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Abstract

We observe that there is a rigorous derivation of (abelian) anyonic quantum states, hence of “topological
order”, on the 142-dimensional fixed locus of M5-probes wrapped over a trivially Seifert-fibered 3-orbifold
singularity.

Similar statements have previously been conjectured by appeal to the unknown dynamics of “coincident”
Mb5-branes, but neglecting effects of flux-quantization that, as we highlight, entail anyonic solitons already in
the rigorously tractable case of single M5-brane probes.

This is possible after globally completing the “self-dual” tensor field on probe M5-branes by flux-quantization
in the non-abelian cohomology theory called equivariant twistorial Cohomotopy, which is admissible by recent

results.
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1 Introduction & Overview

Anyonic topological order (cf. [91][69]) is arguably the holy grail of quantum materials research, potentially
providing the much sought-after hardware for fault-tolerant scalable quantum computation via topological gbits
(cf. [80][52]). However, its microscopic understanding — like that of all strongly-coupled/correlated quantum
systems — has remained sketchy at best, which may partly explain the current dearth of experimental realizations.

One candidate approach to a general understanding of strongly-coupled quantum systems is to map their dynam-
ics to the fluctuations of higher-dimensional “Membranes” (whence: “M-theory” [16][17]) in an auxiliary higher-
dimensional gravitational system (“geometric engineering” or “holographic duality”, cf. [40][90][37]). Specifically
5-dimensional such branes (“M5-branes”, cf. [17, §3][32][33]) have more recently been argued [7] * to exhibit topo-
logical order when their worldvolume is fibered in (“wrapped on”) Seifert 3-manifolds [45], as considered in [36],
building on a conjecture known as the “3d-3d correspondence” (cf. [14]).

Unfortunately, an actual formulation of M-theory, beyond a tantalizing web of hints and plausibility checks,
remains an open problem (cf. [51, p. 43][18]). Hence, these arguments have also largely remained informal (con-
jectural), not the least because they refer to the would-be non-abelian worldvolume theory of N > 1 “coincident”
Mb5-branes, which remains notoriously undefined (cf. [29]), particularly so in the relevant sector of non-perturbative
field strength where the worldvolume tensor field ceases to be self-dual (cf. [32, Rem. 3.19]).

But to proceed to a more precise formulation of actual M-theoretic effects, we have previously highlighted that:
(i) the first non-perturbative phenomenon to take care of is the global topological completion of the usual local
field content on M-branes by fluz-quantization laws [75];

(ii) the admissible such laws in M-theory are necessarily non-abelian generalized cohomology theories [26] — due
to the non-linear Bianchi identity (14) of the C-field in 11D SuGra, cf. [66, §2.5][73][31][75, §4.2] — which
have found little attention before;

(iii) among the admissible such choices for M-theory is (unstable, twisted) Cohomotopy [22][34][23][72] (which is
linearly approximated by Topological Modular Forms [26, Rem. 7.4]) and its “twistorial” variant [25][77];

(iv) implementing this non-abelian flux quantization reveals solitonic quantum states not otherwise visible, among
which generically are skyrmions and anyons on (single, N = 1) M5-brane probes [32].

Here we apply this argument specifically to M5-branes probing (Seifert-fibered) orbifolds, which means [71]
that the flux-quantizing cohomology theory is to be promoted to an equivariant cohomology theory (cf. [78]). An
admissible such equivariant candidate has been constructed before, called equivariant twistorial Cohomotopy [77].

We explain here how this result combines with our previous derivation [74][76] to imply (abelian?) anyonic
quantum states and hence (abelian) “topological order” also on the 1+2-dimensional orbi-fixed locus of single
MS5-branes probing trivially-fibered Seifert Zs-orbi 3-folds (cf. [48, Def. 2.6], in fact super Zs-orbifolds, see §4):
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The point is that once the flux quantization law is admissibly chosen in equivariant twistorial Cohomotopy, we
obtain the anyon quantum states as a rigorous result instead of an informal conjecture — a rare feat in M-theory.
Since the heavy lifting of proving the main mathematical theorems that we use has been done in [74][77],

we focus here on explaining the physics background in super-space super-gravity and the conceptual steps in the
construction of the flux quantization.

IThe relation conjectured in [7] between Seifert 3-folds and modular tensor categories (topological order) has been further discussed
by [11][12][2], but in the abstract, without further attention to the conjectured origin in M5-brane physics.

2There is an analogous though more involved construction [68] of non-abelian anyons in a scenario akin to intersecting M5-branes,
but its rooting in 11D super-gravity is less clear at the moment. Here it may be noteworthy that abelian anyons are the only ones
currently observed in experiment with some certainty [55], and that their potential role in topological quantum computation is much
stronger [57][46][88][89] than often appreciated.



2 Solitons via Flux Quantization

Before turning to the case of interest, we briefly set the scene along familiar examples of solitons in Yang-Mills
theory.

