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Abstract

It is an old idea that higher-dimensional super-gravity (SuGra) is put on-shell just
by imposing Bianchi identities on super-field strengths over super-spacetimes subject
to super-torsion constraints. We give a modernized, rigorous account and review re-
cent developments, pointing out how this perspective lends itself to the construction
of infrared completions of SuGra by electromagnetic (i.e., “duality-symmetric”) flux
quantization laws A lifting the coefficient Loo-algebra [A of the super-Bianchi identi-
ties. After surveying necessary background, we highlight:

(i) our recent proof that solutions of 11D SuGra are equivalent to the [S*-Bianchi

identities on super C-field flux over super-torsion-free 11D super-spacetimes,

(ii) how from this the nonlinearly self-dual gauge sector on 6D Mb5-brane worldvol-
umes is equivalent to the [g4S7-Bianchi identity on super B-field flux,

(iii) and the recent complete discussion of superspace dimensional reduction of this
situation to 10D IIA SuGra via [Cyc(S*)-Bianchi identities on super NS/RR-flux,
together with its extension to further reduction to 9 SuGra via [Tor(S*)-Bianchis
on the corresponding super-fluxes.

We close by indicating how this implies consistent infrared completions of 11D SuGra
by C-field flux quantization in 4-Cohomotopy, of 10D ITA SuGra by NS/RR-field flux-
quantization in a form of twisted unstable K-theory, and of M5-brane worldvolumes
by B-field flux-quantization in twisted relative 7-Cohomotopy. The latter admits geo-
metric engineering of experimentally relevant topological quantum orders.
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Superspace Supergravity 1. Overview

1. Overview

Super-gravity (SuGra) originated over 50 years ago with [FNFE76; DZ76] following [VAT72;
VST73]. Its superspace formulation was pioneered by [AVS77; WZ77; GWZ79; SG79; GSWS80);
How82; DF82; Gat83; CGO87; GLORKI]. General introductions and reviews include: [Nie81;
Cre82; Wes86; DNP86; SS89; CDF91; WB92; BK95; Wei00, §31; FV12; Frél3, §6-9; Ort15;
RV20; Sez23; DT23]. We follow [GSS24b; GSS24c; GSS25a; GS26].

1.1. Motivation

The theoretical idea of SuGra is rather suggestive: Where ordinary gravity is (cf. [Kra20,
§3]) Cartan geometry for the Spin subgroups of Poincaré groups (local Lorentz symmetry),
the latter have natural (higher) supergroup extensions (super-symmetry, SuSy, cf. [Fre99;
Var04]), and super-gravity is essentially the Cartan geometry for the Spin subgroups of these
(higher) super-Poincaré groups (local super-symmetry). We discuss this in § 3.

Physical motivations. Less widely appreciated may be that discussion of super-gravity
has concrete physical motivations (beyond the widely discussed application of holography to
solid-state physics and quark-gluon plasma physics):

In fundamental physics, the high-energy local SuSy embodied by SuGra remains phenomeno-
logically viable, in contrast to the low-energy global SuSy that has notoriously not
been seen in experiment. In particular, SuGra is known [nl.a26a] to improve models
of inflationary cosmology, by naturally furnishing not only the required scalar fields
themselves but also explaining their observationally favored plateau potentials (the
a-attractor mechanism) and their stability against quantum corrections (resolving the
n-problem).

In particle physics, despite common perception, (approximate) super-symmetry is experi-
mentally seen in the form of hadron super-symmetry [nLa26e], in the “flavor sector”
instead of the commonly considered “color sector” of the standard model. Here it
naturally fits into holographic models realizing quantum chromodynamics on super-
gravitational branes.

In solid-state physics, topological order in quantum materials is a 21st-century holy grail,
plausibly necessary for stabilizing future utility-scale quantum computing hardware.
To date, a single class of candidate systems has been experimentally realized with
certainty: fractional quantum Hall (FQH) liquids.

Remarkably, it has been established [nLa26g] that the gapped excitations of certain
non-abelian FQH liquids fall into multiplets comprising a (massive graviton-like) spin-2
magneto-roton and a (massive gravitino-like) spin-3/2 neutral fermion mode which are
partners under an emergent super-symmetry, suggestive of an effective (2D massive)
super-gravity description.

Furthermore, the effective symmetry of FQH excitations is “special” diffeomorphism
invariance (Wy-symmetry). In combination with SuSy this matches the characteristic
symmetry on super p-brane probes of super-gravity backgrounds, suggesting that the
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effective field theory of FQH liquids may naturally be understood via geometric engi-
neering of strongly coupled quantum systems on branes probing super-gravity orbifolds
[SS25¢; SS25b].

In mathematical metaphysics, the brane bouquet [HS18; FSS19a, Fig. 1; FSS15b] shows
that out of the superpoint — the classifying space for fermion fields per se — grows
a hierarchy of (the local structures of) ever higher-dimensional super-gravity theories
and their super p-brane content, culminating in the local structure of 11D super-gravity
with its M2/Mb5-branes. Therefore, super-gravity and branes are fundamentally hard-
coded into the BIOS of mathematical physics. The surprising emergence of SuGra in
the effective theories of hadrons and of FQH liquids, noted above, may be an instance
of this universality.

We further relate to some of these applications in § 4.3. We will arrive there by revisiting
the theoretical foundations related to the appearance of higher gauge sectors in higher-
dimensional formulations of supergravity (cf. Fig. 1).

Figure 1: It is widely appreciated that lower-dimensional SuGra tends to be best understood as
dimensional reduction of higher-dimensional SuGra (cf. Fig. 2) involving higher gauge fields. Less
attention has been devoted to the fact that the latter only make global sense after a choice of
electromagnetic flux quantization. Here we discuss how such admissible (infrared) completions of
SuGra are controlled by the Bianchi identities on superspace.

low dim reduction of higher-dim governed by higher
SuGra SuGra gauge sector j
requiring

global completion ~ controlled by - gjanchi identities
by flux quantization on superspace

Higher dimensions. Local SuSy drastically constrains the possible field content and cou-
plings of super-gravity theories. As a result, it is a famous phenomenon that lower-dimensional
SuGra theories tend to be most transparently understood as (Kaluza-Klein, KK) dimen-
stonal reductions of higher-dimensional SuGra theories (cf. [Cre82; DNP86; Ortl5, §22.1;
DNP26]). Here the extra dimensions serve as a neat geometric encoding of consistent fields
and couplings in lower dimensions (cf. Fig. 2).

At the top of this hierarchy appears D = 11 N = 1 super-gravity, usually just called 11D
SuGra (cf. § 3).

Hence, even if one is a priori interested in low-dimensional SuGra, analysis of the theory
tends to involve higher-dimensional versions.

Higher gauge sectors. Now, a key phenomenon of higher-dimensional SuGra is the nec-
essary appearance of further bosonic fields', specifically of higher gauge fields (cf. [Szal3;
SS26f]).

1A quick way to understand the necessity of further fields is that the dimension ~ 2LP/2] of the space-
time spinor representations grows faster with the spacetime dimension D than the number of (metric)
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heterotic SuGra does not.)

Concretely, what appears in the equations of motion of higher-dimensional SuGra are flux
density differential forms F), (cf. [SS25d, §2]) of higher degree p.

For instance, 11D Sugra involves a 4-flux density G4 and a 7-flux density G7 (the flux of
the C-field) subject to these equations of motion ([MS06, §3.1.3], cf. Rem. 3.20):

duality-symmetric d G4 =0 5
Bianchi identities
ianchi identitie dG7 _ %G4 A G4’

This (1) is clearly a higher-degree version of Mazwell’s equations for the electromagnetic flux
density Fy in 4D (the flux of the A-field), which famously read as follows [Car24, §80]:

luality-sy tric dFQ:O’
C lm 1‘:1715'_\(;1?“11(_,1 _I(‘I(, GQ = *FQ duality constraint (2)
Jianchi identities d G2 — J3 ’

(for some prescribed electric current density Js).

G7 = *G4 duality constraint , (]_)

It follows that locally on a chart U <> X110 of spacetime the higher gauge field of 11D
SuGra is given by a differential 3-form C5 and a differential 6-form Cjg

ng = L*G4, (3)
dCG + %Cg AN L*G4 = L*G7,
(originally called the 3-index photon and its dual, now usually just called the C-field) in

higher analogy to how the electromagnetic field is locally on a chart U <% X3 given by a
differential 1-form A; (the vector potential) with

dA, = 'F,. (4)

components ~ D(D — 1)/2 of the gravitational field, hence requiring further bosonic fields to satisfy
super-symmetry between bosonic and fermionic fields.
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Infrared completions. However, this raises a crucial question that has remained largely
underappreciated. What is actually needed in applications (at least to topological quantum
orders) are globally defined SuGra theories — meaning defined at large scales, jargon: in the
infrared (IR) — namely with well-defined topological (brane) charges.

For the example of the ordinary electromagnetic field, it is well-known that in addition
to the local (chartwise) vector potentials A; (4), it involves further data, given by speci-
fied gauge transformations (transition functions) between gauge potentials associated with
different charts where these overlap. Moreover, where three charts overlap, these gauge trans-
formations are required to satisfy a consistency constraint that implements the quantization
(in the sense of: discretization) of electromagnetic flux/charge.

This highlights that the global definition of the C-field in 11D Sugra also must involve
more data than the local 3-form potentials C3 (3) that are usually considered, exhibiting a
higher form of flux quantization.

Hence, already classically (before entering the topic of quantum field theory) we find that:

To completely define a higher-dimensional super-gravity theory requires an admissible
choice of global completion of its higher gauge field sector by flux quantization.

Since such completions concern the behavior of fields at large spacetime scales (not cov-
erable by a single coordinate chart), we may speak of infrared completions.

Hence, after 55 years of SuGra theory, it is time to ask for the actual globally complete
formulation of these theories — providing for super-gravity what Dirac’s charge quantization
argument began to provide in 1931 for Maxwell’s theory (from 1865).

Questions and Answers. Hence here we ask (and answer) the following questions:

What is the C-field, globally (“model of the C-field”)?

Hence:
What is 11D SuGra globally, what are its IR-completions?
What are its compatibly IR-complete dimensional reductions?
Then:
What is the “self-dual” field on M5-branes, globally?
Hence:

What is the M5 globally, what are its IR-completions (“M5-brane model”)?

Flux Quantization on Superspace. This leads us to revisit the higher gauge sectors of
higher-dimensional SuGra. Here we encounter a miracle [GSS24b, Thm. 3.1][GS26, Thm.
3.4] previously not fully appreciated:

When formulated on superspace, the equations of motion of 11D Sugra and its KK-
descendants are equivalent to the gauge sector equations (2), thus allowing for infrared
completions by covariant flux quantization.

We next survey what this means.
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1.2. Formulation

Superspace super-gravity. The SuGra field content and equations of motion tend to ap-
pear intricate and opaque when expressed in terms of fields over ordinary spacetime.

But just as plain gravity is intrinsically a theory of spacetime geometry rather than a
theory of fields over spacetime, so super-gravity becomes conceptually more transparent as
a theory of super-spacetime geometry (cf. § 2). This perspective geometrizes the symmetry
principle, realizing local super-symmetry as super-diffeomorphism invariance.

Or rather, such a picture is what the practice of super-gravity suggests [CDF91], even if
precise formulations have remained elusive in the physics literature.

Super-Spacetime. More concretely, for N a real linear representation of Spin(1,d) with
equivariant pairing -
(5T(-) : N©, N — R, (5)
the (1,d|N)-dimensional super-Minkowski spacetime is the superspace whose algebra of
smooth functions is freely generated from 1 + d even-graded coordinate functions z® and
N odd-graded coordinate functions '

Co(RMN) = C=(RM) @, A*(NY), (6)

and equipped with the super-coframe field (E, V) given by

E® = da® + (01*d0) dE® = (Ir*w) ™

U = do*, dv® = 0.
Regarded as left-invariant super 1-forms, this witnesses R"N as a supergroup (cf. [GSS26a,
§3.1]), and as such, the identities from (7) are precisely the defining cochain conditions of
its tangent super-Lie algebra structure. Its semidirect product R“IN x Spin(1,d) is the
super-Poincaré group in dimension (1, d|N), traditionally called “D = 1+d, N = N super-
symmetry”.

} hence satisfying {

A general (1, d|N)-dimensional super-spacetime X 4N (§ 2.3) is a super-manifold equipped
with a super coframe

(B, )y : T )XLdN = RLIN (8)

and a Spin-connection 2 that satisfies the (super-)torsion-free condition in the bosonic di-

ti _
rectrion d E® + Qab Eb — (WFGW) ) (9)

We stress that this is nothing but the curved and globalized Cartan geometric extension of
the corresponding (bosonic) tangent-space-wise cochain condition from (7), now to arbitrary
super-manifolds.

In this vein it is natural to also consider flat-space avatars for the bosonic flux densities
and then promote these to curved spacetime:

Avatar super-flux. Remarkably, super-Minkowski spacetimes turn out to carry super-
symmetric super-forms whose de Rham differential models the duality-symmetric Bianchi
identities of the corresponding super-gravity theories.
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For instance, in 11D the superforms (we notationally suppress the wedge product symbol)

0 . 1(ys a a
Gé T 21(\11Fa1a2\11)E LR , on R1,10\32 (10)
GY i= L(UDy,..q U)E™ -+ B
miraculously satisfy the following equations (Prop. 3.12, cf. [FSS17, §2]):
dGy =0
g 10 A A0 (11)
of the same form as (1)!

Besides solving the expected equations of motion, such avatar super-flux forms satisfy
expected duality relations, such as M/ITA duality [FFSS17] and T-duality [FSS18; GSS25b].
Hence, in some sense the avatar super-fluxes preconfigure the structure of super-gravity
theories.

It is therefore natural to promote flux densities F,—; on ordinary spacetime X4 to super-
fluz super-forms on super-spacetime X N by adding to ﬁ(szl)al...%HEal -« %1 the
corresponding avatar super-flux.

For instance, on 11D super-spacetime X %32 the super-flux forms are, with (10):
G = 5(G)ayea B - B% 4 3(UDy,,, W) B B2
G35 = 2(G)ayear B - B+ L(UT,,. 0y W) E™ - B

=]

} on X 11082, (12)

~

The Miracle. A particularly clear picture emerges in 11D: Here it turns out ([GSS24b,
Thm. 3.1], reviewed in § 3.1) that solutions of 11D super-gravity are equivalent simply
to super-torsion-free super-coframes (8) (encoding the super-gravitational field) supporting
super-flux forms (12) (encoding the C-field) subject to the Bianchi identities (1):

{ Super-torsion-free (1, 10|32)-coframe

& super-fluxes satisfying Bianchis (1) } < { Solutions to 11D SuGra } : (13)

This equivalence is a veritable miracle: Its proof involves pages of analysis and excessive Clif-
ford algebra computations that a contemporary personal computer takes about 11 minutes to
verify [GSS24al: After analysis of the many components of the superspace Bianchi identities,
the result still hinges on a massive conspiracy of combinatorial prefactor cancellations.

Rheonomy. Moreover, this result (13) involves a phenomenon called rheonomy (so named
in [CDF91, §I11.3.3], discussed in § 3.1.4): The gravitational and flux fields on super-
spacetime a priori have many more components than the actual fields on ordinary spacetime.
But the super-Bianchi identities imply differential flow equations (whence “rheonomy”) along
the odd-graded directions of super-spacetime, whereby the superfield solutions turn out to
be uniquely determined by their restriction to ordinary spacetime.

Role of the Bianchi ldentities. It was early on realized that super-gravity equations of
motion tend to be at least close to being equivalent to superspace Bianchi identities subject
to certain torsion constraints (cf. [GWZ79]). This concerns the classical Bianchi identities
[Car23] satisfied by the curvature and the torsion tensor of a Spin connection (now on
superspace), but also the analogous equations for the higher flux densities (cf. Tab. 1).
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Here the classical Bianchi identities (on curvature and torsion) are of course implied
(solved) once a Spin-connection is given, which we will take to be part of the data of a
super-spacetime. The remaining Bianchi identities on the flux densities are the equations of
motion in the higher gauge sector.

Table 1: The field content of higher-
dimensional super-gravity has a gravity sec-
tor (modeled by a super-coframe field and Bianchis on: curvature duality-symmetric

. . . : & torsion flux densities
Spin-connection) and a higher gauge sector.

Gravity sector Gauge sector

Role of Duality-Symmetry. What drives the statement (13) is the imposition of the su-
perspace Bianchi identities specifically on the “duality symmetric” flux densities (1). While
this possibility has briefly been considered in [CDF91, §I11.8.5] (cf. also [CL94, §6]), the
understanding that the duality-symmetric super-flux Bianchi is the master constraint to put
the theory on-shell has only been realized in [GSS24b, Thm. 3.1; GS26]. This perspective
puts the higher gauge sector into the center of attention and hence lends itself to the further
global completion of the theory (Fig. 1).

Characteristic L.-Algebras. To systematize this, a key observation (Prop. 3.4) is that
duality-symmetric Bianchi identities are equivalently the closure conditions for differential
forms with coefficients in a characteristic Loo-algebra® a:

{ Duality-symmetric } o { Closed forms with } (14)

Bianchi identities coefficients in a

For instance, the flux Bianchi identities (1) for 11D SuGra are characterized by the
Lo-algebra a = [S*) also known as the C-field gauge algebra [Cre+98, (2.6)][Lav+99,
(3.4)][KS03, (75)][BNS04, (86)][Sat10, (4.9)]:

" U3 [vs] = 0 [vs,v3] = vg
[S* ~ FreeLooAlg<U ) / ([UG] — 0.[vp—] = O) (15)
in that:
Gye QL(X) | dGy = 0
{G7 € QR(X) | dGr = LG4 A Gy

As the notation indicates, these characteristic L..-algebras tend to be associated with

classifying spaces A,
fying sp (I4), = m(QA) ®, R, (17)

carrying the higher Whitehead brackets on the real homotopy groups of the loop space. This
encodes the R-rational homotopy type of A (§ 4.2).

Loo-valued differential forms

~ 1 . 4 closed (flat, Maurer-Cartan)
} ~ QL(X;18) : (16)

Dimensional Reduction. One insight gained from identifying the characteristic L..-algebra
(14) is that it determines the minimal set of super-flux Bianchi identities which puts the
theory on-shell after dimensional reduction (§ 3.2).

2Basic background on L..-algebras is recalled in § A.2. Beware (Rem. 3.6) that these characteristic Lo-
algebras a (14) serve as coefficients for the (globally defined) flux densities, and thus play a different role
than the super L.c-algebras which may be identified [FSS19a; FSS15b] as implicit in [CDF91], where
they serve as coefficients for (locally defined) gauge potentials, instead.
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Namely, if a = [A (17) is the characteristic L.-algebra of a SuGra theory, then the Bianchi
identities of its dimensional reduction along a circle fiber are characterized by [Cyc(A), where

Cyc(A) := Map(S*,A) /St (18)
is the cyclic loop space (the homotopy quotient of free loop space by rigid rotation of loops).

Generally, for dimensional reduction along the fibers of a G-principal bundle, the resulting
Bianchi identities are characterized by [Cycq(A), where

Cyci(A) == Map(G,A)/G. (19)

Nevertheless, here we shall be considered only with toroidal reductions.
For example, closed differential forms with coefficients in the cyclification of (15) yields

F, e Op(X) | dF, =0
F, € Qp(X) | dF, = —F, A H;
QL(X;1Cye(SY) ~ { Fy € QSx(X) | dFs = Fy A Hs : (20)
Hz € Qg(X) | dHs = 0
Hy € Qip(X) | dHy = LB AFy+ Fy A Fy

which are the solutions to the (duality-symmetric) NS/RR-flux Bianchi identities of 10D
N = (1,1) (type ITIA) SuGra (cf. Fig. 2).

Dimensionally reducing once more, or better, directly from 11D to 9D, yields closed dif-
ferential forms with coefficients in the toroidification of (15) [SV25, p. 10; GSS25b, §2.4]:

dF, = 0

2
Fy € Qip(X ,
2 dFQZO
FQEQdR 1 1 2 2
dF4 = Fg/\H3+F2/\H3
2 1
dH; = —Fy N\ Hy
(21)
dH, =0
1 1 2 2
dH; = SFyANFy+ Fo NFg+ Fy A Fg
2 2 1
dFe¢ = —FyNH3z— Fy N\ Fj
F5EQ(5:1R

(
(
(
(
Q;(X;[Tor(S‘l)) ~ {Hj € QERE
(
(
E AFg = —Fy A Hy+ Fy A T

)

)

)

) ;

) d]li3:ﬁ12/\H2
)

)

)

)

)

2 1
dFs = H3NHs+ Fy N\ Hy
These are the solutions to the duality-symmetric flux Bianchis of 9D N = 2 SuGra, which
serve as the basis for T-duality between 10D ITA and IIB supergravities.

This pattern persists in a straightforward manner when reducing to the gauge sector of
lower (11— k)-dimensional SuGras, albeit with a huge proliferation in the number of (higher)
gauge fields, with the corresponding characteristic L..-algebras being the rational k-toroidi-
fications of S*.

In this fashion, superspace geometry together with the miracle properties of super-flux
yields a transparent description of the equations of motion of SuGra theories descending from

10
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11D SuGra. But perhaps most importantly, it paves the way to the global (IR) completion
of these theories: § 1.3.

1.3. Globalization

While the above discussion concerns a modernized streamlining of decade-old ideas and
completion of their proofs, we now come to a crucial aspect that has previously received little
attention: The global definition of the higher gauge fields appearing in higher-dimensional
SuGra, and with it the global (IR) completion of the entire super-gravity theory.

For the remainder of this section, we need to assume that the reader has at least a rough
idea of higher groupoids — we recall basics in § 4.2. Further exposition of the following
construction is in [SS25d; SS261].

Global Nature of Higher Gauge Fields. Given the flux densities and their Bianchi iden-
tities in a higher-dimensional super-gravity theory, the task is to specify the nature of cor-
responding full field data (cf. Fig. 3):

(i) gauge potentials A on an open cover X of spacetime by charts,
(ii) gauge transformations g where pairs of charts overlap,
(iii) gauge-of-gauge transformations between these where triples of charts overlap,

(iv) and so on, eventually subject to a condition which “quantizes” (discretizes) the topo-
logical charge embodied by this data,

and all compatible with the flux densities and their Bianchi identities.

Figure 3: A higher gauge field is only locally (on charts of an open cover) given by gauge potentials.
Its global structure furthermore involves gauge transformations between these where pairs of charts
overlap, gauge-of-gauge transformations between those where triples of charts overlap, and so on.

