theorem, all global cocucles are obtained this way.
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degree theorem.
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Hypothesis H with May-Segal Theorem

Sati-Schreiber 19¢ |arXiv:1912.10425|

back to top



https://ncatlab.org/schreiber/show/Hypothesis+H
https://ncatlab.org/nlab/show/cohomotopy+charge+map#CharacterizationOfPointConfigurations
https://ncatlab.org/schreiber/show/Differential+Cohomotopy+implies+intersecting+brane+observables
https://arxiv.org/abs/1912.10425

not
boldface

Cohomotopy pqinted
cocycle space mapping space
(X)) = Maps*/(X, 34)
boldface!
Cohomotopy
7To(7f4(X)) = cohomology — 774( X)
classes
Cohomotopy
™ (“4(X)) = gauge >
transtormations )
Cohomotopy
Uy (774(X)) = gauge of gauge
transformations )

Cohomotopy
set


https://ncatlab.org/nlab/show/cohomotopy
https://ncatlab.org/nlab/show/cocycle+space

Cohomotopy cocycle space
vanishing at oo on Euclidean 3-space

May-Segal theorem

7r4((]R3)Cpt) L= Conf (RB, Dl) configuration space of points

" assign unit charge
in Cohomotopy
to each point

in R? x R!
which are:
1) unordered

2) distinct after projection to RS

3) allowed to vanish to co along R!

projection to R3

point e
in R3xR!

l\]R3><{oo}

R3x {0}

point
disappeared
to infinity
along R!

R3 x {00}



https://ncatlab.org/nlab/show/cohomotopy
https://ncatlab.org/nlab/show/cocycle+space
https://ncatlab.org/nlab/show/cohomotopy+charge+map
https://ncatlab.org/nlab/show/cohomotopy+charge+map#CharacterizationOfPointConfigurations
https://ncatlab.org/nlab/show/configuration+space+of+points

hence: a form of differential Cohomotopy — assigns configuration spaces:

71,4((]Rd)cpt A (R4_d)+) hmtpy ™2 ﬂ'élliﬂ: ((Rd)cpt A (R4_d>+) -— Conf (Rd, D4—d)

Smash product of Visualization
pointed topological spaces with point at infinity as Penrose diagram
o0
"
/{"fl'l\\\
,i’-' J.f:'l.l \\\ Rd
j B LA TN
cocycles vanish at infinity AR LR
along these direction Jf rf i "1 "1
o~ 14 TR
(Rd )cptA(Rp—d)l de Pl I’i' 'I b
R+ | == E e
...but not necessarily 1ot '1 ' [r [
along these ke b 4 : , h
Vo Py
S e
'O 11. [ r" )
) \\\ z : p l.’/.-‘
\_\':t.lllll.':”
L ]
o0
I
| R4
|
|
|
1 7 Y S
cocycles vanish at infinity P2 - :— -—— T~ e
along these direction B e Mo o TRRLM
e e L A S S
- ----—-— === - =@ oo
(Rd )_I_A(Rp—d)cpl .‘-\:h,___ﬁqj___r__,-;/x
St R O, ! g™
...but not necessarily T = Jl' -7 e
along these e
|
I
|
|
|
|



https://ncatlab.org/nlab/show/differential+cohomotopy

Lemma:

LI Conf(R”)
nelN{l,-n}

Ordered configurations
of points in RP

Un-ordered configurations Un-ordered configurations

of points in RD of points in R!
with labels in D! with labels in RP
~ Conf(R?,D') x Conf(R',D")
hmtpy Conf(]D)D—l—l )

Un-ordered configurations
of points in pP+1

(C(mf(RD?ID)l) Conf(Rl,DD)\




Un-ordered configurations Un-ordered configurations

Lemma: of points in RD of points in R!
with labels in D with labels in RP
D D 1 1 D
L Conf(R”) ~ Conf(R”,D") x Conf(R",D”)
nelN{l,-n} hmtpy COIlf(DD+l )
Ordered configurations Un-ordered configurations
of points in RP of points in pP+1
rojection to R3
Point @ B 9
in R*xR! | '
| ;
projection g Q_
to R! : -
. b ?
— < : | I configuration :
: : : in R3 I
I I , | ¢ l’ I
! | | o '
I I I I . I
l : ! L '
! | ! I ; *
! , ! L. ; |
; | ' | ! |
{O}XRI--'*’!“' ........ T R n W NG W E T oh tugn SR B R ST T O A W B N WU ———
induced ordering —— ;
\ R3 x {0}




Pt g s

Consequence: assuming
Hypothesis H;