Algebraic Topology for Solitonic fields. While the math we use in this article is classical — basic algebraic
topology and homotopy theory dating back over a century (cf. [38][83][27][26, §1]) — it may still not be as familiar
to theoretical physicists. This is, in part, our point: contemporary gauge-theoretic analysis, even where developed
to sophistication such as in BV-BRST formalism [39], tends to be all concerned with local behavior of fields, their
infinitesimal analysis such as expressed in differential equations of motion on differential forms such as flux densities.
On the other hand, algebraic topology, historically conceived as the complementary spatial analysis (Poincaré’s
analysis situs [60]), is the tool to describe the global behavior of solitonic fields, such as skyrmions or anyons. *

The basic concept of homotopy theory (and also of cohomology theory, as we will see in a moment) is that of
homotopy (cf. [27, §3.1][47, Fig. 4.2.2]): Given a pair of topological spaces X and Y, and given a pair of continuous
maps fo, f1 : X = Y, a homotopy 1 between them, suggestively denoted as

fo
— u"\ Y
f1
is a continuous deformation of fy into fi, namely a continuous l-parameter family of such maps interpolating
between them:
n: RxX —S Y st 9(0,2) = fole), n(l,z) = fi(z).
Homotopy is an equivalence relation whose classes are the homotopy classes [f] of maps (cf. [27, §3.2]).

Said differently, in the mapping space Maps(X,Y) of all continuous maps from X to Y (cf. [78, Rem. 1.0.17]),

homotopies are the continuous paths, and homotopy classes [f] are the path-connected components mo(—):

[f] € moMaps(X,Y). (2)

For instance, one says that the n-th homotopy group (cf. [54, §4][27, §8]) of a connected space X is, for n > 1, the
homotopy classes (2) of maps from the n-sphere into it:

7Tn<X) = 7 Maps(S", X) , (3)
and one says that f: X — Y is a homotopy equivalence (cf. [27, §3.3]), so that X ~ Y, if there exists reverse map
f:Y — X which is an inverse up to homotopy, in that [f o f] = [idx] and [f o f] = [idy].

A familiar example in quantum field theory is the classification of Yang-Mills instantons in 4D (cf. [85, §1.1],
equivalently the solitons of 5D YM, cf. [58, §4]): The topological class of an SU(2)-gauge field on R* with field
strength “vanishing at infinity”, namely on a large enough 3-sphere S® C R%, is the homotopy class of the gauge
transformation ¢ : S® — SU(2) which trivializes the asymptotic gauge potential:

[9] € moMaps(S®, SU(2)) =~ moMaps(9®, $°) = m3(5°) =~ Z. (4)
——

~ g3
We will be considering just somewhat more sophisticated variants of this standard example, but first to recall the
following more flexible perspective:

Solitonic fields vanishing at infinity. Generally, the condition that and how solitonic fields “vanish at infinity”
is mathematically reflected by regarding all spaces X as equipped with a chosen point co € X, and requiring all
maps between to respect this point, which we shall do in all of the following.

For instance, if we write R’J{OO} ~ S™ for the result of adjoining a single point at infinity to Euclidean space
(technically: “Alexandroff one-point compactification”, cf. [72, (1) (17)]) then the space of pointed maps from this
to any pointed space is the n-fold based loop space:

QX ~ Maps(RG{oo}, (X,0)) .
On the other hand, the n-sphere with a disjoint (unreachable) point-at-infinity is denoted S (oo} with
LX = Maps(Slays X)
being the free loop space.

As another example, given a pair (X, 00) and (Y, 00), one clearly wants to regard in the product space X x Y all
those points as being “at infinity” which are so with respect to either factor. This is accomplished by their “smash

3Both perspectives — infinitesimal and spatial analysis — unify in modern geometric homotopy theory of higher stacks [21][26, §9][75,
§3.3], which however we try to avoid further mentioning here, for brevity.



d t”
product” space XXy

XANY = . 5
Xx{oo} U {oco}xY (5)

For instance (cf. [70, §A.2])
Rﬁ{oo} A Rﬁ’f{oo} ~ Rﬁ{t}’:} , Maps(R’U‘{oo} A X, Y) ~ Maps(X, QZOY) ) (6)

This way, the above classification of Yang-Mills instantons/solitons (4) becomes the more systematic state-
ment that topological sectors of SU(2)-gauge fields — whose classifying space BSU(2) is a connected space with
QBSU(2) ~ SU(2), cf. [65] — on R* are derived alternatively by:

0 Maps(Rﬁ{oo}, BSU(2)) o Maps(Ri{oo} A Rb{oo}, BSU(2)) ~ mMaps(S?, QBSU(2))

1

1R

mo Maps (3, SU(2)) ~ Z.

