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Abstract

Fractional quantum Hall systems (FQH), with their experimentally observed anyonic topological order,
are a candidate future hardware platform for intrinsically stable quantum registers (“topological gbits”) and
operations (“topological quantum gates”). But theoretical questions remain, notably concerning the desired
realization of nonabelian anyon statistics.

Here we analyze a novel non-Lagrangian effective description of FQH anyons based on global quantization of
surplus flux in extraordinary non-abelian cohomology theories, specifically in unstable Cohomotopy. Topological
quantum order manifests as local systems of gapped Hilbert spaces over the covariantized quantized flux moduli
spaces.

Assuming that FQH surplus flux is effectively quantized in 2-Cohomotopy theory (a cousin of Hypothesis H
in high-energy physics), we rigorously compute covariant flux monodromy and classify its irreducible unitary
representations. This reproduces fine details such as of modular topological order on the torus; but it also
predicts potential new routes to nonabelian statistics in FQH systems which may inform experimental searches
for topological quantum hardware.

o . . . )
Mathematics, Division of Smence,.and 9 CENTER FOR
Center for Quantum and Topological Systems, QUANTUM &
NYUAD Research Institute, J TOPOLOGICAL
New York University Abu Dhabi, UAE. 6 SYSTEMS

b The Courant Institute of Mathematical Sciences, NYU, NY.

The authors acknowledge the support of Tamkeen under the NYU Abu Dhabi Research Institute grant CG008.


https://ncatlab.org/nlab/show/Center+for+Quantum+and+Topological+Systems

Contents

1 Introduction & Survey

2 Exotic Topological Flux Quanta

3

2.1
2.2

Topological Quantum States . . . . . . . ..
General Covariance of Flux . . . . ... ..

Flux quantized in 2-Cohomotopy

3.1
3.2
3.3

3.4

3.5
3.6
3.7
3.8

On the plane . . . .. ... ... .. ....
On the sphere . . . . . .. ... .. .. ...
On closed surfaces . . . ... ... ... ..
3.3.1 Modular action . . . ... ... ...
3.3.2 Functoriality . ... ... ... ...
Onthetorus . ... ... ... .......
3.4.1 Flux monodromy classification

3.4.2 Comparison to K-matrix formalism .
On punctured surfaces . . . . .. ... ...
On punctured disks . . . . . . ... .. ...
On the open annulus . . . . ... ... ...
On the 2-punctured disk . . . . . . .. . ..

4 Conclusion & Outlook

A Background

w co @

18
19
24
25
25
27
30
30
42
47
52
54
95

58

59



1 Introduction & Survey

Need for topological quantum protection. The potential promise of quantum computers [196][115] is enor-
mous [101][27][209], but their practicability hinges on finding and implementing methods to stabilize quantum
registers and gates against decohering noise. Serious arguments [145][64][166][69][70][127][97][266] and practical ex-
perience [53] suggest that the currently dominant approach of quantum error correction at the software level (QEC
[169][208]) will need to be supplemented [54] * by more fundamental physical mechanisms of quantum error protec-
tion already at the hardware level, in the form of “topological” stabilization of quantum states (“topological gbits”)
and operations (“topological quantum gates”) [152][86][194][242][190][241]. While the general idea of topological
quantum protection has become commonplace, its fine details have received less attention and are nowhere near as
well understood as those of QEC — this in contrast to its plausible necessity for scalable quantum computing.

FQH systems: Surplus flux quanta. A practical contender for the required topological quantum hardware is
(cf. [10][55][37][16][183]) fractional quantum Hall systems (FQH, cf. [206][41][255][138][140] [201]). These are pre-
dominantly electron gases constrained to an effectively 2-dimensional surface X2 (2DEG, e.g. realized on interfaces
between semiconducting materials [201]) at extremely low temperature and penetrated by transverse magnetic flux
(cf. [112, §2.2.1][228, §2.1]) so strong that the number of fluz quanta (cf. [154, (27)]) through the surface %2 is
an integer multiple K of the number of electrons confined to X2, called the inverse of the filling fraction v = 1/k
(more generally a rational number).

At unit-fraction filling v = 1/K, each electron in $? appears — in a heuristic picture, [136][137], cf. [255, p.
882] — to form a “bound state” of sorts with K flux quanta. More generally, adiabatic insertion of further surplus
flux quanta transfers charge of magnitude ve, where e is the magnitude of the electron charge:

FQH system at filling fraction v : = surplus flux quanta ~ANA/>  Frv units of electron charge .

At Laughlin filling v = 1/K, this surplus flux insertion produces a fundamental quasi-particle or quasi-hole. At
other fillings it may produce a composite: at v = 2/5, a full flux insertion carries charge of magnitude 2¢/5, whereas
a fundamental quasi-particle carries e/5 (Rem. 3.50). These surplus flux quasi-particle sectors of FQH systems are
candidates for the desired topologically protected quantum states (exhibiting “topological order” [268], cf. [284,

§111][223)).
K flux-quanta absorbed . . .
by each electron: (cf. [255, Fig. 16])
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For identical Abelian quasi-particles of a specified species, a “braiding interchange” of their worldlines con-
tributes a statistical phase ¢ = ™, independent of the local details of the braiding process ([118][7], as reviewed
in [138, §9.8]):

time

braiding angle 0= % S Q
Tif c U(l) (2)
€Q/Z.

braiding

braiding phase C =
[ topological spin S =

<2 surplus flux quanta

vl ®

The phase depends on the FQH state, the quasi-particle species, and the braid orientation. For fundamental
Laughlin quasi-particles at v = 1/K, it satisfies ( = 4¢™" in the chosen orientation ([138, §9.8.2]). Interferometry
probes the full-braid phase ¢? = 2™  without fixing the sign of (: the reported phases at v = 1/3 and v = 2/5
are consistent with § = 1/3 and § = —2/5 = 3/5 modulo 1, respectively ([192, 193]; Ex. 3.49).

These fractional quasi-particles are called “anyons” [7][254][251], in (somewhat inaccurate) reference [274] to any
possible exchange phase between those of bosons (( = 1, s = 0) and those of fermions (¢ = —1, s = %), cf. [119,
§11.4]. Experimental evidence for fractional statistics, from interferometry and current-correlation measurements,
has been reported by various groups and in different materials: [18][191][192][193][218][107][163][263][219].

1[54]: “The qubit systems we have today are a tremendous scientific achievement, but they take us no closer to having a quantum
computer that can solve a problem that anybody cares about. [...] What is missing is the breakthrough [...] bypassing quantum error
correction by using far-more-stable qubits, in an approach called topological quantum computing.”



The braiding phases (2) motivate examining FQH systems directly through their fluz quantization [228]:

Global flux quantization in FQH systems. Experiment shows abundantly that the fractional quantum Hall
effect is a wniversal phenomenon [143][105, p. 1][106] in that its characteristic properties are independent of the
microscopic nature of the host material and of impurities and irregularities of the sample. This suggests [87] the
existence of accurate effective quantum field theoretic descriptions (cf. [81]) whose degrees of freedom reflect not
any microscopic host particles but instead the nature of the universally emergent FQH quasi-particles (much like
and closely related to how conformal field theory universally serves as an effective description of critical phenomena
in statistical mechanics, cf. [57, §3.2]).

Traditionally, this putative effective FQH theory is sought in the ancient and extensively studied realm of
Lagrangian quantum field theories (cf. [123][102]), where one argues ([283][268], cf. [269, §7.3][81, §13.7][278,
§2][261, §5][234, p. 5]) that the relevant candidates are variants of abelian Chern-Simons theory [36][204][173], see
§A.1. A local gauge-field Lagrangian density L = L(A) must be accompanied by global field and transition data to
specify a quantum gauge theory. These data encode flux quantization and the topological sectors relevant to FQH
systems (cf. [228, §3.3] and Fig. G). Chern-Simons theory has such global formulations; our construction instead
begins with a proposed flux classifying space.
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Figure G. The full non-perturbative data of a (higher) gauge field configuration A on a spacetime X consists not just of
the gauge potentials A, which are only defined locally — namely on an open cover X of X by charts —, but also of “transition
data” g which gauge-transforms between coincident gauge potentials on different charts, and further of incrementally higher
transition data which higher-gauge transforms between coincident transition data.

This (higher) transition data encodes the fluz quantization law and the topological charge or soliton sector of the gauge
field. It supplements the local expression L = L(A) in a global formulation of the theory.

For further exposition and pointers see [4] for the case of the ordinary electromagnetic field and [228, §3.3][239] for full
generality.

For example, locally eliminating the dynamical field from an FQH Chern-Simons action yields a fractional
electromagnetic response that is not, by itself, a globally defined Chern-Simons theory of the probe field. Retaining
the dynamical gauge field and its topological sectors resolves this distinction ([278, §2.3]; see § A.1.1). Our
alternative construction seeks to derive state spaces and their monodromy directly from the flux-quantization law.
Its comparison with Chern-Simons ground-state representations is discussed in §3.4.2.

Non-Lagrangian effective FQH theory based on flux quantization. We have developed a non-Lagrangian
theory of topological quantum states in (higher) gauge theories which is compatible with and in fact entirely based
on consistent flux-quantization (survey in [228][234]) — the main insight here is (recalled below in §2):

(a) flux-quantization laws are encoded by extra-ordinary > non-abelian cohomology theories
[77, §2][231, §1] with classifying spaces A whose “rationalization” reflects the duality-
symmetric form of the gauge-field’s Bianchi identities, cf. [228, §3] and (6) below;

(b) the topological quantum observables on fluz depend only on the homotopy type of this
classifying space A, and not on any other (local, microscopic) properties of the theory
[226].

A quick way to understand the underlying principle is to recall the classical fact (cf. [78, p. 263][77, Ex.
2.1]) of algebraic topology (see §A.3) that there exist classifying spaces — here denoted B"Z 3, characterized by
7w B"Z ~ 0} 7Z — for (integral, reduced) ordinary cohomology:

2The term extra-ordinary cohomology theory is standard (cf. [177][78, §6]) for (Whitehead-)generalized abelian cohomology theories
(cf. [77, Ex. 2.10]) represented by spectra of spaces, in contrast to the ordinary cohomology theories represented by (spectra of)
Eilenberg-MacLane spaces (3). Here we use the term in the yet greater generality of non-ordinary and non-abelian cohomology [77,
§2][231, §1], as a more evocative version of the overused and now ambiguous term “generalized cohomology”.

3These ordinary classifying spaces are known as Eilenberg-MacLane spaces and traditionally denoted “K(Z,n)”.




R
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Ordinary cohomology O © X
H"(X;Z) <—=— m Map" (X, B"Z), (3)

and that the usual (Dirac) flux quantization of the electromagnetic field (cf. [4][228, Ex. 3.9]) says that its

underlying topological charge is a class in H 2(X; Z), hence represented by a map from spacetime to B2Z 0
BU(1) ~; CP> * | and that the latter is all that is needed to deduce (cf. [228, Ex. 2.2]) that solitonic magnetic
flux through a plane comes in integer units — the fluz quanta (1):

Hmtpy classes of maps classifying number of
solitonic magnetic flux flux quanta
2 c 2 ~ * 2 2 ~ * 2 2 ~ 2 ~
(R% . —> B Z}/hmtp ~ 7o Map* (R, B?Z) ~ moMap® (82, B*Z) ~ my(B%Z) ~ Z. (4)

In fact, the classifying space B2Z moreover encodes the ordinary topological flux quantum observables through any
surface ¥2, as seen in Ex. 2.8 below.

The key role of algebraic topology. With this understanding, the question of an effective QFT description of
FQH systems is not answered as traditionally (by choosing a Lagrangian whose equations of motion reflect local
properties like the Hall current) but instead by finding an effective classifying space A whose implied topological
quantum observables reproduce the expected observations on global topological states, such as the emblematic
(non-)commutation relation of Wilson line operators on the torus, shown in (17) below.

It turns out (in §2) that this construction of topological flux quantum states proceeds entirely by the analysis
of “local systems” (cf. Rem. 2.12 below) on the (generally covariantized) homotopy type of moduli spaces (21) of
flux given by mapping spaces from the spacetime domain into the classifying space for the flux-quantization law
— and as such is squarely a problem in the mathematical subject of homotopy theory and algebraic topology (for
which we have compiled some background in §A.3).

Novel effective surplus flux quantization for FQH systems. Concretely, a candidate classifying space for the
surplus magnetic flux through FQH systems (as seen by the effective quasi-particles/holes) turns out [229][227][234]
° to be the 2-sphere A ~ 52 (see §3), modeling effective FQH flux in a variation of the ordinary classifying space
(4) (of which it is the “2-skeleton”):

Classifying space for 52 ~ (Cpl C Cp> o~ BU(l) o~ B2Z Classifying space for (5)

surplus FQH flux ordinary magnetic flux

In this article, we work out the monodromy groups and candidate state spaces determined by this classifying space
together with the quantization prescription adopted in Def. 2.11, and compare the resulting data with abelian
Chern-Simons theory. Their physical realization requires the additional input discussed in §3.4.2. As motivation
for this comparison, note (cf. [76]) that the rationalization of the 2-sphere is encoded by the following differential
equations (its “Sullivan minimal model”, cf. [228, §3.2]), which are just those equations that characterize the Chern-
Simons 3-form Hj for a gauge field flux density F» as it appears in the Lagrangian formulation of Chern-Simons
theory (cf. [82, Prop. 1.27(b)] and (159)):

flux
density
Rational model of — Bianchi identities characterizin
classifying space for CE([SQ) ~ Rd B / dfy =0 Chern-Simons 3-form / ¢ (6)
surplus FQH flux H3 d H3 = FQ F2 Green-Schwarz mechanism
effective

higher flux

Incidentally, it is in this sense that our effective description of the FQH effect is a mild form of higher gauge
theory (cf. [239]), since the Chern-Simons 3-form (traditionally understood as a Lagrangian density) here appears
as a higher flux density — the 3-form H3; — satisfying a Bianchi identity of the form known from Green-Schwarz
mechanisms. © Moreover, Hj is the rational image of the Hopf fibration, the generator of

7 ~ 73(S?) =~ meMap*(S®,5?) ~ mMap*(S? 5?%). (7)

40ur notation “ov” stands for weak homotopy equivalences (217).

5 As explained in [229][104], following [231], the 2-sphere here is a cousin of the 4-sphere which similarly serves as flux quantization
of the higher gauge field in 11D supergravity [220, §2.5][75][103] (review in [228]), where its choice as such is referred to as Hypothesis
H [75]. While this is where our approach to FQH systems here comes from and is informed by [227], for the present purpose the reader
may ignore this geometric engineering of FQH systems on M5-probes of 11D SuGra. A review and discussion of the relevance to deeper
questions of FQH systems (such as their hidden supersymmetry [113][211]) may be found in [234, §2-3].

6In the “geometric engineering” of our FQH model on M5-branes referred to in footnote 5, this 3-form arises as the restriction to
an orbi-singularity of the “self-dual” tensor field carried by these branes, which itself is quantized in a higher (and “twistorial”) form
of Cohomotopy, cf. [104][229].



This is the non-torsion class that disappears under passage to the ordinary classifying space (5), and it is this class
which we find in §3, Prop. 3.9, to be identified with the observable ¢ of fractional braiding phases (2)!

Results. Within this proposed effective description, we derive the monodromy groups and representation-theoretic
data over various surface geometries. We compare them with known FQH descriptions; assessing possible experi-
mental distinctions requires the physical realization and stability conditions discussed in §3.4.2:

Surface Results for 2-Cohomotopical flux quanta
83 =P broadly fine-print
The plane

framing regularization of link observ-

31 fractional statisti :
83 2(2)‘0’1 ractionat statistics ables appears automatically
The torus classification with irreducible Heisen-
83.4 2 torus monodromy .
1,0,0 berg restriction

The annulus irreducible unitary representations of

3.7 2 dihedral representations

3 E0,0,2 P dimensions 1 and 2

§3.8 2-Punctur§d open disk R irreducible unitary representations of
’ 20,0, p 7 dimensions 1, 2, 3, and 6

Comparison to U(1)-Chern-Simons theory. To a large extent, our construction turns out to give a curi-
ous and curiously direct (re-)derivation of the fine properties of U(1)-Chern-Simons quantum field theory (cf.
[36][204][173][96]) by novel non-Lagrangian means, and as such the result seems of interest in its own right, beyond
the topic of FQH systems (see Remarks 3.13 and 3.39 below).

For the one-component Laughlin state at filling v = 1/q, the conventional Chern-Simons description has scalar
parameter K = ¢ = 2k in our normalization. Ordinary U(1)-Chern-Simons theory requires even K, while spin
Chern-Simons theory also permits odd K [58, §5][187, p. 381], as summarized below. The torus representations
of §3.4 supply monodromy data for comparison with these theories; identifying a physical Chern-Simons theory
further requires matching the spin, charge, and transport data. For multicomponent abelian states the comparison
uses a K-matrix, as recalled in § A.1.3.

Symbol at v = % in ordinary CS in “spin” CS exp (%Scs) =

CS level k € Nyg c %N>0 e2mik [AdA (8)

K =2k =q € 2N-q € Ny MK [AdA

But our theory also differs from usual U(1)-CS-theory in subtle respects:

e On the torus, we find (Prop. 3.41, 3.43) fractional braiding phases e”i% for general coprime p and K. In

one-component U(1)x CS-theory, charge ¢ gives the phase emia’ /K , SO0 nonunit numerators already occur
there. Our family allows general coprime numerators, beyond the charge-square numerators available at a
fixed one-component level. Comparison with multicomponent K-matrix theory ([272][268], cf. § A.1.3) is

discussed in §3.4.2.

e These K-dimensional state spaces admit inequivalent linear extensions distinguished by scalar phases under
modular transformations (Rem. 3.45). Character twists of a fixed extension have the same projective action;
their physical distinction depends on the scalar-phase data retained in a ground-state realization.

e On n-punctured disks, the covariant flux monodromy group is the quotient of the framed braid group by
the common framing shift (Prop. 3.67). The corresponding puncture lattice is Q,—1 = Z"/Z(1,---,1),
with the dual integral standard action (134). The open annulus and the 3-punctured sphere give explicit
representation-theoretic examples (§3.7 and §3.8).

e The construction distinguishes solitonic flux observables from the transformations that move punctures.
The action of these transformations on flux monodromy is computed in §3.5; its realization by adiabatic
motion of physical defects requires additional input.



Dimensionality. Our field theory is defined in 1+ 3 dimensions, with spatial slices % x R (Def. 2.1). The solitonic
condition (20) requires the flux to vanish at infinity, in particular towards both ends of the transverse R-factor.”
The resulting topological observables are expressed in terms of ¥2 by (12). A physical realization as an effectively
(1 4 2)-dimensional system would additionally require dynamics confining the relevant modes to a layer of finite
transverse extent. Vanishing at infinity alone fixes neither the location nor the width of such a layer.

