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Abstract

In the quest for the mathematical formulation of M-theory, we consider three major open problems: a
first-principles construction of the single (abelian) M5-brane Lagrangian density, the origin of the gauge field
in heterotic M-theory, and the supersymmetric enhancement of exceptional M-geometry. By combining tech-
niques from homotopy theory and from supergeometry to what we call super-exceptional geometry within
super-homotopy theory, we present an elegant joint solution to all three problems. This leads to a unified
description of the Nambu-Goto, Perry-Schwarz, and topological Yang-Mills Lagrangians in the topologically
nontrivial setting. After explaining how charge quantization of the C-field in Cohomotopy reveals D’ Auria-Fré’s
“hidden supergroup” of 11d supergravity as the super-exceptional target space, in the sense of Bandos, for M5-
brane sigma-models, we prove, in exceptional generalization of the doubly-supersymmetric super-embedding
formalism, that a Perry-Schwarz-type Lagrangian for single (abelian) .4 = (1,0) M5-branes emerges as the
super-exceptional trivialization of the M5-brane cocycle along the super-exceptional embedding of the “half”
MS5-brane locus, super-exceptionally compactified on the Hofava-Witten circle fiber. From inspection of the
resulting 5d super Yang-Mills Lagrangian we find that the extra fermion field appearing in super-exceptional
M-geometry, whose physical interpretation had remained open, is the M-theoretic avatar of the gaugino field.
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1 Introduction

An actual formulation of M-theory remains a fundamental open problem from physical and mathematical points
of view (see [Mol4], Sec. 12][HSS18| Sec. 2]). We had initiated in [ESS13b] a program of attacking this problem,
based on universal constructions in super-homotopy theory (see [ESS19a]] for review), and used this to find first-
priniciples derivations of various aspects expected of M-theory (see [FSS16b||[FSS19b][FSS19c]). In this paper
we look to carry this further and consider the following three major sub-problems:

1. [Provide a systematic construction of M5-brane Lagrangians|

2. [Identify M-theory avatar degrees of freedom of the gauge field and gaugino field appearing on MO9-planes]

3. [Extend exceptional M-geometry to the supergeometric setting in a natural and constructive manner}

We present a unified approach which leads to an elegant [joint solution|to all three at once, using the two principles,
[super-geometry| and [super-homotopy theory} explained below.

First open problem: M5-brane Lagrangians. A widely recognized open sub-problem is the identification of the
6d superconformal field theory (see [Mol2]) on coincident M5-branes (see [Lal9, Sec. 3]), whose dimensional
reduction to four dimensions is expected to elucidate deep aspects of non-perturbative 4-dimensional Yang-Mills
theory; and not only those of theoretical interest such as .4 = 1 Montonen-Olive duality (see [Wi07]), but also of
profound interest in phenomenology, such as for the prediction of hadron spectra in confined quantum chromody-
namics ([W198b, Sec. 4][ISS04][SSO3, see [Rel4][Gul6][Sul6]).

* Typically, it is asserted that this is an open problem only for N > 2 coincident M5-branes, while the special
case of a single M5-brane is well-known. Indeed, there is a non-covariant Lagrangian formulation [[PS97]
[ScO7N[APPS97all adapted to M5-s wrapped on the M-theory circle fiber, as well as a covariant version at the
cost of introducing an auxiliary field [PST97][BLNPST97]]. Both of these involved some ingenuity in their
construction which makes them look somewhat baroque. Indeed, their double dimensional reduction repro-
duces the D4-brane Lagrangian, and hence the 5d super Yang-Mills + topological Yang-Mills Lagrangian,
only up to an intricate field redefinition [APPS97a, Sec. 6]|APPS97b, Sec. 6 & App. Al.

* Such complications, already in the formulation of the base case of a theory whose expected generalization
remains elusive, may indicate that the natural perspective on the problem has not been identified yet. What
has been missing is a derivation of the M5-brane Lagrangian systematically from first principles of M-theory,
with manifest dimensional reduction to the D4-brane.

Second open problem: Heterotic gauge enhancement. The non-perturbative completion of heterotic string
theory has famously been argued [HWOS[HW96] to be given by the M-theoretic completion of 11-dimensional
supergravity KK-compactified on a Z,-orbifolded circle fiber, where the Z,-action on the circle has two fixed
points, hence two fixed planes as an action on spacetime: the MO9-planes.

* With an actual formulation of M-theory lacking, the argument for this is necessarily indirect, and it goes as
follows. Plain 11d supergravity turns out to have a gravitational anomaly when considered on such MO9
boundaries, hence to be inconsistent in itself. Thus, if the putative M-theory completion indeed exists and
hence is consistent, it must somehow introduce a further contribution to the total anomaly such as to cancel
it. The form of that further anomaly contribution inferred this way is the same as that of a would-be field
theory of charged chiral fermions on the MO9-planes, just as found in heterotic string theory.

* This suggests that if M-theory actually exists, it must include avatars of these super gauge field theory degrees
of freedom appearing on MO9-branes. While many consistency checks for this assumption have been found,
it remained open what the M-theoretic avatar of the heterotic gauge field actually is. In [HW95][HW96] the
10d SYM action on the MO9s is just added by hand to that of 11d supergravity.

Third open problem: Super-exceptional M-geometry. The Kaluza-Klein (KK) compactifications of 11d su-
pergravity on n-tori have a rich space of scalar moduli fields invariant under ever larger exceptional Lie groups
as n increases [CJ79], reflecting just the expected duality symmetries acting on the corresponding string theories
[HT95]. This led to the proposal [HulO7] (see also [KNSOO][WeO3][PWO8][Well][Bal7]) that M-theory is an



enhancement of D = 11 supergravity to a theory of “exceptional geometry” with a “generalized tangent bundle” of
the form

. * *
TouX" = TX" & NyT*X" @ AYT*X" @ --- (1)
—— —— ——
exceptional tangent bundle M2 wrapping modes M5 wrapping modes

locally encoding wrapping modes of the M2- and the M5-brane already before KK-compactification.

* While the exceptional generalized geometry enhancements of the bosonic sector of 11d supergravity is well
studied (see, e.g., [Fel8]] and references therein), the inclusion of fermionic exceptional coordinates, hence
a unification of supergeometry with exceptional generalized geometry to “super-exceptional generalized
geometry”, had remained an open problem [Cel4] p. 39][CEKI13| pp. 4, 7]. Arguments were given in
[VaO7][Bal7][ESS18][SS18] that the super-exceptional geometry for maximal n = 11 is to be identified
with what was called the “hidden supergroup of 11d supergravity” in [D’AF82][BAIPVO4][ADR16], but
open questions remained. In particular, the physical meaning of

(a) the extra fermion field 17 on super-exceptional spacetime (see Def. [3.3|below),
(b) the parameter s € R\ {0} for decompositions of the C-field (see Prop. [3.5below)
had remained open.

* It may seem that supersymmetrization is but an afterthought once the bosonic sector of exceptional geometry
is understood, (e.g. [BSS18|| for n = 7). But most aspects of M-theory are controlled by — and are emergent
from — its local supersymmetry structure (see, e.g., [To97][FSS19a]), with the bosonic sector being implied
by the spin geometry, instead of the other way around. The lift of this supersymmetry first principle to
exceptional generalized geometry had remained open.

The joint solution. In [FSS18| 4.6][SS18]] we had already observed that a supersymmetric enhancement of n = 11
exceptional M-geometry is provided by what [[D’ AF82]| called the “hidden supergroup” of 11d supergravity. With
[ESS19b, Prop. 4.31][ESS19c, Prop. 4.4], it follows that this must be the correct target space for M5-brane sigma-
models, as we explain in §3] Accordingly, in §4] we consider super-exceptional 5-brane embeddings and find in
§5]that this induces the Perry-Schwarz Lagrangian (reviewed in and, after super-exceptional equivariantization
along the M-theory circle fiber introduced in §6] the full super-exceptional M5-brane Lagrangian, in The
resulting D4-brane Lagrangian with its 5d SYM+tYM Lagrangian is manifest (Remark and identifies the
super-exceptional fermion as the M-theoretic avatar of the heterotic gauge field (Remark [5.4).

Before giving more detail in the [Outline of results, we recall the two foundational principles of our development:

Principle 1: Super-geometry. Despite the evident relevance of super-geometry for the foundations of M-theory,
many constructions in the literature start out with the bosonic data (e.g. [APPS97a, Sec. 2]) and relegate super-
geometrization to an afterthought (e.g. [APPS97a, Sec. 3]). Countering this tendency, the “doubly supersym-
metric” approach of [BPSTVI95][HS97]], reviewed under the name “super-embedding approach” in [So99][So01]],
shows that seemingly mysterious, or at least convoluted-looking, aspects of traditional constructions find their
natural meaning and more elegant formulation when strictly everything is systematically internalized into super-
geometry. In particular, the all-important “k-symmetry” of super p-brane sigma-models, which, following [GS84]],
is traditionally imposed by hand onto the action principle, is revealed by the superembedding approach to be
(ISTV8II, see [S099, Sec. 4.3][HS0S, Sec. 4.3]) nothing but the super-odd-graded component of the super-
worldvolume super-diffeomorphism symmetry — hence a consequence of the fundamental principle of general
covariance internal to super-geometry.

super super-exceptional
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Indeed, all of the following has been systematically obtained from the superembedding approach: The equations
of motion of the superstring [BPSTV935, Sec. 4] of the M2-brane [BPSTV95, Sec. 3] and of the M5-brane [HS97|]
[HSWO7][S099, 5.2], as well as the Lagrangian density of the superstring and of the M2-brane [BSV95][HS05].
But an analogous derivation of the M5-brane’s Lagrangian density had remained open. Notice that it is the La-
grangian density which gives the crucial instanton contributions for these branes [BBS95[|[HM99].

Principle 2: Homotopy theory. The gauge principle of physics — read as saying that no two things (e.g. field
configuratons) are ever equal or not, but that we have to ask for gauge transformations between these, and higher
order gauge-of-gauge transformations between those — is mathematically embodied in homotopy theory, these
days increasingly referred to as “higher structures” (see [BSS18| Sec. 2] for a lightning introduction and pointers
to details, and see [JSSW19]| for a gentle invitation). Combining this with super-geometry yields super-homotopy
theory where super-geometric co-groupoids (super-co-stacks) unify super moduli spaces for higher super gauge
fields with super-orbifolds appearing as super-spacetimes.

Mathematics
Homotopy theory
Super-geometry

Physics
Gauge principle
&  Pauli exclusion principle

= Super-homotopy theory

Homotopy theory, and more so super-homotopy theory, is extremely rich. But if, for the time being, we ig-
nore torsion cohomology groups, homotopy theory simplifies to rational homotopy theory [Qu69][Su77] (see
[Hes06][[GM13]], and see [FSS19a][BSS18, Sec. 2] for review in our context). The main result here is that
topological spaces, regarded up to rational weak homotopy equivalence, are encoded by their differential graded-
commutative algebra of Sullivan differential forms, regarded up to quasi-isomorphism. If we suppress some tech-
nical fine-print (see [BSS18| (8)] for the precise statement), we may schematically write this as follows:

CE(I-)
Spaces/ rational ~

weak homotopy
equivalence

quasi-
isomorphism

dgcAl gebras(7

For super-homotopy theory this yields rational superspaces in rational super-homotopy theory [HSS18l Sec. 2]
(see [ESS19a] for review) The following table shows the notation which we use, exemplified for key examples of
rational super spaces:

. Chevalley-Eilenberg
Rational Loop
super dgc-algebras
super space super L..-algebra (“EDA"s)
S
General X X CE(IX)
Super dy* =0
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One finds that a considerable amount of structures expected in M-theory emerge naturally in rational super-
homotopy theory:




* On super-geometric co-groupoids, the Sullivan construction of rational homotopy theory (see, e.g., [Hes06]
(GM13]]) unifies with higher super Lie integration [BM18| Sec. 3.1] to exhibit super L..-algebroids as models
for rational super-homotopy theory. Their Chevalley-Eilenberg algebras are the “FDA”s as known in the
supergravity literature [VN82][D’ AE82||[CDFI1]].

* Using super-homotopy theory, we had shown [ESS13b][FSS16a] that the completion of the “old brane scan”
to the full “brane bouquet” emerges from the superpoint RO as the classification of iterated universal invari-
ant higher central extensions.