Electromagnetic flux quantization. Essentially by replacing the group SU(2) in (4) by U(1), it is a classical
and famous fact that the ordinary electromagnetic field is to be “flux-quantized” in integral 2-cohomology (“Dirac
charge quantization”, cf. [1]). First of all this means that the electromagnetic flux density, a differential 2-form F5
on spacetime X (cf. [28, §3.5 & 7.2b][73, §3.1]), is to be accompanied by an integral cohomology class [X] that lifts
its de Rham class through the de Rham homomorphism (cf. [3, Thm. 8.9 & Prop. 10.6]) from integral cohomology
(which we call the character map on ordinary cohomology [26, Ex. 7.1]):

character map on integral cohomology

. )

H2(X; Z) — 520 /(X R) ——— Hip(X) (7)
rfsglt}:?(relr [X] % [Fz] ﬂugclatiinosfity

(From this perspective, the system of local gauge potentials A of the electromagnetic field constitutes a coboundary
X = F5 in real cohomology [26, Prop. 9.5], but here we need not further dwell on this aspect.)

This implies that the “branes” of electromagnetism, namely the magnetic monopoles (hypothetically) as well
as the Abrikosov vortices in type II superconductors (experimentally observed) come in integer units (cf. [75,
§2.1]): For the monopole with worldline R1:? — RY3 (the singular brane of electromagnetism), this follows from
the integral cohomology group of the spacetime complement of the singular locus

H*(RY¥\RY; Z) ~ H*(S%2) ~ Z,
N—_——

»1,0 ol
R>Y xR,

x §? ~ §2
hmtp

while for the Abrikosov vortices (the solitonic branes of electromagnetism) with worldsheets RY! — RU3 this
follows from the integral cohomology group of the result of adjoining the point-at-infinity to their transverse space:

H*(RY xR3 1 Z) ~ H*(S*Z) ~ Z.
N—_—— ——

\2
~ S
hmpt

Classifying space for electromagnetic charges. Even more classical, but maybe less widely appreciated, is the

fact (cf. [26, Ex. 2.1]) that also integral 2-cohomology has a classifying space BU(1) ~ CP®° (the union of all the

finite-dimensional complex-projective spaces CP™ [38, Ex. 0.6], also called the “Eilenberg-MacLane space” K(Z,2)

[27, p 139]), which is such that the 2-cohomology group of X is naturally equivalent to the homotopy classes (2) of
continuous maps from X into this classifying space (cf. [27, p 263][26, Ex. 2.1]):

H*(X;7Z) ~ moMaps(X, BU(1)). (8)

We may read this as saying that a topological-sector field configuration ® of the EM-field is a map X — BU(1)

and that a gauge transformation ® = @’ is a homotopy between such maps, so that the cohomology (8) is the

gauge equivalence classes of topological field configurations

_— & —

X Y2

o —

BU(1). 9)

But the classifying space carries more information than just about the topological sectors of fields, it also knows
the topological classes of their large gauge transformations, which by (9) form the space of based loops €(—) in the
mapping space, identified with the classes of U(1)-valued maps:

Q4 Maps(X, BU(1)) ~ QyMaps(X, BU(1)) ~ Maps(X, Qo BU(1)) ~ Maps(X, U(1)) 1, HY(X;Z). (10)



As such, the whole mapping space Maps(X, BU(1)) plays the role of the topological sector of the integrated
on-shell BRST-complex of electromagnetism (in fact, it is the shape of the phase space stack * of electromagnetism,
see [73, §3.1]). By the usual nature of observables in BRST theory (e.g. [42, Def. 4.3]), this means [70] that
the topological observables on the flux-quantized electromagnetic field over a spacetime domain X constitute the
complex homology (cf. [38, §2][27, §2]) of the mapping space into the classifying space for the flux quantization:

Obs, := H,(Maps(X, BU(1)); C). (11)
The homological degree here is to be understood as the “ghost”-degree of BRST theory: In degree=0 these topo-
logical observables are the electromagnetic soliton number (7)
Obsy = Ho(Maps(X, BU(1)); C) = C[mMaps(X, BU(1))] = C[H*(X;Z)],

5

and in degree=1 their classes (10) of auto gauge-equivalences:

Obs; = H;(Maps(X, CP™) C) ~ @ ClH'(X; Z)].
H%(X;7)
RR-Field Flux Quantization. More conjectural but maybe also more famous than the above electromagnetic
flux quantization in ordinary integral cohomology is the idea ([50][87][4], cf. [35][75, §4.1]) to flux-quantize the RR~
fields of type ITA supergravity in the “extraordinary” cohomology theory known as twisted topological K-theory.
In hindsight, this is motivated by the observation that the Bianchi identities of the NS/RR-flux densities,
dHs =0, dFy = H3Fs_2,

are just the same kind of differential equations as satisfied in the image of the twisted Chern character map from
twisted K-theory to Hs-twisted de Rham cohomology ([61], cf. [26, Ex. 6.6]). This means, as in (7), that we may
consider completing the NS-field by a class [7] in integral 3-cohomology and the RR-field by a class [X] in 7-twisted
K-theory whose Chern character coincides with the class of the RR-flux densities:

twisted Chern character

H3(X; Z) —— H3(X) K7(X) H(X) .
[7] —  [H3] [x] — (F2e]

Where ordinary electromagnetic flux quantization stabilizes Abrikosov vortices, such RR flux quantization in K-
theory is understood to stabilize non-supersymmetric D-brane solitons. Instructive for our purpose is the obser-
vation that also twisted K-theory has a classifying space, namely (cf. [78, Ex. 1.3.19, 4.5.4]) the space Fred of
(odd, self-adjoint) Fredholm operators (on any Zs-graded countably infinite-dimensional complex Hilbert space)
homotopy-quotiented by the conjugation action of the corresponding projective unitary group
P K7(X) ~ mMaps(X, Fred /PU).
TEH?(X;Z)

General Flux Quantization. These examples make it clear how flux quantization works in general [75]:

Flux quantization globally completes higher gauge theories
by determining the stable solitonic field configurations.