Conclusion. In summary, we hypothesize that FQH flux is effectively quantized in 2-Cohomotopy (§3), in par-
ticular identifying configurations of anyonic FQH quasi-holes/particles (1) with the configurations of signed points
(Ex. 3.5) that the Pontrjagin/Segal theorems associate with charges in 2-Cohomotopy (§3.1) ®. Our main results
are:

(i) Consistency checks: The construction recovers the solitonic braiding phase (2) and
framed Wilson loop observables (§3.1), relates states on closed surfaces to Heisenberg
representations (§3.3-3.4), and computes mapping class group actions on punctured-surface
flux monodromy (§3.5).

(ii) Further results: 2-Cohomotopical flux quantization classifies unitary torus representa-
tions whose Heisenberg restriction is irreducible, whose comparison with K-matrix Chern-
Simons theory away from unit filling fractions is discussed in §3.4.2. On punctured surfaces,
the covariant flux monodromy groups admit non-abelian representations, with explicit clas-
sifications for the open annulus and the 3-punctured sphere (§3.7 and §3.8). Identifying
these representations with protected states of physical defects requires additional input
about their realization.

The punctured-surface calculations therefore supply candidate symmetry actions for defect systems. Estab-
lishing an implementation by protected quantum states, and identifying the operations produced by adiabatically
moving the defects, requires additional physical input. Related proposals are discussed in [190, §3] and [238].

(N SN ()
N (AN (

flux-expelling flux quantum
defect (puncture): soliton (vortex):
candidate anyon abelian anyon
Figure D — Solitonic and defect anyons. Solitonic magnetic flux quanta give the abelian anyons

discussed in Rem. 3.13. Punctures model excluded loci of vanishing solitonic flux (cf. Fig. I). Their
covariant flux monodromy has non-abelian representations (§3.7-3.8); realization by physical defect anyons
requires additional input.

Acknowledgements. We thank Sadok Kallel, Moishe Kohan, Martin Palmer, and Will Sawin for useful discussions
concerning aspects of the algebro-topological analysis in §3. We thank the late Jack Morava for further inspiring
discussions.

"In the geometric engineering on M5-branes, this transverse direction is the decompactified “M-theory circle”; cf. footnote 5.
8 As such, there are tantalizing relations of our results to the proposal [186], see particularly the end of §2 there and footnote 14
below.



2 Exotic Topological Flux Quanta

Here we develop our main Definition 2.11 of quantum states of (ordinary and) extra-ordinary/exotic topological
flux quanta.

We begin by adopting a discrete group-algebra construction for ordinary Yang-Mills fluxes (Def. 2.5), motivated
by the flux-observable analysis of [226]. Proposition 2.6 identifies this algebra in terms of the electric/magnetic
classifying space A = B(G x (g/A)).

In this algebro-topological formulation (cf. §A.3), the result has an evident generalization to higher gauge
theories with extra-ordinary flux quantization laws [228] classified by any other pointed space A, such as the 2-
sphere (5) with its higher Chern-Simons flux form (6) in our motivating example of FQH systems, to be treated
this way in §3.

Following [226, §4], we adopt this generalization as a quantization prescription for topological flux. This is
Def. 2.11 below, where we successively refine the prescription by allowing punctured surfaces and accounting for
diffeomorphism-covariance (“general covariance”).

We analyze the effect of general covariance in §2.2, obtaining the monodromy groups whose unitary represen-
tations are studied in §3.

This non-Lagrangian prescription is motivated by the topological flux algebra of ordinary Yang-Mills the-
ory discussed in [226], its previous applications in formal high-energy physics (cf. [222][50][226, §4]), and the
representation-theoretic structures obtained below for FQH systems. The resulting discrete algebras and their
representations are the mathematical objects considered here; their physical interpretation is discussed in §3.4.2.

2.1 Topological Quantum States

First, we set up some notation:

Definition 2.1 (Spacetime). Throughout, we consider

o X3 .=RU x 32 a globally hyperbolic 4D spacetime,
o with spatial slices R! x ¥2, to be thought of as a tubular neighborhood of:
o %2 a surface (here: a connected, oriented smooth 2D manifold with boundary) which at times is

o specialized to ¥? = X2

g,b,n>

the unique (up to diffeomorphism) surface (cf. §A.4):
— of genus g,
— with b boundary components,

— and n punctures: e S
connected o0 & S A
sum o \\‘\”\;2 _ 9
»2 ~ (Sfoo# T°#--#T°)\{D’U---uD>UD U---UD }, (9)
—— —_—

g, b, n

O NG
AR N

SN X

ST sphere ¢ connected summands b disjoint summands n disjoint summands
O sphere !

O of tori of open disks of closed disks
understood as modeling an effectively 2-dimensional sample of material. ?

. 2 . y2 2 ._v2 2
We abbreviate X7 , := X7,  and X7 1= 37 o = X7 .

3 b (9) with transversal

magnetic flux is limited when g > 0. The case g = 1 (the torus) is readily realized (only) when considering momentum space (the
Brillouin torus of a 2D crystal, cf. [223]) instead of position space, but, while noteworthy in itself, this is not the case of FQH systems
of concern here. Alternatively, it was argued [14] that suitable defects, called “genons”, in a crystal lattice could make a sample of
nominal genus g = 0 effectively behave like g > 0.

But irrespective of practicality, the theoretical possibility of g > 0 allows us to compare our topological quantum flux observables
to those of abelian Chern-Simons theory in the case E§>070’0, and their agreement in this theoretical case supports the validity of our
observables also in the more practical cases of g =0, n,b # 0.

9 Albeit routinely considered in theory (cf. [271]), the practicability of direct laboratory realizations of 3



Example 2.2 (Some surfaces). We have (boundary-fixing) diffeomorphisms as follows:
sphere X o, =~ 52
torus X%, ~ 17

closed disk ¥, o ~ D?

open disk  X§,; ~ R?

open annulus

2 ~ T2
/ punctured plane X502 = R \ {0}

half-open annulus %3, —
closed annulus 3§, 5 ~ A? @

Here the disks and annuli are the surface types readily and commonly realized in laboratory FQH experiments (cf.
footnote 9).

Remark 2.3 (Spin structure). In fact, we regard spacetime X3 (Def. 2.1) — and therefore also the surfaces
%2 (9) — as equipped with a spin structure (cf. [182]). Covariance for a fixed spin structure uses the subgroup of
mapping classes preserving it. We specify the choices on the torus in §3.4 and on punctured genus-zero surfaces in
§3.5. For example, of the four spin structures on the 3-punctured sphere, only the one extending over the sphere
is invariant under the full Symg; each of the other three has stabilizer Sym,.

Definition 2.4 (Gauge group). For the following Def. 2.5 we consider G a Lie group, with Lie algebra g and
with a choice of Ad-invariant lattice A C g (not necessarily full, possibly zero) — but shortly we specialize this to
G=Rand A=Z < R (14).

The flux-observable analysis of [226, §1 and §A.1] motivates considering the Fréchet Lie group of smooth maps
from 2 to G x aq (g/A). Its relation to group convolution and strict deformation quantization provides background
motivation. Here we adopt directly the following discrete construction, which is sufficient for the topological sector.

Definition 2.5 (Topological Yang-Mills flux algebra). For a closed surface 23, we define the algebra of
topological G-flux observables to be the complex group algebra (240) of the discrete group of connected components
of the smooth mapping group:

Coy gh”’/)
v Ut
Algebra of topological Ta

quantum observables TOpFlXOszp = C |:7T0 C> (22, G Xag (g/A)):|
on YM-flux through »? (11)

= C[mC*(2% G) x,, mC*(2 §)].

algey

electric magnetic
The notation C[—] denotes the algebraic group *-algebra, with involution g* = g~! on group elements and
conjugation on coefficients. If a C*-algebra is desired, we take the full group C*-completion of this discrete
group algebra; its unitary representations extend uniquely to that completion. No convolution algebra or strict
deformation quantization of the infinite-dimensional mapping group is needed for this definition. The component

group in Def. 2.5 has the following equivalent homotopical descriptions.

Proposition 2.6 (Topological YM flux quantum observables [226, §3]). The discrete group algebra of Def.
2.5 is equivalently the group algebra (240) of the fundamental group m (=) (215) of the component of the constant
map into the classifying space B(—) (cf. [3, §1]):

MERERLIEE TopFlxObsys 1= C[r C%(5%, G xaa 3)]
~ (C[m) Map(X2, G X aq %)] ~ (C[m Map, (22, B(G x %))} (12)

~ C|mo Map* (%2 x R)uocy, B(G % §))]-



Remark 2.7 (Asymptotic boundary localization of topological flux observables).
(i) In the second line of (12), we are showing several isomorphic incarnations of this group algebra of observables
(these isomorphisms are explained in [226, §A.2], using basic facts also recalled in §A.3), which each have their
use in the following.

(ii) In particular, for a general topological group é, the suspension—loop adjunction gives (recalling that %2 here
is closed, hence compact)

7o Map™ (22 x R) joe}, BG) =~ moMap*(S* A (22) o0}, BG) ~ mMap(E2, G) (13)
Here (%2 x R) ooy is the reduced suspension ST A (ZZ)U{OO}: equivalently, the ordinary suspension of X2 with
its two tips identified to the single point co. Thus (13) classifies gauge bundles with a chosen trivialization at
oo by homotopy classes of G-valued maps on 2.
(iii) This is a relative form of the clutching construction (cf. [131, §7]). The compactified cylinder is the union of
two cones over X2, meeting both along their equator 2 and at their common tip co. Trivialize the bundle on

each cone, with both trivializations agreeing with the chosen one at co. The transition function is then the
identity at oo and a map £? — G on the equator. Its homotopy class is the last term of (13).

- tips identified ~ _ _

Figure C. The two ends of ¥2 x R are iden-
tified to the single point co. With the bundle
trivialized there, its clutching data are maps
%2 — G on the equator, up to homotopy (13).
The dashed arrow marks the identification of
the two displayed tips.

Example 2.8 (The prediction of ordinary electromagnetism...). For ordinary electromagnetic flux, subject
to the usual Dirac charge quantization law (where the magnetic but not electric flux is quantized in integral
cohomology, cf. [226, (14)]) the relevant choice in Def. 2.4 is:

no electric usual magnetic
flux quantization flux quantization

G =R, A=Z <R (14)

In this case, the algebra (12) of observables on topological flux through a closed surface X, (9) is

Algebra of topological BU(1
flux observables for TOthlXObSEQ ) ~ C [7’(’0 Map(EQ, U(l))}
ordinary electromagnetism 9

12

(C[7r0 Map(Ez, BZ)}
~ C[H'(X% zZ)] e.g. [78, p. 263]
C[z*] e.g. [100, Thm. 6.13],

(15)

l

1R

and so a corresponding space of quantum states Hgg carries an action of linear operators VVH , for @, bezs , subject
b

to W oWy = Woo = Wi oW
Eir (i o7] {

b 4 b4

g

71 © Wi - (16)
ol
Remark 2.9 (...and its failure to describe FQH systems).
(i) While this algebra of observables (16) is the prediction of the ordinary traditional theory of electromag-
netism, it is not quite the algebra of observables of magnetic flux actually seen in fractional quantum Hall

systems!

(ii) Instead, over the torus (¢ = 1) the quantum observables of FQH systems are famously thought to satisfy
a non-commutative deformation of (16) where the cross-terms pick up the square (2 of the braiding phase
factor (2) when commuted past each other [271, (4.9)][133, (4.14)][81, (4.21)][261, (5.28)]:

= = = o= =
W oWy = <y = W oWy {an

(iii) This motivates adopting the universal group algebra of the integer Heisenberg group 72 (64), a non-abelian
central extension of Z2 by Z. At fixed central phase ¢, representations factor through the quotient by the
relation z = (1, where z denotes the central generator; further quotient relations may hold in a particular
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representation. Thus (17) motivates this universal algebra, while its identification with the algebra adopted
here follows from the cohomotopy calculation in Prop. 3.19.

This motivates looking for a coherent generalization of topological flux observables via non-standard flux quan-
tization laws such that they do capture effects like (17) (we find this in §3.4).

Proposition 2.6 shows that the adopted topological flux algebra depends on the classifying space encoding the
flux-quantization law (cf. Ex. 2.8).
This motivates constructing topological flux observables directly from the flux-quantization law specified by a
classifying space A.

The topological flux quantization prescription. We are thus led to the following Def. 2.11, which is the
quantization prescription adopted in our analysis. Its ordinary gauge-theory case is Def. 2.5 and Prop. 2.6;
the same group-algebra construction makes sense for general flux classifying spaces. Note that the formula (12)
immediately generalizes from the case A = B(G x {) to any pointed connected space A:
i A

opoloieal s ohperables o TopFIxObsh 1= C[m Mapy (52, 4)]. (15)
Remark 2.10 (Classifying spaces for higher and generalized symmetries). For any pointed connected
space A its loop space QA4 carries a “higher group” structure (cf. [197][232, §2.2][233, §3.1.2]) under concatenation
and reversal of loops, and A is the classifying space for that higher group structure (cf. [77, Prop. 2.2]):

This way, the generalization (18) corresponds to passage to higher gauge theories with higher (gauge) symmetry.

These days in physics the latter is also referred to as “generalized symmetry”, see [116] for an account that makes
contact with our perspective here.

This algebra (18) of observables being a group algebra means that the corresponding spaces of (pure) quantum
states — which generally are modules over the observable algebra — are actually modules of a group algebra and,
as such, nothing but (unitary) representations of this group (cf. [45, p. 11]):

Topological quantum states of H§2 c URep(m Mapo (227 A)) ) (19)

flux quantized in A-cohomology

Further generalizations are immediately suggested by these formulas: If $2 = Z; b (9) is possibly non-compact
(n > 0), then the solitonic flux configurations (cf. [228, §2.2][226, §A.2]) are those which are vanishing at infinity
and thus classified by pointed maps on the one-point compactification (—)yroey (cf. §A.3 and Fig. I), so that (19)
generalizes to: space of moduli space of
quantum states solitonic topological flux

o =~
... for solitonic flux Hé2 € URep (71-1 Maps (ZLZJ{OO}’ _A) ) . (20)
——

on non-compact spaces

unitary

. topological flux
representations

monodromy group

Figure I — Solitonic flux and the point at infinity. To
“adjoin the point at infinity” — 32 — Ea{w} — means to identify
all open ends of a surface with a single point “co”. Regarding
this as the basepoint of Ei{oo} and understanding the basepoint
of A to classify vanishing flux, then taking the classifying maps
Z‘%{oo} — A to be pointed maps in Mapa(Ea{m} ,A) (20) literally
makes the flux vanish at infinity, which is the defining condition
for solitonic flux. This way, punctures in 3?2 represent islands

where flux is expelled, cf. Fig. D.

(38.1.2)u{o0}
¥ © e

here flux is expelled

Moreover, if the gauge field is to be regarded as “generally covariant” in the sense of physics — namely covariant
with respect to diffeomorphisms, such as for gravitational and topological systems — so that two topological flux
configurations are to be regarded as gauge equivalent if one is obtained from the other by precomposition with a
diffeomorphism, then (cf. [62, Def. 1.1]) the true moduli space is the homotopy quotient (220) of the flux moduli
space (20) by the action of the diffeomorphism group Diff(3?) (see Def. 2.20). Therefore we set:

Definition 2.11 (Generally covariant topological quantum states of exotic flux). The possible spaces
of quantum states of generally covariant topological flux quantized in .A-cohomology are the irreducible unitary

11



representations of the covariantized flux monodromy group:

local systems of

state spaces on moduli space of topological solitonic flux
Generally covariantized 9

quantum states of ng € URep U (Maps (Ea{oo}’ .A) // Diff (22) ) . (21)

topological solitonic flux N 2N

reps fundamental plain moduli space covariantized

of group of of topological solitonic flux under diffeos
quantized in A-cohomology

In order to get a handle on these groups (21) of generally covariantized flux monodromy, the first general result
we prove below (Prop. 2.24, not surprising, but important) is that they are equivalently the semi-direct product
of the plain flux monodromy with the surface’s mapping class group:

covariantized flux moduli space (21)
wl(MapS(Eﬁ{oo},A) / DiffJ“a(Ez)) ~ m(Mapg(zﬁ{w},A)) x 770<Diff+’8(22)). (22)

flux monodromy mapping class group (29)

Some remarks on the import of this construction (21):

Remark 2.12 (Local systems of vector spaces as quantum state spaces).
(i) Representations of fundamental groups m (My) as in (21), equivalently (since My is a connected component)
of the fundamental groupoid I1;(My) (187) are also known as local systems (cf. [56, §1.1][273, p. 257][59,
§2.5](258, §2.6]) or flat bundles (cf. [265, §9.2.1]) of vector spaces over My (cf. [190, Lit. 2.22]).

Hum, .
(}1 unitary operators
2) between fiber spaces
Hon,

\
U
Hom,

(702)

Local system/ 3{J
flat bundle
of vector spaces

my
A0 20, paths in
base space
over base space Yo2
(here: moduli space Mo U VAVAVAVAVAVAVAN J 118

of topological flux)
(ii) There is deep relevance [225] in identifying these as quantum state spaces subject to symmetries and classical
control in general (cf. [224][44]) and specifically so concerning the nature of anyonic topological quantum
gates (cf. [190, §3] and the next Rem. 2.13).

(iii) In particular, (higher, cf. [225]) local systems are considered as (relative) spaces of quantum states in generic
“pull-push”-constructions of (extended) topological quantum field theories ([83][189][244][85, §A.2]). In this
respect the point of (21) is the appropriate identification of the local system’s domain moduli space for the
case of topological flux quanta (and the remaining “pull-push”-propagation along cobordisms, receiving so
much attention in the topological field theory literature, plays little to no role in laboratory experiment, where
the given slab of material commonly just sits there without spontaneously changing its topology!).

(iv) In our situation (21), the base space is the covariantized moduli space of topological fluxes quantized in some
A-cohomology, and paths m ~" > m’ are combinations of
(a) gauge transformations of the (higher) gauge field
(from the homotopy quotient’s numerator in (21))
(b) diffeomorphisms, hence gauge transformations of the “gravitational field”,
(from the homotopy quotient’s denominator in (21)).
The Hilbert space(s) of states HQQ forming a local system/flat bundle means that both of these kinds of gauge

transformations are implemented as unitary quantum operators/observables in a coherent way.

(v) The local system (21) records the action of these transformations on the flux state spaces. Identifying which
transformations are implemented as physical operations requires additional data specifying the physical real-
ization.

Now note that these paths here are paths in moduli space, hence not of single flux quanta but of all flux quanta
that are present at once. The same holds for punctures/defects:

12



Remark 2.13 (Defect anyons and braid representations).