* This process culminates [FSS19al p. 12]inthe D =11, .4 =1 (hence N = 32) super-Minkowski spacetime,
carrying the super M2-brane cocycle (,,, and, on the corresponding higher extension, the super M5-brane
cocycle [ESS13bl] which is the curvature of the M5 Wess-Zumino (WZ) term [BLNPST97, (8)][ESS15] (see
[ESS19a]] for review):

super M5-brane cocycle =dLVZ
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super-spacetime

= iss
2
¢ The M2- and M5-brane cocycles unify [Sal3, 2.5][ESS15] into a single non-abelian cocycle u,,, s (2) with
coefficients in the rational 4-sphere, hence in rational Cohomotopy cohomology theory in degree 4.
* The Bredon-equivariant enhancement of the joint u,, . cocycle to rational ADE-equivariant Cohomo-
topy, amounts [HSS18|], via Elmendorf’s theorem, to relative trivializations along super-embeddings of
fixed/singular super-spacetimes:

super

o G unified M2/M5-brane cocycle G
ADE/HW-action ADE/HW in rational Cohomotopy ADE/HW
m K M2/M5 m

super ']1‘10,1‘32 / S4
spacetime \ R

super i \alive trivialization ( )
embedding along super embedding
super BPS d,l‘N d<4

M-brane spacetime T S]R

These trivializations relative to !/2-BPS super-embeddings constitute the corresponding super p-brane Green-
Schwarz-type sigma model Lagrangian, at least for branes without gauge fields on their worldvolume [HSS18,
Prop. 6.10]. We recall how this works in the case of the M2-brane:

The M2-brane in super-homotopy theory. [HSSI8, Prop. 6.10] The x-symmetric Green-Schwarz-type La-
grangian density for the M2-brane [BST87] looks intricate when written out in the traditional component formula-
tion (see [dWHNSS| (2.1)][DNPO3| (3)]), but attains a highly elegant form in a fully supergeometric formulation.
Indeed, promoting the M2 worldvolume itself to a super-manifold embedded into target super-spacetime, locally



of the form shown on the left of the following diagram

super
super

ADE-action GADE M2-brane cocycle
m super super Nambu-Goto Lagrangian
dLWZ =U M2 cocycle = Green-Schwarz Lagrangian
super T101|32 M2 B4R N A
spacetime
TSN, — i aY* = 41 )
super i LY :=e"Ne' Ne ~~
embedding Lagrangian density super
embedding
. 2,1/8-2
super s
M2 spacetime T *
the M2-brane’s Lagrangian density INC arises simply as the super-homotopy theoretic trivialization of the M2-

brane cocycle restricted along the super-embedding. Concretely, this identifies the Lagrangian with the super-
volume form

NG — svolpyq = Anel Ne? = %saoa,aleao/\e”‘ Ne®? € Qp (Rz,l\m) ~ CE(RQ’”S'Z) 5)

on the super M2 worldvolume. Here e¢ := dx*+ 61'“d0 denotes the vielbein 1-forms which are left-invariant “1i”
with respect to the translational supersymmetry action of R>'82 on itself (see Rernark below). Consequently,
the super-volume form (3] has as bosonic component the ordinary volume form vol,, | € Q3 (]Rz’l), to which the
fermionic components are added, ensuring overall supersymmetry-invariance of the super-volume form

super-volume form ordinary volume form fermionic corrections
svolp4:= =volp4|

NG = P nelne? = dx Ndx! Ad®+ 0(0Td8).

These fermionic correction terms, systematically obtained here simply by expanding out the super-volume form in
components, constitute the otherwise intricate-looking components of the Green-Schwarz-type Lagrangian for the
M2-brane, which is thereby revealed simply as the super-Nambu-Goto Lagrangian.

What had been left open in [HSS18]] is the analogous result for brane species with gauge fields on their world-
volume, notably the case of the M5-brane, which is a much richer situation (see [FESS13b]). This will be one of the
main topics that we address in this paper.

Outline of results. We establish the following:

(i) In §2|we generalize the bosonic Perry-Schwarz Lagrangian IS = F A F to a coordinate-invariant expression
applicable to possibly non-trivial worldvolume circle bundles.

(ii) In §3] we recall super-exceptional M-geometry with the super-exceptional M5-brane cocycle and introduce
super-exceptional embedding of M-brane spacetimes.

(iii) In §4| we introduce specifically the super-exceptional embedding of the %MS = MK6MNMOO brane configu-
ration and find the super-exceptional lift of the isometry along the Hotava-Witten-circle Shwz

super-exceptional lift of...
ailf)?lrg?li};v on %MS embedded in M-theory spacetime
s O (RSJ 8« R! )exsc lexg Réf;””
Prop.[4.4]  Def. Def. 3.3l

(iv) In §5|we find a natural super-exceptional lift of the bosonic gauge field strength with KK-modes, the bosonic
Perry-Schwarz Lagrangian as well as of the topological Yang-Mills Lagrangian:



super-exceptional lift of...
MS5-worldvolume M5-brane cocycle (dual) gauge flux bosonic topologl'cal
. . Perry-Schwarz Yang-Mills
higher gauge flux = WZW curvature: with KK-modes: . .
Lagrangian: Lagrangian:
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In the course of this identification we find that
i) the putative parameter s of the super-exceptional geometry is fixed to s = —3 (Prop.
ii) the super-exception fermion 1) is the M-theory avatar of the heterotic gaugino field (Prop. Rem. [5.4).

Then we show (Prop. [5.9) that the super-exceptional Perry-Schwarz Lagrangian arises via a super-exceptional
analog of the super-embedding mechanism as a trivialization of the S}{W—compactiﬁed super-exceptional M5-
brane cocycle after restriction along the super-exceptional embedding of the %MS.

super-exceptional super-exceptional

MS-brane cocycle  Perry-Schwarz Lagrangian
——
€Xg . * WwWZ _ PS
1 (iey,) ALY = d L5 .
N~ N——

super-exceptional  super-exceptional
Sll_lw—cnmpactiﬁcation embedding
This is a partial analog for the M5-brane of the super-embedding construction of the M2-brane (). To get
the full statement we need not just compactify but equivariantize along S}{W:

(v) In §6 we show that an equivariant enhancement of the super-exceptional M5-cocycle with respect to super-
exceptional QSIZ{W—action exists, where QS? is the based loop space of the two-sphere. Furthermore, this
unifies it with the super-exceptional Perry-Schwarz and the super-exceptional topological Yang-Mills La-
grangian (Theorem [6.9).

To put this in perspective, we also explain (by Prop. how QSIZJW — SII{W refines the naive circle action
by taking the super-cocycle for the little-string in 6d into account. This is a 6d analog to capturing the form
fields in 11d M-theory via the Cohomotopical 4-sphere coefficient [Sal3||[ESS15], leading to a description
of type IIA in ten dimensions using a refined variant of the loop space of S*, namely the cyclic loop space
[ESS16a][ESS16b] (see [FSS19al] for overview).

(vi) In §7|we put all the pieces together and establish (Cor the full super-exceptional embedding construc-
tion of the M5-brane Lagrangian as a sum of the super-exceptional Nambu-Goto Lagrangian and the super-
exceptional Perry-Schwarz Lagrangian, the analogue of the M2 brane construction (4):

super-exceptional .
super-exceptional

ADE-action Gapg MS5-brane cocycle
m WZ. . super-exceptional super-exceptional super-exceptional
super-exceptional T9 1 ‘ 16 Rl dLexA = (ﬂexs) “’MS +5 7 Hex) /\dHex_; 7 M5 cocycle  Nambu-Goto Lagrangian Perry-Schwarz Lagrangian
- a s A A A
spacetime ( X ) €Xy R
wZ NG PS 5
NG PS -
i LexY +LexY/\e ZEXA dL d Lexs + Lexx Ne (6)

super-exceptional :

embedding lexs relative trivialization

along super-exceptional cmbcddmg super- exuepuonal
embedding

super-exceptional ( 5,1 ‘8 X 1 ) *
%MS spacetime T T Xy

Moreover, we show (Theorem that the QSﬁw—equivariant enhancement of the super-exceptional M5-
brane cocycle, hence the homotopy-theoretic KK-compactification on the SII{W-ﬁber, makes this super-embedding
construction pick up the manifest WZ-term of the D4-brane (Remark [7.5)):



super-exceptional super-exceptional super-exceptional super-exceptional topological Yang-Mills Lagrangian
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super-exceptional super-exceptional MC-form along S}I{W graviphoton .lll‘tlle{str.mg
embedding QSIZ_[W-equivariant RR potential cochain in 5d
enhancement

super-exceptional
1 .
5 M5-spacetime

c H ((]Rill8 X ]Rl)exs//QS%IW)

super-exceptional homotopy-reduction
on M-theory circle fiber

Finally, we observe (Remark that there are two extensions of the compactified super-exceptional %MS-
spacetime on which the D4 WZ-term becomes exact already before dimensional reduction: one of these
implements the heterotic Green-Schwarz mechanism and the WZ-term of the heterotic NS5-brane (Remark

73).

With this, we may elegantly sum up the whole picture in the following homotopy diagram:
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super-exceptional
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2 Perry-Schwarz Lagrangian for M5 on S!

For ease of reference and in order to introduce notation needed in later sections, we review here the bosonic part
of the Perry-Schwarz-Lagrangian from [PS97], re-cast in coordinate-independent Cartan calculus and generalized
to possibly non-trivial circle fibrations. We try to bring out the logic that motivated the construction in [PS97],
but below in §6|and §7] we re-derive the Perry-Schwarz Lagrangian systematically from first principles. Readers
familiar with this material may want to skip this section and just follow pointers to it from the main text when
needed.

The formulation of a manifestly covariant Lagrangian for the self-dual higher gauge field without further
auxiliary fields in 6 dimensions (and generally in 4k + 2-dimensions), an hence in particular for the single M5-
brane sigma-model, is famously subtle, at best (see e.g. [Mol12][HR18]]). But if one considers breaking manifest
Lorentz invariance to 5 dimensions, as befits KK compactification of the theory on a circle fiber, such as for
double dimensional reduction of the M5 brane to the D4-brane, then there is a Lagrangian formulation due to
Perry-Schwarz [PS97)|[Sc97][[APPS97a], following [HT&S].

This “non-covariant” formulation of self-dual higher gauge theory and specifically of the M5-brane sigma-
model may be covariantized by introducing an auxiliary scalar field [PST96] (whose gradient plays the role of
the spacetime direction which gets singled out, thus promoting this choice to a dynamical field) which yields
the covariant formulation of the M5-brane sigma-model [PSTO7[[BLNPST97]]. This comes with a corresponding
auxiliary gauge symmetry that admits a gauge fixing which recovers the non-covariant formulation, rendering the
two formulations equivalent, with each “about as complicated” as the other [APPS97al p. 3].

Worldvolume and self-duality. Let (26, g) be a Lorentzian manifold of signature (—,+,+,+,+,+), to be called
(the bosonic body of) the worldvolume of an M5-brane. In this dimension and with this signature, corresponding
to the metric g, the Hodge star operator on differential forms *: Q°*(X%) — Q%*(X°) squares to +1. This allows
for considering on a differential 3-form

H e Q(29 (8)

the condition that it be self-dual
H = H. ®

We will assume that H is exact and pick a trivializing 2-form

B € Q*(x°) suchthat H=dB. (10)

Compactification on S'. Consider then on the worldvolume X the structure of an S' = U (1)-principal bundle

st Hzf (11)

25

We write vs € T(TX®) for the vector field which encodes the infinitesimal S'-action, hence the derivative of the
circle action U (1) x X6 P, %6 at the neutral element, along a chosen basis element ¢ € T,(U(1)) ~u(l) ~R:

vst X6~ {(e,1)} x50 = TS! by TS0 ~ T (8! x 26) — 2~ 756, (12)

Accordingly, we write
L5 = [d1]  Q°(Z°) — Q°(2°) (13)
——
doleJrl\,Sod

for the Lie derivative of differential forms along the vector field (12)), where d denotes the de Rham differential
and where under the brace we are using Cartan’s magic formula.



Next, consider an Ehresmann connection on the S!-bundle (11)), hence a differential 1-form which satisfies the
Ehresmann conditions in that it is normalized and invariant:

0° € Q'(2°)  suchthat 1,,6°=1 and .%,6°=0. (14)

Here on the left we have the operation of contracting differential forms with vector fields, and on the right we have
the Lie derivative from (13)). So, in particular, the composition

0° Aoty 1 Q°(20) — Q°(2°) (15)

is a projection operator: 6> A lys 0 0> A s = 0> A 1,s. The complementary projection is that onto horizontal
differential forms with respect to the bundle structure (T1):

(=)= (id — 8° Aoyy) : Q°(Z°) — Q°(X°). (16)

Observe that:
Lemma 2.1 (Horizontal vs. vertical differential). If the Ehresmann connection (T14) on the S' bundle is flat, in that
de’ =0, (17)

then for any differential form ® € Q° (26) we have that the vertical component of the differential of its horizontal
component (16)) is the vertical component of its full differential:

0> Nd(0™) = 6°Ndo . (18)
Proof. By direct computation, we have:
0> Nd(0™) =0’ Nd(0— 0° A1y, )
=0°Ndw—0°N\d(6° A1,;0)
=0°Ndw—0° A (d6°) A0 .
=0 O

Finally, we require the vector field v5 from to be a spacelike isometry. This means that it interacts with the
Hodge star operator as
kol =—0"Nox : Q(2°) — Q*(XF). (19)

Self-duality after S'-compactification. We introduce notation for the contraction of the 3-form H and its Hodge
dual with the vector field vs (12)) as follows (to be called the “compactified fields”, a notation that follows [PS97,
). (©)]): )

F = 1,,H, H =1, xH. (20)

With this, we get the following immediate but crucially important re-formulation of the self-duality condition after
Sl-compactiﬁcation (extending [PS97, (8)]):

Lemma 2.2 (Self-duality after S'-compactification.). Given an S'-bundle structure (T1)) on the worldvolume X
and any choice of Ehresmann connection (14), the self-duality condition (9) is equivalently expressed in terms of

the compactified fields (20) as:
H = xH & Z =H. 2D
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Proof. We have the following chain of equivalences:

wH = 1, xH
H + «xH <—

and 0°ANH = 0° AxH
<~ ,H =1,*xH
— Z =H.
Here the first step is decomposition into horizontal and vertical components (16)), the second step uses the isometry

property to conclude that the two resulting component equations are equivalent to each other. The last step
identifies the compactified fields (20). O

The gauge field. The contraction of the vector field vs from with the 2-form potential B from defines the
1-form potential
A= —1,B. (22)

Hence we get a decomposition of the 2-form as
B = ANO° 4+ BT, (23)

where on the right we have the horizontal component of B according to (16)). We say that the 2-flux density encoded
by B is the horizontal component of the exterior differential of this vector potential

F = (dA)™, (24)

We will find in a moment that this is the 5d field strength with all higher KK-modes still included, but it is most
convenient here (and in all of the followingO to just call it “F” already in the 6d compactification before passing to
KK zero-modes. With this we have (cf. [PS97, (5)]):

Lemma 2.3 (Shifted 2-flux). The 2-flux density F from equals the compactified field .7 from up to the
Lie derivative (13)) of the horizontal component (16)) of the 2-form (10):

F = .7 - %, B"™. (25)
Proof. We compute as follows:
F =1,H
=1,,dB
= —d,B+1,,,d|B
=dA+ %, B (26)
= (dA)™ + 65 A1, dA + %, B + .%,.0° A1, B
5 5 5 5
—_— —
=F =03N%, A —03NZA
=F+ %, B™".