( N
¥ higher...
]dgranglanb see A X ; X ; X b
only Unb piece |
to1| Loz |t12
‘;w l + l«
y ~ )
Y X x X ...intersections
* *
1 - |4, ga a GA, ;X
QO.
«§ 2,
%, ¢ Lnl lbl
n'}- '6 )z open cover
o, o% P
(°4 £7
%, p
% )
X spacetime
. J

Such global completion of higher gauge fields is necessary to make global sense of (“cancel
anomalies” in) the Lagrangian mechanics of branes charged under these fields.

For example:

i) Dirac’s quantization of magnetic flux is motivated and justified by the fact (cf. [Alv85;
i) Dirac’ tizati f tic flux i tivated and justified by the fact (cf. [Alv85
Gaw88, §2]) that it gives consistent global meaning to the topological term

« exXp (27'('1 le,o Qs*Al)” (22)

in the exponentiated action functional for an electron worldline ¥ O, xnd propa-
gating in the given magnetically fluxed background.

11
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(ii) In the same vein, one should ask: What flux quantization condition on the combined C-
field (locally: Cs, Cg) in 11D SuGra and the tensor field (locally: Bs) on an M5-brane

worldvolume 15 -2 X110 ensures that the M5's exponentiated Hopf-WZW action
Ban+97, (1

| ) “exp (47ri S5 ((I)*Oﬁ — 2dBy A @*03))”, (23)
is globally well-defined?

This question was only answered in [FSS21al, using the method [FSS23; SS25d] that
we are concerned with here.

Gauge Potentials as Concordance. To motivate how this works, we may easily observe
(cf. [FSS23, Prop. 6.4]) that an ordinary abelian higher gauge potential, namely a p-form
potential A, on X for a flux density Fj,4; on X, is equivalently a concordance F' of closed
forms from 0 to Fj1;, namely:

F e ont(0,1] x X)

b (T
st. dA, = ' F, s.t.

~

F|1 =1 p+1 -
Here one side exists iff the other does, and the choices correspond to each other up to (finite)
gauge transformation (4, — A, + dA, ;) and concordance-of-concordances, respectively.

But the concordance picture on the right of (24) immediately generalizes from ordinary
closed differential forms to the closed a-valued forms (14):

Fo = 0 (25)

Duality-symmetric gauge potentials for ~
flux densities F' subject to a-Bianchis st {

Analogously, gauge transformations between such gauge potentials correspond to concor-
dances between such concordances ([GSS24b, Def. 2.46]), and so on.
One checks that these concordances correspond to the expected local expressions (§ 4.1).

For the case a = [S? (15) of 11D SuGra we have (Prop. 4.6, following [GSS24b, Prop. 2.48],
cf. [Ban25, §3.1]):

gauge gauge gauge
potentials transformation potentials
<C3) | (Bz) Cé =C3+dBsy
Cs \ B; Cl = Ce+dBs+1/2C4C3 ) - (26)
G4=dCjs
Gr = d06+1/2 C3Gy

Gauge Potentials as Homotopy. To understand how to consistently glue such local data
to a global gauge field as in Fig. 3, we observe that the system of higher a-concordances
forms a higher smooth groupoid, denoted®

whose n-morphisms are

J' Qil (* ; Cl) n-fold concordances of (27)

closed a-valued forms.

3The esh symbol [(—) stands for “shape” as in “shape theory” (referring to homotopy types of spaces),
which in the phonetic alphabet reads: /feip/.

12
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This is the object that classifies concordances in that
(i) smooth maps F : X — [QL(x;a) correspond to F' € QL(X;a);
F—— R
(ii) homotopies X U7 JQL(*;a) correspond to concordances F' between these;
Fr—
(iii) and so on.

Therefore, gauge potentials as in (25) correspond to homotopies of this form:

)?f 0 (28)
s

L Ql(ka) —— [QL (x5 a).

Gluing Gauge Transformations. Next, on double intersections of charts, hence over the
fiber product X *% := X xy X, these gauge potentials need to be glued by gauge transfor-
mations g (still according to Fig. 3). In terms of the classifying object (27), these correspond
to homotopies-of-homotopies as shown on the left here:

*
P
i)

Y 0 (29)

2

XJXX 0
lb L*ﬁJ
X i Qil(*? a) — ‘[Qil(*§ a).

Moreover, these gauge transformations need to be compatible, in that transforming in two
steps through a third overlapping chart is equivalent (concordant) to transforming directly
between a pair of overlapping charts.

This may be expressed by understanding the double overlaps X*% as morphisms in a
smooth groupoid, the Cech 1-groupoid

C(X); = (X4 —3—X) (30)
Lt —
and then asking for a single homotopy but now over this Cech 1-groupoid:
*
0
7
~ (Af.(l)
c(Xh oy 0 (31)

|
X £ QY (sa) —— [QL(x0).

In this formulation it is clear how to deal at once with the whole tower of higher gauge
transformations over higher intersections of charts: We simply ask for such a homotopy over

13
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the full Cech co-groupoid C ()7 ) But this is equivalent to X itself (since it is a resolution of

X and is a good resolution if X is a good open cover, cf. [SS26e, §4.1.7; SS26d, Ex. 4.3.45]):

101 —>

— > —~_3 HAoli ~_ 2 g ——> —~ L
C(X) == X*x i Noe—a— X | — X. (32
> <~ L] —
: L1122‘>

This way we find that the gauge potentials (on any open cover X , which we do not even
need to prescribe anymore), together with their whole tower of higher transition data by
higher gauge transformations over higher intersections, correspond simply to a homotopy in
the following diagram of smooth oco-groupoids:

*

Qil(*; a) — Iﬂél(*; a)

Or almost: This covers the case of trivial topological charge. But in this form it is now
straightforward to also bring in this last piece of data.

The Case of Ordinary Magnetic Charge. In the example of ordinary magnetic flux, where
a = [B%Z, the data encoded in (33) is equivalently of this form:

A e QR(X)st. dA = °F
A€ QX5 st dd = A - A (34)
0 = 11oA — 1A + L1 X

But the general electromagnetic field contains more data, as follows (a Cech-Deligne 2-
cocycle, cf. [Alv85; Gaw88, §2] and (226) below):

Ae Qp(X)st. dA = R
A€ QL (X05) st dd = A — A
n € COO<X/X§<;Z> St o= LA — tgo A F L A

. * p _ * * , _ * ,
0 = t193M — LyogM + Loz — Ly -

(35)

Here the cocycle condition for the real-valued gauge transformations A needs to hold only up
to a locally constant integer n (this makes these R-valued functions represent the expected
U(1)-valued transition functions) and that integer function itself satisfies a cocycle condition
on quadruple overlaps, which makes it a representative of a class in integral cohomology

[n] € H*(X;Z) ~ m Map(X, B*Z), (36)
this being the “quantized” (discretized) magnetic charge reflected by the electromagnetic
field.

In the usual 2-groupoid model for B?Z there is an evident map

2
ChB Z

B*Z JQL (% 1B%7Z) (37)

which sends the 2-morphism labeled n to a differential 2-form on the 2-simplex integrating to

14
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n. This map models the insertion seen in (35), making this data be equivalent to a homotopy
in the following diagram of groupoids:

B?*Z

chB%z (38)

Qg (+; [B*Z) — [ Qq(x; IB°Z).

General Flux Quantization. From this example, the general case becomes clear: We need
— and there canonically exists (§ 4.2) — for every (connected, nilpotent, of rational finite
type) classifying space A a map

A S5 [Ql(x; 14) (39)
which embeds A-cocycle data into concordance data. (Concretely, this map is essentially

what, in rational homotopy theory, is the rationalization unit on A.)

Thereby, a choice of classifying space A is admissible for duality-symmetric Bianchi iden-
tities characterized by a if
Y A =~ a, (40)

in which case it defines globally completed gauge fields as the data embodied by dashed
cones in the following diagram, encoding cocycles in differential nonabelian A-cohomology

([F'SS23, §9] discussed in § 4.2):

eI >
Wy & A
e /A S
P ars
- A/:/g
RS,
X 5 ch” (41)
N )
7R
~ F
N
SN

QL(ka) —— [Q(xa).

In the case that A ~ F,, is a stage in a spectrum of spaces E,, this construction reduces
[FSS23, Ex. 9.1] to exhibiting the gauge fields as cocycles in Whitehead-generalized differ-
ential abelian cohomology Elg ([HS05, §4], cf. [Bunl2]), such as differential K-theory (cf.
[Fre02; Szal3; GS22]). But beware that these abelian quantization laws are admissible (40)
only for linear Bianchi identities (cf. [FSS23, Ex. 5.6]), hence not for examples like (1) of

interest here.
Whitehead-generalized
differential abelian cohomology (42)
not admissible as flux quantization.

Indeed, the popular idea that 10D ITA SuGra should be flux quantized in K-theory (cf.
[Fre01, §3.7; SS25d, §4]) tacitly ignores the non-linear Bianchi identity of the Hz-flux (cf.
[BSS26a; GS26; BSS19]).

This is the crucial advance provided by the above construction (41), that it generalizes flux
quantization to flux with non-linear Bianchis as they actually appear in higher super-gravity.

Nonlinear
Bianchis
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IR Completed 11D super-gravity. And this construction works perfectly well in the gener-
ality that X is a supermanifold. Therefore it combines with the miracle (13) to the following
remarkable statement:

The global IR completions of 11D SuGra are parameterized by classifying spaces A of
the rational homotopy type of the 4-sphere, [A ~ [S%.

Given such a choice of C-field flux quantization, we have:

1,10|32 super-torsion-free
x> S {super—spacetimes )

‘0‘&‘?_8,5 ———————————————— ~ A
o8-
Global solutions of 11D SuGra /?B/”' z
with C-field fluxes (G4, G7) o - oA (43)
1 QO
quantized in A-cohomology X Ll0[s2 \’f/;/ 7 ch#
(e

NZes
ﬁz%s\fi

Qél(*; [54) = IQ}:I(*; [S4> .

This baseline understanding of global completion of 11D super-gravity by C-field flux
quantization generalizes to various kinds of further structure, notably to the presence of
probe Mb5-branes [GSS24c¢; FSS21b] and to orbifold spacetimes [SS20; SS25b).

Brane Charges in Nonabelian Cohomology. With the global completion of SuGra in
hand, we have access to the topological charges of the theory, which for 11D Sugra are the
charges of M-branes.

One finds [SS26¢, §2.1; SS26f, (189)] that these constitute the nonabelian cohomology
([Toe02, Def. 6.0.6; Lurl4, Def. 6; FSS23, §2], cf. [SS25g, §1; SS26e, §4]) of spacetime with

flicients in QA:
coefficients in HY(X;QA) == moMap(X,A). (44)

In particular this means that the charges of singular (“black”) p-branes (those whose
singular worldvolume is deleted from spacetime, cf. [SS25d, §2.2]) are in the Q2A-cohomology
of the d — p — 1-spheres surrounding them and hence fall into the homotopy group of A in
degree d — p — 1 (cf. [SS23)), in that (for simply connected A):

H'(RY —RY; QA) = mo Map(RY — R, A)
~ Ty Map(Sd_p_l,A) (45)
~ Tq_p-1(A).
Due to the admissibility condition (40) and by basic facts of rational homotopy theory, these

charge groups may have integer subgroups Z — signifying non-fractional brane species —
precisely if d — p — 1 equals the degree of one of the flux densities F,;_,_; in the theory.

This is what is expected in the physics literature: That non-fractional (non-torsion) p-
brane charges are witnessed by a nontrivial integral of the appropriate flux density over any
(d — p — 1)-brane surrounding them.

In particular, Dirac’s original argument for quantization of the charge of magnetic monopoles
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(the O-branes of electromagnetism) here comes down to:
Dirac monopole Hl (RI,?, _ RI’O; 932z) ~ T Map(sa’ B2Z) ~ 7T2(32z) ~ 7. (46)

charges

Global Completions of 11D SuGra. Of the (infinitely) many admissible choices for the
global completion of 11D SuGra, we here briefly mention the following three (further dis-
cussed in § 4.3):

For the [S*-Bianchi identity (16), admissible flux quantization laws A (40), A ~ [S4
include:

(i) the homotopy fiber space of the rationalized cup square on B4Z:

O sy B8Q> . (47)

A = niib(B'Z
This choice completes the G4-flux to a differential integral 4-cocycle (a “U(1)-bundle
2-gerbe connection”, as direct higher generalization of how F, is quantized in (35) by a
U(1)-bundle connection) and essentially imposes the non-linear second Bianchi identity
(1) only on G itself, not though on its integral charge structure.
Essentially, this choice is tacitly the C-field flux quantization traditionally considered
in the literature [AJ04; DEMO7; FSS15¢].
Of course, with GG; remaining essentially unquantized with this choice, it cannot imply
the (Page) charge quantization of M2-branes. In any case, there are other choices one
may consider:

(ii) the 4-sphere itself: A= Gt (48)

This choice, originally proposed in [Sat18, §2.5], is the minimal choice in number of

cells (hence it is “universal” in that its charges map into the charges for all other
choices).

In [FSS20; FSS21a; SS23] it was shown that this choice implies a whole list of subtle
topological conditions that are expected in M-theory, notably it implies:
a) [FSS20, Prop. 3.13]: the ;p;-shifted integral quantization of G4 argued in [Wit97b],
b) [FSS21a, Thm. 4.8]: global consistency of the M5’s topological term (23).
Closely related to the second point is the more immediate statement that A = S*
quantizes not just the charge of black M5-branes but also of black M2-branes, because,
fIe Map(RLlO —R1’5,S4> ~ m,(8%) ~ 7Z,

49
mo Map(RY10 — RY2 §%) ~ 7,(54) ~ Z @ Z)p5. (49)

These results support the hypothesis that (48) is the “right” choice of global completion
for the purpose of “M-theory” and as such the choice (48) has been called Hypothesis
H ([F'SS20], since it implies that M-brane charges are in the nonabelian cohomology
called co-Homotopy [Hub9, §VII|[FSS23, Ex. 2.7], hence “H-cohomology” analogous to
the more familiar K-theoretic “K-cohomology”).

This is the choice we will be concerned with below. But there are still other choices of
interest:
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(iii)

the homotopy fiber of the squared second SU(2)-Chern class:
A= hﬁb(BSU(Q)  piz 0% BSZ> . (50)
Since §* ~ HP! and BSU(2) ~ HP> (quaternionic projective spaces), one may

understand this choice as a kind of hybrid of the previous two choices (47) and (48).

[ts noteworthy property is [BSS26a] that under dimensional reduction to 10D, it implies
a flux quantization of type ITA super-gravity which is a form of twisted unstable K-
theory.

The topological charges predicted by this choice are actually indistinguishable from
those predicted by Hypothesis H on spacetime compactifications of the form X110 ~
R'3 x X7 since the canonical comparison map

[ hﬁb(BSU(z) < pig 0% B82> (51)

is a 7T-equivalence [BSS26a, Thm. 2.6]. In particular, this choice predicts the same
M-brane charges as in (49).

Conclusions.

(i)
(ii)

(iii)

(iv)

(vi)

Global (infrared) completion of (higher) gauge fields is part of what it means to actually
define a field theory, including its topological (brane) charges.

For theories like higher-dimensional super-gravity with its non-linear Bianchi identities
(in duality-symmetric form) such completion requires flux/charge quantization in dif-
ferential nonabelian cohomology going beyond differential abelian (stable) cohomology
theories like ordinary cohomology and K-theory.

The choice of global completion/flux quantization has direct implications on physical
observables, notably it determines the fractional brane species through the torsion
charges these carry.

Hence different global completions of the same equations of motion yield distinct field
theories. If one takes the physics to be described as fixed (such as: “M-theory”)
then a choice of global completion of its field content is a hypothesis about its correct
theoretical description.

This IR-resolved theory space is waiting to be explored. Notably it remains to be
determined which IR-completion of 11D SuGra is the actual low-energy limit of “M-
theory”.

Once a choice of global completion is made in higher dimensions (notably in 11D
SuGra), this implies compatible global completions of the dimensionally reduced de-
scendants (at least for reductions along abelian principal fibers).
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2. Superspace

We begin the technical part of these notes by surveying a treatment of super-geometry that
is both mathematically rigorous as well as practical, and which seamlessly lends itself to the
higher-geometric generalization needed to discuss flux quantization in § 4.

The impatient reader may want to skip ahead to the discussion of super-gravity in § 3 and
come back here only as need arises.

Outline. In the time-honored spirit of Grothendieck’s functorial geometry [nLa26d] we
proceed to:

(i) discuss simple building-block superspaces (§ 2.1),
(ii) bootstrap from these a good notion of generalized super-spaces (§ 2.2),
among them the smooth super-manifolds (Ex. 2.2),
(iii) which become super-spacetimes when equipped with suitable super-coframes (§ 2.3).

Terminology. Beware that the qualifier “super” carries different connotations in the math
and the physics literature.

In mathematics, super-algebra refers generally to algebra internal to the symmetric monoidal
category of super-vector spaces with its Z-graded commutativity. Dually, super-geometry
in mathematics is broadly concerned with generalized spaces whose algebras of functions are
super-algebras. In particular, the phase spaces of all field theories with fermions are super-
spaces in this sense (cf. [BM77; Sch97a; Sch97b]), irrespective of whether these theories
exhibit super-symmetry. Indeed, parts of the mathematical literature are concerned with
super-geometry without even considering fermions. In mathematical generality, a super-
group is any group internal to super-manifolds or super-schemes.

In contrast, in physics, super-symmetry refers much more narrowly to super-geometric
extensions specifically of Poincaré groups and to field theories with such super Poincaré
groups as (global or local) symmetry groups.

Literature. Early influential discussion of super-geometry (super-manifolds) includes [BL75;
Bat79; DeW84; Man85; Ber87]. Comprehensive review includes [DM99; Var04; Rog07;
CCF11; HST11]. The powerful functorial perspective that we use was first articulated by
[Sch84; Mol84; KS98, §A], further discussed in [Sac08; BCF10]. We follow [Sch13, §4.6;
Sch18b; Jur+19; Sch25; GSS24b, §2; GSS26a, §9.1.3; SS26¢].

The super-Poincaré Lie algebra originates with [GL72] (reprinted in [Shi00, pp. 44-53]).
Early review of super(-Poincaré) symmetry includes [FF77]. Mathematical discussion of
super-Poincaré groups includes [DF99, §1.1; Fre99, §5; Var04, §7.5; Fre06, §6].

2.1. Charts

Differential geometry. Ordinary differential geometry is, of course, modeled on the Carte-
sian spaces R™ with smooth maps between them. We denote this category by

CrtSp := {R” —smooth R”/}. (52)
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Remarkably, the functor that sends these to the formal duals (276) of their commutative
R-algebras of smooth functions is fully faithful (282) — a statement sometimes known as
“Milnor’s exercise”, cf. [nLa26b]:

CrtSp «———— CAlg® SmthMfd «——— CAlg”
— (R) and generally: X — 7 (53)
% 1 % 1
R™ —  C=(R") X’ —  C>®(X').

This provides a dual algebraic incarnation (276) of smooth manifolds in which form that
may be generalized.

Infinitesimal Geometry. For instance, to make sense of the k-th order infinitesimal neigh-
bourhood of the origin in R",
/ g D c R", (54)

we observe that its algebra of smooth functions ought to be
COO(DZ) = COO(RH)/((wl, . 7x’n)k+l)
~ R[Gl, L 7€n]/((€17 L. 7€n)k+1) ’
and then understand the infinitesimal halo D} as its formal dual, hence as the corresponding
object in the opposite category:

(55)

Hl «—— CAlg®

(56)
Dp — C=(Dy).

More generally, we may take infinitesimally thickened Cartesian spaces R™ x D' to be the
formal duals of the tensor products of these algebras:

CrtSp «—— HIdCrtSp ———————— CAlg”
R* +—— R" (57)
R* x DY s C=(R") ®, C=(DY).

Supergeometry. Yet more generally we want to describe would-be spaces whose infinites-
imal coordinate functions skew-commute among themselves.

Write
CAlg, —— sCAlg, (58)
for the further full inclusion into the category of super-commutative R-algebras, hence of
Zy ~ {evn,odd}-graded algebras whose elements of homogeneous degree n € Z/, satisfy
the super-commutativity condition:

a-b=(-1)""b-a. (59)
Archetypical examples are the Grassmann algebras
C*(R%) := AR (RY)* € sCAlg, (60)
which are those free on ¢ generators (6;)’; in odd degree, hence satisfying
0;-0;, = —0;-0,. (61)
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This implies in particular that (6;)> = 0, hence that these Grassmann algebras are akin
to smooth functions on the halo DY (54), except that they also skew-commute among each
other.

As before, we may take a super-Cartesian space
R = R x R (62)
to be the formal dual to its intended algebra of functions:

sCrtSp «——— sCAlg”

R™la — Coo(Rn) Ry Ooo(qu) . (63)

2.2. Spaces

The notion of (super) smooth sets that we turn to now originates as such in [Sch13]. Further
development as a foundation for field theory is in [GS25a; GS25b]; further exposition includes
[Gi025; Sch25; TM25].

Smooth Sets. A general smooth space X modeled on the Cartesian spaces (52) should be

characterized by the sets PIt(R™, X) of smooth maps (plots) R — X from Cartesian probe
spaces into it, subject to the conditions that:

(i) plots may consistently be precomposed with smooth maps of Cartesian spaces,
(ii) the space is already determined by germs of plots.

In mathematical jargon, the first condition says that Plt(—, X) is a presheaf on CrtSp (293)
and the second condition says that it is in fact a sheaf (299).

Since its system Plt(—; X)) of plots is meant to fully characterize X we say that the category
of such smooth sets is the sheaf topos over CrtSp:

SmthSet := Sh(CrtSp)

(64)
X o Pl(-,X).

Example 2.1. A smooth manifold becomes a smooth set via the ordinary smooth functions

ot SmthMfd —— SmthSet 5)
X — O°(—, X).
Recall here that by (53) we have, for our smooth manifold X:
PIt(R", X) = C™(R", X) ~ Hom(C*>(X),C®(R")). (66)

Smooth Supersets. In this fashion it is clear that supergeometric smooth sets should be
characterized via their sheaves of plots by super-Cartesian probe spaces:

sSmthSet := Sh(sCrtSp) (67)

Example 2.2. A smooth super-manifold is a smooth superset X (67) for which there exists
a smooth vector bundle £ — X (in smooth manifolds) such that, in generalization of (66):

Plt(R", X) ~ Hom(Au(x)[ (%), C=(R"1)). (68)
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Namely, this is equivalent to any other definition of smooth super-manifolds by Batchelor’s
theorem ([Bat79; Bat84, §1.13], cf. [Rog07, §8.2]) and using (53).