S
9
S
9

(i) Punctures of X2 model defects in the slab of quantum material (cf. [180]). Their
braided worldlines, illustrated on the right, define a braid group and a point-
pushing homomorphism to the mapping class group in (22). This homomorphism

>

Sc

oS
: ’—-\hraiding b—

need not be injective (see (39)).

(ii) Pulling back the mapping-class action on flux quantum states (21) gives linear
representations of this braid group (braid representations, cf. [150][1]). These
encode a possibly non-abelian generalization of the braiding phases of solitonic
anyons (2), exhibiting the defects as defect anyons ([153, p. 4][223]). &

(iii) Extrinsic defects and their controlled braiding have been studied in FQH-related systems, including genons
[14] and parafermion defects [46]. Here we investigate defect monodromy arising from the proposed coho-
motopical flux model and its candidate topological quantum gates (cf. [150][126][43][151]). The feasibility
of adiabatic control, for either defects or solitonic excitations, depends on a device-specific physical real-
ization.

by controlled adiabatic
braiding of anyon worldlines

topological quantum gate
Figure B — Topological braid gates. Co-
variant flux quantum states on a sufficiently
punctured surface, by their diffeomorphism
equivariance (21), carry unitary representa- -
tions of the braid group (23) of joint motions of
the defects around each other, exhibiting the
punctures as defect anyons. /
If a gapped physical realization has robust --- I -
adiabatic transport realizing this braid repre- e - ‘ any
sentation, controlled braiding implements the L5
corresponding unitary operators as quantum _ / i
gates. Protection against deformations of the )
control paths requires flat, or appropriately
projectively flat, topological transport that is
stable under the allowed perturbations; a spec-
tral gap alone does not ensure this (cf. §3.4.2). quantum state for

fixed anyon positions
21,29, at time t;

on worldline

¥(t2))

quantum state for
1 (f ) > fixed anyon positions
“1 21,29, - at time ¢y

Remark 2.14 (Focus on irreducible representations: Superselection sectors of anyons).

(i) From the perspective of Def. 2.11, spaces of pure quantum states (of topological flux) are defined as repre-
sentations of (modules over) the algebra of observables. From this perspective, it is the (unitary) irreducible
representations that matter in characterizing the actual quantum system, in that reducible representations be-
have like parallel copies of a system, which could just as well be discussed separately: “superselection sectors”
(cf. [91, Def. 2.1][12, p. 273]).

(ii) While this may (and should) seem obvious, it is in some contrast to common practice: For punctured surfaces
%2 the mapping class group appearing in (22) contains braiding operations (cf. Prop. 2.21) and it is common
to consider Yang-Baxter representations for these (“R-matrices”, cf. [150][288]), which generally are reducible
(cf. [167, p. 15]).

2.2 General Covariance of Flux

We discuss here the effect of the covariantization (21) on the plain moduli spaces of solitonic topological flux. After
recalling basics of mapping class groups and braid groups, the main result here is Prop. 2.24 below, which was
already announced as (22).

Braid groups and mapping class groups.

Definition 2.15 (Configuration spaces and Braid groups, cf. [80][190, Lit. 2.18, 2.20]).
(i) For ¥ a smooth manifold, possibly with boundary, and n € N, the configuration space of n points in 3 is
the topological space

Conf, (%) := {(31, e sy) € 211 ‘isti + sj}/Symn

(topologized as the quotient space of a subspace of a product space).

13



(ii) For ¥ connected and of dimension at least 2, the fundamental group of this space is the braid group on n
strands in X (cf. [74, §9]), which as such comes equipped with a forgetful map to the symmetric group:

Br,(¥) := m Conf,(¥) —> Sym,, . (23)

(iii) The kernel of (23) is the pure braid group PBr:
1 — PBr,(X) ~—— Br,(¥) —> Sym,, — 1 (24)

Example 2.16 (Artin presentation of braid groups, cf. [80, §7][190, Lit. 2.20]). For n > 2, the surface braid
group (23) of the disk (the default case of braid groups) has the following finite presentation:

Br, = Br,(3,0) ~ F(bi,--- ,bn—1>/<i+Y<j(bibj = bjb;) 71<i<vn71(bz‘ bit1b; = biy1b; bi+1)) ;o (25)
= Yang-Baxter relation

in terms of which its canonical homomorphism to the symmetric group is the quotient map by one further set of
relations:
Br, — Sym, = Br,/(V(bibi = ¢)). (26)
1

The general surface braid group Br,(¥?) may be presented by adjoining to these Artin generators b; further
generators (corresponding to moving single strands along cycles in the surface) and further relations. In each case,
there is a projection to the symmetric group by retaining the Artin generators:

Br,(X2%) —> Sym,,

Example 2.17 (Presentation of spherical braid group [73], cf. [259]). The surface braid group (23) of the
sphere (often: “spherical braid group”) is presented as a quotient of the Artin presentation (25) by one further

relation: Br,, (%) = Bry/((b1-bn1)(bu1---b1)). (27)

Definition 2.18 (Diffeomorphism Group and Mapping Class Group). For ¥ an oriented manifold, possibly

ith boundary, it
W botndaty, we wiite Homeot? (%) —— Homeo(X) — Map(Z, %)

B ] (28)
Diff 1?(2) — Diff(%)
for its topological groups of homeomorphisms and diffeomorphisms, respectively for the further subgroups of maps
preserving the orientation (4) and restricting to the identity on the boundary (9).
For ¥ = X2 an orientable surface and choosing any one of its orientations, the group of connected components
of the latter diffeo group is known as the mapping class group [135, §1][188, §3][74, p. 45]:

MCG(2?) = mo(Diff +?(x2)). (29)

(For a fixed spin structure, we use the spin mapping class subgroup preserving it, with the choices specified in Rem.
2.3.)

Example 2.19 (Mapping class groups of closed oriented surfaces, cf. [188, §6][74, §6]). The mapping class
group of the torus is

MCG(Z3) ~ Spy(Z) ~ SLy(Z), (30)

which is generated by the two elements [249, Thm VIL2 p. 78][49, Thm. 1.1]:

01 11
5 = [10], T [01}, (31)
and presented subject to the following relations [157, p. 126][29, §2.1]:
SLy(Z) ~ (S, T'|S* = (TS)* = e, S*(TS) = (TS)S?). (32)
More generally, the mapping class group of 23 (9), for g € N, sits in a short exact sequence (cf. [74, §6])

1 — I; ——— MCG(X2) —> Spy, (Z) — 1, (33)

Torelli group mapping class group symplectic group
where the (pre-)composition action of MCG(X?) on
H\(S%Z) ~ HY(SHZ) ~ 79 x Z°
is through the defining action of the integer symplectic group Sp,,(Z).

The set of spin structures is a torsor for HI(E?];ZZ) (cf. [182, p. 199]); equivariantly, its elements are the
quadratic refinements ¢ of the mod-2 intersection form, characterized by

gz +y)=qx)+q)+z-y  (z,y€ H(X2;Zy)).
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The mapping class action is ¢ — g o f!. After choosing an origin in the torsor this is an affine action, whose
linear part is the induced action on H'; for g > 2 there is no origin fixed by the entire mapping class group ([144,
§83-5]). On the torus, the unique odd spin structure pp is invariant. Choosing it as origin, and using Poincaré
duality, identifies the four spin structures equivariantly with Hy(¥%; Zs):
{pp,aa,ap,pa} =~ Z3 ~ Hl(Z%; Zg) (34)
(with “periodic” or “antiperiodic” boundary conditions for spinors along the two basis 1-cycles, cf. [5, §2]) and
MCG(X?) =~ SLy(Z) (30) preserves pp and transitively permutes the other three. On the other hand, the stabilizer
subgroup of the aa structure, hence the spin mapping class group of diffeomorphisms preserving aa, is generated
by S and the square of T (cf. [34, p. 3]) subject to the following relations:
MCG(¥?)2a - MCG(X?)
R 2 (35)
(S, T%|8* =[S, T% = e) — SLy(Z).

Definition 2.20 (Moduli spaces of solitonic topological fluxes). The underlying homeomorphisms of the

diffeomorphisms (28) of surfaces E;b’n (9) extend functorially to the one-point compactification (by Prop. A.6) to

make a topological group homomorphism

) NN H0m60(+’a) (Ei,b,n) m AutTop* ((Ez,b,n)U{OO}) .

Via the latter’s action (by pre-composition) on pointed mapping spaces (20) we obtain the homotopy quotient (220)
of the pointed mapping space '°

Map; ((Eg,b,n)U{oo}, A) //Diﬂ+7a(zg,b,n) € TOp* ) (36)

identified in (21) as the covariantized moduli space of A-quantized solitonic topological fluxes on E?;,b,n-

Diff(+9) (52

g,;b,n

The following is classical but somewhat scattered in the literature:

Proposition 2.21 (Homotopy type of Diffeomorphism groups).
i) For compact oriented surfaces , the homotopy type of their diffeomorphism group is:
i) F t oriented %24 (9), the homotopy t their di hi 28) i

Diff* (33 4 o) ~ SO(3) = MCG(33,,) ~ 1 and m Diff " (32 o) ~ Zs

Diff (3% o o) ~ SLo(Z) x T? =  MCG(33 ) ~ SL2(Z) and m Diff *(3% o () ~ Zx Z

. . 37

Dlﬁg(xizzo,o) =y ok = T Dlﬂ‘+(25227070) ~ 1 (37)
. ,0 3 )

lefg' (23,@1,0) oo = ™ D1H+8(237b21,0) ~ 1.

In particular:

o partetar T Diﬁ’+’8(237b) ~1 except for (g,b) € {(0,0),(1,0)}. (38)

(ii) For punctured oriented surfaces E;bzv the map from their mapping class group to that of E;b (obtained
by uniquely extending the underlying homeomorphisms over the punctures and using the identification of
topological and smooth mapping class groups of surfaces) sits in a long exact sequence (“generalized Birman
sequence”) with the surface’s braid group (23), of this form:

m Diff (92 ) — Br,, (¥2,) — MCG(¥2, ) — MCG(x2 ). (39)
(a) Hence when ﬂlDiﬂ'“a(Z;b) =1 the mapping class group sits in a short exact sequence of the form
1 — Brp>; (Eg,b) — MCG(Z;mel) — MCG(E;b) -1, (40)

and exhausts the homotopy type of the diffeomorphism group:
Diff t?(22, 1) ~ MCG(22,,5,) = mDifi™?(22, ;) ~ 1. (41)

(b) For g =0, b=0, and n > 3 — where the assumption in (iia) fails by (37) — the spherical braid
group surjects onto the mapping class group with kernel Zo, the image of 71'1Diff+(52) (generated
by the full rotation braid rot):

1 — Zy < Bry»3(55) —> MCG(X3,,,) — 1. (42)

10 For every pointed coefficient space A, precomposition fixes the constant map to its basepoint and hence preserves the connected
component Map ((Eg’bm)u{m},fl). This applies also to surfaces with boundary and requires no degree classification of the other
components.
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(c) Forn =1,2, the map from the spherical braid group to the mapping class group is an isomorphism;
hence the kernel in (42) is trivial in these exceptional cases. Concretely, for g = b =0 we have:
MCG(X3,) =~ 1 =~ Bri(5?)
MCG(X592) =~ Zz ~ Bry(S?) (43)
MCG(Z&O)S) ~ Symy % Br3(5?)
MCG(E&OA) ~ PSLy(Z) X (Zg X Z3) .

Proof. In (37) the first statement is due to [252], the first three were proven by [65][66][111], and the fourth is [67,
Thm. 1D p. 170]. The statement (41) follows with [280][281, Thm. 1.1]. !! The generalized Birman sequence (39)
is named in honor of [28], cf. [176, Thm. 3.13]. In its implication of the short exact sequence (40) this is reviewed
in [74, Thm. 9.1]. The spherical braid group extension (42) is discussed in [74, (9.1)] and the identifications (43)
of its quotients are proven, for instance, in [74, Prop. 2.3][33]. L]

Example 2.22 (Mapping class groups of the n-punctured disk). Since the mapping class group of the disk
2(2),170 is trivial by (37), the exact sequence (40) shows that the mapping class group of its punctured versions is

the plain braid group (25):
P group (25) MCG(3,,) ~ Br,. (44)

Example 2.23 (Mapping class group of the closed annulus). The mapping class group (29) of the closed
annulus (10) is the integers (cf. [74, Prop. 2.4]), generated by the boundary Dehn twist indicated in Fig. DT.

MCG(%3,) ~ Z. (45)

Figure DT — The mapping class group of the closed
annulus is freely generated by a single element, called the
boundary Dehn twist, which is, up to deformation, the diffeo-
morphism that at each radius is a circular rotation, radially
interpolating between the zero-rotation on one boundary and
the unit rotation on the other.

Covariant flux monodromy. With all this in hand, we come to the main statement to be proven in this section,
announced as (22).

Proposition 2.24 (Extension of mapping class group by flux monodromy). For every E;b’n (9) we have
a split short exact sequence of groups

1‘>7T1 ( Maps ((Zg,b,n)U{oo}v A) ) — T ( Mapg ((E;b,n)u{oo}a "4) // Diﬁdﬁa(zfy,b,n) ) HMCG(E;b,n)ﬂl ’

moduli space covariantized moduli space (36) mapping class group (29)

exhibiting an action of the mapping class group on the fundamental group of the moduli space, so that we have the
corresponding semidirect product:

. 17}
Wl(Mapg((Zg,b,n)U{oo}v A) // Dlﬂ‘—h (Zg,b,n) ) = MCG(Eg,b,n) X ﬂ_l(Mapg((Ef],b,n)U{oo}a A) ) . (46)
—_———
covariantized moduli space (36) mapping class group (29) moduli space

Proof. For notational convenience, we abbreviate

F = Map; (22 ,,,) i} A)

: 7]

D :=Diff (32, ),

whence the claim to be proven is split exactness of
LT
1— 1 (F) —— m(F ) D) —— 7o(D) — 1. (47)

To this end, the Borel homotopy fiber sequence (223)

f—>I/D—>/\*/D

HThe surfaces in [280][281] are assumed to be without boundary, but equipped with marked closed subcomplexes to be fixed by
the diffeomorphisms. Under this definition, a puncture surrounded by a marked circle behaves just as a boundary for the purpose of
computing the homotopy type of the diffeomorphism group.
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(split by picking the zero-map) induces a long exact sequence of homotopy groups (219) of this form:
by(222)

T ('D) j

Lm(}") — m(F ) D) — m(D) j

[—> Fo(f)*N>7T0(]:// D) .

Here the last map shown is an isomorphism by (224) (cf. footnote 10), whence the exact sequence truncates to

A/\
m (D) —— 1 (F) —— 771(.7://73) ——> (D) —— 1.
If, at this point, we invoke Prop. 2.21 then the claim (47) follows for most surfaces, namely those for which

m1(D) ~ 1. But in fact, the claim follows generally by observing that the first connecting map in (48) factors
through the trivial group:

m(D) = m (Diff* (X2

g:b,n

) 11 (Map; ((%2,,) oo A) ) = Ta(F).

—_
Namely, by (223), the map is given by taking a given loop of diffeomorphisms to the loop of maps obtained by
composing these diffeos with the constant map (Z?],b’n)u{oo} — A — but that gives the constant loop representing
the neutral element of 7. O

This Proposition 2.24 is our main tool for analyzing the covariantized topological quantum states on A-quantized
flux according to (21). In the next section, we specialize A to S? and work out the consequences.
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3 Flux quantized in 2-Cohomotopy

We now specify the classifying space A (21) to the 2-sphere, A = S? so that flux is classified by the non-abelian
cohomology theory called 2-Cohomotopy '? (49), and we work out (according to §2) the resulting covariant topo-
logical quantum observables on and quantum states of 2-cohomotopically quantized flux through various surfaces
Y2, using the results of §2.2.

Remarkably, in the case of ¥2 = S? the sphere or ¥.? = T? the torus, we find reproduced (in §3.1 and §3.4,
respectively) the situation traditionally argued via quantized U(1)-Chern-Simons theory over these surfaces, includ-
ing fine-print such as regularization of Wilson-loop observables by framings, modular equivariance and refinement
to “spin” Chern-Simons theory.

Then, by instead choosing punctured surfaces, we similarly work out the 2-Cohomotopically quantized flux
through the annulus (§3.7) and the 2-punctured disk (§3.8).

Definition 3.1 (Cohomotopy, cf. [253][130, §VII][77, Ex. 2.7]). The generalized non-abelian cohomology theory
[77, §2] whose classifying spaces are the n-spheres S™ is called Cohomotopy '* , denoted

7(X) := moMap*(X, S"),  for X € Top*. (49)
Here the terminology and notation indicate the “duality” with the homotopy groups 7, (X) =~ m9 Map” (S’”7 X )

Remark 3.2 (Relation to the O(3)/CP! sigma-model). Taking flux-quantization (18) to be in 2-Cohomotopy,
A = S? (Def. 3.1), so that topological charges are represented by continuous maps X2 — S?, has some similarity
with the classification of solitons (or lumps) in the CP! model, equivalently the O(3) nonlinear sigma-model with
target S2. Its fields are smooth maps to S? (cf. [79, §VI.A][174, §6.1]). Planar solitons with a fixed value at spatial
infinity carry the degree charge in m2(S?) ~ Z. The “Hopf term” (cf. [275, (6)][79, §IL.C] [40]), essentially the
abelian Chern-Simons term (159), instead measures topology of their spacetime histories, as discussed in Rem. 3.14
below. See also the discussion of continuous 2-Cohomotopy in the Skyrme-Faddeev model by [8, 9].

However, our re-identification of such maps 2 — S? as classifying exotically quantized flux according to §2,
[228], puts these arguments in a coherent perspective concerning flux quanta in FQH systems, cf. the following Ex.
3.5.

Remark 3.3 (Generalized higher symmetry group of 2-cohomotopical flux).
(i) In view of Rem. 2.10, the choice of classifying space A = S? ~; B(Q5?) corresponds to considering as
(homotopy type of the) gauge group the loop group Q252 of the 2-sphere (under concatenation and reversal
of loops) which is a “higher group” (“oco-group”) exhibiting “generalized symmetry”. See also footnote 14
below.

(ii) The looping of the canonical comparison map 12 : $? — B2Z exhibits this generalized symmetry group as
a deformation of (the homotopy type of) the standard electromagnetic gauge group U(1):

OS2 — 2, OB%7 ~; BZ ~; U(1).
This map induces an isomorphism on 71, but while 71 (U(l)) ~ 0, the deformation Q52 on the left has
non-trivial homotopy groups in arbitrarily high degree, in particular a non-finite contribution
0S8?) ~ S%) ~ 7
2 (25%) o) m3(57)

generated by the Hopf fibration. We already remarked after (6) that this is the homotopical avatar of the
Chern-Simons form, and we will see now that it is also the origin of the appearance of anyonic braiding
phases of flux solitons quantized in 2-Cohomotopy: This is seen in Prop. 3.9, Prop. 3.19 and Prop. 3.23
below.