Here the first step is the definition (20), while the second step is (10). The fourth step uses the definition (22)) of the
vector potential and identifies the Lie derivative (I3). The fifth step applies vertical/horizontal decomposition (T6))
to both summands and uses (24)) under the first brace and the expressions (14)) and (22)) under the third brace; while
under the second brace it uses Cartan’s formula (I3]), observing that 1,,A = 0 by definition and by nilpotency
of the contraction operation. The last step notices that this makes the second and fourth summands cancel each
other. O
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With Lemma [2.3] the self-duality condition (9) in the equivalent form after S'-compactification says that
the combination H — %, B™" is horizontally exact:
H=4+H & H-Y%,.B" = (dA)". 27)
——
=F
Weak self-duality and PS equations of motion. In summary, we have the following implication of self-duality
after S 1—compactiﬁcation (extending [PS97, (16)]):

Proposition 2.4 (Self-duality for flat circle bundles). If the worldvolume X0 is equipped with an S'-principal bundle
structure which is flat (17), then the self-duality condition H = xH from (9), in its equivalent incarnation on
compactified fields implies the following differential equation:

0> Nd(H—£,B™) = 0. (28)

By Lemma[2.1] equation (28) may be understood as expressing “self-duality up to horizontally exact terms”.
The proposal of [PS97] is to regard (28)), which is second order as a differential equation for B, as the defining
equation of motion for a self-dual field on £° compactified on S'. Given this, one is led to finding a Lagrangian
density whose Euler-Lagrange equation is the self-duality equation.

The PS Lagrangian density. As in [PS97, (17)], we say:

Definition 2.5 (Bosonic PS Lagrangian). The bosonic Perry-Schwarz-Lagrangian for a 2-form field (I0) on a
worldvolume X° compactified on a flat S'-bundle is:

B+ I®A0 = LA B —H)A+H . (29)

Remark 2.6 (Equivalent descriptions). (i) Equivalently, using the isometry property the bosonic PS La-

grangian (29) reads
LS5A0°=—1(H—-24B")NHNAO

=1 (v,xH— L B")NHAO G0
where in the second line we inserted the expression for H from 20);
(ii) and if the self-duality condition (9) is imposed, the bosonic PS Lagrangian (30)) becomes
L5760 = —4(1,H- LB )ANHAO>  if H=xH . 31)

At this point, as in [PS97, (16)], the bosonic PS Lagrangian of Def. [2.5]is motivated as the evident choice
that makes the following Prop. true. Below in §5] we find a deeper origin of the Lagrangian (in the case that
self-duality is imposed).

Proposition 2.7 (EOMs of the bosonic PS Lagrangian). The Euler-Lagrange equation corresponding to the PS
Lagrangian 175 A 03 [@9) is the weak self-duality equation 28).

Proof. We may evidently regard the PS Lagrangian as the quadratic part of the following bilinear form on differ-
ential 2-forms with values in differential 6-forms:

(B,B") — —(nxH— LB ) NdB' N6

Observe then that this bilinear form is symmetric up to a total differential: the first summand is strictly symmetric,
as it is the standard Hodge pairing, while for the second summand symmetry up to a total derivative is established
by a local integration by parts. Together these imply that the variational Euler-Lagrange derivative of the PS
Lagrangian is twice the result of varying just the second factor of B:

SIS A0 = —(1,, H — %, B") Ad(5B) A 6°
5 5 (6B)
— (65N d(1y £ H — £, B") ) A (3B)

Hence the vanishing of the variational derivative is equivalent to (28]. O
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Reduction to 5d Maxwell theory. Consider finally the special case of Kaluza-Klein compactification/double
dimensional reduction, where
Z, B =0 for KK-reduction to D4. (32)

In this case, expression (26]) reduces to
wH=F if %B"=0. (33)
Hence, with self-duality ([PS97, above (16)]), we have
H=FAO +xsF, (34)

where now x5 : Q*(X%) — Q37*(X%) is the Hodge star operator on the base 5-manifold. Consequently, we have
extension of [PS97, above (16)] to the topologically nontrivial setting:

Proposition 2.8 (5d Abelian Yang-Mills from Perry-Schwarz). The S'-dimensional reduction of the PS Lagrangian
(31) is the Lagrangian of 5d Maxwell theory for the vector potential A from [22)):

Av— I5A0° = —J(HAWH) = —L(FA*sF) A0 if H=xH and Z£,B™ =0.  (35)

_1

2
6d self-dual field as (abelian) Sd Yang-Mills with KK-modes. Due to Prop. one may regard the general
bosonic Perry-Schwarz Lagrangian (Def. for the self-dual field on £° compactified on S' as that of (abelian)
5d Yang-Mills theory with a tower of KK-modes included, which is a perspective on the M5-brane theory later
advanced in [DolO][LPS10] (see [Lal9, 3.4.3])). Here for the abelian bosonic sector, this perspective may be fully
brought out by introducing the following notation:

F = 1,,H— %, B™" and F=H-FA®, (36)

where on the left we have (23)), as before, while on the right we are introducing notation for the remaining summand
in H. With this notation, the bosonic PS Lagrangian, assuming self-duality (9) as in (31)), finds the following
suggestive expression:

S = -1FAF if H=xH, (37)

so that KK-reduction to 5d YM theory, as in Prop. is now given syntactically simply by replacing F — xsF.
We find the form of the PS Lagrangian to be reflected by its super-exceptionalization in Prop. below; see
Def. [5.2]and Remark [5.8]

The topological 5d Yang-Mills Lagangian. After dimenional reduction [APPS97al Sec. 6]JAPPS97bl Sec. 6
& App. A], the Perry-Schwarz Lagrangian for the M5-brane is accompanied by a multiple of the topological
Yang-Mills Lagrangian [BS88]|[vB90|

LM .— FAF. (38)

We find this arise from the super-exceptional embedding construction below in Theorem [7.3] see Remark[7.5]

3 Super-exceptional M-geometry

We recall (in Def. [3.3]and Prop. [3.5)) the “hidden supergroup of D = 11 supergravity” [D’AEF82][BAIPVO4][ADR16]
interpreted as super-exceptional M-theory spacetime [FSS18| 4.6][SS18]] and explain, in Remark [3.9] how the re-
sults of [ESS19b]|[FSS19c¢] identify this as the correct local target for M5-brane sigma-models.

For definiteness, we make explicit our spinor and Clifford algebra convention:
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Definition 3.1 (e.g. [HSS18, Prop. A.3 (v)]). We write 32 for the irreducible real representation of Pin+(10, 1),
via a Clifford-algebra representation {I', le(io whose generators satisfy the following relations:

L+, = 420, := 2diag(—1,+1,4+1,--- ,+1)sp ,
(To)* = -1, (Ty)* =+1, (39)
(To)" =Ty, (T =+T,, forae{l,---,10}.

Remark 3.2 (Gamma matrix conventions). Def. relates to an alternative Clifford algebra convention {I', ;go
used in much of the relevant literature (e.g. [D’AF82][BAIPV04]]) via the relation

r,=il,

understood inside a complex Dirac representation (see [HSS18, Prop. A.3]). We will use “I',” for exhibiting
expressions manifestly compatible with the literature, and “ I',,;”” for emphasizing the actual real Pin™ (10, 1)-action.

The following, Def. and Prop. are a formulation in rational super-homotopy theory due to [ESS18|
Sec. 4.5], of the classical supergravity results in [D’AF82, Sec. 6][BAIPV04, Sec. 3] (see also [ADRI16]) .
The Definition [3.3] of super-exceptional spacetime involves a parameter s eq. (40), which arises mathematically in
Prop. [3.5]from different possibilities of decomposing the H3-flux on super-exceptional spacetime [BAIPV04]. We
discover the physical meaning of this parameter below in §5]

Definition 3.3 (Super-exceptional M-theory spacetime). For parameter
se R\ {0} (40)

the D = 11, & =1, n = 11 super-exceptional M-theory spacetime (T'*13%).. over ordinary D = 11, .4 = 1
super Minkowski spacetime T'%132 is the rational super space given dually by the following super dgc-algebra:

[ {e"Yo<a<io
———
deg=(1,even)

{8“1“2}0§a1<a2§10 dy* =0,

deg=(1,even) de* = l{/f“l[/,
dega, = éwl—‘alaﬂ/’:
deal"'asz %W Layas Vs

o deg=(1,even) dn — (s+1)ea /\rallf
W ocacn +eaa ALY

deg=(1.0dd) +(1+§)eaas NIy

{n"}ocasn
—_————

L (1,0dd) i
Tex, (41)

eXg

(']1‘1071\32) R {eal---g5}0§a1<-~-<a5§10 /

{e"}o<a<i08
10,132 R deg;(l,even) /< dq/“:g >
{V* }ocuen de =yIy
deg=(1,0dd)

Here the index o ranges over a linear basis of the real Pin™ (10, 1)-representation 32 and the Clifford generators I,
acting on these are as in Def. [3.1} and we use Einstein summation convention with the e,,4, and e,,...,; understood
as completely antisymmetrized in their indices.
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Remark 3.4 (Super-exceptional M-theory spacetime as a supermanifold). We may alternatively regard (’]I“lo'r1 ‘32)
from Def. [3.3]as a super-manifold with canonical global coordinate functions

Cw((Rm?l'sz)exx) = < (xa) ) (Balaz) ’ (Bal“'as) I (605) ’ (pa) >>
deg=(0,even) deg=(0,even) deg=(0,even) deg=(0,0dd) deg=(0,0dd)

X

hence with bosonic part being the exceptional tangent bundle (1)) for maximal n = 11:

((R10’1|32) ) ~ TRIO! g A27*RIOL gy ASTHRIO!
Xy - )

bos

and with super-group structure such that the Chevalley-Eilenberg algebra in Def. [3.3identifies with the super de
Rham dgc-algebra of left-invariant (hence translationally supersymmetric) super-differential forms:

CE((Tlo,usz)%) = o ((Tlo,llsz)exj C O* ((Rm,l\sz)exs) ‘ (42)
e 6
n% dp*
o dx*+61de
€ayar ! d(Baya,) + g@rmzde
Carooas ! 50574 (Bay-as) + 510 ay-a5d0 .

Beware the bracketing in the last two lines on the right, in contrast to (dB)g,...a; etc. The bosonic component of the
generator e, 4, is the de Rham differential of the bosonic component functions of a 2-form B := B, 4,dx* A dx"

d(Baldz) - dxuauBalaz

(without antisymmetryization over all three indices, at this point), instead of the component functions of the de
Rham differential of a 2-form, which is instead obtained by anti-symmetrizing over all three indices

H = (d(Baa,)) Nde™ Nde®
as in (48) below. This has a crucial effect in the following discussion; see Lemma/[5.1]

Proposition 3.5 (Transgression of M2-cocycle on super-exceptional spacetime). For s € R\ {0}, the fermionic

extension of exceptional tangent superspacetime R;,?;lm (Def. , regarded as fibered over 11d super-Minkowski

spacetime R'9132 carries a transgression element for the M2-brane 4-cocycle Wy, @D
He, € CE((R') ) such that dHes, = (Me,)’ (43)
exy ex, exs — exs) Mo
given by
fi
Hex, = 00(S) €qa, N €™ Ne™ — Q3(5)€qyashy-bsc€™ ™ A ePrbs p et 4—Hsb (44)
:(dBuluz)/?eraz /\‘303::H
with .
(Hv )bOS = o (s)ealaz /\eaza3 A ea3a1
+ () epayay NPTy, NP2 (45)
+ 04 () €ay gy s €112 ¢y oy N €949596€1€2 b1
and

(H™®)erm = — 3T A WP A ([31 (5)(Ta)%p €+ Ba(s)(T12) % g €4y, + B3 (s)(T47%5)%g ea.--'as) . (46)
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for analytic functions ;, B; of the parameter s € R\ {0} with the following zeros

ao(s) 7 0

o(s)=0 & s=-3

n(s)=0 & s=-6

o3(s)=0 & s=-6

ou(s) =0 & s=-6 “7)
Bi(s)=0 < s=-3/2

ﬁz(s) =0 < =-3

B(s)=0 < s=-6.