Heneran apace Trmmerss yac Differential - differential Cohomotopy cocycle space
to 3-codim branes to I-codim branes Cohomotopy .
hence to D6-branes hence to D8-branes reﬂectlng D6 L D8 —Charges
T,
diff
(R)PA (RN, U (R A (R | > L] Conf(R?)
fIEN {1_-"'-.}1}
F D8s 3
@ ";1
- ; T 4
3
el f"“\ Y : R ._ e
LTS | Dés
’ I N ‘\ 1 1
fF; L ' %R’_r__._-:--.._‘ ~
gt Lt T
SR e W e D Ll
eiin BN R S (S o
"|. 'lt : : ll i: frr ‘\::h‘q_l__'-::;l T
\\\‘l"::‘f!: "'—-__]'__a"
sovlid gy 1
Woyhglye s 1
gL : monopole &-1-1-1-1-
oo I
I
i= 123456
Chan-Paton labels
= ordering



https://ncatlab.org/nlab/show/differential+cohomotopy
https://ncatlab.org/nlab/show/cocycle+space
https://ncatlab.org/nlab/show/D6-D8-brane+bound+state

0) Nonabelian Differential Cohomology
Brane charge in...

1) [Twisted Cohomotopy theory

2) Equivariant Cohomotopy theory

3) Differential Cohomotopy theory
implies...

4) Hanany-Witten Theory

5) Chan-Paton Data

6) BMN Matrix Model States

7) M2/M5 Brane Bound States



(4)
Hanany-Witten Theory
implied by
Hypothesis H with Fadell-Husseini Theorem

Sati-Schreiber 19¢ |arXiv:1912.10425|
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https://ncatlab.org/nlab/show/weight+systems+are+cohomology+of+loop+space+of+configuration+space
https://ncatlab.org/schreiber/show/Differential+Cohomotopy+implies+intersecting+brane+observables
https://arxiv.org/abs/1912.10425
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https://ncatlab.org/nlab/show/horizontal+chord+diagram
https://ncatlab.org/nlab/show/D6-D8-brane+bound+state
https://ncatlab.org/nlab/show/weight+systems+are+cohomology+of+loop+space+of+configuration+space
https://ncatlab.org/nlab/show/horizontal+chord+diagram

Horizontal chord diagrams form algebra under concatenation of strands.

tik’ O tij

= tiktij

This is universal enveloping algebra of the infinitesimal braid Lie algebra (Kohno):

(i) the 2T relations:

(ii) the 4T relations

tij tkg) =0

Lij, tik Tt =0



https://ncatlab.org/nlab/show/infinitesimal+braid+relation
https://ncatlab.org/nlab/show/infinitesimal+braid+relation#Kohno87

Consider the subspace of skew-symmetric co-observables,

denote elements as follows:
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In the subspace of skew-symmetric co-observables we find:

s &
the 2T relations . { f f
orin or an
become the . | ‘ = any
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ordering constraint | _ |
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T { 4
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becomes the G 1 ]
s-rule “
- [ j -
the 4T relations ’ 1 1T 1 ¢ 1
become the @ $ i . I\ )
breaking rule
| i J k | i J



https://ncatlab.org/nlab/show/s-rule

these are the rules of Hanany-Witten theory
for NS5 L Dp L D(p + 2)-brane intersections

if we identity horizontal chord diagrams as follows:

Dip+12)

stretching between D(p +2)s; e—

(iii) green dots as NS5-branes;

(iv) gray lines as Dp-branes,

stretching from NS5 to D(p +2).

1 2 3 4

(i) strands as D(p +2)-branes; Dp
(i) chords as Dp-branes,

5


https://ncatlab.org/nlab/show/Hanany-Witten+theory
https://ncatlab.org/nlab/show/Dp-D(p+2)-brane+bound+state

(5)
Chan-Paton data
implied by
Hypothesis H with Bar-Natan theorem

Sati-Schreiber 19¢ |arXiv:1912.10425|
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https://ncatlab.org/schreiber/show/Differential+Cohomotopy+implies+intersecting+brane+observables
https://arxiv.org/abs/1912.10425
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https://ncatlab.org/nlab/show/weight+system
https://arxiv.org/pdf/1912.10425.pdf#page=4

b
All horizontal weight systems w : A" = C come from Chan-Paton data:
1) metric Lie representations| p |2) stacks of coincident strands|3) winding monodromies:

________________________ Bar-Natan
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https://ncatlab.org/nlab/show/metric+Lie+representation
https://ncatlab.org/nlab/show/all+horizontal+weight+systems+are+partitioned+Lie+algebra+weight+systems
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https://ncatlab.org/nlab/show/metric+Lie+representation

(6)
BMN Matrix Model States
implied by

Hypothesis H
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Liz algebra
weight sysiem