12 More precisely, we expect that flux in FQH systems is classified by the tangentially twisted version of 2-cohomotopy according to
[77, Ex. 3.8], but in the present context the tangential twisting is trivial in the cases of main interest, namely on the plane and on the
torus. The surfaces on which tangential twisting would be relevant are just those on which experimental realizability of FQH systems
is dubious. If and when this experimental situation changes, a dedicated discussion of the tangentially twisted analogues of the results
in §3.3 would be called for. It is fairly clear how this will proceed: The relevant tangentially twisted version of the Pontrjagin theorem
(recalled here as Prop. 3.4) is given in 75, §2] and the tangentially twisted version of the May-Segal theorem is reviewed as [147, Thm.
4.2].

13 The original literature [20][253] on Cohomotopy (also [205], without using that terminology) is focused on equipping the Cohomotopy
sets 7" (X) with group structure, which is possible when X is a CW-complex of dimension < 2n — 2, and hence speaks of cohomotopy
groups in these special situations. For the present purpose this group structure plays no role but instead the perspective of generalized
non-abelian cohomology is the natural one: Also ordinary non-abelian cohomology [114] H'(X; G) ~ 7o Map* (X7 BG’) (cf. [77, Ex.
2.2][233, Thm. 4.1.13]) has no group structure (unless G happens to be abelian).
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3.1 On the plane

We recall here (from [227]) how solitonic flux through the plane R? ~ ¥, (10) quantized in 2-cohomotopy
reproduces the Wilson loop observables of anyonic links as predicted by abelian Chern-Simons theory (Rem. 3.13
below). But to start with, we briefly recall the Pontrjagin construction that serves to relate Cohomotopy charge
to solitonic flux density in general.

2-Cohomotopical flux solitons via the Pontrjagin construction. Among generalized non-abelian cohomol-
ogy theories, (unstable) Cohomotopy m™ (cf. [205][253][130, §VII][77, Ex. 2.7]), whose classifying spaces are the

n-spheres S™ ~ R, (209),
U{ } %n(f) = T Map* (7’R’U{OO}) s

stands out in that it accurately characterizes the solitonic flux configurations of given charge [221][227] — this may
be understood as the content of the original unstable Pontrjagin theorem (which these days is more famous as the
Pontrjagin-Thom theorem pertaining only to the stable case which is of little concern to us here):

Proposition 3.4 (Pontrjagin theorem — Cohomotopy charge, cf. [38, §I1.16][161, §IX]). Given a smooth
d-manifold £ without boundary and n € Nsg with n < d, there is a natural bijection between:
1. the reduced n-Cohomotopy of the one-point compactification Z‘j{oo},

2. the classes of compact normally framed submanifolds Q™" — X of co-dimension=n, under compact
normally framed cobordisms in ¥ x [0,1]
regular pre-image of 0 Cobordism classes of

Reduced n-Cohomotopy ~=n d n d
of 1pt compactification m (ZU{OO}) ~ CObFI‘ (E ) norl'nally frame(.i S]ib- (50)
manifolds of codim= n,

cohomotopy charge
Here the Cohomotopy charge [¢] € WN”(ZSI{OO}) of Q¥ C % with normal framing NQ%Q x R"B>R" is repre-
sented for any choice of tubular neighborhood NQ 4y by the “scanning map”

b4 RG{OO} é’:
s p(fr(s)) | se L(NQ) z%
00 | otherwise. z

[1-11

Example 3.5 (2-Cohomotopy of surfaces).
For surfaces without boundary, with flux quan-
tized in 2-Cohomotopy, we have d = n = 2 in
Prop. 3.4, whence the Pontrjagin theorem identi-
fies solitonic flux concentrated around points (soli-
ton cores) with oriented tubular neighborhoods re-
flecting either positive or negative units of (mag-

netic) flux. /,/‘;0

The total flur is the sum of the charges of these \\W\Oﬂd‘me ;{711,‘. 2-sphere 52
solitons (the orientations € {£1} of their tubu- e 00

lar neighborhoods), identified with the Hopf de- \\(?":o

gree (Def. 3.6) of the classifying map.
Definition 3.6 (Hopf degree, cf. [161, §IX, Cor 5.8]). For n € N5, and

sn 15 By, (51)
a map representing the generator 1 € Z ~ m,(B"Z), the induced generalized cohomology operation from n-
Cohomotopy to ordinary integral n-cohomology

7(X) = moMap(X, §7) — U s 2 Map(X, B'Z) ~ H"(X; Z) (52)

is a bijection when X is a connected closed oriented manifold of dimension n. Evaluation on its fundamental class
identifies H™(X;Z) with Z; the resulting integer is the Hopf degree of a map X — S™.

For a connected oriented n-manifold X without boundary, the corresponding compactly supported degree uses
the one-point compactification:

(X foo}) = H™(Xyjooy; Z) ~ Hp

cpt

(X;2) ~ Z.
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Here the spaces considered are of finite type, as in (9). For example, maps R? — S? are null-homotopic; the integer
degree arises after compactification.

For a surface with boundary, compactification at infinity does not fix the field on that boundary. Thus the
compact disk has 7((D?)y(e}) = 0. Fixing the boundary value instead gives [D?/0D?,S?], ~ Z, the relative
degree. The punctured closed disks in §3.6 retain the former boundary convention: the field is unrestricted on the
physical boundary.

On the other hand, the flux density underlying (sourced by) a given Cohomotopy charge is characterized by the
cohomotopical character map (the cohomotopical analog of the Chern-character map on K-cohomology, [77][228]):

Definition 3.7 (Cohomotopical character map). For n = d the character map on cohomotopy

~d (yd h, rrd (yd
7T (EU{OO}) : lydR(E )cpt (53)
[c] — [c*vol,]
takes [c] € %”(Z‘j{m}) — for any representative ¢ : X9 o} Rfj{oo} which is smooth on ¢ 1(R9), such as the

scanning maps in Prop. 3.4 — to the class in compactly supported de Rham cohomology of the pullback of a
d-form vol € Q% (R?) compactly supported on a neighborhood of 0 € R? and of unit integral.

Remark 3.8 (Flux density quantized in Cohomotopy).

(i) For a connected oriented d-manifold $¢ without boundary, this means that Cohomotopy charge [c] € Z ~
%d(ZCUl{OO}) = moMap* (Eﬁ{oo}7 Sd) may be understood as sourcing a solitonic flux density Fy € QgR (Ed)
(solitonic in that it vanishes at infinity) which is supported with unit weight near n, € N points in X¢ (all
points outside each other’s supporting neighborhoods) and with a negative unit weight near n_ € N points
(anti-solitons) such that [c] =ny —n_.

(ii) For the case d = 2 of interest here, this is just the kind of magnetic flux distribution concentrated around
solitonic vortex cores as seen in type II superconducting and in fractional quantum Hall semiconducting
materials ¥?, while any punctures in the surface %2 (9) behave as loci from which flux is expelled (cf. Fig.
D:

Figure F. Via the Pontrjpp- ..
gin theorem, 2-cohomotopical - 4

quantization of flux through a RN - ~ m
surface exhibits N fluz quanta field solitons/ 7 - y

quasi-particles/

as a concentration of flux den- “holes /vortices: - - S > v * Huxcexpelling defects:
sity supported on the tubular frmd submanifolds - Z L punctures in the surface
neighborhoods of N disjoint e i ittt .

points.

2-Cohomotopical flux monodromy. For the quantum flux observables (20), we need not just the connected
components 7 but the fundamental group 7; of the moduli space of Cohomotopical flux, which we may understand
as “2-Cohomotopy in negative degree 17, classified by the loop space Q52 of the 2-sphere: 14

71 Map® (—, 52) (2?) T Map* (—, QSQ) . (54)

216
Just like the 2-sphere has a canonical comparison map 12 : S — B2?Z (51) whose induced cohomology operation
[77, Def. 2.3] extracts ordinary 2-cohomology classes from 2-cohomotopy charges
~ 12). " ~
72(—) =~ mMap” (—, 52) ) mo Map (—, le) ~ H*(—;7),

so its loop space has the looped comparison map Q1% : Q5? — QB?Z ~; BZ inducing the cohomology operation

012), N ~
7o Map® (—, 282) — s o Map* (-, BZ) ~ H'(—; Z)
which makes precise how 2-cohomotopical flux observables refine ordinary electromagnetic flux observables (15).
It is now immediate to compute the observables on covariantized 2-Cohomotopical solitonic flux on the plane,
and there turns out to be essentially a single such observable (Prop. 3.9 below), to be denoted ¢ — but it will take
us the better part of the remainder of this section to identify this observable with the braiding phase (2).

14 The loop space 252 (54) of the 2-sphere has received attention as a classifying space also in [185, Def. 1.1], there called the
classifying space for “line bundles” (with a Polish “t”), and has been related to configuration spaces of points in [186][185], reminiscent
of the role they play for us in relating to group-completed configuration spaces in §3.1 below.

In [48, p. 94] the homotopy groups of Q52 are recognized as natural sub-quotients of braid groups, which is a tantalizing observation
in our context, whose further relevance however remains unclear to us at this point.
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Proposition 3.9 (2-Cohomotopical flux monodromy on the plane). The spaces H of topological quantum
states (21) of solitonic flur quantized in 2-Cohomotopy on the plane are representations of the group of integers:

m (Mapj (R, 5%) // Diff *(R?)) = Z, (55)

hence defined by a single unitary operator E Z — U(H (56)

Proof. The mapping class group of the plane is trivial (Prop. 2.21), so that by Prop. 2.24 the only contribution is
from the flux monodromy group itself, which is readily found to be
m1 Mapy, (R%{m}7 5?) ~ m Map;(S?, S%) by (209)
~ mMap*(S®, 5%) by (205)
~ 73(5?)
~ 7 Hopf fibration,

identifying the observable Z with the representation image of the flux monodromy which is classified by the Hopf
fibration. O

Below in §3.3 we identify this same observable Z on every closed oriented surface. On the torus, Lem. 3.32
shows that in a finite-dimensional irreducible Heisenberg representation it acts by a root of unity, ¢ = e™?/X with
ged(p, K) = 1. Requiring a plane sector to occur in such a torus representation therefore restricts its phase to these
values, as expected for FQH braiding phases (2).

However, in the remainder of this subsection here, we work out what the observable Zactually observes about
2-cohomotopical flux, and show that these indeed are braiding processes of flux quanta.

Understanding solitonic flux processes. In view of the Pontrjagin construction, we regard Map™ (Ra{oo}, 52) as
the (moduli) space of solitonic flux on the plane, quantized in 2-Cohomotopy, and hence its loop space 2 Mapy, (Rﬁ (oo} S 2)
— where loops begin and end on the constant map, cf. (212), representing the fluz vacuum — as the space of “vac-
uum scattering processes”, where flux solitons (of positive charge) and anti-solitons (of negative charge) pairwise
emerge out of the vacuum, move around, and finally pair-annihilate back into the vacuum.

Of these vacuum processes, our observables (55) detect their homotopy classes [—] (hence their “topological” or
“deformation” class in physics jargon), labeled by the integers:

space of vacuum processes of * 2
solitonic flux on the plane Q MapO (RU{OO}7

Our task is hence to understand these processes, on the left, and how they are observed, on the right.
To this end, the first step is to better understand the moduli space Mapg (R? (oo} 52) itself:

52) = m1 Map”® (R2

topological deformation
S5?) ~ Z
U{oc}”

classes of these processes

2-Cohomotopical moduli via the Segal-Okuyama theorem. By the Pontrjagin theorem (Prop. 3.4), one
might naively expect that Map*((R?)y(ac},S?) is the configuration space (cf. [47][147]) of signed points (hence
of £ unit charged soliton cores) in the plane, topologized such that continuous curves in the space reflect cre-
ation/annihilation of oppositely charged pairs as illustrated on the left of Fig. P. However, this is not quite correct
as it misses the normal framing carried also by the cobordisms, according to Pontrjagin’s theorem 3.4.

A correct model [200] is by configurations of intervals with signed endpoints (stringy solitons between unit
charged “quarks”) all parallel to one coordinate axis and topologized so as to reflect creation/annihilation of
oppositely charged pairs of endpoints.
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Figure P — Solitonic flux processes and framed links.
Indicated on the left is the naive process of pair annihilation of oppo-
sitely signed points (of oppositely charged soliton core locations).
But the configuration space of signed points [178, p. 94] which is
topologized to make these processes continuous paths (with their
reverse paths modelling the dual pair-creation processes) turns out
[178, p. 6] to not quite have the correct homotopy type of the 2-
Cohomotopical flux moduli space Map* (R%{w}, 52).

Indicated on the right is a variant situation where the previous charges
are located at the endpoints of intervals, and where their pair annihi-
lation makes the corresponding intervals merge.

The configuration space of such intervals (all parallel to one fixed coor-
dinate axis) topologized to make these processes continuous paths (cf.
[200, Def. 3.1-2]) does have the homotopy type of the 2-Cohomotopical
flux moduli space! This follows from the result of [200, Thm. 1.1].

Configurations of charged

points ‘ intervals
O_OﬁH
o—®>—e
O @
¢ o—e
® ¢
P 3
@
;
2]

tracing out

The upshot is that where a continuous loop in the space on the left links framed links
is an oriented link, a loop in the space on the right is an oriented link
that is also equipped with a framing: a framed oriented link.
In traditional Chern-Simons theory, the enhancement of links to 0o ° 0 &—o
framed links is a standard but ad hoc way to “regularize” the cor- O—>—e
responding Wilson loop observable, which at face value actually di- O] O °
verges according to traditional quantization methods. Here with 2- ‘

2 Oo—e

Cohomotopical flux quantization, this framing correction automati-
cally arises from the moduli space of solitonic flux quantized in 2- @

Cohomotopy (a point that is further expanded on in [237]).
2

Under this identification of (the homotopy type of) our flux moduli space Map* (RU (oo} S 2) with a configuration

space of charged intervals in R? parallel to a fixed axis, loops in this space are identified with framed oriented link
diagrams, or framed links, for short — and loop homotopies are identified with “link cobordism”:

Framed link diagrams <+ Loops in moduli space Figure FL. A framed link is a ribbon
o=8 link, hence a “worldsheet of intervals”. ﬂ
When flattened out on a plane (“black-
“ board framing”) the inner twisting of ~ ~
the ribbon is entirely reflected in its
self-crossings and thus the interval’s
\ extension may be disregarded again.
\ And Link cobordism > Loop homotopy in moduli space
S~ [ =0 O
NN *e o=0 aNnt 8
= o= O
\/\ I R )
«
~— o0 oo O——e
AN =0 L = ] “n g
o= L) [ ——
N =0 oo 0 T %
Q NN :_::) E NN z

Definition 3.10 (Crossing-, Linking- and Framing numbers).
(i) Any crossing in a framed oriented link diagram L locally has one of the following forms, to which we assign

the crossing number +1, respectively, as shown:
# <X> "

# (X)
(ii) For (L;)Y, the connected components of L, the linking number Ink(L;, L;) is half the sum of crossing
numbers between L; and L; (cf. [199, p. 7]).

(iii) The framing number fr(L;) is the sum of crossing numbers of L; with itself.

(57)

(iv) The sum #L of the crossing numbers of all crossings of L is hence the sum of all the framing and linking
numbers:
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#(L) = > #(c) = > frm(L;)+ Y Ink(L; Lj). (58)
ce % i#£]
crssngs(L)
This has the following effect.

Proposition 3.11 (Vacuum loops of cohomotopical flux through the plane [227, Thm. 3.18, Rem. 4.4]).
(i) Loops of 2-cohomotopical flux moduli on the plane are identified with framed links topologized to reflect link
cobordism, whence their homotopy class is identified with the framed link’s total crossing number #L (its
“writhe”, cf. [199, p. 523]):

QMapy (R, . §7) —— > 1 Mapj (R, 57) =~ Z.

(59)
L — #L.
framed link writhe
(ii) Moreover, the pure states on these observables are labeled by ¢ € U(1) and give the expectation values
(€L = ¢**. (60)

Example 3.12 (Writhe for basic knots and links).

+ +
( N writhe ‘ * writhe 4 writhe
‘ — =2, _ — +3, — 0.

Remark 3.13 (Comparison to Wilson loop link observables of abelian Chern-Simons theory).

(i) For Chern-Simons theory with abelian gauge group U(1) it is widely understood by appeal to path-integral
arguments ([277, p. 363][88, p. 169] following [203]) that the quantum observables are labeled by framed
links L, often considered as equipped with labels (charges) ¢; on their ith connected component L; and the
expectation value of these observables in these states is the charge-weighted exponentiated framing- and
linking numbers (Def. 3.10) as follows ([277, p. 363], cf. review in [181, (5.1)]):

Wit) = exp (F (S (o) + Sy 0y k(L 1)) (61)

(ii) For integer charges, replace each component L; with |¢;| unit-charged parallel copies using its given framing,
reversing their orientations when ¢; < 0 and omitting the component when ¢; = 0. With the induced
framings, this preserves both the ¢;g; linking contributions and the q? self-framing contribution in (61).
Denoting the resulting unit-charged framed link again by L, we find that its Chern-Simons expectation
value coincides with our pure topological quantum state (60):

Wi(L) = exp % Zfrm(Li)—i—Zlnk(Li,Lj) = exp %#(L) .
i i#] (58)

Remark 3.14 (Comparison to the literature on Hopfions). The Hopf invariant in Prop. 3.9 also classifies
static “Hopf-charged solitons” (or Hopfions) on three-dimensional space, with fixed value at spatial infinity: their
configurations define maps S — S2 and hence elements of m3(S?) ~ Z. Such textures occur in the Skyrme-Faddeev
model ([72], review in [71][174, §9.11]) and in three-dimensional CP! models [213]. In the planar setting of Rem.
3.2, it is instead suitable spacetime histories of degree-charged solitons that carry this Hopf invariant. For the
vacuum loops considered here, the adjunction in Prop. 3.9 identifies these histories with based maps S% — S2.
The analysis of [275] (review in [79, §II.C]) relates the Hopf term for planar soliton histories to fractional spin and
anyonic statistics in 2+ 1 dimensions. What seems not to have been noticed before in previous literature is the finer
identification of Prop. 3.11 using the finer theorems by Segal-Okuyama [200][227] and the resulting identification
with Chern-Simons Wilson loop observables (Rem. 3.13), which, we suggest, fully nails down this identification on
Euclidean space.

Moreover, what seems to have received no attention before is that this identification of anyons further refines
to more general 3-spaces of the form R! x £2 (Def. 2.1), which is what we proceed to discuss.
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3.2 On the sphere

We briefly discuss 2-cohomotopical flux on the 2-sphere 32 ~ 5% meaning the actual 2-sphere whose point-at-
infinity is disjoint, in contrast to the 2-sphere (23,071)%%} ~ Rﬁ{oo} that arose as the one-point compactification
of the plane in §3.1.