Example 3.6 (Special parameter-value for super-exceptional geometry). If the parameter s in Def. and
Prop. [3.5]takes the value
s=-3

the transgression element in Prop. [3.5] has the property, from {@7), that up to terms proportional to the 5-index
tensor eq,...qs, its only dependence on dBy, 4, := Qo (5)€a,q, 18 through the leading term H := (dBg,q,) N dx“ Adx®;
concretely:

Hex .y = (dBuyay) Ndx® Ndx®™ = 3B1(=3) - T TaW A e’ + O ({eq,as}) (48)

H

(s=-3

where the last term & ({eg,...ss } ) denotes summands that vanish when the 5-index generators ey, ...q; are set to zero.
We will see below in Prop. that in super-exceptional M-geometry at value s = —3 the bosonic Perry-
Schwarz Lagrangian appears naturally.

The point of the super-exceptional M-theory spacetime from Def. [3.3]is that it is a super-manifold (via Remark

which approximates the universal super 3-stack T'0:132 classified by the super M2-brane cocycle (2)). We
record this phenomenon (which can be traced back to the “hidden supergroup of 11d supergravity” in [D’ AF82]):

Lemma 3.7 (Super-exceptional M-spacetime from M2-brane super-2-gerbe [FSS18| 4.6]). We have a commuting
diagram of the form

ye =y
e et (49)
10,1/32 Hes,  — I
(T )exx o m2brane
m /
R10,1[32

mapping the super-exceptional spacetime from Def. to the homotopy fiber of the M2-brane cocycle from (2)),
such that the defining degree-3 generator h3 on the right is pulled back to the transgression element Hey, from

Prop. 3.5

Hence we say:

Definition 3.8 (Super-exceptional M5-brane cocycle). The super-exceptional M5-brane cocycle, to be denoted
dLYZ | is the pullback of the super M5-brane cocycle () to the super-exceptional M-theory spacetime (Def.

€Xy?

along the decomposition morphism (@9):
=dh;
dLY? == comp* (1h3 A m+ AT
= JHe, A (Tex,) My + (Tex,)" s
= 1Hex, N dHex, + 5 (W sy as W) A €™ A+ ezCE«Rm””LM>

(50

We close by commenting on the role and meaning of these constructions:
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Remark 3.9 (Super-exceptional spacetime as target for M5-brane sigma-models).

(i) The super-exceptional spacetime (Def. [3.3)), when regarded as a super-group of super-translations along itself,
is what [D’AF82, Sec. 6] called the “hidden supergroup of 11-dimensional supergravity”’; motivated there by the
purely algebraic desideratum of finding a super Lie 1-algebra over which the would-be M2-brane cocycle trivializes
(Prop. [3.5), as opposed to the super Lie 3-algebra m2brane [ESS13b] on which it does so universally.

(ii) However, the actual meaning or role of this “hidden supergroup” had remained open; as it was not used for the
re-derivation of D = 11 supergravity in [D’AF82], but discussed as an afterthought. In particular, the meaning or
role of the extra fermion field required by super-exceptional spacetime had remained open [ADR16! p. 3] and the
relation of the bosonic fields to exceptional M-geometry had remained unnoticed except in [Va07|] and then more
recently in [Bal7, p. 6][ESS18][SS18].

(iii) But in [ESS19b, Prop. 4.31][FSS19c| Prop. 4.4], we found that the M5-brane sigma model in a given C-field
background is characterized as making the outermost square of the following diagram homotopy-commute, here
now displayed for flat super-spacetimes instead of curved topological spacetimes:

super-exceptional spacetime extended super spacetime
MS worldvolume ~ = spherical coefficients
super manifold universal super manifold universal super 3-stack for Cohomotopy theory
classifying M5-brane fields classifying M5-brane fields
H3NG4+2G7
* *
/Hex; A nexx /JMz +n.exx 2:uMs
—
Yo — — > (TIO,I\SZ)CX comp T10.132 s Am* py, +27" S]Zg
s
h3
T ) hy
Tlexs
10,1/32 4

(Baga 2Hy5)

Any such outer square factors universally through the homotopy pullback square shown on the right, which exhibits

the M2-brane extended super spacetime T'0:1132 (2)) as the super moduli 3-stack classifying M5-brane sigma-model
fields [ESS15)]. But now with the (extended) worldvolume X itself a super manifold, this factorization through

T10,1132 jg to be further factorized, as shown by the dashed map, through an actual super-manifold still classifying
these fields. This is the role of the super-exceptional spacetime (Rm’””)ex [ESS18. Sec. 4.6]: It is the actual super
manifold which serves as a stand-in for the classifying super space T'%:1132 (which is not itself a super-manifold).

(iv) The key consequence of (T'%!132) being a super-manifold, is that the indecomposable degree-3 generator
hs on T10:132 (@), which has trivial contraction with any vector field, pulls back to the decomposable 3-form Hey,
on (’]1‘10’”32)“ (by Lemma , which, like any differential form on a super manifold, in general has non-trivial

contraction with vector fields. Below in §3]it is such a non-trivial contraction of He, with a vector field on the
super-exceptional spacetime, which makes the Perry-Schwarz Lagrangian appear. The analogous contraction with

hs on T'0,1132 would vanish, which is the reason why the embedding construction of the M5-brane does not work
with ewxtended super-spacetime, but requires passing to super-exceptional spacetime.

Lemma 3.10 ([ESS18, Prop. 4.26]). The canonical Pin™ (10, 1) action on super-spacetime R!O1B2 fifss 10 super-
exceptional spacetime (Rlo’lm)exv (Def. , such that Spin(10, 1) < Pin™ (10, 1) acts in the evident way, while
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reflection p along the a,-axis acts dually as follows: EI

a —
o —e* | a=a,
e | otherwise
. —ewa | a1,02F#a
e e | otherwise
. ajan
P . —eq,.as | oneofthea; =a,

ards €ay-as | Otherwise
v— L,y
nr— —Iyn

4 Super-exceptional MK6- and %MS-geometry

We now consider the exceptionalization (Def. [4.6] below) of the local super-geometry of M-theory compacti-
fied on H /Gapg X S}/Zz [KSTYO9I[CHS19], hence of Hofava-Witten heterotic M-theory on an ADE-orbifold, or,

equivalently, of non-perturbative type I’ string theory with D6-branes intersecting the O8-plane in a %NSS—brane
[GKSTOIl]. Therefore, following [HSS18l Ex. 2.2.7], we will speak here of the “%MS super-spacetime”, for
emphasis of the full 11-dimensional perspective; details are given in Remark [4.2]

It is traditionally understood that this compactification is one of two possible ways of obtaining classes of
D =6, 4 =(1,0) superconformal field theories from M-theory [DHTV 14, Sec. 6]. We make this mathematically
concrete with Prop. below, whose proof shows that the particular spinor structure of the %MS-locus (Def.
below) is what allows a lift of the spacetime isometry along the M-theory circle to a symmetry also of the
exceptionalized super-spacetime, including the exceptionalized 3-flux density on the M5-brane.

We use this to identify in Prop. [5.1]the exceptional pre-image of the bosonic 2-flux density F. Finally, we show
in Prop. [5.3]that this induces the super 2-flux of super Yang-Mills theory thereby, in particular, identifying the extra
fermion field on exceptional super-spacetime with the M-theoretic avatar of the gaugino field in 10d heterotic string
theory.

Definition 4.1 (Spinor projection of %MS—locus). For 32 the Pin-representation from Def. let P, denote the
linear projection

Pin"(10,1) <——— Pin*(6,1) <———— Pin*(5,1)
32 = 2-16 = 4.8
\16 \L Z]R \L
16 2.8

onto the joint fixed locus of I's and I'g7g9. Hence this is characterized by the following

MK6 T ¢789(P V) (Pew) 06

M5 Tag(Ry) = (Bv) 5 1)
I's (Ry) = (Rvy)
Fsers0(By) = (BY)

IBeware that this is saying that the generator e, 4, picks up a sign precisely if its indices do not take the value a;.
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Remark 4.2 (The %MS—locus). The spinor projections in Def. correspond to the %MS = MK6 N MO9 super
spacetime [[GKSTOL][DHTV 14, Sec. 6]; see [HSS18, Ex. 2.2.7] in the present context:

Guw=(Ts)  Gape={T6789) MKS6
Y A
L

ry o 1 2 3 4 5 5 6 7 8 9 [HET|

MO9 - - . . - - - - - - “\ M5 ”“j "
MK6 — — — — — — — 06 V.
INS5 — — — — — — 75

M5 worldvolume

(52)
1. Black branes. The appropriate names of the fixed loci depend on the duality frame: if the circle on which
G4 acts is taken for M/IIA duality, then the result is type I’ and the fixed loci are named as shown on the
left (see also e.g. [HZ97, around Fig. 2][HKLTY15])). On the other hand, if the circle on which Gyw acts is
taken for M/IIA duality, the result is HET on a Gapg-orbifold, and labels as used in [GKSTOI1, p. 8] are as
shown on the right. Moreover, under T-duality along S}9 the I’-perspective turns into a configuration of a I1B

NS5-brane parallel to an O9-plane (see, e.g., [HZ99])).

2. Fundamental (sigma-model) brane. The last line in the above diagram indicates the extension of the
actual M5-brane worldvolume for which we are to construct a Lagrangian density. This is not required to
be fixed by I's and hence may stretch along the 5'-5-plane/torus “at an angle”, partially wrapping around the
SIILIW’ partially running parallel to it [Wi97, p. 9], corresponding to D4/NS5 bound states in ITA [Wi97, Sec.
2] and (p,q)-Sbrane webs in IIB [AH97]], or rather their further intersection with an O-plane [HZ99] (see
[HKLTY15, around Fig. 10]).

The following definition generalizes the super MK6-spacetime regarded as a Z,-fixed locus inside D = 11,
A =1 super Minkowski spacetime [FSS18| Prop. 4.7, Ex. 2.2.5] to a Z,-fixed locus inside the super-exceptional
M-theory spacetime:

Definition 4.3 (Super-exceptional MK6-spacetime). For s € R\ {0}, we say that super-exceptional MK6-spacetime
(Révl ‘16)% is the fixed locus inside the super-exceptional M-theory spacetime (Def. i of the Zy — Pin™ (10, 1)-

action of Lemma generated from the element [g789 € Pin™(10,1) as in Prop. Hence, from the super
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dgc-algebra and Lemma 3.10} this is the rational super space given dually by the following super dgc-algebra:

I {ea}ae{o,1,2,3,4,5',5} 1
deg=(1,even)
e a; €{0,1,2,3.4, /.5.6,7.8,
a2 v\;ith i)or)rl 220?23“{50-61 728’39435'5} d (P16 W) “ = 07
deg=(1,even) def B (.Plf' YT (Bew),
1
6.1/16 {eal..‘as a; €{0,1,2,3,4,5,5,6,7,8,9} deala2 - 51(36"//)]‘—‘”102(})161’/)’
(T ! )exx R with Lor3 of s n{0,1,2,3,4.5',5} / dear--as = §(P16 W)Far--as (P16 V/)v
deg=(1,even) dn = (S +1)e? AT, (P16 ll/)
{(f)lﬁlll)a}()<a<l6 +eaia, /\ralaz(PlﬁlI/)
—_— s 1°++as
deg=(1,0dd) +(1 + 6)ealma5 N (P16 W)
{(Pmn)a}ogaglﬁ
ﬂg([fﬁ ( 1 7Odd) i (5 3)
W(Z E{l
Ill Ill
v ¢
{ea}ae{0,17273,4,5’,5}
61116 R deg=(1.even) / ( d(Pey)*=0, )
{(PIG V’) }ogagm de® = (PlelV)Fa(qu/)
deg=(1,0dd)

We now incorporate spacetime isometries.

Proposition 4.4 (Lift of isometries to super-exceptional MK6-spacetime). For all parameters s from ({@0)), distinct

from -6, i.e., for

s € R\ {0,-6}, 54)
and for all a € {1,2,3,4,5',5}, the infinitesimal superspace symmetry v,
b a
6,1/16 . e — & — _
ve € T(TRSI6) | . { et o L[4 =0 55)
of the super MKG6-spacetime lifts to the super-exceptional MK6-spacetime (Def. as
eb = O
€ayar — 0
1 o en
VS =y, — fié %va6789+xavg eF(TRi”S), Lew Cayas _ljrr% 56178455 (56)
(PY)* — 0
(Pn)* — (PX)*
for any odd-graded constants
(Px)” (57)
~——
deg=(0,0dd)
in that
Loxs = [dex,, s ] = 0 on (Rﬁvllm)m. (58)
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Proof. Direct inspection of the defining differential relations in (53)) shows that the derivation .Zexs evidently
vanishes on all generators except possibly on 77. The action on 7 is computed as follows:

=(Py)* =const

——
Ligs (Pgn) = Lend(PN) +d 1,00(P1)
=0
= te ((s+ 1)e" T, (PW) + €0y, T (PY) + (1 + §)eayas T (PY)) (59)
= (s+ DTa(P W) — (1+§){ 3 T T (P y)
6 —_———
=(P¥)
=0,
where under the brace we used the defining property (51)) of the spinor projections of Def. [4.1] O

With the super-exceptional lift of the circle isometry given, we have the corresponding super-exceptional ver-
sion of the projection onto horizontal differential forms.