Example 2.3 (Super Minkowski Spacetime). Any super Minkowski spacetime RY4IN (6) is,
in particular, a smooth super-manifold corresponding to the trivial smooth vector bundle
N4 = RY x N* — R 50 that
/\aoo(Rl,d)F(Nﬁkgl,d> ~ COO<R1’d> ®, /\.(N*) = COOGRLC”N)
hence also being a smooth superset via
P1t(R™9, X) ~ Hom(C™(RMN), Coo(RnIa)) . (69)
More generally, for spinor bundles £ — X with typical fiber N, we denote the corre-
sponding super-manifolds Ex. 2.2 generally by X 4N We say more about these in § 2.3.2.

Example 2.4. For X x Y € sSmthSet, their Cartesian product has as plots pairs of plots
into the factor space:

X xY € sSmthSet
PIt(R™7, X x Y) = PIt(R"4, X) x Plt(R"4,Y)
Example 2.5. For X, Y € sSmthSet, their mapping space is
Map(X,Y) € sSmthSet

70
Plt(R™, Map(X,Y)) := Hom(R" x X,Y). (70)

2.2.1. Cohesion

The canonical inclusion of Cartesian spaces (52) among super-Cartesian spaces (63) evidently
has a right adjoint (290)

sCrtSp ~ 1L CrtSp R Hom(Rn’m?qu)
Rl o R = Hom(R",R").

By left Kan extension, this induces a corresponding operation on smooth super-sets (67):

(71)

sSmthSet < T _ SmthSet,  sSmthSet —2%> SmthSet «—— sSmthSet, (72)
bos

equipped with a natural transformation, being the adjunction counit (292a):
e X — X. (73)
For example, on a super-manifold XN (Ex. 2.3) this is the inclusion of its bosonic body

Xbd s XLAN, (74)

2.3. Frames

Supergravity is naturally formulated in first-order formalism for gravity (cf. [nLa26c¢]) where
not the metric tensor directly but a coframe field (aka “vielbein”) and spin connection
represent the field of gravity, locally represented by a differential 1-form with coefficients in
the (super) Poincaré Lie algebra.
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2.3.1. Forms

Ordinary Differential Forms. To warm up before considering super-differential forms:

Write dgCAlg, for differential graded-commutative algebras over the real numbers. This
means that these are Z-graded algebras such that for elements of homogeneous degree n € Z
their product satisfies

a-b=(-1)""b-a, (75)
and equipped with a differential d of degree +1,
Nga = N + 1, (76)
which thus satisfies the graded Leibniz rule:
d(a-b) = (da)-b+ (=1)™a-db (77)

A basic example is the algebra of smooth differential forms on a Cartesian space, which
(emphasizing this basic fact for the following generalization) we may understand as

Qir(R™) ~ C*(R")[dz!, -+, da"], (78)
with generators dz® in degree 1, and with the differential defined on generators by

Qo (R") —L— Q3 (R)

C®(R") >f — Y, A (79)
dz! — 0.

With respect to pullback along smooth maps R” — R™, differential forms evidently form a
sheaf, which as such is a smooth set (64) (in fact a smooth dgc-algebra), the smooth moduli
set of differential forms:

Qg (x) € dgCAlg(SmthSet)
PIt(R™, Q8 (x)) == Qqr(R").
From this we obtain the definition of differential forms on any smooth set X € SmthSet:
Qr(X) := Hom(X, 3z (x)) € dgCAlg(Set)
QR(X) := Map(X, Q3 (¥)) € dgCAlg(SmthSet) (81)
PIt(R™, Qr (X)) ~ QRr(R" x X).
It is a good exercise to verify that for X = X a smooth manifold (Ex. 2.1) this reduces to
the traditional definition of differential forms on X.

(80)

Super Differential Forms. Write dgcCAlg for differential-graded super-commutative alge-
bras. These are (Z x Z,;)-graded algebras, such that for elements of homogeneous bidegree
(n,0) € Z x Zj, their product satisfies the following homological super-sign rule’
a-b = (=1)"rmtoasp. g (82)
and equipped with a differential of bidegree (1, evn)
Nda = Mo + 1, (83)

Oda = Oqa,

4Beware that there is also another sign convention used by some authors in super-mathematics, see [nLa26f]
for more discussion.
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thus satisfying the graded Leibniz rule:
d(a-b) = (da)- b+ (=1)"a- (db). (84)

A basic example is the dgc-algebra of differential super-forms on a super-Cartesian space
(63): This is

Q8 (R"19) ~ C>°(RF) %iﬂ;’; (85)
with generators in bi-degrees
Nazi = 1, Oqui = €vi, (86)
ngi = 1, aggqe = odd.
and with differential defined on these generators as
Qg (R717) ——— Q3 (R719)
ry ok dat
O Rn|q 3 — 1=19g?
dz? — 0
do* — 0.
By (82) and (86) these generators have the following commutation relations:
' Ada? = +da? Az da' Ada? = —da? Ada’
0'ANd¢T = —de A G do' Ade? = +d¢’ A do’ (88)
g ANdY = +df? A2’ dz' Ad¢? = —d¢’ A da'

The fact that odd super-forms like d commute with each other is of central importance for
super-space super-gravity in § 3.1.

These super-differential forms pull back along smooth maps R™¢ — R™1¢" and as such
form a smooth super set (67), the smooth moduli super set of super-differential forms:

Qr (%) € dgsCAlg(sSmthSet)
Plt(R¥9, Q% (%)) = Q8 (R¥9)
Generally for X € sSmthSet:
QiR (X) := Hom(X, Q3z (X)) € dgsCAlg(Set)
QR (X) := Map(X, Q5z(X)) € dgsCAlg(sSmthSet) (90)
PIt(R™, Q3 (X)) =~ Q5 (R x X).

(89)

2.3.2. Coframes

Super-symmetry. A flavor of super-symmetry is determined by a real spinor representation

N € Rep, (Spin(1,d)) (91)
equipped with a spin-equivariant bilinear map
N®. N R4
‘ (92)

(P1, D) +— (CEF‘ICI)Q)Z:O.
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Coframe Fields. A coframe field on an ordinary manifold is a reduction of its structure

group along O(1,d) — GL(R>?). On a supermanifold it is a reduction of its structure group

along Spin(1,d) — GL(R%N). This means equivalently that:

Definition 2.6. A super-coframe field in super-dimension (1, d|N) is:

. 1,d|N Li
(i) an open cover {UZ- Nty Xl’dN} ,
el

(W) Uz % Rl,d\N’

~

Ui

(ii) isomorphisms TUi\
/

(iii) transition functions U; N U; S Spin(1,d),

(iv) and cocycle conditions (E,V¥); = g¢;; - (E,¥); on U; N U;.

Concretely, these isomorphisms correspond to tuples of 1-forms
a 1,evn
(B, 0,) = ((Ez € Qi (Uz‘))ﬁm)

o 17Odd
(‘I’i € Qg (Ui)>g:1
on which the transition functions act via the given Spin(1, d)-representation:
Ef = i aa’Eia/
i (gj)a o on Ul N Uj. (94)
U = (gij)" a5

(93)

Remark 2.7. Since ultimately one is focused on Spin-invariant expressions in these forms,
it is safe and common to notationally suppress the chart index, as in (95) and all of the
following.

Remark 2.8. Alternatively, it is natural to write “E“” for “¥U*” and this is a common con-
vention. However, the convention we adopt allows for tighter notation where spinor indices
in Spin-invariant expression need not be expanded out.

Spin-connection. Given a coframe field as above, a spin connection is a principal connec-
tion on the corresponding Spin(1, d)-principal bundles. In terms of a choice of open cover as
above, this means equivalently:

Definition 2.9. A Spin-connection consists of:
(i) connection forms (€;)* = —(Q,)" in Q™(U;),

(ii) cocycle conditions €; = g;;( +d)g;;'  on U;NU;.

Component expansion. On a super-chart with coordinates (X, ©) we write the expansion
of the super-coframe and spin-connection as follows (cf. Tab. 2):

E® = EdX" +E;de’
U = UrdX" +05de’ (95)
0 = QP dX"+Q8 dO”.
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Table 2: Index convention, cf. (95). Even odd
Here the even coordinate index “r”
takes the role of the traditional “y”,  Frame | a € {0 0o @ @ € f1c00 A
which we avoid so that Greek indices  Cgord. | r € {0,....d} pe{l,....,N}
are reserved for odd components.

These form components (95) further expand into a (terminating) Taylor series in the odd
coordinate function ©7:

;l/p = ZnN:o(E("))?/p = g:l%@pl SO (E/g??-ﬁn):/p
"o = 7]1\[:0(\11(”))?/9 = Yo %@pl o @pn(q]g?"pn):‘/p (96)
a n))ab n ab

Q'rl/)p = 1]1\[:0(9( )>'r/p = 7];7:1 %@pl O (le?“ﬂn)r/;ﬂ

whose components (on the far right) are functions on the ordinary underlying spacetime.

Remark 2.10. The restriction of super-fields to ordinary spacetime U <% LN ynderlying

the given chart retains exactly the Oth order of the r-components in this expansion (96):
(e7)'E = EDdX"
()T = vOdxr (97)
()0 = QOaxr.

Conversely, this means that any super-space formulation of super-gravity on X needs to

involve constraints that fix the higher components (96) in terms of the Oth order spacetime
component (97). We discuss this issue of rheonomy in § 3.1.4.

Super-spacetime. In conclusion, we say that:

Definition 2.11. A super-spacetime X“IN of dimension (1,d|N) is a supermanifold X
(Ex. 2.2) equipped with a (1, d|N) super-coframe (Def. 2.6) and a Spin-connection (Def. 2.9).

Remark 2.12. Super-spacetimes (Def. 2.11) model the off-shell field content of supergravity:
(i) X — the spacetime,

(ii) E — the graviton field,

(iii) ¥ - the gravitino field,

(iv) Q — the auziliary field.

We proceed to discuss in § 3 the conditions on such data to make it the on-shell configu-
rations of supergravity, hence satisfying the SuGra equations of motion.
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3. Supergravity

We focus on 11D SuGra (in § 3.1) and its dimensional reductions (in § 3.2, cf. Fig. 1) and
its probe Mb-branes (in § 3.3).

3.1. Equations
3.1.1. Higher Maxwell-Type Equations

Before discussing the concrete (super-)spacetime equations of motion of 11D SuGra (§ 3.1.2)
and its reductions (§ 3.2) and branes (§ 3.3), here we briefly look at the general structure that
these equations take (in the bosonic sector and generally on super-spacetime, cf. Rem. 3.20).
Namely these are equations of “higher Maxwell-type” [SS24, §2.1], in that:
(i) The Bianchi identities are independent of gauge potentials.
This entails that we exclude non-abelian 1-form gauge fields from the discussion (whose
Bianchi identities, dF" = fi;;, A7 A F*, depend on gauge potentials A?). In particular
our discussion here does not apply to 10D heterotic SuGra. (But does apply to gauged
SuGras with KK-gauge fields.)
(ii) However, the Bianchi identities may involve non-linear self-sourcing terms.
This means that electric and magnetic fluxes may couple to each other non-linearly as
in (1). In the infrared completion of these theories (§ 4) such non-linearity entails that
electromagnetic flux quantization must take place in non-abelian cohomology theories,
beyond the Whitehead-generalized cohomology theories (like K-theory) that have been
considered for this purpose in the past.

Plain Situation Without Sources. First consider the plain situation, without external
sources but allowing self-sourcing of flux.

Definition 3.1. Given a tuple of (duality-symmetric) flux densities

F=(F9 e Q55 (X))ier, (98)
we say that Mazxwell-type Bianchi identities are differential equations of the form
Vier dF© = PO(F), (99)

for graded-symmetric polynomials P% (i € I) subject to the condition that:

The image of these equations under d is no further condition, hence dP(i)(ﬁ ) = 0 holds
independently of special properties of F', hence (cf. [SS26f, Lem. 3.2.1]):

Vier zjelp(ﬁﬁpm =0. (100)

where the partial derivative is itself understood as being a graded derivation.

Example 3.2. Examples of higher Maxwell-type duality-symmetric Bianchi identities (99)
include the following (cf. [SS525d, §2.4]):

Vacuum Maxwell theory: 4F — 0
L =

101
dGy =0 (101)
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Gauge sector of 5D SuGra:

dF2 - 0
1 (102)
dFy = ;15F;.
Gauge sector of 10D IIA SuGra:
dF2 - 0
dF, = H3 N\ Fy
dFs = —H3 A\ F} (103)
dH3 =0

dH; = %F4F4 + Fy kg,
which dimensionally reduces to the gauge sector of (N = 2) 9D SuGra (21), and arises
itself as the reduction of the

gauge sector of 11D SuGra: (1) e 0
4 =

104
dG7 - %G4G4. ( )

Definition 3.3. Given higher Maxwell-type Bianchi identities (99), we say that their char-
acteristic Lo-algebra a € Lo Alg, is that whose Chevalley-Eilenberg algebra (307) is,
CE(a) = Freequen((00)ier) /(a6 = PO(5)) e, (105)
for generators b in degree deg;.
That this is well-defined, in that d*> = 0, is equivalently the integrability condition (100).

It is now essentially tautological but important that:

Proposition 3.4 (Characteristic Ly-algebras). Solutions to higher Mazwell-type Bianchi
identities (99) are in natural bijection with closed Lo.-valued differential forms (316) with
coefficients in the characteristic Loo-algebra (105):

{F e am)|aF = BA)} ~ al(x;a). (106)

Example 3.5. The characteristic Ly-algebra of the Bianchi identities (1), which we denote
[S* (for reasons explained in § 4.2), has generators vz and v subject to one nontrivial Lie
bracket relation: -

(U3, v3]2 = U6,>

[S4 ~ FreeLooAlg(U37U6)/ ([ J#2 = 0
— e =

This is known as the M-theory gauge algebra [Cre+98, (2.6); Lav+99, (3.4); KS03, (75);
BNS04, (86); Sat10, (4.9)].

Accordingly, we may refer to the form of the Bianchi identities (1) of 11D Sugra as [S*-
Bianchis: Gy € O (X)]dGy = 0
G7 < QSR(X) dG7 = %G4G4

(107)

} ~ QL(X;18Y). (108)

Remark 3.6 (Different roles played by L..-algebras). Beware (cf. Fig. 4) that the role of
L.-algebras here is different from the “higher principal connection” approach to higher
gauge theory ([Sch05, §11-12; BS07; FSS12; SSS12; SW13; Bor+25; Alf25, §2; RSW26;
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Wal26; Bun+26]) which in the supergravity literature corresponds ([F'SS15b; FSS19a]) to
the (Cartan-) geometric approach of [DF82; CDF91]:

There L..-algebras serve as the coefficients of gauge potential forms which are generically
not flat/closed — while here they serve as coefficients of the flux densities and their closure
is no less than the electromagnetic Gauss law constraint putting the theory on shell.

Indeed, supergravity does not justify a principality constraint on its globally completed
higher gauge fields. For instance differential K-theory (a candidate IR-completion of the RR-
field in 10D type II SuGra, cf. [Fre02; Szal3, §3; GS22]) is not a higher principal connection
theory, but is an example ([FSS523, Exs. 9.2, 11.2]) of the differential nonabelian cohomology
considered here (§ 4.2.2).

Figure 4: There are two approaches to Principal Cohomological
the global construction of higher gauge Svecified coefficient of coefficient of
fields: Either as higher generalization of I p—zclige?)ra gauge potentials| flux densities
connections on principal/fiber bundles, or > (connections) (curvatures)
as nonabelian generalization of ordinary dif- Flatness / Tem-EEmee Gauss law /
ferential cohomology. Here we are con- closure Bianchi identity
cerned with the latter (from [FSS23, §9], Examples | heterotic SuGra typ(ilI]éHSSéGra
cf. [SS261]). / uGra

. J

Relative Situation with Sources. More generally:
Definition 3.7. Given “background” fluxes Fon X satisfying their higher Maxwell-type
equations (99), consider a smooth map

X% x (109)

from another smooth manifold X’. Then on a tuple of further (duality-symmetric) flux
densities on this submanifold,

F_;I — {F/i/ e Qge}}{gi,(ED}i/E[/ : (110)

we say that F-twisted ®-relative Maxwell-type Bianchi identities are differential equations
f the fi y - .

oF e orn Voer AP = PU(F o F) (111)

for graded-symmetric polynomials P (i € I') subject to the condition that:
The image of these equations under d is no further condition, in that

Vier — Ljer PV 5875 P 4 50,0, PO =8 PO = 0. (112)

In straightforward generalization of Prop. 3.4 we have:

Proposition 3.8 (Characteristic relative L.-algebras). Solutions to twisted relative Mazwell-
type equations (111) are in natural bijection with the set QY (P;m) of

(i) those closed Loo-algebra valued differential forms (316) with coefficients in the relative
characteristic L.-algebra a’ given by
(.6 ))

(') e dp' = p
E(d) = F . /
CE(a’) reedgcAlg ( A (i)@,)

(6D ) e dp® = p
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and hence naturally fibered over the characteristic Ly, -algebra (105) of the background
fluzes:
a — a, (113)
(ii) whose projection to a-coefficients along (113) equals the pullback of the background
fluxes along ®:

QL(®;7) = {ﬁ’ e QYX" o) | T F = @*ﬁ} (114)

Example 3.9. Examples of twisted relative higher Maxwell-type duality-symmetric Bianchi
identities (Def. 3.7) include the following:
Maxwell theory with sources: In the inhomogeneous Maxwell equation
dFy, = Js, (115)
the electric current density Js is in itself actually to be considered with compact spatial
support and appearing in the above equation after forgetting this condition.

Hence on 4D Minkowski spacetime this is modeled by taking the map ® to be the
inclusion into the spatial 1-point compactification
X' =R x R?
o [ (116)
— RLO 3
X =R x R,
and taking the L..-fibration to be as follows:

o = [ EB*Z where CE(l, EB*Z) = Freeageni(’?) /(4225)

[
B

iw i 4 (117)

a := [ BB?Z where CE(IB*Z) = Freeggai(js)/(djs = 0).

Here the symbols indicate that this L..-algebraic fibration is a shadow (the “rational-
ization”) of the universal principal circle 2-bundle (the universal U(1)-bundle gerbe);
we explain this in § 4.2.

Self-dual Flux on M5-Branes: Here

dH; = &Gy, (118)
where @ is the embedding of the 5-brane worldvolume into 11D spacetime (§ 3.3.2):
15
e (119)
X110

This is characterized by the following fibration (cf. [FSS20, §3.7]):

/ 7 N\ — ha ShsféM
= [_,S" where CE([S4S ) = Freeqgeals (Z‘;)/ ga=

dgr=7% 9494

1 [hHl J (120)

a:= [S* where CE(IS*) = FreedgcAlg(Zj)/ (dg4:0 )

dgr=3% 9494

Here, the symbols indicate that this L..-algebraic fibration is a shadow (the “rational-
ization”) of the quaternionic Hopf fibration hy from the 7-sphere ST to the 4-sphere
S%: we explain this in § 4.2.
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3.1.2. 11D SuGra

We discuss the (duality-symmetric) superspace construction of 11D SuGra (Thm. 3.16).

Literature on 11D SuGra. The discovery or construction of 11D SuGra is attributed to
[CJST8], early development includes [DNP86]. General reviews include [Duf99, §I; MSO0G;
FV12, §10; Ort15, §22.1.1; DNP26]. Duality-symmetric formulations were considered in
[BBS98; Cre+98, §2; BNS04, §2]. The superspace formulation originates with [CF80; BH80);
DF82], review includes [Ced+05, §2]. The possibility of a duality-symmetric formulation on
superspace was (after being discounted in [DF82, p. 120]) briefly touched upon in [CDF91,
§I11.8.5; CL.94, §6]. We follow the completed construction in [GSS24b, §3].

Spinors in 11D.

Proposition 3.10 (The 11D Spin Representation, cf. [BH10; MS06, §2.5; GSS24b,
§2.2.1]). There exists an irreducible real pinor representation (the Majorana representation )

32 € Rep, (Pin'*(1,10)), (121)
equipped with a Spin(1, 10)-invariant, skew-symmetric, bilinear map
32 x, 32 R
7 (122)
(v.0)  — (Vo)

such that the Clifford generators (T',):0, satisfy:
Looly+Tyol, = +277ab

123
= +2dla’g(_17+]—a+]—7 7+1)aba ( )

and are skew-adjoint with respect to (122):
T, = T,. (124)

When we speak of an (1,10|32)-dimensional super-spacetime (Def. 2.11), it means that
its tangent super-spaces are regarded as equipped with this Pin-action.

The 11D Super-Minkowski spacetime.

Example 3.11. The (1, 10|32)-dimensional super-Minkowski spacetime super-manifold R*10132
has canonical coordinates

Xe: RUIOBZ R a € {0, 10} (125)
Qo . RLI0B2 _, RO a e {l,---,32}
and super-coframe (E, V) given by:
E® = da® + (61d6) (126)
v = dO*,
hence satisfying: a i
dE* = (Vrew), (127)
dv® = 0.
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Proposition 3.12. The differential super-forms
G = 1(UTy,0, U) B B
GY i= L(UDy,.q U)E™ - B
satisfy the equations (11):

} c QaR(Rl,lom) ~ CE(RMO‘?’Z) (128)

dG% =0,

1GY = 1GYGY (129)
1GYGY.

Proof. By (127), the claim is equivalent to the statement that the following Fierz identities
(U, ¥)(Urew) = 0, (130a)
L (VT ) (TTW) = L (T3, )3 (T, 9) (130Db)

hold for all commuting (88) spinors ¥ € 32 (and all b; € {0,---,10}).

A direct algebraic proof of these identities is given in [NOF86, (2.28)]. A representation-
theoretic proof is indicated in [DF82, (3.13), (3.28a)] using [DAu+82]. O

Curved 11D Super-Spacetime.

Definition 3.13 (Cartan structural equations). Given an (1,10]32)-dimensional super-
spacetime X 1932 with super-coframe (E, ¥) and spin-connection €2, its super-torsion, cur-
vature, and gravitino field strength are:

s (T = Bt + QB (Wrew)) (131a)
. ab . __ ab a (yeb) 10
curvature (R = d QY+ Q%0 >a,b:0 , (131b)
gravitino L 1 Hab 32
field-strength ( p = dv + ZQ Fabm)a: (131C)

Definition 3.14. We say that the super-spacetime is super-torsion-free if its super-torsion
tensor (131a) vanishes.

Definition 3.15. Given a super-spacetime X 1082 we say that C-field super-fluz forms are

pairs of differential forms G, G5 € Q3 (X11032) with the following specific local expansion
in the given super-coframe field (E, ¥):

Y0
Gu Gy

G5 = 1(Gayay B -+ B% 4 L(UT, ,, W) B B2

1 L (132)
G5 = 2(Gr)ayear B - B 4+ L(UT,,. 0 U)EM - B

Gr GY
7

hence over charts determined by component super-functions
(G4)a1---a47 (G7>a1---a7 E COO<U1’1O‘32>7 (133>
and with the odd coframe components (G3, G%) from (128).