In order for this actual 2-sphere to be realized as an FQH system in the laboratory, one would not only need to
produce a 2-dimensional electron gas of spherical topology, but also make it enclose the endpoint of a very long and
thin solenoid to approximate a magnetic monopole at its center that would produce magnetic flux going radially
through the spherical electron gas — which is a tall order. Nevertheless, in FQH theory this situation is often
considered as an instructive hypothetical case study.

Also for us here, the following analysis of the 2-sphere case serves in §3.5 as an intermediate step in identifying
the braiding phases of solitonic anyons on the plane, that we obtained in the previous §3.1, with corresponding
braiding phases on n-punctured disks, hence in experimentally accessible situations.

While it is classical that .
m Map ((23,0,1)U{oo}7 52) (2%5> 71'3(52) ~ 7

(generated by the Hopf fibration S3 — S2), the analogous statement for the un-based sphere needs another
argument:

Lemma 3.15 (Fundamental group of unpointed endomaps of the 2-sphere [129, Thm. 5.3(1)][158, Lem.
3.1]). The fundamental group of the space of (un-pointed) maps S? — S? is, in the connected component of maps
of Hopf degree k € Z (Def. 3.6), isomorphic to:

m (Map(52, 52), deg = k) ~ 7/(2k).

In our notation (9) and (212) this means, in particular, that in the component of vanishing Hopf degree we
have:
v m Map(32, §%) ~ Z. (62)

Lemma 3.16 (Solitonic 2-cohomotopical flux monodromy on plane and 2-sphere are identified). The
canonical map

* 7T ( *) *
71 Map® (32 0.1) oo} S%) — > 11 Map™ ((2) joe}» S2) o10) " Map (%3, 5%) (63)

is an isomorphism.

ev

Proof. The long exact sequence of homotopy groups (219) induced by the evaluation map Map(S?, S?) — S? (206)
is, in the relevant part, of the form

7.‘_2(52) — " m Map* (52, 52) M» ) Map(SQ, 52) - m (52)
| Hopf degree | Hopf fibration 2l (62) 2
z z z 1,

where the map on the left must be multiplication by some integer n, by the freeness of Z. But then exactness on
the left implies that the middle map must send n to 0, while exactness on the right means that the middle map
is surjective hence that n = 0, which by exactness on the left implies that the middle map is also injective, hence
bijective. O

Remark 3.17 (Identifying braid phase observable on sphere). In terms of 2-cohomotopically quantized
flux, this says that the algebras of topological flux observables on the plane and on the sphere are both isomorphic
to C[Z] and canonically identified as such, whence the discussion in §3.1 gives that in an irreducible representation
on a (1-dimensional) Hilbert space the generator 1 € Z acts as multiplication by some phase factor ¢ € U(1) C C:

7 —— U(Hsz)
1 C:l) = (o).

In §3.3 and §3.4 we identify this central observable across surfaces. If the sphere sector is required to occur
in a finite-dimensional torus representation, its phase must be a root of unity, by Lem. 3.32, as expected in FQH
systems.
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3.3 On closed surfaces

While spherical FQH systems as in §3.2 are just barely plausible as having experimental realizations, for closed
surfaces of more general genus g € N this quickly becomes even less plausible as g increases. Nevertheless, the
notoriously rich theoretical predictions for these somewhat hypothetical FQH systems on closed surfaces are crucial
intermediate stages in understanding FQH systems in general and hence also in experimentally accessible situations.
In particular, requiring a sector on the open disk from §3.1 to occur in a finite-dimensional torus representation
constrains its braiding phase ¢ to a root of unity. Proposition 3.23 identifies the central generators, while Lem.
3.32 supplies the finite-dimensionality constraint. This is the compatibility condition we impose when comparing
these sectors across surfaces, as expected for FQH systems (2).

The new key we now offer for understanding FQH systems on closed surfaces via topological flux quantization
is the following Prop. 3.19, whose roots in algebraic topology date back half a century ([120], following [129]),
but which gains new meaning when understood now as being about observables on topological flux quantized in
2-cohomotopy:

Definition 3.18 (Integer Heisenberg group, level 2, (cf. [96, p. 7][94, Def. 2.4][95, Def. 2.3][30, (8)][31,
(1.2)]). By the integer Heisenberg group at level=2 '°, to be denoted Z29 for g € N, we refer to the group

—

2% = {(@bn) € 29X 29 x T, (@bn)- (@5 0) = (a+a’ b+8 n+n'+a-b' —a D)} (64)

which is the central extension of the free abelian group Z29 by (cf. [39, §IV]) the 2-cocycle shown shaded in (64),

hence by the restriction of the canonical symplectic form on R?9 along Z29 — R29, hence is the subgroup 729 < R2%
of the ordinary Heisenberg group (cf. [210, §9.5]) on integer-valued elements.

Proposition 3.19 (Monodromy of 2-cohomotopical flux through closed surfaces). The 2-cohomotopical
flux monodromy (20) over a closed oriented surface Eg (9), for g € N, forms the Z-extension of the free abelian
group 729 (15)

1 — m; Map;, (Sﬁ{oo}, 5?) —>m MapS((Eg)U{OO}, S§?) —m Mapé(\/g(Sé v SH, S%) —1
£ Ik Ik (65)
7 729 729 |
that is the integer Heisenberg group at level=2 (64).

Proof. The top short exact sequence is due to [120, Thm. 1 & p. 6], recalled as Lem. A.12 in the appendix. The
identification of the group on the left is by Lem. 3.15. Now [165, Thm. 1] shows that the central extension in
question has as its only non-trivial group commutators [a;, b;] = 2, for ¢ € {1,--- , g}, in accordance with (64). O

A more elegant proof of Prop. 3.19, for the case of the torus (¢ = 1), was recently found in [148, §3].

3.3.1 Modular action

Our way of casting Prop. 3.19 — with the extension cocycle highlighted in (64) identified as the standard symplectic
form on Z29 (instead of the cohomologous 2@ - b’ used in the original derivations [165, Thm. 1][146, Cor. 7.6])

L

— makes manifest that the integral symplectic group Spy, (Z) acts by group automorphisms on Z29 (covering its

defining action on Z29 and acting trivially on the center Z — 22\9, cf. [94, (2.6)]):

i Aut (Zzg)
T (66)
Spa,(Z) — 2, Aut (z29).

canonical

Better yet, with (22), one such lifted action is singled out by the geometrical interpretation as the diffeomorphism
action on the 2-cohomotopical flux monodromy over closed surfaces. This we identify now:

5By the “level” we here mean the integer n in the nontrivial group commutators [a;, b;] = n. The integer Heisenberg group at level
=1 (cf. [168, p. 232][61, p. 213]) is isomorphic to groups of certain upper triangular integer matrices (cf. [63, p. 35][61, p. 299]), and
in this form is commonly considered in pure algebra and group theory (cf. [168, (1.1)]). In contrast, the case of relevance here, with
level = 2 — which is the case of subgroups of the actual eponymous Heisenberg group from quantum mechanics — seems not to have
found much attention in the pure algebra/group theory literature.

25



Proposition 3.20 (Mapping class group action on 2-cohomotopical flux monodromy on a closed
surface). Under the identification of Prop. 3.19, the action (46) of the mapping class group of 23 on the 2-
cohomotopical fluz monodromy over 23 is via its symplectic representation (33) on the underlying 7.9

MOG(2) — 2 Aut(m Mapy (32, S2))
zT (65)
(33) Aut(Z29) (67)
EY I |
e
Spay(Z) - L Aut(Z%).

Moreover, there is a choice of the top right isomorphism wlMapo(Eg, 82) ~ 72 (65) under which
p(M) : (v,n) — (Mv,n). (68)

Proof. Commutativity of the outer diagram follows by inspection of the construction of (65) as spelled out in §A.4:
By Lem. A.13 there, the induced action of MCG(EE) on Map(Eg7 52) > Z29 is identified with its action on
H'(X2; Z), for which it is classical (33) that it is through Sp,,(Z), as claimed.

We proceed to analyze the nature of p. Here the case ¢ = 0 is immediate, therefore we assume now that
g > 1. Here we proceed by comparing the MCG-action by precomposition with the postcomposition action by an
orientation-reversing involutive diffeomorphism fixing the base point of the 2-sphere:

§2 g2 (69)
Postcomposition with r induces an automorphism of 7T1Map<23, 52> which acts as -1 on Z29, hence in particular

preserves the symplectic form, and which commutes with the precomposition action of any [f] € MCG(ZE).

(i) To see that p exists uniquely:

Observe that every automorphism ® of 7% preserving the symplectic form must be the identity on the cen-

ter: First, being an automorphism, ® must restrict to an automorphism of the center, Z ~ ({), hence must

act on the center as ¢ — (€ for € € {+1,—1}. But furthermore, with ® also being a symplectomorphism,
e have

W AY C2e _ @([a“bi}) _ [@(ai)ﬂb(bi)} _ C2W(‘I’(ai)7q>(bi)) = 427 (70)

which implies € = 1, as claimed.

With this in hand, Lem. 3.21 gives

r o [v,n] = (—v, n+ A(v)) (71a)
[v,n]o[f]7! = (va, n+ éf(v)), (71b)
whence we deduce
ro([v,n] o [f]) = (ro[v,n]) o [f] (72a)
= L(v) + A(Mgpv) = AMv) — £f(v) (72b)
& AMMjpv) = Mv) = =2L5(v). (72¢)

This shows that all £; are fixed by A as functions of f and as such only depend on M. This uniquely
determines, through (71b), the action p, as claimed.

(ii) To see that the shear ¢; may be taken to vanish upon another choice of isomorphism, as claimed in (68):

The result (72c) also shows that A is invariant modulo 2 under symplectic transformations. But such
invariance under the specific symplectomorphisms

729 729 729 7,29
a; +— a; +b; and a; —a (73)
b, — b; b, — b;+a;
implies, by linearity, that A already vanishes modulo 2, hence that
A=2u, for some linear Z29 5 7. (74)
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Using this we may absorb the shears in (71) in an automorphism

729 —U> 7,29

(75)
(v,n) = (v,n+ p(v)),
in that 1yt
725 Ulen v 72
(v,n) —> (va, (n — p(v) + Ly (v) + u(Mfu))) (76)
= (Mjv,n)
as claimed in (68).
O
In this proof of Prop. 3.20 we used the following independent observation:
Lemma 3.21. -
(1) The automorphisms ® of Z29 which are the identity on the center, ®(0,n) = (0,n), are of the form
®(v,n) = (Mv,n+£(v)), (77)
for a symplectic matrix M and any linear map £, the shear, hence this subgroup of the automorphism group
v Aute,(Z29) ~ Hom(229,7) x Spy, (Z). (78)

(ii) Such an automorphism is inner precisely if M =1 and ¢ € 2Hom(Zzg,Z).

Proof.
(i) Given such an automorphism @, on the quotient by the center, it induces an automorphism M € Aut(Z>29)
(not a priori symplectic) and hence ®(v,0) = (Mwv,{(v)) for some function ¢ (not a priori linear). But the
homomorphism property ®((u,0) - (v,0)) = ®(u,0) - ®(v,0) demands that
lu+v) +wu,v) = L(u) +L(v) +w(Mu, Mv)
< L(u+v) —L(u) —L(v) = w(Mu, Mv) — w(u,v) .
Here either side is a Z-valued function that is both symmetric and skew-symmetric in its arguments (u, v).
This implies that both sides vanish for all arguments, which says that ¢ is linear and that M is symplectic.

With this, the homomorphism property on general elements, ®(v,n) - ®(v',n') = ®((v,n) - (v/,n)), is

Iready implied:
aready fmpe (Mv—i—Mv', n+n’+€(v)—|—€(v’)+w(Mv,Mv’)>

= (M(v+7), n+n +w,v)+L(v+7)),
and hence the claim follows.
(ii) The inner automorphism induced by (u, m) acts as
(v,n) = (u,m)-(v,n) - (—u,—m) = (v, n + 2w(u,v)).
Hence the claim follows by observing that every linear £(—) as above is of the form w(u,—) for

3.3.2 Functoriality

Next, we observe some form of functoriality in maps between closed surfaces of the result of Prop. 3.19, the crucial
implication being the identification of the braid phase observable ¢ (2) across all closed surfaces. To this end, write:
g+1

By < Vg1 (79)

for the surjective continuous map (227) given by contracting one pair of edges in the standard fundamental polygon
(cf. Prop. A.8) of X,41. For instance, for g € {0,1} the maps
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>

sphere torus a¢ ai
v \@“3&’ >-p-e
a et 1
oradcne SN
% ] 1 ai 9 '
aegr | <y maTm yb ? ¥3 i (80)
[} ] n
i : ¢ ]
O---Pp—=--0
b2 - 4
v -<4-
a2

are given, for ¢7, by sending the purple and blue colored edges to the point e, and for ¢} by sending also the
remaining edges to the point.

Lemma 3.22 (Pullback of 2-cohomotopical flux monodromy on closed surfaces). Under the above iden-
tification (65), the surjections q (79) map to the canonical inclusion of Heisenberg groups obtained by adjoining the
generators corresponding to the contracted edges:

(O

mMap* (X2, 5?) mMap* (X2, , 5?)

—_— —_—
7,29 C 729+2

Proof. The proof of Lem. A.12 shows that the short exact sequence (65) is natural in 237 whence we have a
commuting diagram of this form:

A 7% 729
J J J:
1 — m Map, (52, §?) ——m MapO(Eg, 5?) ———m Map(";(\/g(S; vV SE), §%) —1

| Jir |

1 — m Map, (52, §?) ——m MapO(Ef?H, 5?) ——m MapS(\/SH] (Sav S, S%) —1
lz lZ lz
7« 72912 72942
This gives the claim. O

Combination of Lem. 3.16 and Lem. 3.22 leads to:

Proposition 3.23 (Identifying central braid phase generator across surfaces). The canonical comparison
map between solitonic flux monodromy on the plane and on X4, g € N, identifies the central generators as the

braiding phase observable of §3.1:
* 2 2 m1(q") ik ((qg)*) 2 2
m Map ((R Ju{oo}> S ) T) m Map ) — ™ Map(Eg, S ) .

(53
L - iy
1 — 1 — (m’ 1)

Remark 3.24 (Braiding phases of solitonic anyons on closed surfaces). In generalization of Rem. 3.17,
Prop. 3.23 says that given 2-cohomotopical flux quantum states on 252]7 hence a unitary representation of the 2-

cohomotopical flux monodromy on 23, hence of the integer Heisenberg group 729 (65), for g € N, then the central

observable E

A 729 U(H)
1 ([1) — T )~ ¢, (82)

5
is to be understood as observing the braiding phases of solitonic flux according to §3.1, where the braiding happens

within an open disk inside the surface.

For g > 1, finite-dimensional irreducible representations restrict this central phase to a root of unity: apply
Lem. 3.32 to an irreducible summand of the restriction to one handle’s Heisenberg subgroup. The torus case is
analyzed in §3.4, with ¢ = e™/K as in the FQH braiding phase (2).
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Remark 3.25 (Braiding phases of defect anyons on closed surfaces). There is the following alternative

way to exhibit the central generator of (65) as witnessing braiding processes: For g > 1 and n > 3, let ﬁ/ denote
the level=2 extension of Z29 as in (64) but by the finite cyclic group Zo(n+g—1)- This is evidently the quotient of
the integer Heisenberg group (64) by the 2(n+ g — 1)st power of the central element (whence its irreducible unitary
representations p force the braiding phase ¢ (82) to be a (2(n+ g — 1))st root of unity), but it turns out to also be
24, (10)] (cf. also [30, Cor. 8][31, Prop. 1.1]) the quotient of the surface braid group Br,(%2) (23) which identifies
each Artin braid generator b; (26) with this central generator:

— P
Br,, (22) Z% UH)
b; — (m,l) — (.
The surface braid group describes motions of defect anyons (cf. Rem. 2.13 and §3.8). The displayed quotient
identifies a common algebraic description with solitonic flux, subject to the additional central relation: writing z
for the central generator and m := 2(n + g — 1), we have

— —
Clz?9 ] ~ C[z?9]/(z™ —1).
Thus a solitonic representation descends to this quotient precisely when z™ acts as the identity. At a fixed central
phase this is the condition (" = 1; the resulting surface-braid representation sends every Artin generator to the

scalar (. This compares the corresponding representations of the quotient observable algebra; their realization by
physical defect motion requires additional input.

Remark 3.26 (Comparison to expectations in FQH systems). It is folklore in the literature on anyons
that the phase ¢ (17) in the quantum algebra of observables on the torus may be understood as witnessing anyon
braiding phases in FQH systems (cf. [194, (30)][261, (3.33)][251, §4.3]). The above results substantiate this intuition
by a rigorous derivation of the statement from 2-cohomotopical flux quantization and as such lend support to our
hypothesis that 2-Cohomotopy is the correct effective flux-quantization law for FQH systems.

Remark 3.27 (Instability of the Hopf monodromy under target enlargement). Comparison of (15) with
(65) amplifies how the anyon braiding phase ¢ (82) appears due to the exotic flux quantization in S ~ CP! and
disappears with the ordinary flux quantization in CP> ~ BU(1) along the inclusion ¢ : $? ~ CP! «— CP> ~

BU(1) (5): o (Map(Zg, CP1)> —m (Map(Ez, (CPOO))

729 729

Wﬁ' /Wd
B — B
E — 0

In the Hall-dual situation of anomalous Hall effects in Chern insulators [235], maps to CP* describe a single occupied
band in a two-band system. Enlarging the target to CP° gives the classifying space for complex line bundles and
retains the stable first Chern class. In particular, the inclusion induces an isomorphism o (CP') — my(CP?) ~ Z,
so a nonzero Chern number survives this enlargement. It is the additional Hopf invariant, and hence the central
monodromy generator displayed above, that disappears: the map m3(CP') ~ Z — 73(CP?) = 0 is zero.

This is an instance of unstable two-band topology. The band-theory distinction between fragile topology (cf.
[21]) and delicate topology specifies which occupied and unoccupied bands may be added [22]; the two-band Hopf
invariant is an example of the latter [195].

The next proposition describes the resulting monodromy after target enlargement: the central Hopf contribution
disappears already at S? ~ CP! — CP?, while the Z29 contribution remains:

Proposition 3.28 (Effect of intermediate flux-quantization laws). For g € N and N € Z we have:
N>2 = (Mapo (2, (CPN)) ~ 729 (83)

Proof. This is [146, Lem. 7.5]. O
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3.4 On the torus

While transverse magnetic flux through a toroidal 2D electron gas is not readily realized experimentally (cf. footnote
9), effective field theories of flux on arbitrary surfaces tend to be characterized by their theoretical predictions for
the torus, notably through the dimension and modular transformation properties of the Hilbert space of states
(transport data characterizing topological order [267][268], cf. Prop. 3.38 below and the qualifications in §3.4.2).