Definition 4.5 (Super-exceptional horizontal projection). We say that projection onto the super-exceptional hori-
zontal component is the operation

hexv-_l’_S . 5,1/8 1

(<)M = J(id—e Ares) : CB(RYIE X R!)

—— CE(R¥B xR (60)

(S]]

eXs eXy

on the CE-algebra (FDA) of the super-exceptional %MS—spacetime (Def. , where ;7 is the contraction 6)
from Prop. 4.4

The next Definition formalizes the %MS-locus (as in Remark inside the super-exceptional MK6-
spacetime (as formalized by Def. [4.3)) without discarding the ambient MK6 spacetime, but breaking its super-
symmetry from D =7, 4 =1, to D=6, .4 = (1,0). Hence the generators of the MK6 super dgc-algebra
(“FDA”) are all retained, but all spinors on the right of the differential relations (53)) get projected not just by P,

but by P, (as in Def. {.1)):

Definition 4.6 (Super-exceptional %MS spacetime). For s € R\ {0,—6}, we say that the super-exceptional %MS—
spacetime is the rational super space given dually by the same super dgc-algebra (53) as that of the super-
exceptional MK6 of Def. but with spinor projections P, instead of just P, (Def. on the right of the

21



differential relations:

I {ea}a6{0,1,2,37475’,5} 1
deg=(1,even)
€aia a; €{0,1,2,3,4,5',5,6,7,8,
teaar} geizaasaninn d(Pyy)e= 0,
deg=(1,even) det = .Ps W>Fa(Ps ‘V)v
’ i
5,118 {ea1~~~a5 a; €{0,1,2,3,4,5,5,6,7,8,9} deala2 - %(@Falaz (Psl//)a
(T ' )exs R with 1or 3 of ajs in{0,1,2,3,4,5',5) / dem'--as = ﬁ(PsW)Fal..-as (Psllf)v
deg=(1,even) dn = (S+ 1)6“ /\F“(PS l[/)
{(Pe¥)* }ocaers +eaa, NI (By)
— s 1°+ds
deg:(]@dd) +(1 + 6)ea1"'ai /\ra (PS Il/)
{(Plﬁn)a}0§a§16
s - : (61)
W(Z L,a
Ia IH
v é
{ea}ae{o,172,3,4,5'.,5}
S8 R deg:a(l,even) /(d (ps V)% =0, >
{(B¥)* Jocacs de* = (RYIAY)
—
deg=(1,0dd)

Directly analogous to Def. [.6] we may apply the heterotic spinor projection already on the full super-
exceptional M-theory spacetime:

Definition 4.7 (Super-exceptional heterotic M-theory spacetime). For s € R\ {0}, we say that the n = 11 super-
exceptional heterotic M-theory spacetime

(Pg¥) — v
n —n
et — et
€ajay ' eajay
(T9,1\16 % RI) C Cayas o Capas (T10,1\32)
Xy CXs

is the rational super space given dually by the same super dgc-algebra as that of the n = 11 super-exceptional
M-theory spacetime of Def. [3.3] but with spinor projections P, (Def. [4.T)) on the right of the differential relations.

The following is a direct consequence of the above definitions:

Lemma 4.8 (Super-exceptional embeddings). We have a diagram of consecutive super embeddings covered by
super-exceptional embeddings of

(i) the super-exceptional %MS-spacetime (Def. m inside the MK6-spacetime (Def. inside the n = 11 super-
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exceptional M-theory spacetime (Def. [3.3) as follows:

e | ifae{0,1,2,3,4,5,5}

0 | otherwise e

€ajay | if even num. of a;s € {0, 1,2,3,4,5,5}

0 | otherwise ' Cajay
e — e €ay a5 | if odd num. of a;s € {0,1,2,3,4,5' 5} e
Cajay Cajay 0 | otherwise ay-as
€qjas  €aj-as (P ¥)® oy
B)E — (P P

Gape=(Te789)

5,1(8 6,1 16 10,1|32
super-exceptional (’]I‘ | X T C T ‘ T 0, ‘3
spacetime Xy ex s €Xy
M5 breaking supersymmetry JET embedding of
2 = N = ’ R n )
eXs JromD =17, 4 =1 Tlex fixed/singular locus X

t0oD=6, .4 =(1,0)

e, BT qrmus/// T10.1132
\ Gape={T789)

M5 MK6
(62)

(ii) the super-exceptional %MS-spacetime (Def. inside the super-exceptional heterotic M-theory spacetime
(Def. inside the n = 11 super-exceptional M-theory spacetime (Def. [3.3)) as follows:
iexs

Gape=(Te789)

super- exceptmna[(’]rs 1‘8 X ’]I‘l) C (T971‘16 X ']I‘l) C (’]1‘10,”32)
spacetime Xy Xy €Xy
. breaking supersymmetry
12M5 embedding of V\JK6 eaking _I Y netry
e)/izs fixed/singular locus Trexs [{) rz;)m:D 16 111/ : (17 (;) Tlexs
super- 5,108 . 7l 9,1/16 10,1/32
super- 5 s ’
spacetime T X T C TU C T
Gape=(T789)
i
IMs HET
(63)

Remark 4.9 (The M5 locus for admissible values of the parameters). Henceforth we declare that the parameter
s from (40) is distinct from -6, i.e. s € R\ {0,—6} as in (34). In this case, Prop. applies and we have, in
summary, the situation as shown in the following diagram:

5 e
Y - ,
_(LH) 5,1|8 lexs 10,1/16 Hexg A Tlox, My +2iexs My
-  — - ' ; 7
Z (R | X R )GXS RCXS SR (64)
ﬂ;)/(iMs Tlexs HEXS hi
R51I8 « ng—i> R10,1[32 S%

U (o 2ts)
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Remark 4.10 (Alternative brane configuration MO1|MO9). For the case when the parameter value is s = —6 after
all, there is an alternative brane configuration one may consider, namely the configuration of an “M-wave” (see
[HSS18| 2.2.3]) inside an MO9-plane, i.e., with the spinor projection (5] replaced by the following:

M09 Ty (Py) = (Py),
MOl To(Py) = (Py).
In this case, there is a corresponding alternative to the super-exceptional isometry (56) given by
Ve = 8§va— (145)3€0 “Vara, + X Var

With this alternative brane configuration and alternative super-exceptional isometry, all of the following construc-
tions go through for all of s € R\ {0}, including s = —6; but then there is no value of s for which the leading
term of the super-exceptional Perry-Schwarz Lagrangian equals the original bosonic Perry-Schwarz Lagrangian,
i.e., what fails is item of Prop. below. This does not mean that this alternative case is not of interest, but its
interpretation will need to be discussed elsewhere.

We record the following basic fact:
Lemma 4.11 (Vanishing bilinears on %MS spacetime). The following bispinor pairings vanish identically
(Py)Ts(Fy) =0

(Py)ga,(By) = 0  foraj,ap#5,
(FY)Taas(RY) = 0 ifonea;=5.

Proof. Consider the following computation, for any a; € {1,2,3,4,5',5,6,7,8,9}:

(PoY)Cara,(BY) = (BW) Toa, ., (R Y)
= (B ¥)Tog;..a,Ts (Pyw)
= +(h ¥)'TsToq,-a, (Pyv)
=0 - ([sP, V’)Tr‘Oal ay (P W)
=0 (BY) Tog,.a, (B Y)
=0 (BY)log-a,(RY) -

Here the first line is the definition of the Dirac adjoint, the second line uses that I's is the identity on the projected
spinors, by definition. In the third step we commute I's = iI'5 with I'g,,...4,, thereby picking up a sign

o — { +1 | odd number of a;s # 5 65)

—1 | even number of a;s # 5

Finally we use (I's)" = I's from (@39) to absorb the I's again, this time into the left spinor factor. Hence the
expression we started with equals its product with o, and so vanishes when ¢ = —1, hence when I',...,, has an
even number of indices differing from 5. O

For the M-brane cochains, and in terms of super-exceptional embedding, this means the following:

Lemma 4.12 (Pullback of M-brane cocycles to %MS). For the M-brane cocycles (2), pulled back along the super-
embedding of %MS—embedding i in (62), we have

My, = € Algi® (), (66)
iy = (id—e’ Aty)i* iy, (67)
with 1,; given in (53). Hence, for the super-exceptional M-brane cocycles (Def. [3.8)), we have
(ex, )" (ex, )"y = € Aty (ex, )" (Tex, ) My
(iex, )" (Tex, ) s = (id — € A L) (fex, ) (Tex,) "y -
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Proof. By Lemma the pullbacks along i and i, act on the spinors by applying the projection F,. Hence
Lemma [4.TT] applies to the spinor bilinears after restriction and says that all summands in the pullbacks of the
M-brane cochains that do not contain an index = 5 (for the M2-brane cocycle) or do contain an index = 5 (for the
M5-brane cochain) vanish. This is just what is expressed by the projection operators in (66). O

Example 4.13 (M-brane cochains pulled back to super-exceptional brane loci). The pullbacks of the super M2-
brane cocycle u,,, and of the super M5-brane cochain u,,, horizontally along the embeddings in are as
follows:

lexs

(//\)

(T8 Tl)exf (Tm'm)exf (T10,1\32)exx (68)
ne'ﬁMSl l ln
F]I‘5.,1|8 % T] c F]I‘6,1|16C 7]1‘10,1‘32

R ——

1

%Z((P:;W)raS(Ps IV)) Ne? /\65 <~ %Z((PIGW)FLJIHZ(I)MW)) Nett Ne?t <— %Z(W quzW) Ne®t N e™

! /
ae{0.12345'} 4;€{0,1234,5 5} ;6{0,123.4.5'.5.6.7.8.9}

=y

%Z((W)meas(%ly))/\eal NeeeNe® < %Z((Pml//)ralmlls([’mw»/\eal Ao Ne % (Wral"ﬂsl’/)/\eal A Ne®
4;€{0,12345'}

/
4;€{0,12.3.4.5.5} 4;€{0,1,23.4,5,5,6,7.8.9}

=Hyis

Here P, and Py are the spinor projections from Def. [4.1} and on the far left we used Lemma .12] to recognize
that the M2-brane cocycle on the %MS—locus retains only the summands proportional to ¢, while the M5-brane
cochain on the %MS—locus retains only the summands not proportional to ¢>. Notice that the vertical pullback is
syntactically the identity, due to (41). This makes manifest that the vertical pullback to the exceptional spacetimes
intertwines the contraction operations for vs (53) and for v{™ (56):

12M5 1/M5

(Tex, ) oty = 1,200 (Tex, )" (69)
Since we also have
i"ol,, = 01",
this implies . .
(foml™) oty = 120 (iomf™)". (70)

S Super-exceptional Perry-Schwarz & Yang-Mills Lagrangians

In Prop. we find a natural super-exceptional pre-image of the bosonic Perry-Schwarz Lagrangian, recorded
as Def. [5.2] below. This allows us to extract the super-components (in Prop. [5.3] below) and identify the super-
exceptional M-theory avatar of the gaugino field (Remark below). We also find the super-exceptional lift of
the topological Yang-Mills Lagrangian (Def. [5.5] below) and its relation to the super-exceptional Perry-Schwarz
Lagrangian (Lemmal[5.6)below). This plays a crucial role when we unify all this super-exceptional data in §6| Then
we show (Prop. [5.9]below) that the super-exceptional Perry-Schwarz Lagrangian arises as the trivialization of the
super-exceptional MS5-brane cocycle restricted along the super-embedding of the %MS-Spacetime and compactified
on the M/HW-theory circle (Def. below). This is a key ingredient in the full super-embedding Theorem
further below in

We start with identifying the super-exceptional lift of the PS Lagrangian.
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Proposition 5.1 (Super-exceptional lift of bosonic 2-flux and PS Lagrangian). Consider yos := R>! x R! and a
section O of the super-exceptional %MS—bmne spacetime projection (62))

dx* — e
1 e
% () d(()B"l @) - gi: 1o
0 “ eaj-as
Thos = RS xRl - — = %~ — — = (RSIBXRI) | Q*(RSBxR!) CE((R™ExR!),, ).
eXg eXy

1M5 (n_l/zMS)*
R318 x R! CE(R>® x R)

)

Vs

() If o is such that the normal forms e®>> and the 5-index forms €q,...as pull back to zero, as shown above on the
right, then the pullback of the contraction of the transgression element Hex, (Prop. [3.5)) with the lifted vector field

v (Prop. is the bosonic 2-form flux F (25):

QF (Tpog) <2 CE((RBxRY),, ) (71)
=7
L,,H— 2, B | Lyexs Hlex,
—_— NG ,
=F = Fexg

where on the left H = d(Bg,q,) N\ dx* N\dx® denotes the plain H-flux @4) and F its induced 2-form flux (25))
according to Lemma([2.3} and hence on the right we find a super-exceptional pre-image Fex of the 2-form flux.