Tria1)(se43) © Wivp)

= T, (Pa-Pa-p*) Tr, (Ps-pe-p?-p° - p°)

multi-irace observable

p € su(2) MetricReps equivalently identified with:

0) configuration of concentric fuzzy 2-spheres
1) fuzzy funnel state in DBI model for Dp L. D(p + 2)
2) susy state in BMN matrix model for M2/M5

b
corresponding weight systems Wi A" = C are:

0) radius fluctuation amplitudes of fuzzy 2-spheres

1) | . , DBI model
invariant multi-trace observables in { BVN model



https://ncatlab.org/nlab/show/metric+Lie+representation
https://ncatlab.org/nlab/show/metric+Lie+representation
https://ncatlab.org/nlab/show/fuzzy+2-sphere
https://ncatlab.org/nlab/show/fuzzy+funnel
https://ncatlab.org/nlab/show/Dirac-Born-Infeld+action
https://ncatlab.org/nlab/show/Dp-D(p+2)-brane+bound+state
https://ncatlab.org/nlab/show/BMN+matrix+model#GroundStates
https://ncatlab.org/nlab/show/BMN+matrix+model
https://ncatlab.org/nlab/show/M2-M5+brane+bound+state
https://ncatlab.org/nlab/show/multi-trace+operator
https://ncatlab.org/nlab/show/Dirac-Born-Infeld+action
https://ncatlab.org/nlab/show/BMN+matrix+model

0) Radius fluctuation observables on N-bit fuzzy 2-spheres 5]2\,
are N € su(2).MetricReps weight systems on chord diagrams:

5N

= ETr(Xq-Xp-X?-X")




Supersymmetric state P
of BMN matrix model (511(2).1} RV — V)
(fuzzy 2-sphere geometry)

monomial $2-rotation invariant
multi-trace observable

Tt, (Pa- pa-P?) Tty (Pp- p? - pe-pe-p” - Py - p°) Ty, (p° - p7)

Value of multi-trace observable

1,2) weight system w), is the observable aspect of matrix model state p:

weight systems on
horizontal chord diagrams

pb
4%
naive funnel- / susy-states of states of DBI model / BMN matrix mode
DBI model / BMN matrix model as observed by invariant multi-trace observables

linear combinations of
finite-dim su-representations

Span (su(2)MetricReps) Pt




(7)
M2/M5 Brane Bound States

implied by

Hypothesis H
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https://ncatlab.org/schreiber/show/Hypothesis+H

Given a sequence of susy states in the BMN matrix model

M2/M>5-brane charge in ith stack

M'Q/ M?—brane state (th irrep with multiplicity)
(finite-dim su(2)-rep) A
e ~\

(V,p) = & (NFMQ) .N(.M5>) c 5u(2)@MetricRepS/N

[/ (4

stacks of coincident branes
(direct sum over irreps)

this is argued to converge to macroscopic M2- or Mb5-branes
depending on how the sequence behaves in the large NV limit:

Stacks of macroscopic...

M2-branes Mb5-branes

, (M5) (M2) the relevant
If for all 2 NZ- — 00 Ni — 00 (large N limit) )
. (M2) (M5) the number of coincident branes
with fixed N; N ( in the 7th stack )

(M2) (M5) the charge/light-cone momentum
and fixed Ni /N Ni [N ( carried by the 7th stack



https://ncatlab.org/nlab/show/BMN+matrix+model#M2M5BraneBoundStatesInTheBMNMatrixModel
https://ncatlab.org/nlab/show/large+N+limit

Given a sequence of susy states in the BMN matrix model

M2/M>5-brane charge in ith stack

M2/M>5-brane state (ith irrep with multiplicity)

(finite-dim su(2)-rep) A
—~ = " (M2 M5)
(V,p) = & (N,f )-Né >) € su(2)cMetricReps
\i,/

stacks of coincident branes
(direct sum over irreps)

the large NV but

limit does not exist does exist in weight systems
here: )
Span (su(2).MetricReps) e W’

if we normalize by the scale of the fuzzy 2-sphere geometry:

Yk pb
(V)20 Trn N ) < W

A\ J/
v states as seen by multi-trace observables
Single M2-brane state in BMN model

(multiple of suc-weight system)

(weight systems on chord diagrams)



Fuzzy 2- sphere geomctne‘i

(metric repre sentations of su(2

M2-M3-brane bound states
(normalized Lie algebra weights)

Supersymmetric states of BMN matrix model
(weight systems on Sullivan chord diagrams)

as emergent under Hypothesis H
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finite number of M2-branes
in their large-N limit
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https://ncatlab.org/schreiber/show/Hypothesis+H

End.
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