Therefore, a major example of the phenomena in §2.2 is the following derivation of quantum states of 2-
cohomotopically quantized topological flux on the torus, which reproduces the modular data [93] of U(1)-Chern-
Simons theory (Rem. 3.39 below) — in fact of spin Chern-Simons theory (8).

3.4.1 Flux monodromy classification

Our task in identifying the 2-cohomotopical flux quantum states over the torus is, by Prop. 3.19, to study finite-
dimensional unitary representations of the integer Heisenberg group (64) after covariantization (21). In this sub-
section we classify those representations which remain irreducible upon restriction to the Heisenberg subgroup; the
scope of this assumption is discussed in Rem. 3.45 (iii).

Proposition 3.29 (Diffeomorphism action over the torus is the canonical modular action). The action
(46) of MCG(X3) =~ SLa(Z) (30) on mMapg ((33) ugeoy, S?) =~ Z? (64) is the defining action of Spy(Z) ~ SLa(Z)
on Z2 and trivial on the center, whence the flur monodromy group (46) over the torus with its pp-spin structure
(34) is —
MCG(X2) x m (Mapg((zf)u{oo}, 52)) ~ SLy(Z) x 72 (84)

while for the torus equipped with the aa-spin structure it is correspondingly the subgroup MCG(32)** x 72 (35).

Proof. This is a special case of Prop. 3.20. O

Representations of SLs(Z) and of 72 separately are well-studied. Here we consider their compatibility in the
semidirect product (84). We find representations which recover the familiar U(1)-Chern-Simons modular matrices
at unit-fractional braiding angles 7/K and extend the construction to general rational braiding angles mp/K.

We proceed incrementally: after some generalities, we construct the states at § = 1/K for even K (Prop. 3.38)
and compare them with Chern-Simons/CFT theory (Rem. 3.39). We then treat all rational braiding angles for
the pp-spin structure (Prop. 3.41) and both allowed scalar sectors for the aa-spin structure (Prop. 3.43). The
conclusion is Thm. 3.44.

The condition organizing this discussion is that a Heisenberg representation extend to its semidirect product
with the relevant mapping class group (46), hence admit a covariantization in the sense of Def. 2.11:

Definition 3.30 (Covariantizable representations of the integer Heisenberg group). We say that a linear
representation of the integer Heisenberg group 72 is covariantizable for a given spin structure if it extends to a
representation of the semidirect product with (cf. Prop. 3.29)
(i) for the pp-spin structure:
the torus mapping class group (30) generated by S and 7' (31),

(ii) for the aa-spin structure:
the spin mapping class subgroup (35) generated only by S and T2.

In order to analyze such extended representations, we first note the following elementary facts:

Lemma 3.31 (Extending representations along normal subgroup inclusions, cf. [134, p. 175]). Given
t: H = G a normal subgroup inclusion and p : H — GL(H) a finite-dimensional C-linear representation, say that
p: G — GL(H) is an extension if t*p = p. — We have:

(1) Any extension p exhibits p as isomorphic to its g-translate representations:

~ 9 9 .— _
gEVG p =~ p9, where p9 := p(Ady(-)) . (85)
(i) If p is irreducible then any two extensions p, p’ differ at most by tensoring with some multiplicative character
G/H: ~ ~
of G/ Z/G p'(9) = d(gH)-p(g) , for some d: G/H — C*.
g
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Proof. (i) We have for h € H:
p(g)oph)op(e)™ = plg)ep(h)op(g™)
= plghg™)
= plghg™)
p(h),

showing that p(g) serves as an intertwiner that exhibits the claimed isomorphism.
(ii) We have, for h € H and ¢ € G:

(/3'(9)0/7(9)’1)O/?(h)o(/3’(9)01?(9)’1)71 = p'(g)op(g ") op(h)op(g)op’(g™)
= p'(g)oplg~thg)op'(g™h)
= p(h),

showing that the ratio of the two extensions for any g commutes with all the p-operators. Therefore Schur’s lemma
(231) implies that this ratio is a scalar d(g) times the identity operator. The representation laws imply that d is
multiplicative, and agreement of the extensions on H implies that d is trivial there. Thus d factors through G/H.
If both extensions are unitary, then d takes values in U(1). O

Lemma 3.32 (Finite-dimensional Heisenberg irreps and roots of unity). If a unitary representation of

the integer Heisenberg group, (/\) 7: — U(H), is ﬁmte dimensional and irreducible, then the central observable
C (82) is given by multiplication with a root of unity: ( =(-idand I (" =1.

neN >0

Proof. First, with the representation assumed irreducible and since C commutes with all other representation
operators, Schur s lemma (231) implies that there is ¢ € C with C = ( -id. Further, since WN is unitary we may
0

find an eigenvector, to be denoted |0), with non-vanishing eigenvalue to be denoted &:
Wylo) = €lo). (56)
Now the commutation relation says that W\M is a corresponding raising operator, in that the elements
1
[y = (Wo)"l0) € H (87)
are further eigenvectors of ﬁ/\H with eigenvalue (2"¢:
0

Wi = Wiy (W)" = Wi = 2 (Wg)" = (¢ .
i) = Wy ()"0 2 ¢ (W) Wiglo) ) ¢ (Wy)"€l0) = e
But by the assumption of finite-dimensionality there can only be finitely many distinct eigenvalues, which is

evidently equivalent to ¢ being a root of unity. O

Definition 3.33 (Cyclic Heisenberg group). For g,0 € Ny, we denote the o-cyclic version of the integer
Heisenberg group (64) by

- —

— . =g , b , . =/ / I
720 = { ({@), ], [n]) € 28 x 28 x Z,, (@, Bl frl) - (@1, B 1) e= L (88)
(@+a’l, B+, [n+n' +a 5’ —a’'-5])
where Z, := Z/0Z denotes the o-cyclic group and [—] : Z — Z, denotes the quotient map.

Lemma 3.34 (Covariantizable irreps factor through cyclic Heisenberg groups). If a finite-dimensional
irreducible unitary representation ( ): 72 — U(H) is covariantizable (Def. 3.30) for the pp-spin structure, then it is
the pullback of a representation of the o-cyclic Heisenberg group (88) along the quotient coprojection [—] : 72 »Zg,
where o may be taken to equal ord(¢) := min {n € Nyg | "= 1} , (89)

the order of ¢ in E: ¢id (Lem. 3.32).
Moreover, for the aa-spin structure the analogous statement holds with o replaced by 20.

Proof. Put U := W\H and V := /W%o} The Heisenberg group law gives UV = (?VU. Since (° = 1, the operators U®
0 1
and V° commute with the entire Heisenberg representation. By Schur’s lemma (231), write
U° = aid, Ve =p4id, a, € U(1).
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For any a,b € Z, the group law then gives
W\{m} _ C—OZ{lbUO(lVOb — aaﬁb id.
ob.

Thus these scalar values form a character of (0Z)2. Covariance preserves them under the relevant modular action,
by Lem. 3.31 (i). For both spin structures, S-covariance gives

a=p"1, B=a = a=pe¢e{+1,-1}. (90)
For the pp-spin structure, 7' sends /V[7m to I//V\{O}, so that
B=ap = a=p=1 (91)

Hence U° =V° = ZO = id, and the representation factors through 22 For the aa-spin structure, 72 only imposes
B = 2B, which already follows from (90). In this case U?° = V2° = (2° = id, so the representation factors through
73,. O
Lemma 3.35 (Pullback from cyclic Heisenberg preserves irreducibility). For o € N5, given a represen-

tation of the cyclic Heisenberg group p : Zz — GL(H), its pullback p*p : 7z % Z% LN GL(H) is irreducible iff p
18.

Proof. This holds generally for pullback along surjective group homomorphisms. O

Lemma 3.36 (Some irreps of the integer Heisenberg group). Let ( € U(1) be any root of unity and put
0
= ord D :=ord((?) = ———.
0= ord(0), ord(¢?) =
For every s,t € {0,1}, the following formulas define a D-dimensional irreducible unitary representation of the
integer Heisenberg group (64):

72— U(H)
.. - swi/D ~2n
2 . oD ([i.0) +~— Weln) = e /D2 |p)
— 1) if n<D-1 (92)
~ Spang ([0), [1), -, [D-1) 0.0) s Wy n) o QT
( D e ™ (—1)*+40) if n=D—1
<n1}n2> = Onyn, (mal) — Z : |n> — §|TL>,
Heren € {0,...,D — 1}, and the scalar powers of the two standard generators are

0,

(/WH)D = (-1)*id, (W\m)D = (—1)***id.

Here, the representation of general group elements follows from applying the group law to the above generators,
for instance:

Uy = By = ¢ I,

0. 0,

| (93)

Proof. First note that the operators are unitary and that the generating group commutators in 72 (64) are evidently
respected by the formulas (92), so that they do define a representation of Z2:
Wy oWy = Wy o4
0 1 1 0.
To see that this is irreducible, put
U= W\H, V= W\M, 6:=2D.
0 1

Si
mce UD _ (_1)3 ld, VD _ (_1)S+t ld, <2D — 1’

these representations factor through ZZ. Hence, by Lem. 3.35, we may equivalently show that they are irreducible

as Z2-representations. This being a finite group (of order |ZZ| = 6°), we may invoke Schur-orthonormality (236) of
irreps.

By the group law, we have W\m o EC — ¢emabgraysb,
b
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If b £ 0mod D, this operator has vanishing diagonal entries, hence vanishing trace. Otherwise,
Vb _ (71)(S+t)b/D ld,

and therefore D-1
7 7c\ _ re—abswia/D(_1\(s+t)b/D 2na
tr(VVm o¢ ) ¢eabe (—1) nzzog .

Since ord(¢?) = D, the sum on the right is D if @ = Omod D and vanishes otherwise, by (251). Thus the i%
character components, for a,b,c € {0,---,0 — 1}, are:

. D¢ (—1)s5+6+H) 5 ifg=b=0 mod D
o2°) :{ ¢t (-1)

We (95)

X9 = ol

There are exactly 6/D choices each of a and b for which this character is nonzero. On these elements its absolute
value is D. Hence its Schur-norm square is unity:

0 otherwise.

1 o—1 2 1 o6—1 1 5 2
_ 2 _ — (= ~ 12 _
=Y kol -7 X Xor-z(5) e -n
| O| a,b,c=0 Obgt(z),b<3Dc:O
a=0=U mo
which proves irreducibility. O

Proposition 3.37 (Classification of covariantizable irreps of the integer Heisenberg group). Any finite-

dimensional irreducible unitary representation ofﬁ which is covariantizable (Def. 3.30) is isomorphic to one from
Lem. 3.36. In the notation of that lemma, t = 0 for both spin structures, and
e for the pp-spin structure,

1 ifo=2 (mod4),

(-1)* = CD2, equivalently s= )
0 otherwise;

o for the aa-spin structure, either s =0 or s = 1.

Proof. By Lem. 3.32, the central generator Z acts by multiplication with a root of unity ¢. Put
U:= W\H’ V= W\[g], D := ord(¢?).
0, 1

Since UV = (2VU, the operators UP and VP commute with all Heisenberg representation operators. Hence
Schur’s lemma implies that
P UP =aid, VP =gid, a,8cU(D).
Next we see that S-covariance forces ¢ = 0 for both spin structures. Namely, the modular generator S acts by

U V7 Vi—s U.

Covariance therefore exhibits the given representation as isomorphic to its translate under this action. Since scalar
operators are preserved under conjugation, taking Dth powers gives a = 87! and 8 = «, and hence

a=pe{+1,-1}.
Writing these signs in the (s, t)-parameterization of Lem. 3.36,
a=(-1)% B=(-1)" s,t €{0,1},

the equality o = 3 says precisely that

(-1 =1, hence t=0.
Thus S-covariance leaves only the two possibilities

(@, 8) = ((-1)°,(-1)%),  se€{0,1}.
We now identify the given representation with the corresponding representation of Lem. 3.36. Since

U2P — 2D _ g, 2P -1,
the representation factors through the cyclic Heisenberg group i% with 0 := 2D. By Lem. 3.35, the resulting
representation of this ﬁ/rlite group is irreducible.

The full center of Z2 is generated by the distinguished central generator and by the Dth powers of the two
standard generators. Its character in the given representation is therefore specified by

(¢ B) = (¢ (-1)%, (-1)%).
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Moreover, —~ —
72/7Z(7%) ~ (Z/DZ)?,

and the commutator pairing induced by this central character is
((a’ b), (a/’ b/)) — <2(ab’7a'b).

This pairing is nondegenerate because (2 has order D. Hence the finite Stone-von Neumann-Mackey theorem,
applied with this full central character (cf. [207, §4.1]), gives uniqueness of the irreducible representation with
these central-character data. The representation of Lem. 3.36 with parameters (s,t) = (s,0) has precisely these
data, so the given representation is isomorphic to it.

Finally, T-covariance has the effect of fixing the remaining parameter s for the pp-spin structure. Namely, the

modular generator T" acts by U U, Vs W\H _ v
1

Using the commutation relation, we obtain
(V)P = ¢PUPYP = (P apid.
Since covariance preserves the scalar operator V2, this implies
B:C*DZaﬁ, hence (-1)° :a:{DQ.
If 0 = ord(¢) is odd, then D = o, so that ¢(P° = 1. If o is even, then o = 2D and (P = —1, so that
¢ = (=",

Therefore, in the pp case, s = 1 precisely when o = 2mod 4, and s = 0 otherwise.

For the aa-spin structure, only T2-covariance is required. Its corresponding scalar condition is

B=(P 0?8 =4,

which imposes no further restriction on s. O
We now turn to the actual construction of the modular covariantization of these representations.

Covariantization for pp spin structure. We begin with the pp-spin structure and the case (s,t) = (0,0) in
(92), taking p = 1 and even K.

Proposition 3.38 (Basic 2-Cohomotopical quantum states over the torus).
Unitary representations of SLa(Z) x Z2? (84) — and hence spaces of quantum states (21) for 2-cohomotopical flux
over the torus — irreducible already in their restriction to 72, are obtained for all even positive integers

i

K € 2Ny with ( :=eK, (96)
by the following formulas:

SLy(Z) x 72 — U(Hr=)

((E0) — Ty el
s K (L ([{0) = Wyef) o ot ) mod k) .
~ Span(|0>7 1), -, \K—l)) (I, (m,l)) — ¢ ’n> — C|n>

(s ([].0)) — 8 fn) = i i)

(L ([0) — T oo 2,

where the normalization factor cc € C in the last line is any cube root
K1 2\ /3
e = (el ), (98)
which with (96) and by (255) may here be taken to be (e™/* )1/3 = m/12,

Proof. (i) The restriction to 72 is the irreducible unitary representation of Lem. 3.36 with D = K and (s, t) = (0, 0).
Indeed, ord(¢?) = K and dim(H2) = K; the scalar sector is the one required by Prop. 3.37 for these parameters.
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(ii) The Fourier operator S is unitary by (251), and T is unitary because |c¢| = 1 for the normalization above. To

see that we also have a representation of the subgroup SLo(Z), it is sufficient to show that the operators Sand T

respect the relations (32).
Now first, we find

§8n) = (e Ta ek m)
= Y wlack " R) (99)
5o (n+7 mod K)
= ’ — nmodK> by (251).
This immediately implies that % = id and that, with (98),
7 8ln) = mzﬁe%mum)m%

also §2(f§) = (fé\) S2: the diagonal phase of T is even and K-periodic since K is even. Hence the only remaining
relation to check is (T'S)? = id or equivalently that

f_log_lof_l = §ofo§.

Unwinding the definitions gives

T8 T n) = T8 e k" |n) S N
. _ Q¢ —= (2R n+n2) |~
_ f—l c¢ ZA e%(*n272ﬁn)|/ﬁ> =9 \l/f Zﬁ eK‘ |7’L>
K= and - % - oK (2An+R*+2AR) |3 (100)
0 . Saae )
_ce N eK(—n —2nn—n )|A> K n,n . )
K n -1 i~ =012 i 22~
) _ & 1 (A+(n+n))* —F (n4+n)” |
Vi e 2 = S s edsek e KR
_ < Z’\ e—K(n+n) ‘ﬁ) K n K &~n
VK n

3
q
The term over the brace is a constant in n and ﬁ, by the assumption that K is even,'® whence the relation is
satisfied if the normalization factor ¢, is chosen as claimed in (98).
(iii) Finally, we need to see that the semidirect product structure is respected, hence that

P N M € SLi(Z)

VV;\IN M|TL> = MVVM |TL> Y (a,b) e 7?

’ b |TL> € Hp.

It is sufficient to check this on the generators; the central generator is fixed because its operator is scalar. In the
computations below, all summation and state indices are taken modulo K. Explicitly:

— ~ —~ 2mi —~ ~ —~ 27
W S|[n = Wﬁl(# Aefnn/fn\,) = 1 R 7””’\)
sy Sl = Wi iy 2m e F gy Sl = W\ e E T
27~ i 27

_ (G )n | _ L Ba, Fans
= =Xaek UM R) = JgXaceK eRK""M)

2mi 2mi R
= F"3n) = e Xa KR
- SW = SWyn),

Sl i
and L o m oo,
Foo By = Wy Lo Wepg T =2 Wy Wy o X" I
W T = Wy e ) LB i)
| 2mi im0 = QGK ‘TL+1>
= Ee K "eK |n> i 2
c = ieK("+ Yln+1)
= TVVH |TL>,
; o~
= T
Wy )
where in the first step of the last case we used (93). O
16 Since the summands in ZnK;Ol e%"z are K-periodic for even K, eﬂfi(yH'K)z = e%nze”i(2”+K> = e%nz, the sum is invariant

K even

under replacing n +— n + a for a € N.
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Remark 3.39 (Comparison to modular data of abelian Chern-Simons theory on the torus). The content
of Prop. 3.38 captures the modular data (cf. [93]) of abelian Chern-Simons theory:

(i) The algebra (94) of the VVN is just that expected [261, (5.28)] of quantum observables for anyonic topological
order on the torus as predicted [36, (17)][204, (32)][96, Prop. 2.2] by abelian Chern-Simons theory at level
k= K/2 € Z (8), and equivalently by U(1)-WZW conformal field theory [264, (4.3-4)].

(ii) Similarly, the operators S and T according to (97) implement a linear normalization of the known modular
action on quantum states of abelian Chern-Simons theory [267, (5.3)][173, pp. 65-67, arXiv version] (following
[108][90, (5,7)]) and equivalently of conformal characters of the U(1) 2D CFT [93, Ex. 1].17

(iii) Prop. 3.38 also records the compatibility of these two actions: jointly, the operators give a representation of
the semidirect product of the modular group with the integer Heisenberg group.