Admissible flur quantization laws are generalized cohomology theories whose
character map takes values in solutions of the given Bianchi identities.

Generalized cohomology is homotopy classes of maps into a classifying space.

generalized
. “haracter map .
Generalized cohomology 1 . C F 1 . nonabelian de Rham cohomology
classified by space A H (X’ Q‘A) ch HdR (X’ [A) with coefficients in WH L., algebra (12)
topological charge of l i i class of flux densities
field configuration [X] } [F | dF* =P (F )] satisfying given Bianchi

4Just for readers with tolerance for stacks, we mention briefly that the picture (9) of the topological sector of electromagnetism
enhances to a full description of dynamical electromagnetism by [75] enhancing the space BU(1) to a smooth stack [21] BU(1)conn (of
which it is the underlying “shape”), in which case maps of stacks are in bijection to consistent local electromagnetic gauge potentials
A—
A and homotopies of maps of stacks are in bijection to U(1)-gauge transformations between these, X J2 BU(1)conn, whose
Al —
equivalence classes form the differential integral 2-cohomology H? (X; Z) ag T Maps(X, BU(l)conn) . While we do not further
dwell on stacks and differential cohomology here, it is important that the discussion we provide concerns, in a precise sense, the
topological sector of actual dynamical higher gauge fields, given by enhancing the non-abelian cohomology theories we discuss to
differential cohomology.
5For S a set, we write C[S] for its complex-linear span. If S is equipped with the structure of a group G, then this is the usual
notation for the corresponding group-algebra, cf. [59].



Plan. While we see that flux quantization is the global completion of higher gauge-field theories, needed for
defining and identifying their solitonic field configurations, it has previously received little attention beyond the
above two examples and their minor variants.

Our aim now is to have a close look at the admissible flux quantization laws for the “self-dual” tensor field on
Mb5-brane probes (cf. [75, §4.3][32]) in the case that their worldvolume wraps a (Seifert) orbi-singularity, and to
show that there is a natural choice which implies (predicts) solitonic configurations with anyonic quantum states.

3 Flux Quantization on Mb5-branes

With admissible flux quantization laws reflecting the given Bianchi identities via their character images (12), it is
worth re-considering where flux Bianchi identities “come from”. Remarkably, the Bianchi identities of supergravity
and of super p-brane probes are ingrained in the structure of super-space:

Bulk C-Field in 11D SuGra. Namely a field configuration of 11D super-gravity is a supertorsion-free super-
coframe field (E, V) on 11D super-spacetime, and its Einstein-Rarita-Schwinger equations of motion are equivalent
[31, Thm. 3.1] (following [10][5][6, §III.8.5]) simply to the statement that flux super-densities of the following form

Gi = Gi+ Gy = (Glaywa, B B + (¥ laya, V) E“E®, (13)
G = G+ G = (Grayar BV EY + 2(UTgy.qy V)EY - B
satisfy the usual form of the Bianchi identity, but on super-space °
dG; = 0 Equati )
quations of Motion
= { of 11D Supergravity (14)

dGs = %GZ G;
One of many subtle reasons behind this theorem is the quartic Fierz identities on 11D commuting spinors ([13,

(3.28)], cf. [31, Prop. 2.73]), which say that the super-fluxes (13) satisfy their Bianchi identities (14) for vanishing
ordinary flux, hence when (G§, G3) = (GY, GY)

A(3(VTare, VBV B2) = 0 (15)
15
(& (FTayar W) B B ) = 3(5(TTay00 W) B ) (3(V Ty, W) B4 B2
Now, the most fundamental 7 flux quantization law, which is admissible for these non-linear Bianchi identities
(14) turns out to be 4-Cohomotopy (ct. [75, (27)]), whose classifying space is the 4-sphere:

7 (X) = m Maps(X, S*) ch Hg (X; 15%) (16)
topological char; dG, = g, G
opological charge [ — [dar = g% e]

The assumption ([66, §2.5], “Hypothesis H”) that (tangentially twisted) 4-Cohomotopy is the “correct” flux quan-
tization of 11D supergravity for purposes of M-theory provably implies a whole list of subtle topological effects
expected in M-theory [22][23][34][67], among them the shifted half-integrality of the 4-flux [22, Prop. 3.13]. There-
fore, here we do assume this 4-Cohomotopical flux quantization of 11D SuGra.