The Equations of Motion.
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Theorem 3.16 ([GSS24b, Thm. 3.1, Cor. 3.12]). On a super-torsion-free (Def. 3.14)
super-spacetime X132 (Def. 2.11), super-fluz densities (132) satisfy the 1S*-Bianchi iden-
tities (Ex. 3.5) iff the equations of motion of 11D supergravity hold rheonomically on super-
spacetime:

{dGz =0

4G = LGia (1S*-Bianchi) (134a)

1 c1eac
o e = PG e
0102 (), . = 0 (Rarita-Schwinger)
! VpCiaay = 0 (134b)
Vie(G7)ayar) = %(G4G4)Ca1..,a7 (Maxwell-Chern-Simons)
(G7)arar = 3i€ararbyby (Ga)"
rheonomically (§ 3.1.4)

In the case of vanishing gravitino field (95) on ordinary spacetime (74), (€7)*¥ = 0,
this is equivalent there to the ordinary 11D FEinstein-Mazwell-Chern-Simons equations, cf.
Rem. 3.18.

Various remarks are in order:

Remark 3.17 (State of the literature).

(i) The equations (134b) may be compared to [DF82, p. 131; CDF91, p. 910]; for vanishing
gravitino cf. also [Figl3, (24)].

(ii) A claim akin to Thm. 3.16 appeared in [CDF91, §I11.8.5], but verification was offered
there only for the simplest of a long list of increasingly intricate conditions that need
to be checked. A similar claim without duality-symmetry (but imposing “superspace
constraints”) is due to [CF80; BHS80], where less verification was offered.

(iii) The full proof in [GSS24b, Thm. 3.1, Cor. 3.12] treats all required conditions and
uses computer algebra [GSS24a] to verify the heavy combinatorial identities involved.
This shows in particular that various assumptions made in the literature are already
implied (cf. [GSS24b, Rem. 3.10], such as the scaling condition and “rheonomic
parameterization” of the curvatures).

Remark 3.18 (Fermionic source terms). Remarkably, the above equations (134b) have
the form of the purely bosonic Einstein-Maxwell-Chern-Simons equations. The fermionic
gravitino source terms are absorbed into the super-geometry.

Namely, these equations (134h) are on superspace and hence with respect to the super-
coframe (E,W¥) (93). This entails in particular that the (covariant) derivatives on the left
are formed with the coframe’s inverse, so that with respect to a coordinate basis of local
vector fields (cf. [GSS24b, Rem. 2.83]):

Vo = ((B,9) ), Ve + (B, 9)71)0V,, (135)
hence with the inverse of the matrix
) - ()
E, 1) ( rlaer 136
(i) = () (136)
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It is only when the spacetime gravitino field vanishes, (¥¢) = 0, that

a a/a (Eg) 0? )
\IJT =0 & E, v r - a @
(#) (i) = ({23) ol
E7Y)r) 0p (137)
= E,‘I’ —1\r/p — ( 7<( a - 7a >
(0] = (e (o)
= V,=(E)V,.
Hence only when the gravitino field vanishes do the (covariant) super-derivatives (135) re-
strict to ordinary covariant derivatives,

(€)' =0 = V. = (E7')'V, on X" (138)

and hence only then are the left hand sides of (134b) the ordinary field strength tensors of
bosonic Einstein-Maxwell-Chern-Simons theory.

In general, the gravitino field induces corrections to (138) which conspire to produce
fermionic source terms in the Einstein-Maxwell-Chern-Simons theory. We expand on this in

§ 3.1.3.

Remark 3.19 (Rheonomy). The crucial qualifier “rheonomically” in (134b) refers to further
differential equations (not yet explicitly stated here) specifying the odd coordinate derivatives
(and hence: dependence) of the super-fields. We expand on this in § 3.1.4.

3.1.3. Fermionic Source Terms

As highlighted in Rem. 3.18, the super-space Einstein-Maxwell-Chern-Simons equations
(134b) induce the ordinary such equations on ordinary spacetime only when the gravitino
field vanishes there, in that (¢7)*¥ = 0.

State of the Literature. While this special case of vanishing gravitino profile is predom-
inantly considered in the literature (cf. [Marl2, §1.2.2; FV12, §12.6]), SuGra solutions
with non-vanishing gravitino field are of interest and have been discussed, at least in lower
dimensions (cf. [AG83; AE86; Aic94; BKO95; D§24])).

It may be underappreciated that, for nontrivial gravitino field, the 11D Sugra Einstein-
Maxwell-Chern-Simons equations on spacetime pick up fermionic corrections. This was
originally expressed [CF80, (6); DNP86, (2.2.12-14)] through absorbing the gravitino terms
in a torsionful spin-connection (and via an accordingly modified spacetime 4-form flux), and
more explicitly in [BBS98, p. 4], whose formula we quickly rederive now from Thm. 3.16.

Fermion Terms in the Maxwell-Chern-Simons Equation. The systematic way would be
to insert the covariant derivatives (135) into the Maxwell-Chern-Simons equation (134h)
and simplify. But this is tedious, not the least because it requires the rheonomic recursion
(which we discuss in § 3.1.4 but make explicit there only for the case of trivial gravitino field
strength).

However, since the Maxwell-Chern-Simons equation on the flux density G4 is close to the
[S4-Bianchi on its super-flux version (134a), there is a shortcut:
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To this end, consider the pullback of the superfluxes (132) to ordinary spacetime, using
(95), hence the bosonic fluzes

Gh = (€7)"Gy = L(G)IT0 dX" - dX? (1392)
GY = (€7)'Gr = L(G7)I970 dX*! .. dXT, (139b)

and the fermionic fluxes
Gf = ()G = L(¥,.T,,,¥,,)°"dx" .. dx* (140a)
GI == (e7)'GY = 4(V,, [, 0, )00 dX " dXT, (140b)

and their combinations,
F, = ()G = G4+ @Y (141a)
Froo= (e7)'Gs = G+ G, (141b)

which may be understood as the “actual” spacetime flux densities.
Now, since the bosonic fluxes on superspace are “super-Hodge dual” by (134b), in that

Gr = Gy, meaning:  (Gr)ayar = 2€arearbr-b(Ga) 7, (142)
and since this pulls back to actual Hodge duality on ordinary spacetime:
(€)% Gy = x(€7)*Gy = G, (143)

it follows that the full spacetime fluxes (141) satisfy Hodge duality up to a correction by the
fermionic spacetime fluxes (140):

Fr = «F+ (G —+GY). (144)
Therefore, pulling back the super-spacetime [S*-Bianchi identity (134a) to ordinary space-
time yields the following gravitino-corrected Maxwell-Chern-Simons equations:
dF, = 0 (145a)
dxFy = IR Fi+d(xGf - Gi). (145b)
This coincides with the field equation obtained in [BBS98, above (2.4)] from the original
Lagrangian density of [C.JS78] (recognizing our Fy as “F®” in [BBS9S, (2.3), (7.1)]).

Remark 3.20. Equation (145) highlights that the spacetime flux densities (Fy,xF}) do actu-
ally not generally satisfy the [S*-equations of motion (1) and (108) (and (Fj, F;) are not in
general Hodge duals on spacetime). Indeed, equation (145) is not of higher Maxwell-type in
the sense of Def. 3.1; hence, when taken at face value, does not admit a global completion
according to § 4.

The magic of Thm. 3.16 is to restore all these properties on superspace (where the offending

gravitino terms get absorbed into the super-geometry) and thereby allow for IR-completions
of 11D SuGra (discussed in § 4.2).

3.1.4. Rheonomy in 11D SuGra

The idea of rheonomy is evident, but the technical implementation requires care.

The Idea. Super-functions on a super-spacetime X 4N have 2" — 1 field components (96)

~1,d ~
beyond their restriction to the ordinary spacetime X = <& Xb¥MN_ Super 1-forms have
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N(2N¥ — 1) + N2V more components than their restriction, etc.

wld |
Hence for a super-space formulation to be equivalent to a field theory on X  its on-shell
conditions must include constraints that fix all these extraneous components.

Concretely, this is the case if the on-shell super-fields are subject to differential equations

prescribing their derivatives normal to )?Ld inside X 14N hence their odd coordinate deriva-
tives in any chart. Since this means to say that on-shell fields satisfy flow equations away
from ordinary spacetime through superspace, this idea has been called rheonomy in [CDF91,
§I11.3.3]. It has been claimed [Dal+99, p. 12] that this is equivalent to what other authors
call “superspace constraints”.

Concrete implementation. The remaining question is how to make this idea precise. For
instance, in [CDF91] rheonomy is meant to be imposed by hand, via imposition of “rheonomic
parameterization of the curvatures”. In Thm. 3.16 however it is a rigorous consequence of
the (duality-symmetric) Bianchi identities.

The precise implementation of the idea of rheonomy in 11D SuGra is due to [Tsi04] (who
does not use that term, though). This relies on the existence of super-normal coordinates
for the underlying Spin(1, 10)-structure, a fact that seems to not be noted in the original
statement of rheonomy from [CDF91, §I11.3.3].

We proceed to briefly survey how this works, following the account in [GSS25a, §2].

Wess-Zumino-Tsimpis Gauge. First — due to the local Spin(1, 10)-gauge and diffeomor-
phism symmetry of the theory — we need to fix a gauge in order to be able to talk about
unique extensions of superfields over super-spacetime. A good gauge is the analog of Rie-
mann normal coordinates in first order formalism, namely of the radial gauge X", = 0, but
now imposed only on the odd coordinates. This is due to [Tsi04, §3] (cf. related discussion
by [McA84, §A.3-4; AD87, §3]).

In [Tsi04, p. 2] this is motivated as “the most natural generalization of the Wess-Zumino
gauge”, whence we refer to it in [GSS25a, Def. 2.1] as Wess-Zumino-Tsimpis gauge:

a (n) @ —
(E(O))p =0 (E[p1~~pn)ﬂ] -
o ca (n) @
(WO)2 =g and v, {(v]) ) =0 (146)
Q) = g )\ _
( >p (Q[p1~~-pn)p] -

That these gauge conditions may always be satisfied on any chart, by applying super-
symmetry and local Lorentz transformations to given fields (already off-shell), is shown
in [Tsi04, §3].

Solving the Cartan Structural Equations. Now it happens that in WZT gauge (146), the
Cartan structural equations (131) may be solved for the odd coordinate derivatives. For
example (cf. [Tsi04, (59); GSS25a, Lem. 2.5]):

dE* = —Q% E* + (T ) D e
= OF0,E! = 20°T0VTY , + ©°0,E — ©°(Q%),E + 0°(Q%), E! (147)
— 20°75°TC, T condition (146).
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Component Recursion. This way, in the WZT gauge (146), one finds for any solution to
the super-space equations (134) explicit recursion relations that express the higher orders
(96) of the super-fields in terms of the lower orders and of the flux density G4 on ordinary
spacetime [Tsi04].

Concretely, for solutions with vanishing gravitino field strength, (V¥),, = 0, one finds
the following component recursion relation [GSS25a, Lem. 2.5-7]:

(B0)) = (e u)
(ECD) = 2 (erv)
(W) = — 53 0we) ()] + Ty (H,0) (BW), 1)
(WD) = — L L T,0) (W) + A (H,0) (B™);
(Qre0)0™ = 25(0 Ko wi)
(QUD)* = 25 Kaw gm),
where (cf. [GSS24b, (135, 162)])
Ho = £3:(Ga)abipons T — 54(G0)" " Tapyy (149)
Ka1a2 — l( )alazblbgr brby 6%(G4)b1--~b4rala2 by---bg

and where the superspace flux field components are independent of the odd coordinates
([GSS25a, Lem. 2.4], still a consequence of the assumption that (VW),, = 0):

Jo0((Ga)ayay) = 0. (150)

Example 3.21 (Near-Horizon M-Brane Solutions). Using this recursion one may for

instance lift the M-brane near horizon spacetimes AdS*7 x S7/4 to super-space solutions of
(134). This is worked out in [GSS25a, §3.2, §4.2].

3.2. Reductions

We discuss (following [GS26]) how the above formulation (Thm. 3.16) of 11D SuGra on
superspace induces analogous formulations of its dimensional reductions, in particular to

10D ITA SuGra (cf. Fig. 2).

Traditional formulation. The traditional approach to dimensional reduction along S*-
fibers of supergravity theories in first-order coframe formulation may be found in [SS79;
Cre82; DNPS86].

These authors essentially declare that a super-spacetime background (X x S (B0, Q))
is (inﬁnitesimally) symmetric with respect to the corresponding U(1)-action if the fields in
question are “independent of the corresponding (locally defined) adapted coordinate”. This

comes down to saying that they are invariant under the Lie derivative of the corresponding
(even) fundamental vector field &

(LeE, LW, L) = 0. (151)

But beware that this condition in itself is ill-defined on arbitrary topologies, since both the
super-coframe (E, V) and the Spin-connection {2 are only locally defined (as forms valued
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in plain vector spaces, cf. § 2.3.2) and hence the naive Lie derivative does not yield a well-
defined global operation on such objects, as it does not commute with the action of local
Spin-transition functions (cf. [Gio26, §1]).

Proper formulation. Instead, the a-priori well-defined “covariant” Lie derivative operator
which appropriately describes® globally the symmetry condition on arbitrary topologies is
that of Lichnerowicz and Kosmann [Lic63; Kos72], originally introduced only for the action
on spinor fields.

We will not review details of the conceptual resolution of this issue here, but simply note
[Gi026, Cor. 3.16] that on 11D super-spacetimes which are principal k-torus bundles, there
always exists a (partial) gauge fixing reducing the structure group as

Spin(1,10 — k) x Spin(k) < Spin(1, 10)

in which the covariant symmetry condition does indeed collapse to the naive Lie derivative
vanishing condition (151).

Kaluza-Klein Ansatz. Hence in this gauge, the super-gravitational field (E, ¥, Q) (Rem. 2.12)
takes the form of the standard “Kaluza—Klein ansatz”, but now justifiably applicable in ar-
bitrary such topologies. That is,

E = (Ex,® B, (152)
where Ey is a bosonic coframe on the base X, iE' € Qlgz (Y iR¥) is a U(1)*-connection on
Y — X with curvature B o= dE' € QL (ViRY),
and ® € C

> (X; R¥ @ (R*)*) is the dilaton field, (locally on X) forming a “matrix-valued

dilaton” field, i.e., (@ EY" = ", B,

where m,J = 1,--- , k.9 Similarly
U= Uy + A\ E,
where Wy is a fermionic coframe on X, and A € C%,(X; 325! @ (R*)¥) is the dilatino

superpartner of ®, with components (locally on X) forming a linear map valued in the
corresponding branching of the 11D Majorana representation, i.e.,

AN-E' =\, E”

for {)\J € Coqa(X, 321{%11)}(]:1,...,1@'

The matrix components of Spin(1, 10)-connection €2 similarly decompose into basic com-

ponents as QP = Q%4 Qg EY

5In particular, this covariant Lie derivative has the property that L? E = 0if and only if L¢g = 0 for
the corresponding (even) metric g = 7,,E® ® E. This is as expected, since a symmetry of a super-
gravitational background should be, in particular, an isometry.

6To distinguish between the two, we denote the indices of the tangent Euclidean RF-fiber directions by
m,n, ..., while those of the internal Lie algebra u(1)** ~ ¢R¥ by I,.J,.... The point here is that the
former transform in the fundamental SO(k)-representation of the induced Spin(k)-structure group, while
the latter in its trivial representation.
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It follows that components {Q%},4=0... 10_x encode a Spin(1, 10 — k)-connection, while those
given by {Q%"}mm:l,...k = {0%}ap=10_k+1.. 10 encode an auxiliary Spin(k)-connection on
the base X. Naturally, these correspond to the remaining local Spin(1,10 — k)-gauge in-
variance of the basic supercoframe (Ex,¥x) and the local Spin(k)-invariance of the dila-
ton/dilatino and U(1)**-connection combination (®, \, E’), respectively.

Kaluza-Klein reduction of Torsion-free super-spacetimes. It is not hard to see that,
when expressed in the above partially gauge-fixed “Kaluza-Klein gauge”, the super-torsion-

f diti —
ree condition 4B + Q4B — (T 0) = 0.
is equivalent to the following list of conditions on fields of the base super-spacetime X of the
bundle U(1)¥ < Y — X (cf. [Gio26, Lem. 3.1] for the S*-bundle case) :
(i) The basic super-torsion-free condition
dE% + Qx% E% — (UxT*Uy) = 0.
(ii) The super-coframe expansion of the U(1)**-curvature F, component 2-forms
Ff = (@7, [-Qx"a A B + (UxT"x)] (153)
= (@7 [Uxpa"EY B + 20" (@71) 7 (UxTahy) B + (WxDO0 Dy
(iii) The following super-coframe expansion of the dilaton SO(k)-covariant derivative on X:
d*om = de™ + O™, 9"
= Qx™ EL +2(TxT™N).
(iv) The following prescription for the reconstruction of the remaining components of the
11D Spin connection
Qxs% = O™ Qxpm,  Qx ™05 = 26™ (N (UxTN)
This basic calculation shows that the data of any symmetric super-torsion-free super-spacetime
of arbitrary principal T*-bundle topology is essentially equivalent, via the Kaluza—Klein par-
tial gauge, to the data of a torsion-free super-spacetime structure on X together with an
integral (curvature) 2-form Fy, € Q23 (X; R¥) of specific coframe expansion (153), encoding

the topology of the bundle, and a dilaton/dilatino pair (®,\) with an auxiliary Spin(k)-
connection €, satisfying the differential relation

d2%™ = 9,0™ B% 4 2(Tx [10-0m=1) )y,

{ Symmetric principal T*-bundle } { Super—torsion—free ) }
super-torsion-free aN (11-k)D super-spacetimes with (154)
11D super-spacetimes integral 2-flux and dilaton/dilatino pair

Now this describes the dimensional reduction (and reoxidation) of the off-shell super-
gravitational field content of 11D SuGra to the off-shell super-gravitational field content of
its lower (11 — k)-dimensional descendants, along with the additional (Fy, ®, \) fields due
to “winding” along the toroidal fibers. The remaining task is to reduce the full, fluxed on-
shell conditions (Thm. 3.16), in a manner consistent with flux quantization choices. This is
achieved via the process of rational cyclification, and more generally k-toroidification, of the
corresponding classifying L..-algebra [S4.
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Reduction of closed L. -algebra-valued forms. Following [GS26, Prop. 2.2, Outlook], the
L.-algebraic toroidification/oxidation bijection from Prop. A.4 has a straightforward ex-
tension to the setting of symmetric closed L..-algebra-valued forms on torus super-principal
T*-bundle spacetimes Y — X, by utilizing a choice of connection on the total space.

Proposition 3.22 (Supermanifold toroidification/oxidation for torus bundles). Let
X be a supermanifold supplied with k even, integral closed but potentially non-exact 2-forms
{FQI € Q(QiR(X;Z)}[:L...,k and B a super-Lo.-algebra of finite type. For any representative
T*-principal bundle
TF <YV & X
classified by the Chern classes {[FY] € H3y(X,Z)}i=1,. , fiv a choice of connection iE' €
QL (Y iR¥) trivializing the (pullback) curvature 2-form Fy = (Fy,--- , F¥)
dE/ = 7T*F2,

hence in particular s.t.
b LgJE/ =ty

for {&;}j=1...  the fundamental (vertical) vector fields generating the T*-action on'Y, with
respect to the Lie algebra basis {t;}r=1.. x C iR*. Then:
(i) There is a canonically associated bijection between:

o T*-invariant maps of super-Loo-algebroids out of the tangent Lie algebroid TY into b,

o maps of super-Lo-algebroids out of TX = T(Y/T*) into tor*(h) that preserve the
curvature 2-form Fy,

reduction

rdcp, Jal
<~ Y /
oxdp, B 7 pRE T w2
oxidation
given by
F ~
Y b TX a tor®(h)
F' = Fi, 1 1 1o Fi, “ e (156)
+ Z E. . EMF g € (=1)rCHD2E g... 8¢
1<r<k
1< <<l <k Fy < wa ,

o i
where Fi,..r, = tg, g F".

That is, associated to any choice of U(1)*-connection E' on Y, there is a bijection
of T*-invariant, closed h-valued forms on'Y and closed tor®(h)-valued forms on X =
Y/T* with fized 2-form component Fy = dE’

QY5 By = QU(X; tor*(h)) s, - (157)

(ii) This extends to a (strict) isomorphism of the corresponding oco-groupoids of fluxes with
their higher (globally defined)” concordances

IQ}:I(Y; )i =g IQél(X; tor’“(b))Fz — IQil(X; tor"‘(f))). (158)

7Of course, these might not exist on arbitrary topologies. Strictly speaking, the result applies non-trivially
patch-wise for the co-groupoids of the restricted fluxes on charts U — X.
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Proof. Morphisms of L..-algebroids out of T'Y into § are equivalently morphisms of sSCDGAs
CE(h) — Qg (Y), and hence, for b of finite type, are completely determined by the image

f at f CE A A
of generators o (h) o pi
Now, given a (fixed) choice of connection E' = E’t; on Y — X, any T*-invariant i-form

decomposes as Fl=F + Y E"  E"F ., (159)

1<r<k
1<h<--<Ir<k

where, by construction, the coefficient are basic differential forms
{Fi FIT---h = by ey Fz} - QHR(X) :

nw’

The proof that the forms {F"} satisfy the required h-Bianchi identities if and only if the
forms {Féw, Fr.nF ’} satisfy the tor®(h)-Bianchis follows by the same formal algebraic steps
as that of [GSS25b, Prop 2.60], i.e., the source being an L..-algebra (an L.-algebroid over
a point). This yields the bijection of part (i).

The extension (ii) to the co-groupoids of higher concordances follows by lifting the bijec-
tion (155) to have instead as domains the Ly.-algebroids T'(Y x [0, 1]*™) and T'(X x [0, 1]*™)
that support (higher) concordances, using the induced pulled back U(1)*-connection. O

For the purpose of exposition, in these lecture notes we shall only consider the explicit
formulas of this result for £ = 1, 2, namely that of cyclification and toroidification. Moreover,

we are going to do so for the target L..-algebra of interest at hand, i.e., the rational 4-sphere
h = 1S* of 11D SuGra.