The basic construction of Prop. 3.38 captures the braiding angle unit fractions 6§ = 1/K = 1/(2k) with even
denominator. Further irreps of the covariantized flux monodromy group yield general rational braiding angles,
including non-unit numerators and odd denominators. These are statements about braiding phases; assigning a
filling fraction requires additional physical data (cf. Rem. 3.50). The comparison with K-matrix predictions is
developed below in Props. 3.47 and 3.59. The more general representations are as follows:

Lemma 3.40 (More general representations). For
¢:=e™k | where (101a)
(Kap) € I\I>0 X Za ng(p, K) = 1’ (101b)
i) For Kp € 27 the same formulas (97) constitute a unitary representation p(o) of SLa(Z) x z2.
¢
(ii) Generally, writing

e:=Kp mod2e€{0,1}, (102a)
0= (~1)7C = ™R (102b)

X :SLo(Z) x Z2 —» {+1, 1},
(]\47 ([ﬂ?c)) AN (_1)ab+a+b+c,

where M € SLa(Z) is arbitrary, the representation p,7 of part (1) exists, and its tensor product with the

character (102c),
(102¢) pe =X @pf), (103)

is a unitary representation of SLo(Z) x 72 with central phase ¢ and satisfying

M = g = 07

(102c)

corresponding to the scalar sector (s,t) = (¢,0) in Lem. 3.36.

Proof. (i) The proof of Prop. 3.38 extends with all factors of e™/X replaced by ¢ (101). Fourier orthogonality still
applies because (2 has order K. Both the Gauss-sum manipulation in (100) and the boundary case of T-covariance
use the K-periodicity of the quadratic phase, which follows from Kp € 2Z:

2

C(n+K)2 _ aneQﬂ'ipneﬂ'ipK _ Cn ) (104)

It just remains to see that the normalization factor ¢, (98) has unit norm, so that T is unitary. For this, observe

17 The canonical choice c¢; = e2™/24 in (98) supplies the scalar factor CC_l in T for our linear normalization (cf. [93, (3.1b)][247, (26)]).
Projective treatments such as [173, pp. 65-67, arXiv version] encode the phase anomaly through a projective multiplier or a central
extension. The absence of this scalar from the projective matrices therefore does not imply that the anomaly was missed.
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that

K—1 2 K-1K-1
S| = ¢lrtm et by (104)
m=0 m=0 n=0
= 2 = 2riLmn
— m ‘ﬂ'l?
WL:OC n=0 ‘ (105)
K—-1
= Z ¢ K bo,m by ged(p, K) = 1
m=0
=K.

This shows that |c;| =1 in (98).

(ii) First we verify the character (102c). The function
(a,b,c) — (—1)2bFatbte

is multiplicative by the group law of Z2. Indeed, the exponent evaluated on the product of (a,b,c) and (a’, b, ')

1S, modulo 2, (a—l—a/)(b—i—b’) + (a—i—a/) + (b-'-b/) +C+C/ +abl —a/b

=(ab+a+b+ec)+ (@b +ad +b +).
Moreover, this character is invariant under both modular generators
S:(a,b,c) — (b,—a,c), T: (a,b,c) — (a+b,b,c),

SHICe abta+b= —abtb—a = (atb)b+(a+b)+b mod2.

Since S and T generate SLo(Z), the character therefore extends to the semidirect product by being trivial on the
modular group, as asserted in (102c).
Next, if e = 0, then Kp is even and n = (. If e = 1, then both K and p are odd, so that p+ K is even. In either

case,
ged(p+eK, K) =1, K(p+eK) € 2Z.
Hence part (i) supplies the representation pg,o).
Tensoring with the unitary character x° preserves unitarity and all representation relations. Since y takes the

value —1 on the distinguished central generator, the central phase of (103) is
(=Dm=¢
Likewise, x takes the value —1 on each of the two standard Heisenberg generators. Thus, if U,,V; denote their
operators in p7(70), their operators in p¢ are
Ue= (1)U, Vo= (=1)V,.

The f 1 97) gi
e formulas (97) give Uf = VnK =id,

d theref
and therefore UK =VE = (-1)*Fid = (-1)7id.

The last equality holds because € = 1 implies that K is odd. This is precisely the asserted scalar sector. For e =1,

this sign twist changes the Heisenberg central phase from 7 to (. By contrast, the mapping class group characters
used below are trivial on the Heisenberg subgroup. O

Proposition 3.41 (General 2-Cohomotopical quantum states over the pp-torus). For
(K,p) € Nyg X Z, ged(p, K) =1, ¢ =M%,
let pc be the representation constructed in Lem. 3.40 (ii). Then:

(i) The representation p¢ is unitary, has dimension K, and is irreducible already when restricted to 72. Its

scalar sector in Lem. 3.36 is (5.) = (2,0), e = Kpmod2,

so that o~ —~
VV[A} = VI/[O} = (*1)Kp id.
0 K
(ii) Ewvery finite-dimensional unitary representation of SLa(Z) x 72 which is irreducible already upon restriction

to Z2 1is isomorphic to one of the form
(Aopr) @ pe,
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h —~
where pr : SLo(Z) x Z2 — SLy(Z)

is the quotient projection and
1 pre X : SLy(Z) —s U(1)

is a unitary character. Conversely, every such tensor product has these properties. For each fixed central

phase ¢ and fized choice of p¢, distinct characters A give non-isomorphic representations.

Proof. (i) Existence and unitarity follow from Lem. 3.40. To see irreducibility, recall that its construction is
pe=x"®p0, = (-1)%C

Since .
==, gd(p, K) =1,

we have

ord(n?) = K.

The restriction of pS,O) to Z2 is therefore the irreducible representation of Lem. 3.36 with central phase 7, dimension

D = K, and parameters (s,t) = (0,0). Tensoring with the one-dimensional character x° preserves its invariant

subspaces and its dimension. Hence p¢ is likewise irreducible upon restriction to Z? and has dimension K. The

asserted scalar sector is established in Lem. 3.40 (ii).

(ii) Let p be a representation satisfying the stated hypotheses. By Lem. 3.32, its central generator acts by a root
of unity ¢. Writin
v e & K = ord(¢?),
we may express this phase as ;
Y exp p (= ek with ged(p, K) = 1.
By Prop. 3.37, its Heisenberg restriction is isomorphic to the representation of Lem. 3.36 whose parameters satisfy
t=0, (-1 =¢ = (D"
These are precisely the central phase and scalar sector of the restriction of p. from part (i). Hence the Heisenberg
restrictions of p and p¢ are isomorphic.
After conjugating by a unitary intertwiner, we may assume that these restrictions agree. For any

g € SLo(Z) x Z2,

the operator L

p9)pc(9)”
then commutes with their common Heisenberg representation. By irreducibility and Schur’s lemma, it is a scalar
d(g)id with d(g) € U(1). The representation laws imply that d is multiplicative, and agreement on the Heisenberg
subgroup implies that d is trivial there. Thus d = A o pr for a unitary character \ : SLy(Z) — U(1), which proves
the asserted form.

Conversely, tensoring p¢s with A o pr preserves unitarity and leaves its Heisenberg restriction unchanged, hence
irreducible.

Finally, an intertwiner between two such tensor products at fixed ¢ and fixed p; commutes with their common
irreducible Heisenberg restriction, so is scalar. If it is invertible, the intertwining condition on the modular subgroup
forces the two characters A to coincide. O

Thus every root of unity occurs as a central phase already for the pp-spin structure. The even-product subfamily
of Lem. 3.40 (i) remains useful for comparison with familiar bosonic examples:

Remark 3.42 (Relation to bosonic FQH systems). Besides the standard FQH effect for two-dimensional
electron gases, rapidly rotating Bose-Einstein condensates with repulsive contact interactions provide models of
bosonic FQH states [276]. A basic example is the bosonic Laughlin state at v = 1/2 [51, (79)]. Exact-diagonalization
studies give evidence for states in the Jain sequences v = r/(r + 1), including v = 2/3, 3/4, 4/3, 5/4 [215][216]
(see also [51, p. 31]). Each of these reduced fractions has an even numerator or denominator, as in the condition
Kp € 27 of Lem. 3.40 (i).

This arithmetic comparison concerns that subfamily. Prop. 3.41 also admits odd Kp, with scalar sector (s,t) =
(1,0). Thus the full pp classification does not by itself distinguish bosonic from fermionic constituents, nor identify
a filling fraction with a braiding angle. The occurrence of bosonic Laughlin correlations in a rotating system of two
fermions [171], and the effective bosonic behavior of flux-coupled quasiparticles (cf. [269, §7.3.3]), further illustrate
why these physical identifications require care.

Our surfaces carry a spin structure (Rem. 2.3). Using all of SLy(Z) corresponds to the pp-spin structure in
(34). We now consider the different covariance condition for the aa-spin structure.
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Covariantization for the aa-spin structure. For the aa-spin structure, the mapping class group is the subgroup
MCG(X2)* C SLy(Z) generated by S and T2 (35). Both scalar sectors (s,t) = (0,0) and (1,0) then admit
extensions for every central phase, as follows:

Proposition 3.43 (2-Cohomotopical quantum states over the aa-spin torus). For
(K,p) € Nyg X Z, ged(p, K) =1, = emP/K

define
5e P |pe€2Z+1, ¢ /K
p+ K |pe2Z,

Here and below, fractional powers of & mean g5 o omie/K
Then, for either s € {0,1}, the following operators on
Hre := CX ~ Span(|0),...,|K — 1))
with the displayed basis orthonormal, define a unitary representation p¢?; of MCG(X2)2 x 72 by:
Wy |n) = €2<|n),

— _JIn+1)  In<K-1,
Wayln) = {(1)S|o> In=K—1,

~

¢ln) = ¢|n), (106)
1 K—1

Sln) = —— 2(n+s/2)(m+s/2)

Sln) ‘/sz::og Im),

1/1\2‘71> _ efwi/6§2(n+s/2)2 |’I'L>

Here n € {0,...,K — 1} and T2 denotes the operator assigned to the generator T?. These representations are
irreducible already upon restriction to 72, and satisfy

= K 5 \K s
()™ = (W)™ = (=1)°id.
Hence, for each (, their restrictions realize the two isomorphism classes with (s,t) = (0,0) and (s,t) = (1,0) in

Lem. 3.30.

Proof. For orientation, in the case p = 1 and s = 0, the displayed modular matrices recover the rank-one lattice
formulas of [93, §3, Example 1, p. 221], with lattice A = /K Z. There it is observed that, for integral lattices which
are not even, the lattice construction still gives a representation of the index-three subgroup (S,T?) C SLy(Z).
For this rank-one lattice, this includes precisely the additional case of odd K. We verify below the full semidirect
product representation for arbitrary coprime (K, p) and both choices of s.
First observe that, if p is even, coprimality forces K to be odd. Hence p is always odd, with
ged(p, K) =1, &€=¢,  f=-1,  od¢)=K
For brevity, write —~ —~ —~
U:=Wn, V = Wy, Q:=T2
o] ]

The operators U and V' are unitary and satisfy

UV =¢&VU = ¢*vU, UK =vE = (-1)%id.

Together with E = (id, these give a unitary representation of Z2. Moreover, the eigenvalues £2"%% of U are
pairwise distinct, while V' permutes their one-dimensional eigenspaces transitively. Therefore this representation is
irreducible. R

Next we verify the mapping class group relations. The operator S is unitary by finite Fourier orthogonality
for the primitive K-th root £2, while @) is manifestly unitary. The presentation (35) of the aa-spin mapping class

group 18 MCG(E%)aa _ <57 T2 | 54 — 1’ SQTQ — T252>.

Writing [r]x for the representative of » modulo K in {0,..., K — 1}, Fourier orthogonality gives

a2y _ ) I[Enlk) |s=0,
S|”>{_|K_1_n> |s=1.
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Indeed, the coefficient of |5) in §2|n) is K1

1 2(m+s/2)(j+n+s)
T2 :
m=0
For s = 0 this gives the first case above. For s = 1 it vanishes unless j +n + 1 = K, in which case its value is
€K = —1. In particular, S* = id.
Furthermore, the diagonal coefficient of ) is K-periodic in n, since
2
g KEs/2T AR 2Ks 2K _
§Z(n+s/2)2 - -

It is also invariant under n — —n — s. The displayed formula for S2 therefore implies
520 = Q82
Thus the mapping class group relations hold.
Finally, we check covariance with the Heisenberg operators. Substitution in the formulas gives
SU=Vv-'S, §Sv=US.
Here the boundary terms agree because 2R (mts/2) _ (_q)s.

Likewise, @ commutes with U, and the ratio of its successive diagonal coefficients is

2

gAntits/2) — glint2s+2

52(n+s/2)2 - ’
Using the periodicity just established, this also applies at the boundary and yields

QUQ™'=U, QVQ'=¢?U =0V
These are exactly the covariance relations for the actions of S and T2 on Z2. The central operator QA“ is scalar
and hence fixed under conjugation. Consequently the operators define the claimed unitary representation of the
semidirect product.

Since ord(¢?) = K, the scalar identities UK = VK = (-1)%id identify its Heisenberg restriction with the

(s,t) = (s,0) case of Lem. 3.36, by Prop. 3.37. The two choices of s give inequivalent restrictions, as their scalar

values of UK differ. ]

Combining the classification of Heisenberg restrictions with these extension constructions gives the result over
the torus:

Theorem 3.44 (Classification of 2-cohomotopical flux quantum states on the torus).
The finite-dimensional unitary spaces of 2-cohomotopical flux quantum states on the torus whose Heisenberg re-
striction is irreducible are classified as follows.

Let ¢ range over all roots of unity, and write

(=e"/K  (K,p)€NsgxZ,  ged(p, K)=1.

Then necessarily K = ord(¢?). In the following, pr denotes the projection from the respective semidirect product
onto its mapping class group.

(i) Ower the torus with aa-spin structure, these representations are precisely
(Aopr)@p?%, s €{0,1},
where p%’; is the representation constructed in Prop. 53.45 and
A MCG(2)* — U(1)
is any unitary group character. Their restrictions to 72 have parameters (s,t) = (s,0) in Lem. 3.36, with
(W)™ = ()" = (-1ia
(ii) Ower the torus with pp-spin structure, these representations are precisely
(Aopr) @ pl”,
where pgp = pc is the representation constructed in Lem. 3.40(ii) and classified in Prop. 3.41, and
A:SLa(Z) — U(1)
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is any unitary group character. Its restriction to 2\2 has parameters
t=0, s=Kp (mod 2),

so that = \K = K 2, .
()" = ()" = ¢ id = (-1)"7id,

In particular, no parity restriction on Kp is imposed on the braiding phase.

(iii) All these representations have dimension (“ground state degeneracy”)

. ord(¢)
dimHpe = K = ord(¢?) = ——4—.
e () ged (2, 0rd(Q))
For each (, fix the reference representations appearing above. Then the parameters (s, \) in the aa case, and X
in the pp case, are unique up to isomorphism of the resulting representations. Representations with different ( are
inequivalent.

Proof. Let a finite-dimensional unitary representation of the respective semidirect product be given, whose restric-
tion to Z2 is irreducible. By Lem. 3.32, the central generator acts as E: ¢id for some root of unity (. Writing
K = ord(¢?), we may express ¢ = e™P/K with ged(p, K) = 1.

By Prop. 3.37, the Heisenberg restriction must be one of the (s,t) = (s,0) cases of Lem. 3.36, where s is
arbitrary for the aa-spin structure and is constrained by

(-1)° = ¢ = (-
for the pp-spin structure. Their dimensions are K.

The existence of extensions for every one of these Heisenberg representations is established by Prop. 3.43 in the
aa case and by Prop. 3.41 in the pp case. Tensoring any such extension with a unitary character of the mapping
class group preserves its Heisenberg restriction and hence its irreducibility.

Conversely, after unitarily identifying the Heisenberg restriction with that of the corresponding reference rep-
resentation, Lem. 3.31 (ii) implies that any other extension differs from it by tensoring with a character of the
quotient, which is the respective mapping class group. Since both extensions are unitary, this character takes
values in U(1). This proves that the displayed families exhaust the representations under consideration.

Finally, different values of ( are distinguished by the action of the central generator, and the two aa cases
are distinguished by the scalar (—1)® in (ﬁ/\m)K For a fixed Heisenberg restriction, any intertwiner between two

character twists of the chosen reference extension must be scalar, by Schur’s lemma. It can therefore intertwine
the full representations only if the two characters agree. This proves the asserted uniqueness. O

Remark 3.45 (Linear modular extensions on the torus).

(i) The abelianization of SLy(Z) is Z/12Z (cf. [49, Cor. 2.4]). Hence there are precisely twelve unitary
characters, all taking values in twelfth roots of unity. By Thm. 3.44, for every root of unity ¢ there are
precisely twelve isomorphism classes in the pp case under the theorem’s irreducibility assumption. All
have dimension K = ord(¢?) and the same Heisenberg restriction; they differ by their scalar phases under
modular transformations.

(ii) For the aa-spin structure, abelianizing the presentation (35) gives
(MCG(21)*),, ~ Z/AZ & Z.
Indeed, the relation S* = 1 remains, while the commutation relation between S? and 72 imposes no further
condition in the abelianization. A unitary character is therefore specified independently by
)\(S) € Ha, )‘(TQ) € U(1)7 Hq = {la ia 717 71}
Thus, for each ¢ and each s € {0,1}, the extensions form a family parameterized by ps x U(1) once a
reference extension is fixed. Including both Heisenberg sectors gives two disjoint copies of this family, all of

dimension K. In particular, there are uncountably many isomorphism classes at each central phase, since
no finite-order condition is imposed on the value of A\(7?).

(iii) The classification assumes irreducibility upon restriction to Z2. Dropping this assumption allows further
irreducible representations. For example, let p be one of the extensions above, let I' be the corresponding
mapping class group, and let 7 be a finite-dimensional irreducible unitary representation of I'. Then

p® (Topr)
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is irreducible: any commuting operator has the form id ® A by irreducibility of the Heisenberg restriction
of p, and A must be scalar by irreducibility of 7. If dim7 > 1, its Heisenberg restriction is a direct sum
of dim 7 copies of that of p. Thus the modular group may act nontrivially on a multiplicity space without
changing the central braiding phase.

Over punctured surfaces, considered next, defect motions determine mapping classes through the point-
pushing homomorphism (39). Pulling back a mapping-class representation gives a braid representation,
which is trivial on the kernel of that homomorphism. Its image may describe non-abelian transformations
of defect states. For the sphere with at least three punctures, the kernel is specified in (42); it is trivial for
one or two punctures.

(iv) The distinctions in (i) and (ii) concern isomorphism classes of linear unitary representations. For a fixed
reference extension, scalar character twists have the same projective action:
AM)p(M)] = [p(M)]  in PU(K).
Thus the scalar phases are additional data of a linear lift. If this lift is part of the specified monodromy
data, the character twists remain distinct as proved above. Their identification with distinct physical
topological orders requires specifying a realization by ground-state transport and its stability under the

allowed perturbations; see §3.4.2. A representation of the mapping class group alone does not establish the
additional fusion and compatibility conditions of modular data (cf. [93, §2]).