Self-dual B-field on M5. A similar miracle occurs for the M5-brane when formulated in super-space: A
1/2BPS immersion of an M5 super-worldvolume into 11D super-spacetime ([32, Def. 2.19], essentially the “super-

embedding” of [41][82, §5.2])

n1,5]2:8¢ ¢ X1,10]32
12BDS

entails a non-linearly self-dual [32, Rem. 3.19] 3-flux density super-form H$ on ¥

s — a a a
HS = (Hs)ayazas €t €2 €™

61n particular, the equations of motion (14) include the Hodge duality relation G7 = %Gy over the underlying ordinary spacetime.
"The precise sense in which 4-Cohomotopy (16) is the most fundamental choice of flux quantization of (14) is that its classifying
space admits a CW-complex structure with the smallest number of cells: namely consisting only of (a single 0-cell and) a single 4-cell.



whose Bianchi identity makes it a coboundary for the pullback of the 4-flux [32, Prop. 3.18],

dHs; = ¢*Gj
’ oGl 1/2BPS immersion

AG., — 0 & of M5-worldvolume (17)
S in 11D SuGra solution.

dGr = GiGj

As before, the most fundamental flux quantization law admissible for this system of Bianchi identities is [22, §3.7] a
form of Cohomotopy, but now it is 3-Cohomotopy on the M5-worldvolume twisted by background 4-Cohomotopy,

in that the classifying 3-spheres are fibered as the quaternionic Hopf fibration 2 — S7 LENyS2S

character map in

. Hopf-twisted 3-Cohomotop, *
Twisted 3-Cohomotopy 7 t by 1+¢™ Gy . 7
on M5 worldvolume "0 Maps (Z’ S )/S4 ch HdR (X’ [54 S ) (18)
topological charge %
of B-field on M5 [b] [d Hs = ¢ G‘d [d Gr = 3G G4]
dGys =0

(The notation on the right is for twisted non-abelian de Rham cohomology [26, §6] with coefficients in the Whitehead-
L.-algebra of the quaternionic Hopf fibration, but what this means here is just exactly the classes of fluxes satisfying
Bianchi identities as shown on the botton right.)

And again, considering this twisted cohomotopical flux quantization on the M5-brane provably implies some
subtle topological effects expected for M5-branes (cf. [23][24]), and hence we assume this here.

But we now take into account one more field on the worldvolume, to enhance this situation a little further:

Chern-Simons A-field on M5. In view of this effective re-definition — of on-shell 11D supergravity with probe
branes — in terms of (non-linear) Bianchi identities for super-flux densities on super-torsion-free super-space, we
may go ahead and consider a further super-flux density
Fy = (F2)aya, et e™

on the M5’s super-worldvolume with super-coframe (e, %), subjected to the Bianchi identity for an ordinary gauge
field, but again imposed on super-space:

Vi, (F eMe2e = (

szé . o ( a1( 2)&2(13) ) o N F2 - 0.

((F2)ap)e® (o — 2(H3) ) (V4" ) = 0
The super-coframe components of this Bianchi identity shown in the middle — computed via [32, (122)] —, imme-
diately show that this is equivalent simply to adjoining the further equation of motion shown on the right, which
is that of an abelian Chern-Simons gauge field (not back-reacting on the M5/SuGra background). Since F5 thus

vanishes on-shell, we may now consider adding its square to the Bianchi identity for H3 without actually changing
its on-shell content:

dFs5 = 0
dH; = ¢*Gj 1/2BPS immersion
LS Fs of M5-worldvolume
s 22 < with CS gauge field (19)
dG; = 0 in 11D SuGra solution

dGs = 3G;iG;

While the CS field thus contributes nothing, on-shell, to the flux densities and their equations of motion,
hence is invisible to local on-shell analysis, it does affect the torsion content of the theory, in that the admissible
flux quantization laws change: The above (19) is no longer flux-quantized by the 3-spheres that arrange to the

quaternionic Hopf fibration S3 — S7 2% §4 but it does turn out [25][77] to be flux-quantized by 2-spheres that

arrange into the “Atiyah-Penrose twistor fibration” S? — CP3 LEN S4, classifying twistorial Cohomotopy (see also
[26, Ex. 3.11][72]):

character map in
Twistorial Cohomotopy

/5* ch

7o Maps (2, CP?) Hi? 9 (X5 1, CP%)
(20)

topological charge dFy; =0
of Acfield on M5 1] ’ [d Hy = ¢*Ga + Fo Fy [

dG7 = 3Gy 04]
dGys =0

This is interesting for our purpose, because when the pullback of the background C-field flux to the M5 world-
volume vanishes, then twistorial Cohomotopy reduces to plain 2-Cohomotopy and anyonic solitons appear [76].



Flux quantization of the M5’s A /B-field in twistorial
Cohomotopy means that its topological sectors are classified

2 3
by maps from the worldvolume ¥ to CP3 which lift the S Ccp

A
classifying map (16) of the bulk C-field through the twistor a_-~ ltﬂ
fibration ty. In the case that the bulk C-field trivializes on //
the M5, as shown at the bottom, this means that the A/B- > * S4

field sector is equivalently classified by maps to a single W

S2-fiber of the twistor fibration, hence is flux-quantized in
plain 2-Cohomotopy.