(i) If, moreover, s = —3 (as in Example[3.6), we have

Q*(Thos) o CE((R5»1|8 x Rl)m) (72)

1 (1, H ~ LB NH A d® < L (4 Her,) A Hex, A€

v
=IPSAdxd =:1IPS ned
- Lexg

where on the left we have the Perry-Schwarz Lagrangian (31)), and hence on the right we find a super-exceptional
pre-image ngs.
Proof. By the assumption that 6*e,,...,; = 0, and since the odd forms o™y and ¢*1n vanish after pullback to the
bosonic space R>! x R!, we find from by direct computation that
G* (lvgxy Hexs) = (Xo(S) . G* (lvgxs Caras A 802 A 6“3)

=op(s)-o" ( —2e54, N e A ea3)

= —2(dBsg,) Adx® N dx®

= —2(dy1 Bsgy) AdxXM Ndx® N dx®

=1, (8013512[,3 ANdx® Adx™ N\ dx‘”) —Zs Z Ba,a; Ndx™ Ndx®

ar,a3#5

=1y, (dBayay NdxP Ndx™) — L5 Y| Bayay Ndx™ Ndx®

az,a3#5

=H
=1, H— %, B™.

This proves the first statement. For the second, it is now sufficient to observe with (48)) that, by the assumption
s = —3, we have in the present case 6*Hex, = H. Hence the second claim now follows directly from the first. [J
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Definition 5.2 (Super-exceptional (dual) 2-flux and PS Lagrangian). On the super-exceptional %MS spacetime
(Rsvl‘s X Rl)exs from Def. deﬁne the following forms in CE((}RS’”8 X R)ex, )

(i) The super-exceptional 2-flux and dual super-exceptional 2-flux, respectively:
Fexs = lvgm (iexs)*HexS 3 ﬁexx = (iexx)*HexS - 65 A Fexs 3 (73)

where Hey, is from Prop. and Les from Prop.
(ii) The super-exceptional PS Lagrangian:

LS = —1F AFy,. (74)

eXs

With the exceptional pre-image of the bosonic 2-form flux identified, we find the induced supersymmetric
completion, keeping in mind the notation deg = (bosonic, fermionic):

Proposition 5.3 (Super 2-flux from super-exceptional 2-flux). For paraneter value s = —3 eq. @0), the exceptional
2-flux density is the sum of the bosonic term plus a fermionic term F(y 1) as follows:

Fop, = f +(WTax) Ne® + O({eaas})- (75)
=£02,0) =F,1)

Proof. By Example[3.6|we have Hex ; = H+ (W un) e+ O({eq,...q5 }) . From this the statement follows by the
definition (36) of v{™ and using the identities (Py)I's(Px) = 0 and (Py)I'ss780(Py) = 0 from Lemma O

Remark 5.4 (Super 2-form gauge field strength and gauginos). The summand

Fuyy = (Whax)Aet

in is exactly the supersymmetic enhancement of the gauge curvature in 10d SYM, with y identified as the
gaugino field ([Wi86][ADRS86, (4.14)][BBLPTS88, (2.27)]). But by the last line of (56)), x is the component of
the super-exceptional lift vs** of the isometry along SI]LIW in the fermionic direction defined by the extra super-

exceptional 1-form n @I)
lveX.v : n — x .
5

In this way, it is the extra super-exceptional fermionic coordinate 17 which is the avatar on the super-exceptional
M-theory spacetime of what becomes the gaugino field upon compactification to heterotic M-theory on ShW‘

Note that an approximate construction of the 11d gravitino in the context of Eg gauge theory as a condensate
of the gauge theory fields is given in [ESO3].

From Prop. [5.1] it is clear that we have a super-exceptional lift of the topological Yang-Mills Lagrangian
LM = _JFAF (33):

Definition 5.5. The super-exceptional topological Yang-Mills Lagrangian is the wedge square of the super-exceptional

2-flux from Def. [5.2}
LM == —1Fy AF, . (76)

eXy

Lemma 5.6 (Super-exceptional topological Yang-Mills as compactification of super-exceptional Perry-Schwarz).

. . . . . . eXg
The contraction of the super-exceptional Perry-Schwarz Lagrangian (74) with the super-exceptional isometry vy

(B6) along Siyy is the super-exceptional topological Yang-Mills Lagrangian (T6):

PS _ ptYM
lv?‘SLexs — LCXS .
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Proof. We need to show that
lvgm- (Fexx A Fexs) - Fexs /\Fexs .

But this follows directly from the definitions and the the fact that the contraction is a graded derivation of degree
(—1,even), hence in particular nilpotent. Indeed, we have

lvgxs (Exs VAN FCXS) = lvgxs ((I'Iex_v — 35 A lvgxs HCXS) A lvgxx Hex.;)

== (lvgxs HCXS) AN (lvgxs HCX3>
= Fx, AN Fey, . O

In order to see the super-exceptional Perry-Schwarz Lagrangian arise from the super-exceptional M5-brane
cocycle, we now first consider the M5-brane sigma-model wrapped on the Sll_IW—ﬁber (see Remark of super-
exceptional M-theory spacetime (Def. [3.3). By the general rules of (double-)dimensional reduction of super
p-brane cocycles [FSS16al Sec. 3][FSS16bl Sec. 3][BSS18| Sec. 2.2], this means that we are to contract the plain
MS5-brane cocycle with the vector field corresponding to the flow along this fiber, hence with vs (53). The
following definition lifts this situation to super-exceptional spacetime.

Definition 5.7 (Super-exceptional circle compactification of M5 cocycle). The compactification on SII—IW of the
super-exceptional M5-brane cocycle dL\gf (Def. pulled back along the super-exceptional embedding iex, (62))
to the normally thickened super-exceptional %MS-spacetime (Def. is its contraction with the super-exceptional
lift vi** (Prop. of the vector field vs along Sty (52):

contraction with
super-exceptional  super-exceptional
isometry along Sll-lw M5-brane cocycle

~~ ~ =
(RSJ‘S XR])CX _— lvzm (iexy)* dL‘g;%
s
——

restriction to
super-exceptional
Ims

B°R . (77)

Notice that this is indeed still a cocycle, in that it is closed, d (lv?(s (iexs)*dL\gf) =0, by (58) in Prop.

Remark 5.8 (Cocycle for M5 /g1 as D4 + KK). From the type I’ perspective on the %MS—locus (as in Remark

the compactified M5-cocycle of Def. would be that of a D4-brane inside a %N S5 =NS5N 08, by the general
rules of dimensional reduction of brane cocycles [FSS16a, Sec. 3][FSS16b, Sec. 3][BSS18l Sec. 2.2]. However,
since we need not consider double dimensional reduction, in that the super-exceptional coordinate functions along
vs are still present in the normally thickened 1M5 locus (R>!1® x Rl)exs (Def. , fields on this would-be D4
may still depend on the M-theory circle direction, hence have KK-modes along the circle. In this sense, Def.
exhibits the brane cocycle corresponding to the perspective on the M5-brane as a non-perturbative D4-brane with
KK-modes included, as considered in [Dol0][LPS10] (see [Lal9, 3.4.3]).

We now establish the following super-exceptional analog of the super-embedding mechanism.

Proposition 5.9 (PS Lagrangian trivializes compactified M5-cocycle along super-exceptional embedding). The
compactification of the restriction of the super-exceptional M5-brane cocycle (Def. along the embedding of
the super-exceptional %MS spacetime (Def. is trivialized by the super-exceptional PS Lagrangian (74):

tyow (iex,) ALY = d L. (78)
Proof. Unravelling the definitions, we have to show that

lv§x.v (iexs)* ((T[exs)*uMS + %Hexs /\dHeXs) = d( - %Fexs /\Fex.i) .
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For the first summand on the left, we immediately obtain

AN * S [
by (ien, ) (e, ) s = (k)" (i* L)
— (79)
=0,

by Lemma .12} see Example [4.13] For the second summand (or rather twice the second summand, for notational
convenience) we compute as follows:

2055 (o) (3 Hon, N dHes, ) =165 (en,)" (Hen, A dHer, )
=152 (o) Hen) A (i) ) )
= (15 e, ) o) A ((iex,)"dHlox,) — (o) Ho,) A (15 (e, ) dHls,)
= (12 ex,)" Hlow,) A (i, Hes,) + (i, ) Ho,) A (d (15 (i, ) Hhs,) )
= 2153 (ien,) Hew,) A (i) dHe, ) = d( ((iex,) Hex,) (%x ) Hes,) )
(¢

Hey,) (

= 215 (en,) o) 1 (€5 AE (ien, ) dHir,) = (e, ) Hor, ) A (155 (ien,) Hex,) )
)
)

(
(

= 26> A (1% (iex, ) "Hex, ) A (eXs(zex)*Hexs)—d(((z’exx)*Hexs) (te"s(zexs)*Hexs))
= (€ A (18 (i) Hor)) A (19 () Hox,) ) = (o) Hiw,) A (15 (i, ) s,
= d( = ((iex)" Hex, = € A1EP (ien,) Ho,) A (153 (ier,) Hex,) )

—d(~Fox, N For,)

- 2d(— 1P, /\Fe> .

(80)
Here the first step just collects the factors. The second fact uses that pullback is an algebra homomorphism,
by definition. The third step uses that contraction with v¢™ is a graded derivation of bi-degree (—1,even). In
the fourth step we commute the differential in the second summand, first with the pullback operation (using that
pullback is in fact a dg-algebra homomorphism, by definition) and then with the contraction operation, using
that the corresponding Lie derivative vanishes, by in Prop. In the fifth step we use that the differential
(commutes with pullback, as before, and) is a graded derivation of degree (1,even). In the sixth step we realize the
presence of the projection e> A 1,2+ according to Lemma in view of dHex, = (Tex,)* by, @3). In the seventh
step we again commute the differential with pullback and with contraction, as before. In the eighth step we again
use the derivation property of the differential to collect a total differential, observing that de> = 0 holds on the
super-exceptional %MS—spacetime, by Lemma In the ninth step we collect terms and identify, in the tenth
step, the super-exceptional 2-flux and its dual, from Def. [5.2] Finally, in the last step we split off the factor of 2
again, just for emphasis. O

As a corollary we observe the following:

Proposition 5.10 (Super-exceptional YM-Lagrangian is closed and horizontal). The super-exceptional topological
Yang-Mills Lagrangian (Def. is

(i) closed: st;aA =0;

(ii) super-exceptionally horizontal (Def. .' Lyess Lg}:/[ =0.
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Proof. For the first statement, we may compute as follows:

tYM __ ex; 7 PS
dLeXS =di, ;Lexs
_ ex PS
= -1, dLg,

4 €Xg,EXg (s * WZ
- IV5 v’“\)5 ’ (lexx) dLexx
~——

where we used first Lemma[5.6] then from Lemma [4.4] and then Prop. and finally, under the brace, we
observe that contraction with elements in degree (1,even) is nilpotent. This nilpotency also directly implies the
second statement, by Lemma/[5.6] O

6 Super-exceptional equivariance along M-theory circle

We show (Theorem [6.9) below) that the super-exceptional Perry-Schwarz Lagrangian and the super-exceptional
topological Yang-Mills Lagrangian unify with the super-exceptional M5 WZ curvature term into the Borel-equivariant
enhancement of the super-exceptional M5-brane cocycle with respect to the super-exceptional Siyy, isometry left-
induced to an QSIZ{W—action on the super-exceptional %MS—spacetime (Def. . In order to put this in perspective,
we first show (Prop. [6.6]below) that, similarly, the little-string-extended D = 6, 4" = (1, 1), superspacetime carries
an QS%-action whose homotopy quotient is the D = 5, .4 = 2, superspacetime.

To set the scene, we first recall how homotopy quotients are represented in rational cohomology by (Borel-)
equivariant de Rham cohomology. From general homotopy theory we need the following two basic facts (see
[NSS12]). For any kind of higher geometric spaces (here, rational super spaces), we have:

(i) Forming based loop spaces is an equivalence from pointed connected spaces to co-groups, whose inverse is
the classifying space construction

QX — X

form loop space

coGroups =~ Spaces pointeds (81)

connected

form classifying space

G — BG

(i) For X a space and G an co-group, an c-action p of G on X is equivalently a homotopy fiber sequence of the
following form

hofib(pp)

X x)G—""

BG , (82)

which then exhibits the space in the middle as the homotopy quotient of X by the co-action p.

To prepare for Prop. [6.6] and Theorem [6.9] below, we now consider a sequence of examples of homotopy
quotients of rational super spaces as in (§82)). In the following diagrams we always show the systems of spaces on
the left with their super dgc-algebra (FDA) models shown on the right. Throughout we use that homotopy pullbacks
of super spaces are modeled by pushouts of semi-free super dgc-algebras (FDAs) as soon as the morphism pushed
out along is a cofibration in that it exhibits iterated addition of generators. For more background see, for instance,
[HesO06][[GM13]|[ESS16al][BSS18]].

Example 6.1 (Rational S'-equivariant cohomology and Cartan model). Let X be any rational super-space of finite
type, hence CE ([X ) any finitely generated super-dgc algebra, with differential to be denoted dy, and equipped with
a graded derivation 1, of degree (—1,even) such that the corresponding Lie derivative vanishes identically:

CE(IX) —>CE(X) % = [dx,t,] = 0. (83)
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The homotopy quotient by the corresponding rational S!-action as in (82)) is given by

0 «— o
hofib(p,) a — a d = 0
x o) g CE([X)<7CE([X)[(D2]/<dZZ - dxaﬂbmva). (84)
)
Pp 1
&)
BS! Rlas] / (4@ = 0)

This is the algebraic structure of theCartan model for G-equivariant Borel cohomology (see e.g. [MQ86l Sec. 5]
[GuSt99][Me06]), here for G = S'.