Indeed, the existence of the Kaluza—Klein (partial) gauge for k-toroidal symmetric super-
spacetimes naturally provides the crucial ingredient of a connection (152), necessary to apply
Prop. 3.22 to the 11D superspace super-fluxes of interest (G5, G5) (132). Together with the
correspondence from (154), this propagates the miracle of Thm. 3.16 to all (11 — k)D
descendant supergravity theories obtained by reduction on k-torus fibers! We proceed with
the “miracles” corresponding to the cases of 10D ITA and 9D supergravities, respectively.

3.2.1. A superspace SuGra via cyc([S?)

The rational cyclification of the real Whitehead L.-algebra of the 4-sphere is given by (cf.
Ex 2.26 [GSS25b, Ex. 2.26], [FSS17, Ex. 3.3]):

Wa dCUQ =0
g4 dgs = wasgy
CE(CyC([S4)> ~ Ry |sgs / dsg, =0 , (160)
gr dgr; = %g4 g4 + w2897
g7 dsgr = —g4894

which (as indicated earlier in (20)) forms the classifying L..-algebra for the gauge sector
of ITA SuGra (103), as can be seen by a direct comparison with the corresponding duality
symmetric NS/RR-flux density Bianchi identities.

Moreover, by the L.-algebraic (“tangent-space-wise”) version (Prop. A.4) of Prop. 3.22
it follows [GSS25b, Ex 3.10] that the [S*-cocycle (GY,GY) (128) of 11D super-Minkowski
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spacetime R'1%32 dimensionally reduces to the cyc(1S*)-cocycle (FY, H, F{, F{), H?) on flat
ITA super-Minkowski R9I16916 given as

(F3,F},Fg ,H3,HY)

R19I 16016 cyc([54)
() = B e w
é(? | ,LJ)(’,"‘ e2 = Fg — ga (161)
—<;I‘10l‘a 1,))(&”’) =: HY “— Sg4
%(Tfm “ ()(”1 e = HY < g7
(l ol ay 51)(—'1‘” R F(? i Sg7 ,

hence also satisfying the IIA Bianchi identities (103).

Now, the miracle from 11D superspace SuGra (Thm. 3.16) suggests a similar result
should hold in 10D: Namely, an appropriate combination of these flat supersymmetric co-
cycles with the curved bosonic duality symmetric NS/RR flux densities on super-torsion-
free (10|16 & 16)-dimensional super-spacetimes X should correspond precisely to on-shell
ITA supergravity. Indeed, by applying Prop. 3.22 on S'-symmetric super-fluxes (G5, G%)
(132) living on S'-principal bundles Y — X, in the (partial) gauge fixing resulting in the
Kaluza—Klein form for its super-gravitational field (£, ¥, 2), one obtains the following form
of super-fluxes on the (10/16 @ 16)-dimensional base super-spacetime X:

Fy = 1(172)(11(12 E{ES + l.(@ F{,/\> E% 4 (I)<\Il 'y \I/X>

H; = g(H3)a1a2a3 E E (‘Ij r(z (z>)\) Eul E(“ - (qj)( rl()u, ql)() E()l(

Fy = L(F)ayea, EZ - EX + 3(Ux Tay, Ux) EL B

FGS = é(F(i)al"'aS E?(l T Eg(ﬁ + %(‘Tlx Ftll-'-rln/\> E(‘l(l ' E({) b (‘PYI 0a--as ¥ ) E;xl ’ EZ(J‘

H? = %(H7)a1~-~a7 E()lfl s Egg + %(‘l xT ai-—as W_\’) Eg(l o Eg(j )
(162)

together with an integrality condition on the super 2-flux
[F5] € Hip(X;Z)
and the derivative relation for the induced dilaton and dilatino fields on X
dd = 9,8 F% + 2(Tx TO-(m=1) ))
with the additional terms in olive arising due to the winding of the 11D super-coframe along
the “shrinking” M-theoretic circle. Recalling then that on-shell 10D ITA SuGra on spacetime

is precisely equivalent to the dimensional of on-shell 11D supergravity along circle fibers, the
miracle from Thm. 3.16 immediately guarantees the following.

Proposition 3.23 ([GS26, Thm. 3.4]). On a super-torsion-free super-spacetime X'°0/16516

(Def. 2.11), super-flur densities (162) satisfy the cyc(lS*)-Bianchi identities (20) iff the equa-
tions of motion of 10D ITA supergravity hold rheonomically on super-spacetime.
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3.2.2. 9D superspace SuGra via tor([S?)

The rational toroidification of the real Whitehead L..-algebra of the 4-sphere is given by (cf.
[SV25, §2; GSS25b, Ex. 2.54]):

[ CE)Q d(fjg = O
(j)g d (j]g == 0
1 1 2 2
ga dgys = Wa 5G4 + Wa 5G4
2 2 1 21
Sg4 dsgy = —Ws2 SSG4
1 d 1 o 2 21
CE(tor*(15")) =~ Rq|,." / M= BN , (163)
S84 dssgy = 0
g7 dg; = %9494 + Wy 8197 + iy §97
2 2 2 1 21
Sg7 dsgr = —0g489s — wassgy
1 1 1 2 21
g7 dsgr = —g48gs+ w2SSgr
21 21 2 1 21
| 8597 | dssgr = (894)(894) + 945894

which is, again, seen to be the classifying L..-algebra for the gauge sector of N = 2 9D
SuGra (21).

Forgoing the tangent-space-wise motivation of the corresponding flat supercocycles on
R18I16816 - which holds along the lines of (128) and (161), we apply directly the k = 2
case of Prop. 3.22 to the U(1)*symmetric super-fluxes (132) of 11D supergravity on U(1)3-
principal bundles Y — X9 ® This yields the following combination of flat supersymmetric
cocycles with curved bosonic duality-symmetric fluxes of 9D supergravity (signs to be double

80r, equivalently, the & = 1 case to S'-symmetric ITA super-fluxes (162). In doing so, however, one
must remember that the 2-flux F5 from (162) actually arises as the curvature of a connection from
11D, now additionally symmetric along the second S!-fiber of the total torus in 11D, hence with no legs
along the corresponding U(1)-connection; in other words, that it is basic with respect to the 9D base
super-spacetime.
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checked)
()" =5(F2)a,a, EX EX

aiaz

+ 2((1)71)[,,,(5”'”((1)71)/,,,,(@)(1—‘”/\,/) E;( + ((I)fl)lm (@X Fﬁz \IJX)

128 1 12 a “
F2 :ZE(F2)G,1(12 E)(l )(2
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2 (Y a1 as [ m m (T al as
+ 2 (M Tapasho) EY- - BY — 200", (Ux Tiga, 0y V) EY - -EX
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— 29 (\1} gl =\ )b ! E
41 1 XL ai..agmN2 X ---4vx
2 A M (\Tr ai aq
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2 (\Tr a1 as 1 m (s al a4
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H? '_ﬁ(H7)al-"a7 EX T EX

+ 2 (Ux Topoas Ux) BY - B2,
where m := 10 — m + 1, together with integrality conditions on the super 2-fluxes
{1, ()]} © Hi(X:2),
and the derivative relation for the induced dilaton and dilatino fields on X
d%m = 9,0™ BY + 2(Ux IO ),

with the additional terms in olive arising due to the winding of the 11D super-coframe along
the “shrinking” M-theoretic torus.

Since on-shell N = 2 9D SuGra is precisely equivalent to 11D SuGra compactified along

2-torus fibers, and equivalently, to ITA 10D SuGra along circle fibers, the miracle of Thm.
3.16 further implies that:

Proposition 3.24. On a super-torsion-free super-spacetime X 8116816 (Def. 2.11), super-
fluz densities (164) satisfy the tor(LS*)-Bianchi identities (21) iff the equations of motion of
9D N = 2 supergravity hold rheonomically on super-spacetime.

Proof. This follows analogously to the & = 1 case from ITA supergravity, spelled out in detail
in [GS26, Thm. 3.4], whose (slight) generalization we briefly summarize here as follows:

Firstly, the form of the super-fluxes (164) is obtained, via a long but straightforward cal-
culation, by expanding the explicit form (132) of the (symmetric) 11D super-fluxes (G, G%)
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in the (partial) Kaluza-Klein gauge, where £ = (Ex,®';E" + ®*/F') and ¥ = Uy +
ME™ + X\oE"™. Then, by the k = 2 case of Prop. 3.22, the super-fluxes (164) on X? sat-
isfy the tor*(1S*)-Bianchis if and only if the corresponding U(1)2-symmetric fluxes (G, G%)
satisfy the [S? Bianchis on Y. But by Thm. (3.16), the latter holds if and only if these
rheonomically encode (symmetric) 11D supergravity solutions on YV < Y. Such symmetric
solutions along toric fibers, however, correspond precisely to 9D SuGra solutions on the base
X < X. Finally, the result follows by the bi-directionality of these implications and the
commutativity of the diagram
yil Y yn

! l (165)

~>

52'9 (€—X> X9
of bosonic- and super-spacetime bundles. O

Given that the result from Prop. 3.22 holds for any £ € N, this pattern may be obviously
extended to produce superspace formulations of even lower dimensional supergravities. Of
course, as can already be seen from the k& = 2 case (164), the explicit formulas for the super-
fluxes will become rather unwieldy in number and form and so we do not pursue to write
these out in these notes. Nevertheless, we can immediately deduce the following important
statement.

Conclusion. Higher k-toroidal dimensional reductions of the 11D super-fluxes yields a
compatible tree of superspace formulations for the resulting (11 — k)-dimensional super-
gravities via (uniquely determined) duality-symmetric super-fluxes valued in the rational
k-toroidification of the 4-sphere, [Tor*(S%).

3.3. Branes

We briefly discuss how for M5-brane probes of 11D SuGra spacetimes there is an analogue
of Thm. 3.16, where the dynamics is equivalent to a Bianchi identity imposed on the world-
volume super-flux over super-space.

Black and Probe Branes in Supergravity. The notion of “branes” (a famous riff on the
word membranes, cf. [Mus26]) in higher-dimensional SuGra is the higher-dimensional gen-
eralization of (magnetic or electric) monopoles (which are the “0O-branes” of ordinary elec-
tromagnetism, cf. [SS25d, §2.1]). Here a p-brane is a p-dimensional object, tracing out a
1 + p-dimensional trajectory (“worldvolume”) in spacetime.

Branes come in (at least) two flavors (cf. [Frél3, §7; HSS19, §2]):

Black branes are solutions to equations of motion of gravitational theories that are higher
dimensional generalizations of charged black hole spacetimes:
Here the would-be locus of the brane’s worldvolume is a “spacetime singularity” that is
actually excised from the spacetime manifold, and whose presence is felt only through
the gravitational and higher gauge field emanating from it. The corresponding gauge
flux density (and often, but not necessarily, also the spacetime curvature) would diverge
(be “singular”) at the locus of a black brane’s worldvolume.
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Probe branes (or: sigma-model branes) are maps from an abstract worldvolume manifold
into a spacetime that are higher-dimensional generalizations of trajectories of elemen-
tary charged particles, propagating subject to the (gravitational and higher Lorentz)
forces exerted by the ambient spacetime fields, but not backreacting on these.

The physical intuition is that probe branes are idealized approximations to black branes
in the limit in which their mass and charge is negligible in comparison to the background

fields.

Remarkably, this intuition is brought out in fine technical detail for those branes whose
worldvolume configurations preserve “half of the maximal supersymmetry” of the theory: For
these 1/2-BPS branes one finds that their structure — their worldvolume super-dimension
and type of charges carried — matches exactly between admissible black and probe brane
species, even though their mathematical definitions are quite distinct.

This match is so ingrained into terminology that physics authors often do not distinguish
between black and probe (and other incarnations of) branes.

In this sense, 11D SuGra famously admits/contains:
(i) 2-branes: M2-branes, cf. [Duf99, §2],
(ii) 5-branes: M5-branes, cf. [Duf99, §3],
(iii) O-branes: M-waves.
We are next concerned with the probe brane incarnation of the M5-brane. (For super-space
construction of their black brane cousins see instead [GSS25a].)

3.3.1. Super-Embeddings

The super-geometry that geometrizes the intricacies of 11D SuGra on super-spacetime (§ 3.1)
turns out to also naturally know about its probe branes, via their super-worldvolume super-
embeddings (really: super-immersions).

Literature on Super-Embedding Formalism. The super-embedding formalism for super
p-brane probes (sigma-models) is due to [HS97b; HSW98; HRS98; Sor00] following [GN&G;
BMGS86]. Review includes [Ban+98; Ban99; Sor01; Banl1l; BS23]. Analysis specifically for
the M5-brane originates with [HS97a; HSW97], further discussed in [Sor00, §5.2]. We follow
[GSS24¢; GSS25a; BSS26D).

Idea of Super p-Brane Super-Embeddings. Historically (cf. [Sor01]), the superstring was
famously first found in its Ramond-Neveu-Schwarz (RNS) formulation. While this has mani-
fest super-symmetry on the worldsheet, the super-symmetry of its spacetime spectrum is not
manifest and came as a surprise (which fueled the early interest in string theory). Later, the
Green-Schwarz (GS) superstring model made spacetime super-symmetry manifest, but now
at the cost of losing manifest worldsheet super-symmetry and introducing a somewhat more
unwieldy “k-symmetry” constraint. The superembedding formulation arose as a synthesis of
the lessons learned from the RNS and the GS models:

Here the string worldsheet is modeled as a supermanifold of superdimension (1, 1|8-2), as
is the target spacetime (for type ITA, say), of super-dimension (1,916 ¢ 16), and the world-
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volume fields are understood as constituting supergeometric embeddings (super-immersions,
really, cf. [GSS24c, p. 14]) of supermanifolds:

super-worldvolume 1,1/8-2 super-embedding 1,9]16016  super-spacetime
of super-string 2 P X in 10D ITA SuGra - (]‘66)

Remarkably, the equations of motion of the superstring then turn out to be equivalent to the
requirement that this super-embedding is “tangent space-wise 1/2-BPS” in a suitable sense
(stated in a moment, originally known as the geometrodynamical condition, then as the
basic embedding condition and eventually as the superembedding condition [HSWI8; Sor00],
overview in [GSS24c¢, Rem. 2.24]). With this, super-symmetry of the model is manifest both
on the worldsheet and on the target space, and the GS “k-symmetry” is geometrized as the
evident super-diffeomorphism invariance of the formulation [Sor00, §4.3].

Analogous statements may be made for essentially all the super p-branes one encounters in
string/M-theory. This is particularly striking for those branes that carry higher flux densities
(“tensor fields”) on their worldvolume, such as the M5-brane with its Hs flux, to which we
turn in § 3.3.2.

The Superembedding Condition. More in detail, the strong form of the superembedding
condition that is relevant here (cf. [GSS24c, Rem. 3.20]) says that the superembedding must
be 1/2-BPS in the following sense [GSS24c¢, Def. 2.19, Lem. 2.20]:

On the super-vector space RVN which is the local model of superspacetime X 14N let
P : RUIN s REPR s RLAN (167)

be the super-projection operator onto the local model space R"?I™ of the super p-brane, with
n = N/2 (the tangential projection on the fixed space of a p-brane involution [HSS19, Def.
4.4], exhibiting the local halving of the “number of super-symmetries”). Write P for the
orthogonal super-projector (the transversal projection).

Then a super-immersion
yhpn % x1dN (168)

is said to satisfy the 1/2-BPS embedding condition [GSS24c, Def. 2.19, Lem. 2.20] iff there
exists an orthonormal super-coframe ((Ea)zzo, (\I/a)gzl) on X N and a super-shear map

Sh € C*(5; Homg(P(RMN), p(RMN))), (169)
(defined on the open cover Y of the worldvolume on which its super-coframe is defined, cf.
[GSS24c, §2.1]) such that:

(i) The pullback of the tangential part of the target super-coframe is a super-coframe
(e,1) on the brane:

O (P((E2)_y, (W)N,)) = ()i, (2)2_y). (170)

(ii) The pullback of the transversal part is expanded in this coframe by the given shear
map (169):

O (R((B)L,, (¥)Y,)) = Sh- & (P((E),, (1))
= Sh- (e, (¥)2sy)

(170)

(171)

and equivariantly so with the transversal Spin(d — p)-action.
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Remarkably, the transverse fermionic shear in (171) is, when it exists, the origin of nonva-
nishing worldvolume flux densities, in addition to the “embedding fields” that constitute the
tangential component (170). But the transversal equivariance condition on the shear means,
by Schur’s lemma, that it can only be non-vanishing if the Spin(d — p)-representations P(N)
and P (IN) share isomorphic irrep summands (cf. [GSS24c, Rem. 2.2]).

3.3.2. M5-Brane Probes

We focus on the higher gauge sector on M5-brane probes. This famously involves a 3-form
flux that is often referred to as “self-dual” (cf. [Wit97a, p. 3]). In reality, it is self-dual only
in a subtle non-linear sense [HSW97; GSS24¢, Rem. 3.19] or else asymptotically in the small
field limit (linearizing the equations of motion, cf. [And+22]).

The M5 Super-Worldvolume. Instead of considering matrix representations of the 6d
spinors, it is more efficient to algebraically carve them out from the 11D spinors [GSS24c,
§3.2] (cf. also [LP10, §A]):

tangential directions transversal directions

01 23 45 5 6 789

172
FO Fl FQ Fg F4 F5 F5/ F6 F7 Fg Fg € P11’1+(1,10) C EHdR<32) ( )
Yo Y1 Y2 V3 V4 Vs € Pin™(1,5) C Endg(2-8;®2-8.),
where
P = 1(1+ Do1a345) (173)

serves as the 5-brane projection operator (167) and the tangent Clifford algebra generators

are simply the tangential projections of the bulk Clifford algebra generators:
Prep _ V%|2.s, for tangential a
0 for transversal a ,
(174)
Prap — 7%, for tangential a
0 for transversal a.
Hence the super-worldvolume of a 1/2-BPS M5-brane has super-dimension (1,52 - 8)

[GSS24¢, (92)], commonly denoted: D = 6, N = (2,0).

The M5 Super-Embedding. We are thus looking at a 1/2-BPS super-embeddings of the

form N5 P x1,10032 (175)

Remarkably, the fermionic shear maps (169) for an M5 super-embedding correspond ex-
actly to self-dual super-forms Hs on Y1018+ ([GSS24c, Lem. 3.16(iii)], cf. the previous
arguments via matrix representations in [HS97a, (15); Sor00, (5.66)]):

32 € Spin(1,10)

— e ~
&»2 8+EB2 8_ for (HS)alazas - %eaiaz%blbzbs(Hu?)blebg (176)
ﬁf') = %(H?))alw%ﬁyal@%'

T 5/2-84 . 8+
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The M5 Worldvolume Flux. In analogy with the bulk super-flux forms from Def. 3.15
and (162), we say that M5 worldvolume super-flux forms are of this form:

HS = (Hs)ayapase™ 6™ € Q3 (019128+) (177)
(Hence in this case there is vanishing fermionic component, HY = 0.)

The brane flux analog of Thm. 3.16 is now this statement:

Proposition 3.25 ([GSS24c, Prop. 3.18]). On a 1/2-BPS Mb5-embedding (175) into a super-
space solution of 11D SuGra (Thm. 3.16) the worldvolume super-flux density (177) satisfies
the S7-Bianchi identity (118) if the following non-linearly self-dual Mazwell equations hold
rheonomically on the super-worldvolume:

{d H; = ¢°Gj ([3457-Bianchi)
AV 0 (H3) agagar) = 3(P*Ca)ayay (Maxwell) 78)
_ -4 (71 r72\a’ 17 « 3 Lo
PN (Hs)are = — /3tr(ﬁ§ﬁ§)(Habc+2(H3)a Hape ) (“self-duality”)
self-dual anti self-dual
rheonomically

Remark 3.26 (Comparison to the literature).

(i) This kind of statement goes back to [HS97a], further discussed in [Sor00, §5.2], with
special emphasis on the subtle nature of the “self-duality” condition in [HSW97] (cf.
[GSS24¢, Rem. 3.19]).

(ii) Our statement above assumes (cf. [GSS24¢, Rem. 3.20]) the 1/2-BPS embedding condi-
tion (171), which is stronger than the super-embedding condition considered there (as
it forces the bosonic shear component 7 to vanish, cf. [GSS24c, (108) & Rem. 3.17]).

(iii) The concretely known examples of M5 super-embeddings do satisfy this stronger con-
dition [GSS24c, Ex. 3.14; GSS25a]. But we are not claiming that the weaker condition
should be disregarded, just that it leads to a fermionic correction to the twisted Maxwell
equation (178).

Conclusion. In summary we have arrived at the remarkable statement that 11D SuGra
with Mb5-probes is put on-shell by asking:

(i) the super-spacetime X"1%32 to be super-torsion free,
(i) the super-worldvolume X15128+ 2. x110182 4 he 5 1/5-BPS super-embedding,

(iii) the super-flux densities (132) and (177) to satisfy the ([ g7 [54)—Bianchi identity:

s4

1y
’ € QL(P; lhy). 179

(Gi, G;) Cl( H) ( )
This result condenses the entire dynamics essentially to a constraint of purely cohomological
nature (179). As such, this formulation opens the door to the quantization of these flux
densities in nonabelian cohomology; this is the topic of § 4.
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4. Completions
We have established in § 3 that, over super-torsion free super-spacetimes X H4N:

(gﬁ) € QiI<X1’1O‘32;[S4> & 11D SuGra
7

Fy

F; (180)
Fy| e L(X1918956, (Cye(51)) < 10D 1A SuCra.

H;

H3

Or rather, this is 1850s-style SuGra, at the level at which Maxwell understood electro-
magnetism: where the (higher) gauge field content is reflected only in its flux densities (the
higher analogs of the Faraday tensor).

Our aim is to promote this to 1930s-style SuGra, where the higher gauge fields are under-
stood to be global /IR completions of local gauge potential data via gluing data (cf. Fig. 3)
subject to flux quantization laws, in a generalization of how Dirac globally completed the
electromagnetic field in order to identify the topological (monopole) charges that source it.

Dedicated lecture notes on the general procedure of global IR completion of higher Maxwell-
type gauge theories are in the companion article [SS26f]; here we gloss over mathematical
details of higher stacks and instead try to connect more to the physics literature.

Gauged Sets. We need to properly deal with the fact that the higher gauge fields in higher-
dimensional SuGra are subject to the higher gauge principle: Field configurations are only
defined up to gauge equivalences, which themselves are only defined up to gauge-of-gauge-
equivalences, which themselves are only defined up to ever higher gauge equivalences.

The gauge principle entails that collections of gauge fields do not form an ordinary set —
because in an ordinary set any pair of elements is either equal or distinguishable. Rather,
collections of gauge fields form “gauged sets” G, where any pair of their elements ey, es € G
comes with a set G(eq, es) of gauge transformations ¢ between them (empty if they are not
gauge equivalent). So a generic gauged set schematically looks as follows:

t 7 ”2 §g>

U N

_ , b 181
9 //t t\ , S4 ( )
S1 t'ot —> S3

Since these gauge transformations have an associative composition rule (—) o (—), include
all identities and all have inverses (—)~!, gauged sets are exactly small groupoids (272).