However, for realizing anyons we need this situation not on all of the worldvolume ¥, but just on a 3D subman-
ifold. What we observe next is that this vanishing of the background twist by the C-field on a sub-worldvolume
may itself be enforced by further refining the flux quantization law to equivariant cohomology measuring charges
on orbifolds.

4 Twistorial Quantization on Orbi-Mbs

We finally generalize the previous discussion to orbifolded M5-worldvolumes. This requires passing to equivariant
generalized cohomology.

Equivariant generalized cohomology. With generalized cohomology understood as mapping classes into clas-
sifying spaces (per §2), it is clear what to make of equivariant cohomology on G-orbifolds X /G: ® This must be
given by homotopy classes of G-equivariant maps into classifying spaces G C A equipped with continuous G-actions
(math jargon: “G-spaces”):

G G

HL(X; QA) = moMaps(X, A)G = {( v ® (“y

Poe G }/hmtp. (21)

Indeed, the equivariant refinement of topological K-theory, quantizing RR-flux (and hence fractional D-brane
charge) on orbifolds [84] is of this form [78, Ex. 4.5.4].

A subtle effect of this innocent-looking definition (21) — rooted in Elmendorf’s theorem, cf. [78, Prop. 4.5.1] —
is that equivariant homotopy theory is like ordinary homotopy theory applied to the system 9 of H-fixed loci X

for all subgroups H C G:
XH .= {x6X| v h~x:x} c X.
heH

Here we only need to know that, in particular, the character map on any Zs-equivariant A-cohomology takes values
[77, §3] in pairs of Bianchi identities, one on X = X{¢} and one on its fixed locus X?%2:

character map in
equivariant A-cohomology

H} (X; QA) = mo Maps(X, .A)Z2

Hle, Zs (X; [.A)

ch
[dF®) = Pi(F)] X (22)
topological che .
I - AT
df® = p'(f X%2

This may be understood from physics, where on orbifolded super-space the Bianchi identities may simplify as
one restricts to orbi-singularities:

The super-orbifolding. Consider the super-tangent space R 128+ of an M5 super-worldvolume at the locus
of a Zs-orbisingularity via rotation by the angle 7 in the (4, 5)-plane, as indicated by the last factor in the brane
diagram (1), hence by acting with the super-isometry

exp (7r %’y45) = 945 € Spin(1,5) C ISO(R1’5|2'8+) .
This generates a cyclic group of order 4, being the spin double cover of the ordinary m-rotation action of Zs C
SO(1,5), whence we suggestively denote it by Z\Q:

{£1) =—— {+1}
! {
(nas) =~ Zs =t Zy — Spin(1,5)

¥ ¥

Ly — SO( ,5)

8We take the equivariance group G here to be a finite group. In fact, in the application below, we consider just G = Zs.
9Technically, this “system” of fixed loci is a presheaf of spaces on the orbit category of G, cf. [77, Ex. 2.20]



Since 45745 = —1, this action fixes none of the spinors except 0 € 2 -8, and hence its fixed super-locus is just
bosonic 4D spacetime: '°

(R1,6\2~8+)Z2 — RL3lo L RLSI284 (23)

The A/B-field on orbi-Mbs. Since therefore the avatar (G, GY) of the C-field super-flux densities (13) nec-
essarily vanishes on the fixed locus, t*(GY, G9) = 0, it is consistent to demand that in fact *(G§, G§) = 0 and
hence to ask the Zs-equivariant enhancement — according to (22) — of the previous Bianchi identities (19) to be
of form shown on the right in (25) below. Now the result of [77] says that this is indeed the character image of a
Zs-equivariantization (21) of the above twistorial Cohomotopy (20), namely of equivariant twistorial Cohomotopy
classified by Zy C CP3 where Zs acts by permuting the two factors in
CP? ~ ((C*xC*)\{0})/C*,

so that its fixed locus is the 2-sphere

(CP?)% ~ (C*\{0})/C* ~ CP' ~ S°. (24)
Namely, we have from [77, Thm. 1.1]

character map in equivariant

Equivariant 7 twistorial Cohomotopy
twistorial 71 Maps(z, (CP3) ;4 Hiz 4 (Z; [g4 (CP3)
Cohomotopy / ch s o2
dFy = 0
dH3 = ¢*"Gy + 2 »
dGy = 0
dGr = leica (25)
topological charge L
of A/B-field on [a] — IL* on
orbifolded M5
dF; = 0 722
dHs = FIF

Such Green-Schwarz-type Bianchi identities on M5-branes (like the d H3 = Fy F» appearing here) are tradi-
tionally motivated by anomaly cancellation, cf. [8, (1.32)].