Example 6.2 (Complex Hopf fibration). The complex Hopf fibration h¢ realizes the 2-sphere S> as the homotopy
quotient of the 3-sphere by an action which is classified by the canonical comparison map from BQS? to BS':

S8 (das = 0) (85)
,,C kX
o o3
S )s' ~B(QS?) ~ > — "~ BS!, (;’g _ gabAah)&)(dwz:O)'

Notice that the classifying map c; here exhibits, by (81), a canonical comparison homomorphism of eo-groups

Qcy

Qs? st. (86)

This loop eo-group of the 2-sphere, Q52 is an co-group very similar to but just slightly richer than the plain circle.

Example 6.3 (Left-induced QS%-equivariant cohomology). This means that an co-action by S! as in Example
left-induces an o-action by QS2, with its homotopy quotient fiber sequence (82) given by homotopy pullback along
(86), as shown in the following:

0 —
0 «— 3
hofib(pyi2) &= dan =0 dw =0
X —X/Q8? — XS, CE([X)eCE([X){“’Z’}/ dw; =—m A eCE(IX)[t»z]/(ngZ;d a+w2/\la)
da =d,a+ o Ao X '
o o3 b
Pas? (ob) Pst 1 1 1
T 0 w3 (po) @
dao, = 0
2 1 - > =
B(QS?) —= BS R[wz,ws]/<dw3 _ —szwz> o Rll/(der = 0)

87)
The resulting dgc-algebra, shown in blue, is much like the Cartan model for S'-equivariant cohomology as in
Examplel6.1] except that here all even powers of the generator ; in bi-degree (2,even), which classifies the circle
action, are trivialized in cohomology, by the new generator @3 in bi-degree (3,even).

Lemma 6.4 (QS%-equivariant cocycles). Rational cocycles on a homotopy quotient X || QS* for an QS*-action
that is left-induced according to Example|6.3|from an S'-action as in Example|6.1|are, if they are at most linear in
the generator a, precisely given by pairs consisting of a cocycle o on X and a trivialization 3 of its contraction
with v:

dla — omAB — o3 L) =0 if dyat=0 and dxf =1,a. (88)
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Proof. To see that cocycles of this form are closed, we compute as follows, directly unwinding the definitions,
where the three lines correspond to application of the three summands of the differential d = d, + @ A1, +d;:

dla — o AB — o3 A1L,B) =dxa— oy Adx P — w3 Adx B

=0 =1,0 =1,1,a=0
o AL,a — AN AL + ;s Aoy ALLB
~—~
=0
+ o Aoy AP

=0.

Conversely, reading this same equation as a condition for the vanishing of the coefficients of the products of
generators shows that every cocycle of the form on the left of (88) satisfies the conditions shown on the right. ]

We next observe, in Prop below, that an co-action by the co-group Q5> characterizes the D = 6, A4 =
(1,1), super-spacetime fibered over the D =5, .4~ = 2, superspacetime and exhibits the little-string cocycle in
D = 6 as coming from a 2-sphere-valued super-cocycle in D = 5 (hence in rational Cohomotopy in degree 2). To
put this in perspective, we first recall the analogous situation in D = 11:

Example 6.5 (Rational sphere-valued cocycles for M-branes in D = 11). We have the situation in (89) below:

(i) [FSS13b, Rem. 4.4, Prop. 4.5]: The D =11 .4 =1 super Minkowski spacetime (as in Def. is the
rational S'-extension of the D = 10 4" = (1,1) (i.e. type IIA) superspacetime, classified by the DO-brane
cocycle U,.

(ii) [Sal3l Sec. 2.5][FSSI5|[FSS16a, Sec. 2]: On that extension, the super M2/M5-brane cochains (i, , 24, )
constitute a super rational S*-valued cocycle, i.e., a cocycle in rational Cohomotopy in degree 4.

hy i h3

dy® =0 Z(’ :Zf dhy =,
mSbrane ——— det = gy e [ dhe = Pyst 353 A Hy,
dhy = U, do, = 0
dhe = uM5+%h3/\uM2 dw; = —wy /Ny
ac{0,1234,5,5,6,7,89}
hofib(ty, 24015 ) (pb) o oy
v e (po) 1 1
o1 PR
" e
101132 g4 dy* =0 doy = 0
(Hyp 2ys) det = yI'y e o dw; = —o4 Ny

ac{0,12,3,4,5'5,6,7,8,9}

hofib(ip, )

T9.1/16+16 (dap, = 0)

dy* = 0
det = yIy
ac{0,1,2,3,4,5,6,7,8,9}

——>BSk (

Hpo =¥y Vv~

(89)
Notice that, when expressed in the canonical super coordinate functions as in (#2)), the bi-fermionic component of
the potential > for the DO-brane cocycle is identified as the super 1-form Ramond-Ramond (RR) potential Cy, i.e.,

the graviphoton of KK-reduction on S%Iw (e.g. [APPS97bl below (51)]):
¢ =d + 0150 L (dO)°do = p,,. (90)
=:C
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This is analogous to the following situation:

Proposition 6.6 (Fibration of D = 6, .4 = (1,1), super-spacetime over D = 5 super-spacetime). The D = 6,
N = (1,1), super-spacetime is a rational circle fibration over the D =5, N =2, super-spacetime, which comes
via homotopy pullback from the complex Hopf fibration (Example [6.2]). Moreover, the super-cocycle L, for the
little string in 6d is induced by a 2-sphere-valued super-cocycle in D =5

(Fsy, u?)

R4 1I8+8 S]% ’

realizing the little-string extended D = 6 superspacetime as a rational QS>-fibration over D = 5 super-spacetime:

€5 «~ e

vy —

4
o “E (WTay)Ne® «— w3 de = (I,b
. d%<5_g " h —h daop =0
[tlstring ——— de'=> = yIy
dfs, = doy = - Ay
: dfy = 3+ Ae
(b) "fz eu; ! (po) Ie “I’Z “I"
el as4 e [0} 3
& —ie de = ab
SRl S R dy? =0 — v e | 4e = 0
R de's = yI'y ¥ Ty At — o
o dwy = —amAay
Wa <4
(pb) hc 1 1 (po) “I’Z “1’3
Wa eu<4
9] 3
dy* =0 do, = 0
R4,1\8+8 S2 ZBQ.SQ v )
(WSWJ"E‘II) R R > detst = v Iy ) ¥y J dws = - Ay
Y (WTay)Aels — o3
a=0
=i
On
Proof. The statement comes down to proving that
di, = —(WTsy) (VTsy),
hence that A
Y (VL) (WIy) = —(VTsy) (VITsy). (92)
a=0

This is indeed a Fierz identity satisfied by spinors in D = 5 (e.g. [CDF91, I1I1.5.50]). Equivalently, from the
perspective of D = 6, it reflects the fact that there is the super-cocycle for the little-string (e.g. [CDE91] 111.7.14])

5 4
W, = Z(Wral//)/\e“ = Z(Vraw)/\ea + (WF51//)/\€5 (93)
a=0 a=0
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and that is equivalently its closure condition, written with the Sth spatial coordinate summand separated off:
0=du,,
5
= Z (W Ty)de”
a=0

5

:;anwww

ZQWQWWWW+WBWWWW' -

Remark 6.7 (D = 5 super spacetime as homotopy QS2-quotient of D = 6).

(i) Conversely, the total rectangle on the left of (OT]) exhibits, by (82), the D = 5 super-spacetime R*'3+8 as the
homotopy QS?-quotient of the little string-extended D = 6, .4~ = 2, super-spacetime:

TH18+8 ~ 51848 /¢l ~ Wlstring JQS>.

(ii) To make this explicit as an QS?-quotient in the form of (87), we may (co)fibrantly resolve the bottom instead
of the right morphism of the rectangle in (91)). This yields the following:

dy* =0
[tlstring ———— * de’> = YDy R (94)
Ao, =
@ eass ng 0 0
T 1 pog
(pb) Y& eSS ‘fo o (po) o o
dy* =0
de’s* = YTty
de® = YI''y+m da, = 0
R4,1\8+8 S2 ~ BOS2 | )
R R dfs = W, +(3+eAw) @ — o doy = —m A
dos = —mAw

In conclusion, D = 6, .4 = (1, 1), superspacetime extended by its brane content reduces to D = 5 super-
spacetime by enhancing the oo-action by S' to an co-action by Q52 (86).

This provides the motivation to similarly form the homotopy quotient of the super-exceptional ./~ = (1,0)
spacetime (R x R')  from Def. not just by the Siy-action of flowing along the M-theory circle fiber

along the super-exceptional isometry vz from Def. but the left-induced QS2-action, via Example To
indicate this, we will write QSIZ{W to denote this co-group with that cc-action understood, hence with the comparison
(83) specifically being

Q82w — Shw - 95)
Hence:

Definition 6.8 (Homotopy QS -quotient of super-exceptional $M5 along Sfy). Write (R¥!8 xRY)_ /QSZ,,

for the homotopy quotient of the super-exceptional %MS spacetime (4.6) by the rational QS%W—action which is left-
induced, via Example by the rational Slliw—action given by the the super-exceptional Shw—ﬂow (56). Hence,
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with (87)), the defining super dgc-algebra (FDA) is that on the right of the following diagram:

q

O
(R XRY), (RMExRY), [ QShw (96)
0 — o
Lo den =0
CE((RS,l\SXRl)eXS) CE((RSJ‘SXR])exJ)[a)Zuab]/ do; = —m A ,
da = dl/zMsaerzmvnga

where on the right o € CE((R>!B x R!),, ) is any element in the CE-algebra of the super-exceptional 1MS5-
spacetime (Def. , Les is contraction with the super-exceptional isometry (56), and d, ,,; now denotes the
differential on that algebra, in contrast to the new differential d defined above.

Now we may state and prove the main statement of this section:

Theorem 6.9 (Super-exceptional QSIZ_,W—equivariant M5-cocycle). The super-exceptional Perry-Schwarz Lagrangian
L% and the super-exceptional topological Yang-Mills Lagrangian LXM (T6) are the components that enhance
the super-exceptional M5-brane cocycle dLY? (B0) restricted along the embedding iex, of the super-exceptional
%MS spacetime to an equivariant cocycle with respect to the QS%IW—action (93), hence to a cocycle on the
homotopy QSﬁw-quotient (©6) of the super-exceptional %MS-spacetime, as follows:

() AY) e = (i) ALY — 03 AL, — an ALDM) € CE((RYPXR!) | JQShy)  ©O7)

€Xy

in that
(i) this is indeed a cocycle with respect to the differential d = di s + @02 N Lyes + dg from (96):

A((e) I g, ) = 0 & CE(®MEXRY),, j25f): ©8)

(ii) it does enhance the super-exceptional M5-brane cocycle, in that it extends it through the homotopy quotient
projection q_, (96):
QSHW

q., ,
518 o ! 2 Phw 5108 o ! fexs 10,132
(R X R, JQSfy ~————— (RYBXRY) (RIOIRZ) . (99)
((Gex,)"LEY) jsp ! (iex, ) ALY 1dLY?
Proof. By Lemma|6.4]the first claim equation (98)), is equivalent to the two statements
LodLs = e (iex, ) ALY
2. L = LEM.
The first of these is the content of Prop. [5.9] while the second is Lemma 5.6
The second claim is immediate from the nature of the map (96). O

Before moving on, we record the following further properties of the compactified super-exceptional %MS—
spacetime:

Proposition 6.10 (Equivariant closedness of tYM). The super-exceptional topological Yang-Mills Lagrangian
(Def. is closed on the homotopy QSIZ{W-quotient of the super-exceptional %MS—spacetime (Def. .'

M =0 e CE<((}R571|8><R1)m>//gs2 ). (100)
’ HW

Proof. By definition (96)) of the equivariant differential, we have
steYXl:/I = dl/zMSLtg(I:/[ + ;A lV§Xx Ugg:/[

By Prop. both summands here already vanish separately. O
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Proposition 6.11 (Closedness in the homotopy quotient). On the homotopy QS%IW-quotient of the super-exceptional
%MS—bmne spacetime (Def. , we have

de’ = o and d(Fham+a) =0 e CE((RMExRY) ) ). (101)
Xs //QSIZ—IW

Proof. For the first statement we compute as follows:

ded = (d1/2M5 +mm A lv§X.r)eS

=d,\s€ + QAL = 0. (102)
—PYD (Y0 =8i=1

Here the first step is the definition of the equivariant differential (96)), while the second step uses the definition
of d\,M5 from (6I). Then under the first brace we used Lemma [4.TT} and under the second brace we used the
definition (56) in Prop. .4} The second statement is directly implied by the first and by the differential relations

dw, =0 and dws = —w; A\ @, from (96). O

7 Super-exceptional M5 Lagrangian from super-exceptional embedding

Finally we discuss the super-exceptional embedding construction of the M5-brane Lagrangian. We consider the
super-exceptional Nambu-Goto Lagrangian for the %MS—brane (Def. below and prove (Corollary below)
that the sum of super-exceptional Nambu-Goto Lagrangian and the super-exceptional Perry-Schwarz Lagrangian
arise as relative trivialization of the super-exceptional M5-brane cocycle along the super-exceptional embedding
of the %MS—brane. We go further and and consider the QSﬁw—equivariant enhancement of this statement, corre-
sponding to KK-compactification to the D4-brane, and prove (Theorem below) that this corrects the relative
trivialization by a summand proportional to the super-exceptional topological Yang-Mills term that constitutes the
D4-brane WZ term (Remark [7.5] below). While a priori this further summand is exact only after compactification
on Sll{w, as befits the nature of the D4 arising form the M5, we observe (Remark below) that this D4 term,
too, does become genuinely exact after a natural completion of the QS%IW—aCtion on the super-exceptional %MS
spacetime.