Higher Gauged Sets. If there are gauge-of-gauge transformations, then this story repeats:
Instead of a set of gauge transformations between any pair of elements s,s’, we have a
gauged set G(s, s') of gauge-of-gauge transformations. An example of a gauged set of gauge

50



Superspace Supergravity 4. Completions

transformations between s, s’ may look as follows, schematically:

G(s,8) =<¢s —v— ¢ 5. (182)

But this means that the elements s themselves now form a “second-order gauged set”, known
as a 2-groupoid.

Proceeding in this manner, sets involving higher-order gauge transformations up to order
n are known as n-groupoids and generally as oo-groupoids if there is no bound on the order
of higher gauge transformations. The neatest mathematical model for such higher gauged
sets is known as simplicial sets which are Kan fibrant, for short: Kan simplicial sets or just
Kan complezes.

Concretely:

Definition 4.1 (Higher gauged sets). A simplicial set G is:

(i) A sequence (G, )nen of sets of order=n gauge transformations going between (n — 1)-
transformations arranged in the shape of an n-dimensional triangle, called an n-simplex

A"
s
(A%)
s/
g (A?) g h
(A%) 8 Ay § —— &
S )
5 T heg S// \R
hog
gauge . g‘dllge—()f—gauge géLug(‘,—()f—g‘dllg(‘—()f—g‘dllg(‘
clements transformations transformations transformations

(ii) Face maps G,11 % g, sending each such (n + 1)-simplex to its ith face (for 0 < i <

1):
n+ ) > 762% 9
— 01 >
2 G —a— G — 8 Y0
> 780%

and satisfying the (geometrically evident) relation
This structure may be thought of as the non-linear generalization of the structure of
a chain complex of abelian groups: When the sets G,, happen to carry the structure of
abelian groups such that the 9; are group homomorphisms, then (183) implies (and is
essentially equivalent to) that 9 := 3,(—1)%0; satisfies 90 9 = 0.
(iii) Degeneracy maps G, ~> G,41, sending each n-simplex to an identity (n + 1)-simplex
on it, as expressed by further simplicial identities:
Sj—10 & if i < J
sios; =sjos;_1 ifi >j and 0;o0s; = <id ifi e {j,j+1} (184)
Sj 0 0i—1 le>]+1
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A simplicial set G is Kan if:

o for all tuples of its n-simplices that form the boundary of an (n + 1)-simplex except for
one missing face, a candidate missing face and an (n + 1)-simplex filling this boundary
also exist in G.

A map between (Kan) simplicial sets G EN g, is a sequence of maps of sets (S’;n ELY 9;) .

compatible with the face and degeneracy maps.

There is a fairly evident notion of higher homotopy groups m, of a Kan simplicial set,
and a map is called a (weak simplicial homotopy) equivalence if it induces an isomorphism
on all homotopy groups (this is the non-linear version of quasi-isomorphism between chain
complexes).

As a slogan:

Higher gauged sets are co-groupoids, which are presented by Kan simplicial sets, which
are to be thought of as “non-linear chain complexes” in non-negative degrees.

Example 4.2.

(i) A set S regarded as a higher gauged set with no non-trivial gauge and higher gauge
transformations is the constant Kan simplicial set S, with S,, = S, for all n € N,
meaning that there are just the identity gauge transformations on the elements s € S,
only the identity gauge-of-gauge transformations on these identity gauge transforma-
tions, and so on.

(ii) A small groupoid G regarded as a higher gauge set with no non-trivial higher gauge
transformations is the Kan simplicial set with
a) Go the set of objects of G,
b) G; the set of morphisms of G,
c) Gn>1 the set of sequences of length n of composable morphisms of G, corresponding
to the identity higher gauge transformations between these and their composites.
(iii) For a topological space X, its path oco-groupoid is the Kan simplicial set Sing(X),
whose elements are the points of X, whose gauge transformations are the continuous

paths in X, whose gauge-of-gauge transformations are the continuous 2-dimensional
paths in X, and so on.

Remarkably: All Kan simplicial sets arise as path oo-groupoids of topological spaces,
up to equivalence, in fact the path oco-groupoid construction identifies the homotopy
theory of topological spaces with that of (Kan) simplicial sets.

For this reason, one may (and we will) notationally conflate homotopy types of topo-
logical spaces with their path co-groupoids.

Literature. For exposition of simplicial sets: [Fril2]. For comprehensive discussion of sim-
plicial homotopy theory: [GJ09]. Digest streamlined towards our needs here: [FSS23, §1].
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4.1. Potentials
4.1.1. C-Field Potentials in the 11D Bulk

Gauged Set of Local C-Field Potentials. We begin with considering the local situation
over a (super-)chart U. Here:

Definition 4.3. For fixed (super-)flux densities
G, € QﬁR(U) ¢ dGy =0
s.t.
G, € QER(U) dGr; = %G4G4,

take:
(i) C-field gauge potentials to be:
Cy € Q3L (U dC; = G
’ gR( - S (185)
06 € QdR(U) dCG - G7 - 503G4,
(ii) C-field gauge transformations between pairs of potentials to be:
Cy € Q% (U dCy, = 05 - C
2 dR( ) 2 3 3 (186)

Gy e Q) 7 dCs = O — Co— 1405,

(iii) C-field gauge-of-gauge transformations between parallel pairs of gauge transformations

(C2,Cs)
(Cs,Cp) <cnllc4) (C4, CY) (187)
\(cg,cg)/
to be: Cre Q) 4G =G-C s
S.T.
Cy € QéR(U> dCy = Cé—C5.

Lemma 4.4. The local C-field gauge potentials (185) with local C-field gauge transforma-
tions (186) between them form a groupoid (272) under the following composition operation,
for fixed parameter A € R:

(C, Ch)

(Cy, 0.

(037 CG CQ+C’
(0 +0' 1/202d0;+x/2d(c2cg)>
Moreover, for pairs of parameters A\, N € R these composition laws are related by C-field
gauge-of-gauge transformations (188):

(C5,CE)o, (C2,C5)
<03, 06) (0,07 =22 (72(;9 (Og’ Cé/) .
S~ | 7

(Cé,oé)OA, (027C'>)

Proof. 1t is a matter of straightforward computation to check the following.
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(i) The composition (189) is well-defined:
d(Cs + CL — 12CodCh + 22 d(CaCY))
= Cf — Cs — 50505 — 50505 — 5(C4 — C5)(CF — C3)
— ¢y - Gy - yc,
(ii) and is unital, with identity morphisms (0, 0).
(iii) It is associative:
(Cs + Cf — L CodCy + 3 d(C2Ch)) + CY — 3(Ca + CL)ACY + 3d((C2 + CL)CY)
= C5 + Cy + Cf — 1CodCY — 1CodCy — 1C5dCY 4 3d(CaCy) + 5d(C2CY) + 5d(C5CY)
= Cs + (Ch+ CY — 3C3dCY + 3d(CLCY)) — 3C2d(Ch + CF) + 3d(Ca(Cy + CF))
(iv) and has inverses given by
(Ca, Cs) ™ = (=Co, —Cs5 + (A — §) CodCs) (190)
which are well-defined because:
d(—Cs + (A — §)CadCa) = Cs — Cf — 3C3C4 + (A —
and indeed satisty: 0
Cs + (—C5 + (A = §)CodCs) + 3Cad(—Cy) — 152 (=Ca)dCy = 0.
Finally, the difference in composition for two parameter values is indeed:
3C3dCy — 152 ChdCy — (3C5dCy — 152 ChdCy)
= X22(05d0y + CodCh)

2
= d(2532Ce01). O

However, while they exist as such for any A, the groupoids of local C-field gauge transfor-
mations from Lem. 4.4 are not physically meaningful, because they refer to gauge transfor-
mations as such without involving the gauge-of-gauge-equivalences between these. To fully
reflect the latter, we are to consider a 2-groupoid and ultimately a 3-groupoid of local C-field
gauge potentials, including also the third-order gauge transformations.

Alternatively, to stay within the realm of 1-groupoids for the time being, we may quotient
out the gauge-of-gauge transformations:

Lemma 4.5. The local C-field gauge potentials (185) with local gauge-of-gauge-equivalence
classes (188) [Cy, Cs] of local C-field gauge transformations (Cs, Cs) (186) between them form
a groupoid (272) under the unique composition operation that is given on representatives by
(189) for any value of A € R:

<Oé7 Cé) /O/

2D CB\ o
Cx 2%
/EC;CQO[CQ’(V}\) (191)

(Cs, Cs) = (cy,cy).

= [(C4.C4)0, (C2,C5))

Proof. For a pair of gauge-of-gauge-transformed composable gauge transformations
(ég, C~'5> = (OQ + dCl, 05 + d04)
(Cs,Ct) = (Cy+dCy, CL+dCy),
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we check that their composition is gauge-of-gauge-equivalent to that of the untransformed
transformations:

(Cs + dCy) + (C + dCY) + 3(C + dCY)dCy — 52(Cy + dCy)dCY

= C5 + Cf + 5C4dCy — 152 CodCh + d(Cy + Cf + 3C1dCy — 152C1dCy)
and that their inverses (190) are gauge-of-gauge-equivalent to those of the untransformed
transformations:

—(Cs+dCy) + (>\ - %)(02 +dCy)dCy
= —Cs5+ (A= §)CodCy + d(—=Cy + (A — 3)C1dCs). O

Comparison to the Literature. While the above definitions of gauge and gauge-of-gauge
transformations of C-field potentials are plausible, they are at this point not systematically
derived from an overarching principle.

In fact, previous literature is ambiguous on their definition:
(i) The C-field gauge transformations considered in [CSW14, (2.12)] coincide exactly with
our (186).
(ii) Previously, in [BNS04, (21)] the authors take the local C-field gauge transformations
to be as follows (just adjusted for our normalization convention):

CQ € Q(ZiR(U> t dC2 = Cé - Cg
s.t.
Cs € QRr(U) dCs = Cf — Cg + 3C5Gy.
This coincides with (186) up to gauge-of-gauge transformation (188):

Co, Cs,
<c5 > <C5 — d(;czcg)> ’ (193)

and hence agrees on gauge-of-gauge-equivalence classes (191).

(iii) However, the original authors [Cre+98, (2.4); Lav+99, (3.3); KS03, (14)] on this subject
(also [Sat10, (4.9); Barl2, §2.3; Ros26]) considered “gauge transformations” that are
essentially different when taken at face value, parameterized by shifts of the gauge

potentials: As € O3(D) Ay = C— Cy

As € QSU) T Ag = Cf— Cs— 1050y
This definition (194) concerns exact shifts of gauge potentials, hence may be understood
as defining not the gauge transformations themselves (which ought to be parameterized

by potentials of A3 and Ag) but the condition on potentials of being gauge equivalent,
at least over a chart.

(192)

(194)

Hence what one needs is a general theory that allows to systematically identify the nature
of higher gauge transformations. This is what we turn to next, following [GSS24b, §2.14].

Relating to Higher Concordances of [S*-Valued Forms. To this end, we next observe
(with [GSS24b; GSS24c]) that the systematic way to derive the higher gauge structure of
higher gauge potentials is by reducing them to higher-order concordances [ (U;a) (27)
of closed differential forms with coefficients in the characteristic Lo-algebra a (105) of the
duality-symmetric Bianchi identities.
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Let us denote the groupoid established in Lem. 4.5 as follows (the I-truncation [—]; of the

groupoid from Lem. 4.4):
C-Field gauge potentials on the chart U

[C FldPtntl ( U )] 1 . with gauge-of-gauge-equivalence classes ( 1 95)

of gauge transformations between them,
where we leave the fixed flux density (G4, G7) notationally implicit.

Recall from the overview § 1.3 that just from the datum of the characteristic L..-algebra
(105) we obtain a higher groupoid of gauge potentials for given flux densities on a chart, this
being the homotopy fiber:

aPmtl(U) = fib({F} — [Q4(Usa)). (196)

In order to stay within the realm of 1-groupoids, for the purpose of these lecture notes,
we consider again the 1-truncated 1-groupoid obtained by quotienting out 2-morphisms:

[aPtntl(1)], = [ﬁb({ﬁ} QLU a))L. (197)

The point is that the groupoid (197), while unwieldy at face value, is canonically defined
from just the datum of the duality-symmetric Bianchi identities, and provides the right
gauge structure for general flux quantization (§ 4.2). Therefore the following statement is
remarkable:

Proposition 4.6. The canonically defined groupoid (197) of local a-potentials — fora = 1S*
the characteristic Ly-algebra of 11D SuGra (Ex. 3.5) — is equivalent (283) to the explicit
groupoid (195) of local C-field gauge potentials (Def. 4.3 and Lem. 4.5):

[(1SY)Ptntl(U)], —= [CFI1dPtntl(U))]; . (198)

Proof. This is essentially the statement of [GSS24b, Prop. 2.48] (cf. also [Ban25]): Items
(i) and (ii) there say that we have a functor that is surjective on objects, and item (iii)
there says that this functor is full. It remains to show that it is faithful, which is equivalent
to saying that before quotienting the construction extends to be full on gauge-of-gauge
transformations. This one readily checks by the same method as used in the proof there. [J

This statement is the best one can hope for in view of previous literature, where gauge-of-
gauge transformations and higher have not been discussed. Accordingly, this means that we
may regard the untruncated higher groupoid (LS*)Ptntl(U) (196) as the proper local higher
gauge structure of C-field potentials.

4.1.2. NS/RR-Field Potentials in the 10D IIA Bulk

By the isomorphism of co-groupoids from (ii) of Prop. 3.22; it follows that the local gauge
structure of the 11D C-field determines the local gauge structure of the (duality-symmetric)
fields for all descendant supergravity theories. In particular, restricting to the set of S-
invariant super-fluxes in 11D, this implies that the basic decompositions of all the formulas
from § 4.1.1 yield the corresponding gauge potentials and (higher) gauge transformations for
the lower dimensional theories (cf. [GS26, Prop. 2.4]).
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For instance, in the case of ITA supergravity, this immediately yields the NS/RR local
gauge structure encoded in the cyclification cyc(IS?). Namely, for fixed NS/RR (super-)flux

densities F, c Q(ZiR<U) dF, = 0
Hs € Q3:(U) dH; =0
Fy € QuprU) st dFy = 1H3E
Fy € QS (U) dF; = —H3F,
H; € QiR(U) dH; = SF,F, + FyF;
then:
(i) NS/RR-field gauge potentials are given by:
Ay € QiRU) dA, = F
By € Q3r(U) dBy = Hj
Ay € QR(U) st dAs = Fy— F,B, (199)
As € Qr(0) dAs = Fs+ 3AsHs + ;B F)
Bs € Q5 (U) dBs = H; — A3F, — FyAs.
(ii) NS/RR-field gauge transformations between pairs of potentials are of the form:
Ny € Q3R(U) dNy = A} — A
N, € Qir(U) dN, = By — By
My € Q3(U)  st. dM, = Ay — Az + BN, (200)
N, € Qir(U) AN, = Af — As — 1(ByA; — ALBy)
M; € Qr(U) dMs; = By — Bs + FoNy — s AL A;.
(iii) NS/RR-field gauge-of-gauge transformations are of the form:
Ky € Q5 (U) dKy, = N| — N,
Ly € QéR(U) i dL, = M/; — M, — LK, (201)
K3 € Qur(U) dK3 = Ny — Ny
Ly € QiR(U) dL, = M} — Ms — F,K;.

This pattern propagates similarly in an algorithmic manner to even higher gauge trans-
formations, and moreover to the local gauge-structure of lower dimensional SuGras.

4.1.3. B-Field Potentials on M5-Probes

The discussion of local C-field gauge structure (§ 4.1.1) generalizes to the presence of Mb5-
brane probes L1528+ 2. 110182 (g 3 3),

By analysis of the higher concordances of [, S7-valued differential forms from (118) and
Prop. 3.25 one finds [GSS24c, §4.1; Ban25, §3.1] in addition to the bulk field data from
Def. 4.3, the following data (on a compatible chart U of X°1%8+) for fixed M5-worldvolume
flux density

Hy € O3y st. dH; = ®*Gy. (202)

(i) B-field gauge potentials alongside the C-field potentials (Cs, Cg) from (185) are of the
form:

or By, € Q2 (U) st. dBy = Hy— Cy. (203)
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(ii) B-field gauge transformations alongside the C-field gauge transformations (Csq,Cs)

from (186) are of the form: ,

dBy = B, — By + Cs. (204)

(iii) B-field gauge-of-gauge transformations alongside the C-field gauge-of-gauge transfor-
mations (C4, Cy) from (188) are of the form:

dBy = B, — B, +C,. (205)

With this analysis in hand, we next find the admissible global IR completions of 11D
SuGra (with M5-probes), and the corresponding topological brane charges: § 4.2.

4.2. Charges

We have now seen that the local on-shell field and higher gauge structure of 11D SuGra is
entirely controlled by the M-theory gauge Ly.-algebra [S? (Ex. 3.5), which in the presence

of M5-brane probes is enhanced to the fibration [_, S 4 (5% (120). Here we finally explain

how this characterization allows for the global IR-completion of the higher gauge fields,
thereby defining the topological charges of the singular (black) branes of the theory (the
M-brane charges).

Dedicated lecture notes on the mathematical details of this claim are in the companion
article [SS26f], to which we refer the interested reader. Here we give a slightly sketchier
motivation from Dirac charge quantization and then highlight the nature of the topological
brane charges that accompany each such choice of global completion.

Comparison to the Literature: Models of the C-field. The idea that the C-field of 11D
SuGra needs a global definition originates with [ES03, (3.3); AJ04; HS05, §2.7; DFMO07]
(the latter authors speak a “model of the C-field”), further considered in [Sat10, §2] and
[FSS14, (2.1.15); FSS15¢, §4.1; DW23, (2.1)]: In these articles, the magnetic flux density G4
is quantized in a (shifted) form of (differential) ordinary integral cohomology (cf. recalled in
§ 4.2.1), while quantization of the electric flux density G7 is not considered (but see [Sat05]).
Accordingly, the peculiar mixed electromagnetic nature of the gauge transformations (186)
of the local C-field potentials (Def. 4.3) is not reflected in these models.

On this point compare the famous proposal of quantizing the RR-flux of 10D II SuGra
in topological K-theory (cf. [Fre02; Szal3, §3; (GS22]): While not traditionally advertised
as such, this is tacitly a joint quantization of both the magnetic RR-fluxes, F<5, and of the
electric RR-fluxes, Fs5 (cf. [SS25d, §2.4 & §4.1]). If 10D ITA SuGra is still to originate from
11D (cf. Fig. 2), globally subject to this flux quantization, then the quantization of G7 in
11D cannot be ignored. Despite the title of [DMWO03; DMWO00], this problem has not been
addressed before [BSS26a; GS26].

The general notion of what it means to globally complete a (Maxwell-type) higher gauge
theory by proper electromagnetic flux quantization was laid out in [SS24], based on the
results of [F'SS23] and surveyed in [SS25d; SS26¢; SS26f]. The application of this method to
the C-Field in 11D SuGra is considered in: [FSS15d; FSS20; FSS21a; SS20; GS21; FSS22;
Gra2b; BSS26a] following [Sat18, §2.5].
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4.2.1. Higher Dirac charges in Differential Ordinary Cohomology

The one special case of flux quantization that has become more widely appreciated is the
higher generalization of Dirac charge quantization, where we have a flux density F,; (in
degree n + 1) subject to the simple Bianchi identity

dF,;1 =0, (206)
and where the corresponding gauge field is globally completed as a cocycle in differential ordi-

nary cohomology, equivalently modeled by Deligne cohomology, Cheeger-Simons differential
characters and higher U(1)-bundle gerbes.

We now briefly review a construction of differential ordinary cohomology that naturally
leads to the more general differential nonabelian cohomology that we need for higher-
dimensional supergravity.

Presheaves of Chain Complexes. To understand this flux quantization, we consider Cech
cohomology with coefficients in sheaves of chain complexes (exposition for physicists: [Alv85]).
The idea of this is the following:

By a presheaf of chain complezes Ao, we mean here an assignment which to each (super-)
Cartesian space U — hence to each chart of any given (super-) spacetime — assigns a chain
complex in non-negative degrees of abelian groups A, (U):

A A A
A0) = (= ) 2 a0) s A0) (207)
and to each map of charts a chain map in the other direction
U — AJU)
e = o (208)
U — AJU)

such that composition of maps and identity maps are respected.
Key examples include:

(i) The k-fold suspension (k € N) of an abelian group A, regarded as a constant presheaf
in degree k:

AR)(=) == (A%0%0— - —0), (209)
and, generally,
Aey ife—k >0
AJK] = BReTE = (210)
0 otherwise.
(ii) The k-shifted de Rham complex:
Uit () 1= (Do) S o Q2 & Qll) S 0h(-)) e

ending in the sheaf of closed k-forms.
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Natural Chain Maps. A map of presheaves of chain complexes (natural chain map) is for
each chart a sequence of maps that commute with the differentials,

s o g
AU) = ( L a0 B A ) 2 AO(U)>
fo(U)l () A O) fo(U) (212)

1 oy

BU) = (- 2 BaU) o BIO) - B(D)).

and with the pullbacks (208). This is called a natural quasi-isomorphism (also: global quasi-
isomorphism, since we do not require passage to stalks), denoted “ = ", if it induces iso-
morphisms on all chain homology groups for all U.

For example, there is a canonical chain inclusion from Rn| (209) into Qjz° (211),

Rp] =(R-% . 20— 00—"00)
J [ o] of o (213)
O = (2% > QR QR S ),

which is a natural quasi-isomorphism, by the Poincaré lemma.

One says that a diagram of presheaves of chain complexes of the form shown in the
following on the left here is a homotopy fiber product of the form shown on the right:

Xo x5 Y Y, <~ Y, Xy xh Y, —> Y,
l - ! l = ! = (214)
X. B, ~~— B, X, B..