Computing charge in equivariant twistorial Cohomotopy. For M5-brane orbi-topologies of interest here
(1), with worldvolume

ZyCEY = B A (2o CRY ) (26)
the inclusion of the fixed locus is evidently a Zs-equivariant homotopy equivalence
(21,5)22 — 21,3 c ; 21,6 . (27)
2

This implies that homotopy-classes of Zs-equivariant maps from ¥ to CP3 are in bijection to homotopy classes of
plain maps between the fixed loci — but this is just the 2-Cohomotopy of the Mbs orbi-singularity! Namely:

. eguivariant plain
twistorial Cohomotop}i 2-Cohomotopy
o Maps (217, ((:P?’)/;4 ~ o Maps((21’5)22, (CP?’)Z?) ~ moMaps(Z'?, §?) = *(2'?). (28)
of orbi- (27) (24) of orbi-
worldvolume singularity

In conclusion, so far:
Fluz quantization on orbifolded M5-worldvolumes in equivariant twistorial Cohomotopy,
which generally reflects a list of expected M-theoretic topological effects,
specializes on orbi-M5 worldvolumes of the form (1)
to flur quantization in 2-Cohomotopy of the orbisingularity 13 C X1,

But this is most interesting, because codimension=2 solitons flux-quantized in 2-Cohomotopy are anyonic [74]:

Soliton moduli on Seifert orbi-M5s. Finally we fully specialize the M5-worldvolume domain 15 from (26) to
the case announced in (1), where:

1,5 . 1,0 2 1 2
5 orb; tin, tra M. D
-~ W Ne gy NSy, th . orbj,
Orldvolume s erse Space €ory Circle 1folq

10Besides the full fixed super-locus (23), there is also the intermediate one for the unique non-trivial proper subgroup {1} C Z\z of

order 2, which is (Rl*f’ ‘ 2'8:){i1} = RL510 But since this locus does not further add to the discussion, for notational brevity we
disregard it in the following.



(Here we are considering the “uncompactified” M-theory circle, R!, as befits the fully non-perturbative situation,
but we retain the condition that solitonic fields vanish-at-infinity also in this direction — which still gives an effective
circle but with reachable point-at-infinity.) It follows that the topological quantum observables in degree=0 — as
in (11) — on such flux-quantized M5-worldvolume domains are:

homology moduli of equivariant
of  twistorial Cohomotopy
o (y1,5 3\ 22 ~ (T2 1 2).
Obsy = Ho(Maps(S1?, CP%)%,; C) = Ho (Maps (B2, A RY ), 5%); C) o)

1

Hy (Q MapS(Ra{oo}7 52); (C) .

GConf (R?)
Remarkably, as indicated under the brace, a classical theorem [81] says that Maps (R% (oo} 52) o~ G(Conf (R2)) is
the “group-completed configuration space of points” on the plane, which means that:

(i) Conf(R?) is the space of finite sub-sets of R? (cf. [43]), here to be thought of as configurations of unit-charged
solitons in their transverse space,

(ii) G(---) is the analogous space given by including also anti-solitons of negative unit charge — so that their
total number forms the additive group Z under pair creation/annihilation, instead of just the semi-group N
(whence “group-completion”);

(iii) Q(---) is the space of based loops of such soliton/anti-soliton configurations, hence of trajectories where
soliton /anti-soliton pairs appear out of the vacuum by pair creations, then braid their worldlines around each
other, and finally annihilate again into the vacuum, thus forming links in R? (as indicated in Figure B);

=)

)

(iv) more precisely, [56] says that G(—) is a regularized form of the naive soliton/anti-soliton configuration space,
which by [74] means that Q G(—) is not just the naive space of links but the space of framed links, where the
framing is just that traditionally used to regularize Wilson-line observables of Chern-Simons theory!

From here on, the analysis of the quantum states of these solitons proceeds just as in [74]. 1!

Figure B. A generic element in the moduli space of solitons on M5 orbi- %] %]
worldvolumes flux-quantized in equivariant twistorial Cohomotopy is, according to

(29), a process where soliton/anti-soliton pairs in the first factor of (1) appear out

of the vacuum, braid their worldlines around each other, and finally annihilate into

the vacuum again.

Just such processes are traditionally considered as topological quantum computation
protocols (cf. [44, Fig. 17](30, Fig. 2][62, Fig. 2][15, Fig. 2][64, Fig. 3][63, Fig. 1]

[79, Fig. 7]).

The close analysis of [74, §3] shows that the resulting links are in fact framed, \

which is known as the regularization of the corresponding Chern-Simons Wilson

loop observables. (%] (%]

Topological-sector light-cone quantization. The homology of a loop space as in (29) carries the extra structure
of a star-algebra (in fact of a Hopf algebra), known as the Pontrjagin algebra-structure, whose product operation
is the push-forward in homology of the operation “conc” of concatenation of loops (cf. [70, (20)]):

H,(QFields; C) ® H, (QFields; C) ~ H,(QFields x QFields; C) ones H,(QFields; C),

Kiinneth push-forward along
L isomorphism loop concatenation j\

Pontrjagin product

and whose star-involution (antipode) is the push-forward along the operation “rev” of reversal of loops followed by
complex conjugation of the coeffients:

Hy (QFields; €) — """ H,(QFields; C) — " H,(QFields; C)

L loop reversal j\

Pontrjagin star-involution

time

riodic spacg

<

In algebraic quantum theory such a star-algebra may be understood as an algebra of quantum observables (cf.
[9, §2.2]) where the operator-ordering corresponds to time-ordering ([19, p. 35][20, p. 381], cf. [53, pp. 33]) and
the star-involution reflects time-reversal. Therefore we may think of (29) as being a topological-sector light-cone

I [74], the passage from the twisted 3-Cohomotopy (18) on M5 worldvolumes to plain 2-Cohomotopy was enforced by orientifolding
after assuming the background C-field charge to vanish. But since it is not so clear how to orientifold the twisted 3-Cohomotopy in the
presence of background charge we are here improving on this model by instead flux-quantizing in twistorial Cohomotopy on orbifolded
worldvolumes.
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quantization, namely in a frame where the system continuously loops around the M-theory circle while evolving in
time.