In direct generalization of the super Nambu-Goto Lagrangian (5)), we set:
Definition 7.1. The super-exceptional Nambu-Goto Lagrangian for the %MS-brane (Remark D is the super
volume form of the %MS—locus, hence, with (42)), the left-invariant completion of the bosonic volume form under
translational supersymmetry, hence is the element
Lljg = svolgzg1 =egNey Nex Nez NegNes

103
= (ex,) " (e0Ne1 Aes ANes Nes Nes) € CE(]RSJ‘8 xR') (103)

€Xy

in the CE-algebra of the super-exceptional %MS—spacetime (Def. )

Remark 7.2 (5113 VS. Shw directions). Beware that the last wedge factor in (103)) is ess and that es5 does not appear
(see Remark [4.2] for discussion of the 5-5'-plane). Mathematically, this comes out from the MO9-projection in the
last step (I07) in the proof of Theorem [7.3] below.

Theorem 7.3 (Full M5-Lagrangian from equivariant super-embedding). The super-exceptional QS%IW-equivariant
M5-brane cocycle from Theorem|6.9)is equal to

(o) ALYE) = G(EXS 4113, 1) — (& o an) ALY, (104

)//QSIZ_IW
=eSNd (C1 /\I}gxﬁ_’l) +o3 ALEM

eXs

where under the brace we show an equivalent re-formulation in terms of the element Cy from (90).
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Proof. We may rewrite (97) as follows:

(o) dLYZ) = (i) ALY — (de%) LSS, — oy ALYM
=

= o LYY (¢ AIES) — AL, — 0 ALY
~——

) /QSHw

= (djams + 0 NP, (105)
= lvgx_\- (lex‘T)*dL\gg + a) A LteYXIAVI
= (id— " Atgs) (ien) dLY) + (LR A€%) = (@03 +€* A @) ALY,

| —
— ( _ )horex_v

Here the first line is the definition with the observation inserted, as shown under the brace. Then, in
the first step, we use that the differential is a derivation of bi-degree (1,even) and under the brace we unwind the
definition of the equivariant differential (96) and then used Prop. [5.9and Lemma|[5.6] In the last step we collect
terms and identify under the brace the super-exceptional horizontal projection from Def. .5] This means we are
now reduced to showing that the first summand in the last line of (T03) is

((iex, ) YA " = gING, (106)
We compute as follows:

((iexs )* dLWZ) horex,

= (id — & Atyens) (fex, )" ((ex,) Hhyes + 3 Hex, N dHes,)
= (id — € Atyes) (ex, ) (Tex, ) s + 3 (id — € Atyexs) ((Gex, ) Hex, ) A ((iex, )" dHex,) (107)
=31 Y ((PY)Tuy s (PY)) Mgy A Neas + 5 (id — € Atyess) ((iex,) Hex, ) A (€0 A1 (iex, ) dHlex, )

a;€{0,1.23.4,5'}

=0

=d(egNej Nex NesNegNes) .

Here the first step is unwinding the definitions. The second step is multiplying out and using, in the second
summand, the fact that pullback is an algebra homomorphism. The third step observes that the first term is just
those summands of p,,, ([2) whose indices are along the %MS—locus, hence in {0,1,2,3,4,5'}, while in the second
term we realize the presence of the projection e’ A 1,2+ according to Lemma in view of dHex, = (Tex,)* typ
from (43). With the projection operator up front, this makes the second term vanish, as shown under the brace.
The last step is [HSS18, Lemma 6.9]. This establishes the first line in (104).

Finally, to see equality to the expression shown in (I04)) under the brace, observe that

de® = d(dx’ +C)) = dCy , (108)
by (90). Using this, the first summand over the brace in (104)) becomes

N AL =& A (de’) \NEIM
=&’ A (dC)) NEIM
=e A d(Ci ALY,

where the first step is (I01), the second step is (108) and the third step is (I00). This, therefore, establishes also
the identification under the brace in (104). U

Corollary 7.4 (M5- Lagrangian is relative trivialization along super-exceptional embedding). The super-exceptional
M5-brane cocycle dL " (Def. .) becomes exact when restricted along the super-exceptional embedding (iex,) of
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the %MS-brane (Lemma , trivialized there by the sum of the super-exceptional Nambu-Goto Lagrangian ngg
(Def. and the super-exceptional Perry-Schwarz Lagrangian L[;i (Def. .'

(iex, ) ALY = d (LY + L5 NeY). (109)

Proof. The statement is the first component (the one independent of the equivariance generators @, and w3) of the

equivariant statement in Theorem More formally, equation (109) is the pullback of along the homotopy

quotient homomorphism g_, (©6). O
HW

Remark 7.5 (Dimensional reduction to WZ-term of D4-brane). Upon compactification on Sfy, the last summand
of (104) manifestly gives the WZ-term
LY2 = C,AFAF

of the D4-brane (JCvGNSWO97, (7.4)][APPS97bl (51)]ICAIBOO, 6.1]; see [ESS13b, 4.3][ESS16b, 4]). From the
point of view of the Yang-Mills theory on the brane, this identifies C; with the theta-angle (e.g. [Lil9, (3.1)]),
matching the last summand in (T13) below.

Remark 7.6 (Exact QS%_,W—equivariant super-exceptional M5-Lagrangians). Recall that the first summand in (7.3)
is exact, implying the super-exceptional embedding construction before compactification (Corollary [7.4), while
the second summand in ([7.3)

(€ n @+ @) A (Fo AFey,) € CE(((RMEXRY) ) (110)

jasi)
becomes exact only after dimensional reduction, implying the super-exceptional embedding construction of the
D4 WZ-term (Remark [7.5). It is therefore natural to ask for a pullback of the situation to a richer extended
super-spacetime on which also the second summand (T10), and hence the full QS%IW—equivariant super-embedded
super-exceptional M5-brane cocycle from (7.3), become exact, QS%W—equivariantly. Since (TI0) is the wedge
product of two equivariantly closed terms, by Prop. [6.10]and Prop. [6.11] there are two canonical possibilities here,
by enforcing trivialization of the first or the second factor. We will now briefly comment on both of these:

d6 = AN+ ®;  or  dHL = Fex, AFe,.

discussed in Remark discussed in Rema.rk

Remark 7.7 (The generator 6, trivializing the little-string super-cocycle). In the formula (94) for the D =5,
N =2, super-spacetime regarded as an QS?-quotient of D = 6, .4 = (1,1), super-spacetime, there appears a
further generator 6, in degree (2,even), whose differential trivializes the little-string super-cocycle

A6 = ;s +e ANay = U, . (111)

From comparison with the super-cocycles for the ordinary critical string in D = 10 and its D-branes (see [ESS13bl
4 3][ESS16b, 4]), we note that 0, is the universal gauge field flux 2-form on D-branes for the little-string. How-
ever, there is no analog of the generator 6, in the formula for the super-exceptional QS%IW—quotient of the
super-exceptional %MS—locus from Def. But if we consider the Cartesian product of the super-exceptional
%MS spacetime with the classifying space BS' of a gauge field, then an QS2-action on this larger space generally
contains, on top of the part left-induced from an S'-action (Example , precisely the extra structure of (I11)):

CE([((TS*Ile)exst@)//QSz ) = CE(((R5=1xR1)exS)//QS2 (6] /(@8 = naort@3). (112

On this larger space, equation (104)) for the trivialization of the M5-brane cocycle completes to an QS%IW—equivariant
trivialization:

. * 3y WZ _ NG PS 5 tYM 5,1 1 1
(@ dLexS)//QS%IW = (LS +US A - ALEM)  on (T xRY), xBS )//QS%IW. (113)
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Remark 7.8 (The heterotic 5-brane). The heterotic super-exceptional !/2M5-spacetime ("]I“S?l'l6 X "]I“l)het is the

€Xy

homotopy fiber of the wedge square of the super-exceptional 2-flux on the super-exceptional !/2M5-spacetime

(Def.

(T51116 5 1) CE((RO xRY), ) [HXS] /(4 HXS = Fox, A o)

€Xg €Xg

hofib(Fex; AFexy)

Fexg AFexg

(1I~15,1|16><r]1‘11)e K(R,4) CE<(R5’1|8XR1)BX> M(dC4:O).

Xs

Then on its super-exceptional QS%IW—compactiﬁcation as in Def. the second summand (110) and with it the full
QS2,-equivariant super-exceptional M5-brane cocycle (T04) becomes exact

(o 7a02) = a(0+E2 A+ 3N 0t 00) A,

—_yWZ
_'LNSS

) //QS%w

The new term LVN%S in the Lagrangian that appears this way has the form of the WZ-term for the heterotic NS5-

brane [Lel0, (1.5)].

In summary, we thus arrive at the picture shown in (7).

8 Outlook

In closing, we briefly comment on a few interconnections, issues to be addressed in the future, and some loose
ends.

Combining local super-exceptional geometry with global topology. The discussion in this article focuses on the
situation of vanishing bosonic 4-flux, keeping only the super-components of the 4-flux, being the M2-brane cocycle
Uy, ). We had discussed the opposite case of pure bosonic flux in [ESS19c|. In that case, the subtlety is all in
the global topological structure of the Hopf-Wess-Zumino term controlled by Cohomotopy [[FESS19c][FSS19b],
while here the subtlety is all in the local differential structure of the Perry-Schwarz Lagrangian, hence of 5d super
Yang-Mills plus KK-modes:

Single M5-brane sigma-model

Aspect H Global topological Local differential
. . Perry-Schwarz = 5d Yang-Mills + KK
Lagrangian term || Hopf-Wess-Zumino & 5d top. Yang-Mills
. 2_ . .
Controlled by twisted QS equlvarlant
Cohomotopy super-exceptional geometry
Discussed in [ESS19¢]| §|§|,

In a full picture of the M5-brane sigma-model, both the super-exceptional local geometry and the cohomotopical
global structure are to be combined. This will be discussed elsewhere.

Covariant enhancement. The constructions in this article relate to the non-covariant M5-brane Lagrangian of
[PSO7][ScO7[APPS97all, (following [HT88]), but not manifestly to the covariant formulation of [PST96][PST97]
[BLNPST97].
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However, as explained in [HSSI8, pp. 6-7], in the vein
of understanding supergravity as super Cartan geometry
[Lo90][EE12], we are to think of the super-exceptional
Minkowski spacetimes considered here, such as the super-
exceptional %MS—spacetime illustrated in (52)), as being the
infinitesimal moving frames on a super-exceptional curved
Cartan geometry. Furthermore, the covariant form of this
geometry is to be obtained systematically by actually mov-
ing the frames, subject only to the condition of vanishing
super-torsion, which, by [[CL94][Ho97] (see [CGNTO04,
Sec. 2.4]), is equivalently the condition that the equations
of motion of 11d supergravity hold.

Thus super-Cartan geometry provides a systematic and precise mechanism for globalizing/covariantizing all
the local brane constructions given here, as well as the related constructions in [HSS18|][BSS18], reviewed in
[ESS19al]. While this provides the algorithm, it still has to be run, the details still have to be worked out elsewhere.

Necessity of the %MS configuration? The string theory folklore claims (e.g. [DHTV14]) that there are two
ways of geometrically engineering D = 6 .4#" = (1,0) theories, one of them being the %MS-brane configuration of
Remark [4.2] Since our rigorous construction confirms this expectation, it would be interesting to precisely classify
this — on a mathematical basis — and possibly determine further available choices for the construction. This needs
further thinking. At this point, we may at least highlight precisely where the spinor projections of Def. which
define the %MS—locus, enter our proofs:

1. The assumption that the spinor 1-forms are fixed under I's739 is what makes the super-exceptional lift v<*s

of the isometric flow along the compactification circle exist: it is used in the last line of (59) in the proof of
Prop. There is at least one other brane configuration where an analogous construction works, namely
the M-wave inside the MO9 (Remark [4.10). But there could be more possible variants.

2. The assumptions that spinor 1-forms are fixed under I's is what implies the technical Lemma This
Lemma appears crucially in various of the following proofs leading up to and including the main Theorem

notably it is used in both and proving Prop. [5.9)and then again in (I07) proving Theorem[7.3]
This makes it seem at least unlikely that this assumption could be removed while still retaining the result of
a super-exceptional embedding construction.

DBI corrections in o’ and Super-exceptional 5-form. In our analysis of the super-exceptional Perry-Schwarz La-
grangian in §5] we have restricted to the special case that the value of the 5-index tensor e, ....; on super-exceptional
spacetime vanishes. The formulas (3] and show that, without this assumption, the super-exceptional Perry-
Schwarz Lagrangian picks up further correction terms. At the same time, we have studied here the expected DBI
corrections to the brane Lagrangian starting at quartic order in the field strength F [FT85] (see [[I'sO0]). It is natural
to conjecture that these two effects are related, but this needs more investigation.

AKSZ sigma-model description. The article [[Arl18|] discusses the local differential structure of the M5 Hopf-
Wess-Zumino term in view of exceptional geometry from the point of view of AKSZ sigma-models. The develop-
ment seems complementary to ours here, but it would be interesting to see if there is a connection.
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