Cech Cohomology. Given a presheaf of chain complexes 4, (207), then for X a (super-)
manifold and U; <> X a good open cover, meaning an open cover such that all chart inter-

sections
U'Ll'bk = Ui1 MN---N Ulk (215)

are themselves charts (if not empty), the Cech cohomology of X with coefficients in A, is
the chain homology of the Cech complexr with entries
Cn(X,A.) = @ @ AZ<U20%) (216)
l—k=n ig--ik
and differential
(8a)i0..,ik+1 = (8Aa + (—1)”5a)i0...ik+1

= aAaio-"ikH + (_1)n Z (_1)jai0"'ij—1ij+1"'ik+1
0<j<k+1

(217)

Uigooig 11 °

We write:
H"(X; A,) = Zo(X; Ad[n]) - ker(CO(X;A°[nD = Cﬁl(X;A.[nD) . (218)
Bo(Xs Adlnl) i (643 Auln]) 2 Co(X: Aln]))

Examples of Cech cohomologies:
(i) Integral ordinary cohomology is Cech cohomology with coefficients in Z (209);
H'(X;Z) ~ H°(X;Zn]). (219)
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The cocycles are

Nigigizeint1

T Nigigiz-inga
(nioil...in € Z) s.t. S 0 on Ul

Z]'EI

(220)

+ 091 in+1"
Nigiriz-int1

For instance, consider flat 1 + d-dimensional spacetime R"¢ with the worldvolume of a
p-brane removed. One finds:

Z iftn=d-p-—1

(221)
0 otherwise.

HM(RY —R'”:7) ~ H"(54+12) = {

——
RLP x Ry x S4—P—1

These are the possible charges of higher Dirac monopoles with charges in ordinary

cohomology. We are next after higher gauge fields that reflect these charges.

(ii) Given a sheaf A of abelian groups regarded as a chain complex concentrated in degree

0, th
) en HO(X; A) ~ A(X) (222)
is simply the group of global sections of that sheaf. For instance
H(X; Q) ~ Qip(X). (223)

Deligne Cohomology and Dirac Charge Quantization. Differential ordinary cohomology
is, as a Cech cohomology theory, represented by the smooth Deligne complex (cf. [Bry93,
§1.5; Gaj97], also [FSS13, §2.5; FSS15a, §3.1; GS17; GS19]), which is a kind of combination
of (211) and (209), but ending in not-necessarily closed forms:

Zln + an(-) = (Z = Q=) -+ % U2 S QR (5) > () (229)

The Cech cohomology with these coefficients is differential ordinary cohomology in the guise
of smooth Deligne cohomology:

Hif (X;Z) ~ H°(X;Z[n + ag) - (225)
For instance, a 0-cycle with coefficients in Zqg[2] is
Ay € Qir(Us,) dNigi, + Ay, — Ay = 0 on Uy,
Nigin € QrUigi )| 8t S Miginia + Nivis — Nigis + Nioin = 0 on Upii, (226)
Nigiriy, € 2 isel Niviis — Niginis T Migiris — Migizia = 0 ON Usgiyinig-

This is exactly the Cech data for the electromagnetic field under ordinary flux quantization.

Similarly, a 1-chain between a pair of such O-cycles is

Y
0 da, = Aio — A on U,
ai, € Qqr(Uio) — A — A U 227
. c7 s.t. Kigiy — G4y + Q4 = Ajgiy — Nioia on Uiy ( )
071 ijel . e — —
J - ’{74122 + Kmm "11011 - nioilig n%01122 on U1011227

which is the global data of a gauge transformation between a pair of globally completed
electromagnetic fields.

Under the cohomology operation induced by the evident chain map projecting out the
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integer piece in (224),

Z[n + 1]dﬂ‘ X Z[n + 1]

(228)
i (X:2) > H™(X;Z),

these differential cocycles project onto the integral cocycles (219). In particular, we see
that underlying the globalized electromagnetic field (226) are integrally quantized charges of
magnetic monopoles (221). This is the modern form of Dirac’s original magnetic charge/flux
quantization argument.

Differential Ordinary Cohomology as a Fiber Product. The point for our purposes now
is a slick reformulation of Deligne cohomology in a way that generalizes to flux quantization
of Bianchi identities with non-linear self-couplings. To this end, we observe (in Fig. 5) that

the Deligne complex (224) is a homotopy fiber product (214) of this form:
Zln]ag — Zn]
| " | hence Zn]ar ~ Qg ><[h]Z[n] (229)
R[n

n
cl

— Rn]

This makes nicely manifest how passage to Deligne cohomology is the result of combining
(i) closed differential forms (abelian flux densities) with
(ii) integral cohomology classes (the corresponding Dirac charges),

compatibly with their joint image in real cohomology.
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Figure 5: Shown is how the Deligne complex (224) completes a (homotopy) pullback diagram (214)

of chain complexes which presents the homotopy pullback (229), cf. |

r

Z
!

Qr
bd
Qqr
bd
\L d
iy
\l/ d
Qir
0
0

0
d

— O <4~ O < O

Qn—l—l

1

Z @& Ny
x>

L la

QUr @ Qg

ba % L

QUr @ Ug

Yo % L

>
id // id
Yr' @ Qg
Lo
Qir

pro
Pro

p£2
d
0
Qar
bd
1
QdR

bd

F'SS23, proof of Prop. 9.5].

- O+ O 4+ N

O+ O +— ..

o,

— O+ O <+ =

bd
Ui

bd
Qir

d

n+1
ch

O+~ O — .-
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4.2.2. General Charges in Differential Nonabelian Cohomology

We now need to generalize the above situation (§ 4.2.1) from chain complexes to their non-
linear generalization to higher gauged sets (Def. 4.1).

From Chain Complexes to Higher Gauged Sets. As we generalize from higher Maxwell /Dirac
theory with its linear Bianchi identities dF},;; = 0, to general higher Maxwell-type Bianchi
identities (Def. 3.1) characterized by non-abelian L.-algebras a (105), the set of solutions

to these Bianchis is no longer an abelian group Q4 (X) ~ QL(X;R[n]), but just a set
QL(X;a): The sum of solutions to a non-linear equation like (1) is no longer a solution, in
general.

Hence we are to generalize from presheaves of chain complexes (207) to presheaves of Kan
simplicial sets (cf. Fig. 6).

. . . s ~
Figure 6:  The generalization .
. > ) ) presheaves of chain complexes
from linear to non-linear Bianchi
identities requires generalizing gencralizelto

the presheaves (over Cartesian
charts) of chain complexes,
which describe ordinary Dirac are modelslfor
flux quantization, to presheaves
of (Kan) simplicial sets.

presheaves of simplicial sets

smooth oo-groupoids/stacks

(. J

Regarded under stalkwise homotopy equivalence, these presheaves of simplicial sets on
charts are called smooth co-groupoids (or smooth co-stacks), cf. [FSS23, §1; FSS15a; SS26d,
§4; SS251].

For instance, the chain complex A[n] is really a stand-in for the Eilenberg-MacLane space
traditionally denoted K(A,n), which we denote B"A (cf. § A.3). A classical result (cf.
[FSS23, Ex. 2.1]) identifies this as the classifying space for ordinary cohomology, in that
ordinary cohomology classes are equivalently homotopy classes of maps into such a EM-

space: H"(X:Z) ~ mMap(X, B"Z). (230)
This shows that the space B"Z indeed plays the same role as the chain complex Z[n| in
(219).

In this sense, the above presheaves of chain complexes generalize to presheaves of spaces.
In this more general context, the homotopy pullback (229) hence reads equivalently:

(B"Z)ag — B"Z
| e (231)
m B"R.

cl

In this formulation, cocycles in the cohomology theories represented by the vertices of this
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diagram are represented by maps into these spaces:

(232)

4 — B"R.

IR-Completed Fields in Differential Nonabelian Cohomology. This perspective now
makes it clear how to generalize Dirac flux quantization from linear to non-linear Bianchi
identities characterized by possibly non-abelian L.-algebras a. We need:

(i) a classifying space Ay for a-valued non-abelian de Rham cohomology,
(ii) a canonical map
Qil(_; Cl) — Ag,
which classifies sending a-valued closed forms to their non-abelian de Rham cohomology
class,

(iii) a classifying nonabelian character map
A bt Az,

which extracts exactly those aspects of A-valued charges that are reflected by a-valued
differential forms,

for any classifying space A which is compatible with the given characteristic L.-algebra a,
in that
Ag = [Qhp(=:0). (233)

The fact that such character maps in nonabelian cohomology exist, and how they are
constructed, is the content of the eponymous monograph [FFSS23], using classical results
of rational homotopy theory. Expository surveys are given in [SS25d, §3; SS26f, §4.1.2].
This shows that the compatibility condition (233) is equivalent to the demand that the real
Whitehead-bracket L..-algebra [(—) of A Ex. A.1is a:

A~ a. (234)

With this in hand, the now evident generalization of the previous situation (232) yields
the desired global data for a higher gauge field with duality-symmetric Bianchi identities
characterized by a and charges classified by A subject to the compatibility condition (233)
and (234); such a field configuration is the data of the dashed maps in a diagram of smooth
oo-groupoids (Fig. 6) of the following form (cocycles in differential A-cohomology [FSS23,
Def. 9.3]):

s - A
RSy tas
A ch”t (F,Ax)
- E & X i HAag = Qil(—; a) x" A (235)
X K R

S F S

G A

Q"'@@\\A — R
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Example 4.7. The global completions of 11D SuGra are parameterized by classifying spaces
A whose R-rational homotopy type is that of the 4-sphere (107):

A ~ 1S*. (236)
For any such choice, a global C-field configuration according to (235) is given with respect
to an open cover {U; > X };cr of (super-) spacetime by Cech data of the following form:

(i) On charts U; potentials (185) for the restriction of the flux densities to these charts:
c acs) = @,
@ s.t. © L) (237)
CV6 dC6 = G7—§C’3 G4.

(ii) On double intersections U;; gauge transformations (186) between the restrictions of the
gauge potentials on U; and Uj, respectively:

dC«Q(ij) _ Céj) . C:gl)
ngEij) _ Oéj) . Cél) . %C«?()j)cvéi) '

(iii) On triple intersections U, gauge-of-gauge transformations (188)

(238)

on Uijk

between the composition (189), now for any (non-necessarily fixed) A € R, of the
restriction of the gauge transformations on U;; and Uy to the restriction of the gauge
transformation on Uy:

dcrl(iﬂf) _ C«élk) . Céij) . Céjk)

’ , ’ | o o 239)
ijk ik i k i k i k (
Aoy’ = cfP — ¢fP - eV + fegPdey - sa(as ef).

(iv) On higher intersections the corresponding higher order differential form data and com-
patibly further locally constant data of a cocycle in A-cohomology.

This is the generalization for the 11D SuGra C-field of the Cech cohomology data (226)
for the ordinary electromagnetic field.

However, in practice, one will tend to obtain the global C-field data (235) using other
methods. A slick construction of global C-field configurations (globalized in 4-Cohomotopy,
cf. Ex. 4.8) analogous to multi-center ADHM instantons is given in [GSS26b].

4.2.3. Brane Charges in Nonabelian Cohomology

The foremost effect of global IR-completion (235) of SuGra theories is that it determines the
topological charges carried by the singular branes of the theory (the higher analogs of Dirac
monopoles). In particular, it determines
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(i) how these charges are discretized (“quantized”), reflecting indecomposable fundamental
brane sources;

(ii) the presence of torsion charges (a finite sum of which may vanish), reflecting the pres-
ence of fractional brane species.

If A classifies the flux quantization law of the chosen IR completion (234), then the charges
(235) are in the nonabelian cohomology ([Toé02, Def. 6.0.6; Lurl4, Def. 6; FSS23, §2], cf.
[SS25g, §1; SS26e, §4]) of spacetime with coefficients in A:

H! (X, Q_A) (if A is connected)

= HO(X’A) (generally) (240)

= mo Map(X;A) ~ {

Homotopy classes of }
maps X — A

Concretely, if one measures these charges on near-horizon geometries of the black p-branes

in d-dimensional space, in a generalization of (221), then they take values in the homotopy

groups 7, of the classifying space A (cf. [SS23], where we are now assuming that A is simply

connected):

HY(RY —RW; QA) ~ H'(S4 71 QA) = mpMap(S9—7-1, A)

ruepa(A). (241)

12

Bulk Charges in 11D SuGra.

Example 4.8 (IR-Completion of 11D SuGra according to Hypothesis H). There is an IR~
completion of 11D SuGra given by choosing in (236) the classifying space to be the 4-sphere

itself:
e A= 5t (242)
This choice was first considered in [Sat18, §2.5; FSS15d, §4] and the hypothesis that this is
the right choice for “M-theory” was called “Hypothesis H” (for quantization in co- Homotopy
theory) in [FSS20; SS20; FSS21a] (where a list of consistency checks is presented supporting
this hypothesis).

In any case, the choice (242) is “weakly initial” among IR~-completions of 11D SuGra in
that any other admissible CW-complex A (236) will be obtained by attaching further cells
to the 4-sphere and hence will come with a canonical comparison map (including the 4-cell)

St A (243)
which induces a canonical nonabelian cohomology operation
™(X) = HY(X;Q5%) —— H'(X;QA). (244)

from the nonabelian cohomology theory called 4-Cohomotopy (cf. [Hu59, §VII; FSS23, Ex.
2.7]). This means that the M-brane charges according to Hypothesis H canonically map to
the brane charges of any other IR-completion of 11D SuGra.

Now, according to Hypothesis H, fundamental M-brane charges are given by the homotopy
groups of the 4-sphere. This implies, as shown in Tab. 3, that Hypothesis H predicts inte-
grally charged M2- and Mb5-branes as it should be, among various fractional branes [S523,

(22)].
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Table 3: Possible charges of singular (“black”) Mp-branes (as measured near-horizon) predicted by
the IR-completion of 11D SuGra according to Hypothesis H (Ex. 4.8). Besides the expected integral
charges carried by M2- and Mb5-branes, various fractional M-brane species may appear (which are
invisible before IR-completion).

p= 0 1 2 3 4 5 6 7 8 9

H'(RV10 — RYP; 054) 0 0 Z 0 0 Z 0 0 0 O (integral)
(= & ® ® © © o0 006

= 7o 73, 73 Zps Zpp Zpp 0 0 0 0 0 (fractional)

If one feels that the fractional brane charges seen in Tab. 3 do not match desiderata on
the global behavior of 11D SuGra, then one needs to choose another IR-completion given by
another classifying space A of the rational homotopy type of the 4-sphere (236).

In the presence of Probe Mb-Branes. In the presence of a probe M5-brane worldvolume

SLalz8 2 X 110182 we have seen in § 3.3.2 that the joint bulk/brane Bianchi identities that
put the theory on-shell are characterized by a commuting diagram of this form [GSS24c¢]:

S8 e Ol (1, ST)

? bsa

l‘b l(mH)* (245)
Xz (GG g1 (g
saying that the R-rational content of the fibration must be exactly that of the fibration of
L.-algebras characterizing the Bianchi identities (245).
For such twisted relative Bianchi identities the global IR-completion from § 4.2.2 accord-

ingly generalizes from a single classifying space A for the bulk charges to a fibration B > A
of classifying spaces, subject to the compatibility condition

B [,S7
A (4.

Given such a choice of fibration, the combined bulk/brane charges are classified by commut-
ing diagrams of maps of this form [BSS26b, (4.9)]:

pIEEEERES > B
@ VP (247)
X - - A

Example 4.9. The minimal IR-completion of probe M5-branes which is naturally compat-
ible with the bulk IR-completion according to Hypothesis H (Ex. 4.8) is classified by the
quaternionic Hopf fibration hy, with charges of the form ([F'SS20, §3.7; FSS21a; GSS24c,

§4.2]):

IR = 57
e Vh (248)
X - » 54
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For instance, in the special case that the bulk charge is trivial, this implies that the charge
carried by the “self-dual” field on the Mb-brane is classified by the fiber of the quaternionic
Hopf fibration and hence is in 3-Cohomotopy:

pIREEEEE > 9% — 57
@ l Vhu
X * S4 .

! A
\

This reproduces the expected integral quantization of the charges carried by the “self-dual
string” (the singular M-string), cf. Tab. 4.

Table 4: Possible charges of singular (“black”) g-branes inside an M5-brane probe (as measured
near-horizon) predicted by the IR-completion of M5-probes of 11D SuGra according to the twisted
relative extension (248) of Hypothesis H (Ex. 4.8). Besides the expected integral charges carried
by M1-strings, there is the possibility of fractional O-brane charge (invisible before IR-completion).

gq= 0 1 2 3 4
Ht <R175 — Rbe; QS3> 0 Z 0 0 0 (integral)
[ & @@ @@
= M Zyy 0 0 0 0 (fractional)

H'(RY —RM;0Q8%) ~ m3(S3) ~ Z.

Chern-Simons-Type Charges. The above construction (235) of global field configurations
admits the following generalization:

Given a choice of L..-algebra inclusion
o> d (249)
we may take the charges to be classified by spaces A such that (234)
A~ a, (250)

and hence generalize the construction (235) of global fields to

Bl
Q‘O‘a’f%”’/ i
A ch”t (F,Ax) i
- SE & X == Ql(—a) x A (251)
X L ES Ar
S F ~
1?((;\\\ ‘.A]R
G ™\ ~

This amounts to flux quantization in A-cohomology while constraining the d-flux densities
that are not in the subalgebra (249) to vanish.
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Example 4.10 (Magnetized M5-Brane Probes). In the case of M5-branes (245) we may
consider including the characteristic of the worldvolume flux into the Whitehead L..-algebra
of the twistor fibration tc ([FSS22]):

(57 — [_,CP?
Jths e (252)
[§4 —— (51,

Here the Bianchi identities characterized by [, CP? are
d FQ = 0
dH3 — ®*G4—F2F2,

with an extra 2-flux density Fy, and the inclusion (252) enforces the further on-shell con-
straint
Fy=0. (253)

Under the twisted relative version of the global field construction (251) this means that
besides the worldvolume B-field there appears also an “A-field” which has vanishing flux
density but possibly topological global effects, like an abelian Chern-Simons field.

Indeed, the [ ,CP? characteristic turns out ([SS25¢c, p. 38][Ban25, (83)]) to change the
local B-field potential (203) to

dBQ == Hg-Cg—CS(Al), (254)
including the Chern-Simons form of a 1-form potential A;. Expressions of this form for the

“M-theory 3-form” C5 have previously been considered in [DW23, (2.1)][FSS14, (2.1.15)]
[F'SS15¢, §4.1], following [DFMO7], and earlier in [ES03, (3.3)].

Here (as for actual Chern-Simons theory), the Chern-Simons term actually vanishes on-
shell (cf. [SS25b, p. 7; BSS26b, §2.2]), but the topological effect of the Chern-Simons-type
field influences the topological charges seen in the IR-completion of the M5-brane. We
mention some of the resulting effects in § 4.3 below.

4.2.4. Orbifold Charges in Equivariant Nonabelian Cohomology

Equivariant Classifying Maps. When generalizing (super-)spacetimes to orbifolds, the
brane charges are measured in orbifold cohomology (cf. [SS26¢]). For global orbifold quo-
tients this is modeled by equipping both the domain spaces and the classifying spaces with
continuous actions of a group G and then constraining the classifying maps ¢ to be G-

equivariant
e O
G-orbifold charges € mo Map(X,A) = 7T0{ X g }, (255)
in that for all x € X and g € G we have:
c(g-z) = g-c(x). (256)
An important consequence of this equivariance condition is that G-fized points
X ={reX|V:g-z=0a}CX (257)
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must be mapped to G-fixed points:

& O
j\( 7777777777 > ,j[ (258)
XG 777777777 > .AG

In particular, the relative mapping spaces (247) between G-spaces become themselves G-
spaces by the evident G-conjugation action, and their G-fixed loci are the spaces of relative
equivariant maps:

G\ ¥ G
N >0
Map(®, P)C = l@ ly . (259)
T > 0N
G A G

The joint homotopy classes of such equivariant maps are the (relative) orbifold charges (cf.
[5520, (3)][SS25f, Fig. 7][SS26¢]).

4.3. Applications

With topological charges properly defined on M5-brane probes, we gain access to the proper
geometric engineering of topological phases of matter on single M5-branes (avoiding the
unrealistic large-V limit assumed in holographic CMT models).
In particular, it turns out that, after global completion of 11D SuGra in Cohomotopy,
the topological quantum states of flux on “magnetized” M5-branes (Ex. 4.10) probing A-
type orbisingularities reproduce in fine detail known and expected properties of topological
quantum order of fractional quantum Hall (FQH) systems and make further predictions of
experimental interest ([SS25h; SS25¢; SS25a; SS26a] based on [SS26b; SS25¢]).
Strikingly, beyond the topological sector, FQH excitations are observed, at long wave-
lengths, to exhibit
(i) We-symmetry,
hence area-preserving diffeomorphism symmetry, reflecting the incompressibility of the
FQH liquid,

(ii) effective supersymmetry,
under which the magneto-roton mode is a spin-2 graviton-like super-partner to a spin-
3/2 gravitino-like neutral graviton mode.

These are also the characteristic symmetries of super p-branes, suggesting that the geometric
engineering of FQH systems on IR-completed Mb5-branes may be useful also beyond the
topological sector.

Literature on Holographic M5-Brane models in Solid State Physics. The idea to model
strongly coupled condensed matter systems on M-branes in 11D SuGra came to prominence
with the “holographic” model of superconductors due to [Her+07; GSW09; GPR10; GSW10],
further discussed by [Don+13; DGP13], cf. review in [Bagl9, §4.3]. This approach relies on
a large N-limit.
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A suggestion that M5-branes may geometrically engineer topological quantum order was
made in [CGK20], aspects of which were further discussed in [CQW23; BSW24].

Our rigorous geometric engineering of fractional quantum Hall topological order on N = 1
IR-completed M5-branes at A,-singularities is due [SS25b; BSS26b, §4; SS26a, §5], based on
results in [SS26b; SS25¢], survey in [SS25¢].

Literature on Effective Supergravity in FQH Systems. Discussion that, in the IR-limit
of FQH liquids:
(i) the bosonic excitation looks like a (chiral) graviton: [Lio+19] (theoretically) and [Lia+24]
(experimentally),
(ii) the fermionic excitation looks like a gravitino: [Hall3; Wan23, p. §],

(iii) this pair of modes exhibits an emergent (broken) supersymmetry: [GMR20; LZX24]
(theoretically) and [Pu+23] (experimentally),

(iv) whose key properties may be modeled by supergravity: [Ngu+23; Du25].

IR-Completed M5-Branes Probing A-type singularities. We consider the following con-
figuration of IR-completed M5-branes at A, orbi-singularities.