In the degree=0 that we will be focusing on here, all this simplifies: The degree=0 Pontrjagin algebra is just
the complex group algebra [59] of the fundamental group of the field moduli:

Hy(QFields; C) ~ C[mgQFields] ~ C[mr Fields]. (30)

In the case at hand (29) is the group algebra of the third homotopy group of the 2-sphere
0 (Q Maps(R%{oo}, S2)> ~ T (Maps(Rb{m} /\Ra{oo}; (C) ~ (Maups(s?’7 32)) ~ 713(58%) ~ 7, (31)
which is generated by the framed link representing the Hopf fibration, which is the unit-framed unknot (by [74,

(26)])-

Anyonic quantum states. Now one finds [74, Thm. 3.18] that the framed link diagrams L as indicated in Figure
B contribute through their total linking number #L (including self-linking/framing number) to (31):

QMaps(Ra{oo}, 5?) ——» 7 (Ql\/IapS(Ra{m}7 52)) ~7

(32)

where (L;)X; denote the connected components of L. But this is just the invariant seen by Chern-Simons Wilson-
line observables ([86, p. 363], cf. review in [49, (5.1)]) — including their usual framing-regularization!

More in detail: The pure quantum states |k) on an abelian star-algebra of quantum observables such as (31)
correspond (via their expectation values) to algebra homomorphisms (cf. [92, Ex. 13.3-4]):

HO(QMaps(Ra{OO}, 52); (C) L

C,

and the group algebra on the left is generated by the class of the unit-framed unknot, such a state is fixed by
the expectation value of this framed link, which by the reality and normalizability condition on states is some
unimodular complex number exp(27i/k). With this, the expectation value of a general framed-link observables is
hence ([74, Prop. 4.3])

(k|L|k) = exp (% #L) (z> exp (%(Zﬁ"m(lji) + Zlnk(Li,Lj)D .

These expressions are exactly ([74, Rem. 4.5]) the properly regularized expectation values of the Wilson loop L in
U(1)-Chern-Simons theory, thus identifying our quantized solitonic field configurations, tracing out these links L,
as being abelian anyons.

5 Conclusion & Outlook

On the backdrop of arguments that M-theory — and here specifically the worldvolume theory of M5-branes — could
provide the missing microscopic theory for strongly-coupled/correlated quantum systems — such as topologically
ordered quantum materials with anyonic quantum states —, we have turned attention to the first phenomenon to be
taken care of when completing 11D supergravity by non-perturbative effects: namely the global solitonic completion
of its usual local field content by flux quantization laws in (nonabelian) generalized cohomology.

By systematic discussion of the super-space Bianchi identities for the “self-dual” tensor field on M5 orbi-
worldvolumes, following [32], and invoking recent mathematical results [26][77] on the relevant low-dimensional
algebraic topology for identifying and analyzing its somewhat subtle flux quantization laws that are actually
admissible (not just in the “decoupling limit” from the bulk SuGra), we identified one flux quantization law
that is both technically admissible as well as plausible in that it satisfies a whole list of checks reproducing subtle
expected topological effects in M-theory: this is the “equivariant twistorial Cohomotopy” theory developed in [77],
in further refinement of the twistorial Cohomotopy of [25] and the twisted Cohomotopy of [22][23].

The key observation we made then is that on trivially Seifert-fibered M5 orbi-worldcolumes this flux quantization
in twistorial equivariant Cohomotopy has the remarkable property of reducing to plain 2-Cohomotopy on the 1+42-
dimensional orbi-singularity (times the M-theory circle). This allowed to next invoke recent results of [74] to
rigorously deduce abelian anyonic quantum states of the resulting solitonic field configurations in 14-2D.

We suggest that this result may point the way to break the theoretical impasse both in strongly-coupled quantum
systems (where true microscopic understanding tends to be missing) and in the development of M-theory (where

11



the web of conjectures has been lacking anchoring in a tangible foundation) and in their combination by holographic
duality (where the unrealistic limit of a large number N of “coincident” branes has been serving as a crutch):

The result indicates that the systematic flux-quantization of M-branes probing 11D SuGra backgrounds —
largely ignored in previous literature — is a substantial first step in the notoriously necessary but previously elusive
“completion” of 11D SuGra towards M-theory, and hence potentially towards a first-principles theory of strongly-
coupled quantum systems.
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