The equivariance group is finite cyclic

G = Z,
and the action on the domain space is locally a product with C* on which [k] € Z/, acts as
follows:
& O O | |
H~ C x C c (K] (21, 20) = (2RI e 2mik/ng, ) (260)

As indicated, this action is in fact right H-linear with respect to the identification C* ~_ H,

R
being the left multiplication action with unit quaternions in the image of the inclusion

U(1) © SU(2) ~ S(H). (261)

Therefore we may take the G-action on the classifying fibration CP3 % $* to be “of the
same form” as on spacetime, namely with G acting as in (260) on one of the two C* ~ H-

factors: G G
) )
cP? = st

I I
(€ x € —{0}) /C* — (C* x € —{0}) /H~. (262)

() ()
It is manifest from this definition that the corresponding fibration of fixed loci (258) is:

CON

G
t(C

(P
5 ! (263)
[l [l

(C* = {0})/C* —— (C*— {0}) /B~
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Consider then (as in [CLS26, p. 5]) an M5-brane worldvolume wrapping the half-space
OO
C c C?
of the A-type spacetime singularity (260), with the M-string embedded transverse to the

singularity:
Nl,l — Nl,l

o o

TP = ¥ x C

L

XH10 .= 13« C x C x X3
& @

This configuration is evidently G-equivariantly homotopic to its G-fixed locus (257) (by
linearly contracting the non-compact singularity to the point, C* ~ ). Since the (iterated)
equivariant mapping spaces (259) are homotopy-invariant under equivariant homotopy equiv-
alence, the orbifold charges reduce, by (258), to plain charges on the fixed locus with G-fixed
coefficients (263), cf. [SS25b, p. 7; SS25g, §4]:

G G

NG 3 L > Ccp3_)
o Jre ~ {213 s 52} (264)
1,10 . . G4

-~ (e

But this is, on the right, exactly the Hopfion-like anyonic charge structure of Fractional
Quantum (Anomalous) Hall (FQ(A)H) systems (by [SS25e; SS26g; SS25al), with the M-
string now playing the role of a gapped nodal line [SS26e, §2.2, Fig. 2.3] on which (...)
exhibits edge mode excitations [Wen92, §2.5; Tonl6, §6.1.2]; we further discuss this in
[SS26a]. This phenomenon, that anyonic topological order may be geometrically engineered
(cf. [Dupl7]) on Mb5-branes wrapping (here: orbisingular) Seifert fibrations, was also argued
(by very different, informal Lagrangian means) in [CGK20].

Anyonic Topological Order On IR-Completed M5-Branes. (...)
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A. Background

For reference in the main text here we briefly recall some background material with pointers
to further reading.

A.1. Categories

Super-geometry cannot be well-understood without a bare minimum of category-theoretic
vocabulary (§ 2). More serious higher category theory (homotopy theory, § A.3) is needed for
understanding IR-completions of SuGra (§ 4). Therefore here we briefly recall some basics
(for more cf. [Ger85; AT11; Sch18a; Ric20]).

Arrows Denote Maps. We are dealing with different kinds of objects X, A, ... (spaces,
super-spaces, algebras, super-algebras,...). An arrow like

x 1.4 (265)
denotes a map (a mapping, a function, a transformation, ..., a morphism) from one to
another. This in the appropriate sense:

If X and A are topological spaces then a map is a continuous map, if they are smooth
manifolds then a map is a smooth map, if they are algebras then a map is an algebra
homomorphism, if they are super-algebras then a map is a grade-preserving homomorphism,
etc.

When maps are defined on elements (some kinds of maps are not!), then a barred arrow
“—" indicates where a map sends an element:
X 1.
x — f(z).

For any such notion of objects with maps between them to make good sense, we just need
the most basic consistency conditions; the composition of composable maps

el
x Ly 4z
—Y = (267)

(266)

should:
(i) exist (be again a well-defined map of the appropriate kind),
(ii) be associative
(iii) and unital.
The last one may feel too obvious to even state, but here we go: For every object X there
is a map X 49X X whose composition with any map f out of or into X is f.
Some jargon:

(i) When a map f has an inverse under this composition, it is called an isomorphism.

74



Superspace Supergravity A. Background

(ii) When we draw two paths of arrows between the same pair of objects (a diagram), then
we mean that the two composite maps agree (the diagram commutes):

X N, A
lgl ng means that g0 fi = faog;. (268)
y . B

Categories. A collection of objects with such a kind of maps between them is called a
category. As in categorizing objects: A kind of objects.

The archetypical example is the category of sets: *

Set : Objects are sets, maps are ordinary maps (functions). (269)

Basic examples of categories are concrete categories of sets with extra structure. Beyond
sets themselves (269), examples of concrete categories are:

TopSp : Topological spaces with continuous maps between them. (270a)
SmthMfd : Smooth manifolds with smooth maps between them. (270b)
Vec, : K-Vector spaces with linear maps between them. (270c)
Alg, : Associative K-algebras with homomorphisms between them. (270d)
CAlg, : Commutative K-algebras with homomorphisms between them. (270e)

)

But categories do not need to be concrete in this way. Notably super-manifolds (Ex. 2.2
are not just sets with extra structure; the maps between them are super-fields:

SprMfd : Super-manifolds with super-functions between them (§ 2). (271)

Another example of non-concrete categories is gauged sets (181) of Yang-Mills gauge field
configurations with gauge transformations between them (cf. [BSS18)):

GCnny : G-Yang-Mills fields on X with gauge transformations between them. (272)

Such gauge transformations are invertible. Generally, invertible maps in a category are

called isomorphisms, denoted ¢ — ¢/, and may be thought of as generalized gauge trans-
formations. The isomorphisms from an object ¢ in a category € to itself form a group, the
symmetry group or automorphism group of that object:

Aute(c) = {@c} (273)

Therefore, categories in which all maps are isomorphisms are called groupoids.

For each group G there is a groupoid with a single abstract object that has G as its
automorphisms, the delooping groupoid of G:

BG : Single abstract object with G worth of automorphisms. (274)
An abstract class of examples: With C any category, there is its opposite category:
C? . Objects of € with maps those of € but regarded as pointing the other way. (275)

9A set-theoretic remark which the casual reader should ignore: The collection of all sets is not itself a set
(Russell’s paradoz) but a proper class. Categories in general have a proper class of objects. If a category
happens to have an actual set of objects then it is called a small category. Only groupoids are usually
assumed to be small be default.
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The objects of C°P also called the formal duals of the objects of €. For instance, the basic
example of the duality between geometry and algebra (cf. [Str07, §2; Sch18b, §3.1; Jur+19,
Tbl. 4; Sch26]) is

CAlg” : Affine schemes over K with scheme maps between them. (276)
This duality is the basis for defining super-Cartesian spaces R™? (§ 2.1).

Other general constructions: For a pair of categories € and D we have their product and
their disjoint union categories:

C x D : Pairs of objects, from € and D, with pairs of maps between them. (277a)
CU D : Objects from either € or D, with their maps between them. (277b)

Functors. Functors are the maps between categories €, D themselves. A functor C L p
sends objects to objects and maps to maps, such that composition and identities are pre-

d:
serve e P D
C1 —
( - F(f)l l (278)
E Co — F(Cg) gu
}_>

&
L lg g)l J
C3 — F(Cg)
For example, forming tangent bundles is a functor from the category of smooth manifolds
(270b) to itself, sending smooth maps to their derivatives:

SmthMfd — SmthMfd
X > TX
279
e (279)
Y — TY .
That this indeed respects composition (278) is equivalently the chain rule of calculus.

A basic example: Functors from a delooping groupoid (274) of a group G to vector spaces
(270c) are linear G-representations p on a vector space V:

BG —— Vec,

. — V (280)
lg — r9)}
° — V.
An important abstract example is the hom-functor of a category €, which sends pairs
c,d of its objects to the hom set Home(c,d) of maps ¢ — d, and pairs of maps to their

pre/postcomposition:
Home

CPx(@C —r—

(Cl, dl) —> HOIH@(Cl, dl

(v ]9
6ofo'y

(CQ, dg) — HOHl@(CQ, dg .
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Some important jargon:

(i) A functor that induces bijections between all hom-sets is said to exhibit a full subcat-
egory inclusion and to be fully faithful, denoted:

e D PEN Ve, Home(cy,co) - Homop (F(c1), F(c2)). (282)

(ii) A functor that is surjective on isomorphism classes of objects is called essentially sur-
jective.

(iii) A functor that is both essentially surjective as well as fully-faithful is called an equiv-
alence of categories, denoted:

cL D & F is essentially surjective and fully-faithful (283)

Such equivalence is the notion of meta-gauge transformations between categories themselves.

For example, every groupoid § is equivalent to its skeleton, the disjoint union (277b) over
isomorphism classes [¢] of delooping groupoids (274) of automorphism groups (273):

U[c] BAutg(C) = 9, (284)

via the functor which includes the full subcategory on one representative object ¢ in each
isomorphism class [¢]. This expresses the fact that gauge equivalent objects are operationally
indistinguishable.’

Natural Transformations. Natural transformations are the maps between parallel functors
F
X = A. A transformation F % G is an assigment of maps ¢(c) of D to objects ¢ of €

such that all the following square diagrams commute (268):
¢(c1
a0 o Fle) 2% ge)
Jf lF(f) lG(f) (285)
P(c2
e o Fle) 2 Gley)

These transformations compose by composing their components:
$20¢1(c) = ¢a(c) o da(c). (286)
Therefore, functors € — D are the objects of a category whose maps are natural trans-
formations, called the functor category between X and A:
Fnetr(€, D): Functors € — D with natural transformations between them. (287)
For instance, natural transformations between functors p, p’ from a delooping groupoid to

vector spaces are intertwiners ¢ between the corresponding linear G-representations (280):

° — \% _*, V!

lg lp(g) lp/(g) (288)

o = Vv,

10Beware that as stated, (284) holds for the geometrically discrete groupoids discussed so far, not in general
for topological and Lie groupoids: Because a set with topology, even in the absence of any isomorphisms
between its elements, is not in general the disjoint union of its elements.

77



Superspace Supergravity A. Background

Therefore the functor category from BG to Vec, is the representation category of G:

Fnctr(BG, Vec, ) : Linear G-representations with intertwiners between them. (289)

A key re-incarnation of functor categories are presheaf categories, see (293) below.

Adjunctions. Adjunctions are what category theory is really about (duality and universal
constructions) — but since we avoid entering actual category theory in these lecture notes
(instead just using the basic concept formation), we only mention them briefly.

A pair of back-and-forth functors being adjoint, denoted

L
¢ 1 "D, (290)
R

means that there is a natural isomorphism (“forming adjuncts”)

Homay (L(—), —) <> Home(—, R(—)), (291)
between the hom-functors (281) precomposed with the left adjoint functor L on the left and
with the right adjoint functor R on the right, respectively.

The adjuncts of identities are called the units and counits of the adjunction, respectively,
denoted:

¢ RoL(c) := ia,;(/c) (292a)
Lo R(d) <% d := idp,. (292b)

Presheaves. Given a small category €, the functor category (287) from its opposite (275)
to sets (269), is called the category of presheaves over C:

PSh(C) := Fnctr(C°P, Set) . (293)
If we think of the objects of € as some kind of spaces, then we may think of presheaves

X € PSh(@) as assigning sets of maps X(c) from ¢ to a generalized space X probeable by
the spaces in €, and defined by these sets of probes (cf. exposition in [Sch25; GS25a]).

In particular, the original spaces give such presheaves/generalized spaces by the Yoneda

embedding: (G EEEAN PSh(@)

294
¢ +— Home(—,c). (294)

With this it turns out, remarkably, that the sets X (c) which we thought of as maps from
¢ to X actually are these maps — this is the statement of the ubiquitous Yoneda lemma,
saying that there are natural isomorphisms

Hom,, o (y(—),X) —— X(-). (295)

Sites. Often the probe spaces ¢ € € have a notion of how several glue to or cover another
one. To make this precise: A coverage on a small category C is

(i) for each object ¢ € € a set of covering sets of morphisms {¢; ~> c}icr,
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(ii) such that the “pullbacks” of these covering sets along any map ¢ — ¢ may be refined

/)
by coverings {cg, - } in that
! I/

Ve
a) for every i € I there exists i’ € I’ and a map ¢}, --> ¢

b) such that the following diagram commutes (268):
: l (296)

A category € equipped with such a coverage is called a site.

For example, the category SmthMfd (270b) becomes a site with covering sets the open
covers.

Sheaves. If we still think of presheaves X over € (293) as generalized spaces probeable by
objects of €, then in view of a given coverage on € (as above) this picture is only consistent
if probes of X respect this notion of gluing.

Concretely, for {¢; > c}ier a covering set, one says that plots {¢; € X(c;)}ier are com-
patible (match where covering probes intersect) if for all 4,7/ € I and pairs of dashed maps
making the following diagram commute

\Lf/ 3 l” we have  X(f)(¢:) = X(f')(¢s) - (297)

Cy — ¢

The presheaf X is called a sheaf if for each such compatible family there exists a glued
plot ¢ € X(c) in that

Vier X(u)(¢) = ¢i. (298)
The full subcategory (282) of sheaves among presheaves is denoted
Sh(€) < PSh(C). (299)

This is how we conceive of general super-spaces in § 2.2, by taking € to be the site of
super-Cartesian spaces R™9.

A.2. L.-Algebra

We briefly recall the dual incarnation of finite-type L..-algebras in the guise of their Chevalley-
Eilenberg dgc-algebras (cf. [L.S93; SSS09, §6.1; FSS23, §4]). This dual formulation is much
more concise and transparent than the “direct” one. In particular, it makes immediate the
generalization to super-L.-algebras [FSS15b; FSS19b, §3; GSS25b, §2.1], which in this dual
guise are (mis-)named “FDAs” in the supergravity literature (cf. [CDF91; CD25]).

Our ground field is the real numbers, R. By graded we mean Z-graded (though all con-
structions considered here happen to be just N-graded). We say gc-algebras for graded-
commutative algebras and dgc-algebras for differential graded-commutative algebras with
differential of degree +1.
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The base case of ordinary Lie algebras. For (g, [—, —]) a finite-dimensional Lie algebra,
recall the construction of its Chevalley-FEilenberg algebra CE(g):
Write g¥ := g* for the linear dual of the underlying vector space and
A*g” := Sym(g"[1]) (300)

for its Grassmann algebra, the free graded-commutative algebra for which A"g" is the sub-
space of degree n.

A graded derivation d on A®g" is thus determined by its restriction Alg¥ — A®g¥. Taking
this restriction to be the linear dual of the Lie bracket, dj 15w := [—, —|* hence yields a graded
derivation of degree 1. One checks that its nilpotency is equivalent to the Jacobi identity of
the bracket:

¢ bracke =0 &  Jacobiidentity on [, —]. (301)
The resulting dgc-algebra is the Chevalley-Filenberg algebra of the Lie algebra:

CE(g, [—, —]) = (/\'gv,d = [, —]*) (302)
The key observation now is that this construction is a fully faithful functor on the category
LieAlgﬂgd of finite-dimensional Lie algebras:

LieAlg™ <> dgcAlg®. (303)

This means that we may work (op-)equivalently with the dgc-algebras CE(g). But for these
there is an evident generalization, simply by allowing the vector space g to be N-graded:

The case of L.-algebras. For g an N-graded vector space of finite type (meaning that
each degree g, is a finite-dimensional vector space), write gV for its degreewise dual vector
space, hence with

(6Y)n = (a0)" (304)
d writ
ane Wi A*g” = Sym(g"[1]) (305)
for the graded Grassmann gc-algebra, which in low degrees is
(A'g )0 = Algg,  (A"gY)2 = N'gg @ A'g) . ete (306)

Then the category of (connective) finite-type Loo-algebras is the full subcategory of dgcAlg?®
on those whose underlying gc-algebra is of the form (305):

LooAlg" < dgeAlg®™. (307)

Unwinding this: Since a differential d on (305) is again determined by its restriction to
AlgV, it is given by a sequence of linear duals of n-ary graded-skew symmetric linear maps
forn € N:

d|/\lgv — [—]*+[—,—]*+[—,—,—]*+"' . /\19\/ . Alg\/@/\ng@/\Bg\/@u_ , (308)
and the nilpotency condition d?> = 0 is hence equivalently a (somewhat complicated look-

ing) generalization of the Jacobi identity on this system of brackets. Such a system of
brackets on graded vector spaces g that satisfies these conditions is exactly what makes

(g, (=L =-L=--- )) an L.-algebra.

Example A.1 (Real Whitehead-bracket algebras (cf [F'SS23, Prop. 5.13, Rem. 5.4])). Let
A be a connected and simply-connected topological space of rational finite type (meaning
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that all its rational cohomology groups are finite-dimensional). Then there is an L..-algebra,
A € Lo Alg", (309)
unique up to isomorphism, whose Chevalley-Eilenberg algebra (307):
(i) is generated from the R-rationalized homotopy groups of QA:
(IA)e ~ m(QA) ®, R, (310)
(ii) is quasi-isomorphic to the dgc-algebra Qpg(A) of “piecewise smooth” differential forms
on A, namely of differential forms on all singular simplices A}, | A (n € N) com-
patible with the face and degeneracy maps, hence in particular:

(iii) has cochain cohomology is isomorphic to the real cohomology of A:

H*(CE(IA)) ~ H*(A;R). (311)
This CE([[A]) is called the minimal Sullivan model of A (here: over R). The binary
bracket [—, —| of A is the Whitehead bracket on the R-rationalized homotopy groups, and

the higher brackets are the corresponding higher Whitehead brackets.
Examples may be found listed in [Menl15; SS25d, p. 21].

Of particular importance for dimensional reduction of flux-form densities in a manner
compatible with choices flux quantization, we have the following two examples.

Example A.2 (Rational cyclification). Given h € sLoAlgl with presentation CE(h) ~
Rd{(ei)ig}/(d el = Pi(€)> o its cyclification cyc(h) € sLaoAlglt is given by

deg =(2,evn)
(Vier, W], (den =0 |
CE(cyc(h)) = Ry ; / de' =dye’ +wyse’], (312)
<§€/)iel dse’ = —s(dye’)
<l<‘g(rl’;1 ('71.(\\'11)

where in the last line on the right the shift s is uniquely extended to a super-graded derivation
of degree (—1,evn).

This has a more-or-less straightforward generalization due to [SV25; GSS25b]

Example A.3 (Rational n-toroidification). For n € N the n-toroidification of h € SLOOAlg]%
with presentation as in Ex. A.2 is given by

CE(tor"([])) ~ (313)
,
deQ =0
r n iy i> i1 g . . roor o
Rd[< Wa )7":1’ (S"'Sse/)iel‘ 0<r<n, ‘|/ de* = dhel -+ Z?:l wo se’
-~ deg = n> G > e >0y >0 > 1 r r r r 7’ r
leg = dos = —sod, sos = —sos

Here, on the right of (313) the differential d is extended to the shifted generators by the
rule that it graded-commutes with all the shift operators s, which in turn are regarded as
uniquely extended to graded derivations of degree deg = —1, anti-commuting among each
other.
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Closed L..-Algebra Valued Forms. Consider X € SmthMfd. Given again an ordinary
Lie algebra g of finite dimension, it is immediate that the g-valued differential 1-forms on X
are equivalently ge-algebra homomorphisms out of the dual Grassmann algebra (300), like

this:
Qqr(X;9) ~ Homgeag(A°g", Qip(X)). (314)

Moreover, it is immediate that the closed (meaning: flat, Maurer-Cartan) g-valued forms
among these correspond exactly to those gc-homomorphisms which are in fact dge-homomorphisms
out of the Chevalley-Eilenberg algebra (302):

Q4(X;9) = {A € Qr(X;9)|dA+3[ANA] = 0}
~ Homgealg(CE(g), Qr (X))
Taking this characterization as the definition, it immediately generalizes to the case where

g is a finite-type L.-algebra. We say that dgc-homomorphisms out of its Chevalley-Eilenberg
algebra (307) into the de Rham dgc-algebra are the closed (flat) g-valued differential forms:

Qa(X;9) = Homagears(CE(g), Qr (X)) (316)

Dually, these are maps of L., -algebroids [SSS12, §A.1] out of the tangent Lie algebroid T X
of X into the L..-algebra g:

Q4(X;9) ~ Hompaea(TX, 9) (317)
(viewed as fibered over X and over the point *, respectively), since CE(T'X) ~ Q3 (X).

(315)

While this is well-known, we amplify the role of such closed L..-valued forms as flux densi-
ties solving duality-symmetric higher Maxwell-type Bianchi identities (§ 3.1.1 and Prop. 3.4).

L.-Algebraic Toroidification/Oxidation Adjunction.

Proposition A.4 ([FSS18, §3; GSS25b, §2.2]). Let g be a (super-) Loo-algebra of finite type
1--on

supplied with n distinct 2-cocycles {51},{:1,...’”, which define its n-fold central eztensionﬁ

1---n
~

n g
g € SLieAng(ﬂ éla T, € CE(Q), dél =0 l

g —— bR".
Then, for any target super Lo,-algebra § of finite type with n-toroidification tor™(h) (Ex.
A.3), there is a canonical bijection of sets of Ls,-homomorphisms :

reduction rdc ..,

1.n & ! n
e e

oxidation oxd 1,(_:,; o bR™ 1w2
given by
7 n
1-n 7 g tor”(h)
g ) OqiD i
SIS S S YO IR * (319)
« e---e-ql .. 4 e , i i
b e +1)/2
as 1<r%n (23] (_1)7‘(7‘ )/ . Oé::r'"’h <— § Sel
1<y <-<ir<n
. .
c1 — Wo
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A.3. Homotopy
In its modern generality of oo-category theory:
Homotopy theory is the mathematics of the higher gauge principle.

Here objects are defined only up to gauge transformations (homotopy equivalences) that
themselves are only defined up to gauge-of-gauge transformations (homotopies), which them-
selves are only defined up to higher-order gauge transformations (higher homotopies), and
SO on.

Introductions include [Ric20; FSS23, §1]. For the present lectures, we gloss over actual ho-
motopy theory and here just highlight a handful of the most fundamental notions mentioned
in the main text.

Topological Homotopy. In its original form, homotopy theory is about deformations of
continuous maps between topological spaces. An introduction aimed at physicists includes
[Sch94; Pall9].

f
(i) A homotopy n between a parallel pair of maps X ? Y between a pair of topological

spaces, suggestively denoted

is itself given by a continuous map out of the cylinder [0, 1] x X over X which contin-
uously interpolates between f and g:

0,—) = f(—
0,1]xX ">V st {77(’ ) =70 (320)
n(l,—) = g(=).
(ii) For example, if X = x is the singleton, then maps * — Y are points of ¥ and

homotopies between them are continuous paths in Y.

Being connected by a continuous path is an equivalence relation on points of Y, and
the set of connected components of Y is the set of these equivalence classes:

mo(Y) := {* --> Y} /homotopy . (321)

(iii) The set of all maps from X to Y is itself naturally a topological space, the mapping

space
Map(X,Y) = {X --» Y}, (322)

which is such that the continuous paths inside it are the homotopies (320). Hence its
connected components (321) are exactly the homotopy classes of maps

o Map(X,Y) ~ {X --» Y}/homotopy . (323)
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