3.4.2 Comparison to K-matrix formalism

We compare the representation-theoretic analysis of the 2-cohomotopic surpflux flux monodromy over the torus
from above (§ 3.4.1) with existing descriptions of topological order in FQH systems, notably with K-matrix Chern-
Simons theory (§ A.1.3).

Ground-state monodromy and topological order. Our construction supplies candidate local systems directly
from the flux moduli space. Over a fixed spin-structured torus, the monodromy group is the semidirect product
in Prop. 3.29. Its irreducible unitary representations define the algebraic superselection sectors of the adopted
observable algebra. For those whose Heisenberg restriction is irreducible, Thm. 3.44 and Rem. 3.45 classify the
resulting linear monodromy data.
For a fixed connected parameter space M, these data consist of the isomorphism class of a finite-dimensional
unitary local system (21), equivalently of a representation
p: 7T1(M0,m) — U(Hm) . (107)
This specifies how quantum states transform along parameter cycles, including the scalar phases of that transfor-
mation.
When realized by robust adiabatic transport of gapped ground states, such local systems encode a core signature
of topological order. This transport signature is part of the characterization of a physical phase. Relating it to a
complete characterization involves the following further data and questions:
(i) Ground-state realization. Specify a smooth gapped family of Hamiltonians over M, whose ground-state
spaces and adiabatic transport realize the candidate local system. This supplies the physical meaning of its
fibers and monodromy operators.

(ii) Topological transport. The ground-state spaces carry the Berry connection. Its holonomy gives (107)
when the connection is flat, or when a flat topological part has been specified. Projectively flat transport
gives projective monodromy, with a linear lift, when it exists, as additional data (cf. [270, §V]). Flatness is
a separate condition from the spectral gap that permits adiabatic transport.

(iii) Stability and scalar phases. Identify the transport data that are robust under the allowed local pertur-
bations and specify how auxiliary gapped degrees of freedom are treated. Even an auxiliary system with a
one-dimensional ground space can contribute geometric phases. Thus the character twists of Rem. 3.45 (iv)
are to be compared using the specified stability criterion and scalar-phase data. Scalar phases belonging to
the robust topological transport remain part of this comparison, including those invisible in the projective
representation.

(iv) Completeness. The choice of M determines which transport processes are probed by the monodromy.
A full classification of the intended physical topological orders requires establishing which candidate local
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systems are realized and whether their isomorphism classes distinguish these orders, or which additional
invariants are needed.

Relation to Experimental Topological Order. Toroidal FQH systems offer a natural setting in which to
investigate ground-state realizations of the classified local systems and compare their monodromy operators with
adiabatic quantum-state transport.

Fractional Chern insulators are of particular interest in this connection. The “quantum anomalous” version of
the fractional quantum Hall effect (FQAH effect) has been experimentally established in these crystalline materials
(cf. [42, 282, 184]). Their intrinsic Berry curvature plays the role of external magnetic flux in the momentum-space
description (cf. [235, Fig. 3]). The periodicity of quasi-momenta makes the effective momentum space a Brillouin
torus ([260, §2.1][84, p. 52]), providing a link to the torus geometry considered here (cf. [202]).

There is a further link in the two-band setting (cf. [42, §IT]): the complex Grassmannian Gry ~ CP! ~ §?
classifies the occupied line of a gapped two-band Bloch Hamiltonian (cf. [232, §3.1.2]). Such Bloch data are therefore
described by maps from the Brillouin torus to S? ([248, (8.3-4)][235, (4)][236, §1.A]). This places two-band Bloch
data in the same mapping-space framework as the cohomotopical description of FQH flux (cf. [148, §5.1]). Here the
connected component matters: with a compatible orientation of S2, the degree d of the Bloch map is the occupied
band’s Chern number. The torus classification in §3.4 uses the degree-zero component, while a nonzero-Chern band
lies in Map,(7?, 5?) with d # 0. In this component, [146, Prop. 1.5][148, Thm. 3.5] give

71 Map, (T2, 5%) ~ 25/<22‘d‘>, d #0,

where z is the central generator of the integer Heisenberg group (64). The constant-map section used in Prop. 2.24
is unavailable in these components, so their covariant monodromy requires a separate analysis before applying the
representation classification. This motivates the momentum-space investigations in [235, 236, 240].

Comparison to effective K-Matrix CS-Theory. The K-matrix Chern-Simons formalism also constructs
ground-state representations of modular transformations, including scalar signature factors and spin-structure
dependence ([25, §5.6]; see § A.1.3). Wen derives the corresponding transformations for abelian FQH wavefunctions,
retaining scalar information about the chiral central charge [270, §§V—VI]. Thus the filling fraction (178) and
degeneracy (179) are only part of its predictions.

A comparison with Thm. 3.44 must match the Heisenberg and modular actions, the spin structure, and
the choice of linear lift. The basic even-order example agrees with the one-component Chern-Simons operators as
explained after (183); a systematic comparison of all extensions remains to be established. The following calculations
compare the specified braiding and dimension formulas. They do not by themselves establish an equivalence or a
distinction of physical topological orders.

To this end, recall (Thm. 3.44iii) that a finite-dimensional irreducible Heisenberg representation with braiding
phase ¢ = e™P/E where ged(p, K) = 1, has dimension K. If such a representation is realized as the full torus
ground-state space, this gives the conditional prediction:

braiding angle 6: p/K

ground state degeneracy: K (irreducible Heisenberg restriction; ged(p, K) = 1) (108)

(Our approach does not explicitly refer to the filling fraction v, but traditional theory relates this to the braiding
angle, c¢f. Rem. 3.50 below.)

Remark 3.46. For a fixed quasi-particle species, the exchange phase ¢ = €™ determines 6 modulo 2 (2). The
interferometry discussed in Ex. 3.49 probes the full-braid phase ¢ = ¢2™? hence determines only the residue class

0 modl e Q/Z. (109)
We call (109) the full-braid parameter and use it in the following denominator comparisons. This does not identify
¢ with —(: an odd integer shift of the total exchange parameter changes the exchange phase. In the convention

of [109, (10)], a compensating fermionic exchange factor keeps the total statistics unchanged. The classification in
Thm. 3.44 retains ( itself and distinguishes these signs.

First we will show:

Proposition 3.47 (Comparing to K-matrix predictions in Jain states). The K-matriz formalism verifies
the dimension—denominator relation (108) for all fundamental quasi-particles (114) in all Jain states (110), using
the full-braid parameter (Rem. 3.46): the torus ground state degeneracy equals the denominator of @ modulo 1.
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We prove this by the following Lemmas (esp. 3.54 and 3.55), recalling the relevant K-matrix predictions for
Jain states and deriving the formulas needed for the comparison.

Beyond the Jain states (110), we consider nonsingular symmetric two-component K-matrices with coprime
entries, including the Halperin regime specified in Ex. 3.58. Proposition 3.59 verifies the same numerical relation
for their fundamental quasi-particles. Example 3.57 explains why the dimension of a full multi-component state
space need not equal the denominator of the braiding angle of one component.

These comparisons establish agreement of the specified dimension and denominator formulas. They do not
identify irreducibility for a multi-component observable algebra with irreducibility upon restriction to one integer
Heisenberg group, nor do they extend Thm. 3.44 to all covariant representations.

We proceed to establish these results.

Remark 3.48 (Jain sequence of filling fractions). We recall that the Jain sequence ([136, 137, 138]) of FQH
filling fractions consists of those of the form
S L ,
2pn £1
It is filling fractions of this Jain form which currently dominate the experimentally observed situations and which
are generally expected to be thermodynamically robust, whereas non-Jain FQH states are generally expected to be
fragile.

n,p € N>q. (110)

For comparison with the Jain predictions, we recall two Abelian cases studied by interferometry:

Example 3.49 (Experimental full-braid phases). The interferometry results below are consistent with the
indicated full-braid phases e?™. We use the orientation convention of (180);  is specified modulo 1.

Filling fraction Full-braid parameter Interferometry

v=1/3 0=1/3 [192]
v=2/5 9=-2/5=3/5 [193]

In particular, [193] extracts the full-braid angle 6, = (—0.43 +£0.05) 27, consistent with —4 /5. This determines (2,
not the choice of exchange phase ¢ = +e™¢. Current-correlation experiments provide further evidence for fractional
statistics [18, 218, 107]; this should be distinguished from extracting a numerical braid phase. In particular, [107]
explicitly qualifies the quantitative connection between the measured correlations and a specific exchange phase.

Remark 3.50 (Braiding phases in the Jain sequence). For the positive Jain branch v = n/(2pn + 1), the
quasi-particle statistics parameter in [109, (3)] is (Zp(n - 1)+ 1)/(2pn + 1). The same paper uses the parameter
—2p/(2pn + 1) after separating off fermionic exchange statistics [109, (10)]. These differ by an integer and hence
give the same full-braid phase e?™  as relevant to (109) (cf. [138, §9.8]). '8

In the notation for both Jain branches, and with the braiding convention of (180), the fundamental quasi-particle

has n 2ps
v= eJain = —
2pn + s 2pn + s
We recover this formula directly from the Jain K-matrices below, in Lem. 3.55 with » = 1. For example, it
gives 1/3 modulo 1 at v = 1/3 and 3/5 = —2/5 modulo 1 at v = 2/5, agreeing with Ex. 3.49 in the stated
orientation. Reversing a braid conjugates its phase, replacing # by —6; this differs from an integer shift of the
statistics parameter.

The quasi-particle species matters independently of orientation. At v = 2/5, the matrix (112) is K = [3 3] with
Q = (1,1)t. The fundamental weight W = (1,0)! has charge magnitude e|Q* K ~*W| = ¢/5 and statistics parameter
WE!K='W = 3/5. A full electromagnetic flux insertion instead has weight W = @, charge magnitude 2¢/5, and
parameter Q'K ~1Q = 2/5. It is a composite of fundamental quasi-particles; its phase is not the fundamental
quasi-particle phase measured in [193].

The denominator comparison in Prop. 3.47 is insensitive to both integer shifts and orientation reversal. It uses
(111) for a fundamental quasi-particle; the weight W = @ instead describes the full multifundamental combination
(114).

18For earlier work on fractional statistics and filling fractions, see [257]. We do not use a universal identification of the braiding angle
with +v: a comparison must specify the quasi-particle species and the orientation convention for braiding.

(mod 1), p,n € N>y, se{+1,-1}. (111)
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Example 3.51 (Symmetric K-Matrix formulation for Jain states). FQH liquids at Jain filling fractions
v = 57 (110) are meant to be described in the K-matrix formalism (§ A.1.3, here in the “symmetric basis”) by
n x n K-matrices and an n-component charge vector @ of the following form (slightly generalizing [272, (5.9)][268,
(4.53)] to include the negative sign branch):

2pt1 2p 2p 2p 1
2p 2p+1 2p 2p 1
K = 2p 2p 2p+1 2p 7 Q= 1 (112)
2p 2p 2p  2p+1 1
H
enee K = 2pQQ" + 1. (113)

Moreover, the weight vector W for a “fundamental quasi-particle” is meant [268, p. 32] to have a single entry 1
and all other entries 0, while the “dominating” quasi-particle has a weight vector with all entries 1. Interpolating
between these two cases, and since the ordering of the fundamental quasi-particle species is irrelevant, we will

consider weight vectors: 1

1 | rth entry

Wl---r = 0

for 1 <r <mn. (114)
0
In this notation, the fundamental quasi-particle is Wy := Wi...1.

Lemma 3.52 (cf. [99, §2]). The inverse of the K-matriz (112) exists and is given by:

2p
— 2anQt . (115)

K1 = +I-
Proof. We make the ansatz: K —al + bQQt
and solve KK~ = I for a,b € R. The condition is that:
(£71+2pQQ")(al +bQQ") =1.
Observing that (QQ?)? = nQQ?, this is equivalent to the matrix equation
+al + (£b+ 2pa + 2pnb)QQ" = 1.

Taking a = £1 and b = —2p/(1 £ 2pn) makes the first coefficient equal to 1 and the second equal to 0, proving
the displayed inverse directly. This verification also applies when n = 1, where I and QQ! are not linearly
independent. O

A special case of the following result is claimed in [272, below (5.9)], but it is worth making this explicit:

Lemma 3.53. For the matrices in (112), the relation (178) for the filling fraction holds, in that:
n

thl — . 116
QK Q o L1 (116)
Proof. From (115), and observing that Q*Q = n, we obtain:
2 +n(l+2 — 2pn?
Q'K'Q = +n— P n? = n( pn) P _ n 7 (117)
1+2pn 1+ 2pn 2pn £ 1
as claimed. O

For completeness, we derive the familiar Jain torus degeneracy (179) directly from the symmetric K-matrix
(112); the formula is stated explicitly in [170, §II, following (2.4)]:

Lemma 3.54. The K-matriz ground state degeneracy (179) for the Jain state K-matriz (112) equals the denom-

inator of the Jain filling fraction, in that: ‘det(K)‘ o+ 1. (118)
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Proof. Using that determinants remain unchanged when adding one column to another, consider adding to the first
column all other columns. This makes all entries in the first column equal to 2pn 4+ 1. Therefore:

det(K) = (2pn 4 1) det(K"),
where K’ is like K except that all entries in its first column equal 1.
Using next that determinants are also unchanged when subtracting one row from another, consider subtracting

the first row of K’ from each of the other rows. This results in a matrix K" as shown in parentheses in the following
equation:

1 2p 2p 2p

0 £1 0 0

det(K) = (2pn + 1) det(K") = 2pn+1)det [0 0 1 0
(K) = (2pn+1)det(K") = (2pn £ 1) 0 0 0 -1

With K’ being upper triangular, its determinant equals the product of its diagonal entries and hence has unit
absolute value. This proves the claim. O

Next, we evaluate the braiding parameters for the weight vectors (114):

Lemma 3.55. The K-matriz braiding angles (180) corresponding to the weight vectors Wi..., (114) are, modulo Z
109):
( 09) 2p7,2
0, modl = F
teer 2pn £+ 1
Proof. Using that W{_ Wi..,, =r =W} _,Q and W..., = Q, we find from (115) and in generalization of (117):

20 5, Er(lx2pn)—2pr*  £r+2pr(n—r)

mod 1. (119)

Wi K "Wy = £r — = =
Lo ! LR —— 1+ 2pn 1+ 2pn
r+2pr(n—r) +r(2pn £+ 1) F 2pr? n 2pr?
= = = T .
2pn + 1 2pn + 1 2pn +1

This essentially completes the proof of the claim of Prop. 3.47; we just need to isolate which of the fractions in
(119) are actually reduced.

Proof of Prop. 3.47. By Lems. 3.54 and 3.55 the claim holds for all multifundamental quasi-particle species Wi...,
(114) for which the fraction in (119) is reduced, hence for which
ged (2pr2 2pn +£1) = 1
& ged(r?,2pn+£1) =1 (120)
& ged(r,2pn+1)=1.
This clearly subsumes the fundamental quasi-particle Wi...1, as claimed. (It also works for the full multicomponent

quasi-particle Wi...,,.) O

Remark 3.56. For each specified root ¢, Thm. 3.44 supplies extensions of the indicated Heisenberg representations
for both the pp and aa spin structures. The even numerator in (119) is not an existence criterion for these extensions:
that equation specifies an angle modulo 1, and a choice of representative fixes the sign of ¢ = ™, while ¢? is
independent of it. Comparison with a spin Chern-Simons theory requires matching the spin structure, quadratic
refinement, and scalar phases of a linear lift. Such spin-dependent modular data are available in [25, §5.6.1]; see
also § A.1.3.

Of course, it is easy to find K-matrix scenarios that violate the relation (108):

Example 3.57. K-matrix theory predicts that two FQH liquids of filling fraction 1/p, for p € N5, may inhabit
the same physical space without interacting, as such described by

K= (f)’ 2) . Q= G) . (121)

The predicted ground state degeneracy (179) would be |det(K)| = p?, while the braiding angles (180) of the
fundamental quasi-particles would have denominator just p.
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The dimension p? in (121) is the dimension of the tensor product of the two p-dimensional component Hilbert
spaces. Such a tensor product is irreducible for the product of the two component observable algebras when each
factor is irreducible. Thus its dimension does not contradict (108), which assumes an irreducible representation
of a single integer Heisenberg group. For example, restricting to the first component alone gives p copies of its
p-dimensional representation; this restriction does not describe the full two-component observable algebra.

For the following symmetric two-component matrices, the same numerical relation does hold when the entries
are coprime and the matrix is nonsingular. This is an arithmetic statement and does not assert that nonzero
coupling alone forces an indecomposable topological order.

Example 3.58 (Symmetric two-component K-matrices and the Halperin regime). Consider the following

family of symmetric two-component K-matrices and charge vectors, which includes the coprime Halperin cases (cf.
[272, p. 2299][92, §IV.A)):

_(p 1 1 p € Nxo, 1 € Z\ {0}
K—(l p>7 Q= (1> for {gcd(p,l)l, A2 (122)

The conventional homogeneous holomorphic Halperin (p,p,l) regime has p > I > 0, with p odd for fermionic
constituents and even for bosonic constituents. In the nonzero-coupling family displayed here this means p > 1 > 0.
In particular, the eigenvalues p£! are positive; the plasma analysis in [92, §IV.A, (14)] explains the phase-separation
instability for { > p. The following arithmetic result holds throughout the larger nonsingular family (122), without
requiring a homogeneous Halperin-wavefunction realization.

Proposition 3.59. For every symmetric two-component K-matriz and charge vector in (122), the torus ground
state degeneracy predicted by (179) coincides with the denominator of the full-braid parameter (109) computed from
(180) for either fundamental quasi-particle.
Proof. This is a straightforward computation: The ground state degeneracy (179) is:

|det(K)| = |p* — 7. (123)

Moreover, observing that the inverse K-matrix is

1 -1
-1 _ p
K p2—12<—l P)’

we find the braiding angle (180) of the fundamental quasi-particles W; (114) to be

tp—1 _ p
This fraction has nonzero denominator and is in lowest terms, since ged(p,p? — 12) = ged(p,12) = 1. Hence the
absolute value of its denominator equals [p? — (2], as claimed. O

3.5 On punctured surfaces

Here we derive the observables on 2-cohomotopically quantized topological flux over n-punctured surfaces, which in
practice will mean: Surfaces of conducting material where magnetic flux is ezpelled from (the vicinity of) n defects
(cf. Rem. 3.8).

Covariantization of these observables reveals an action of the surface’s n-braid group (cf. Prop. 2.24). We
determine here the action of the Artin half-twists supported in a disk containing the punctures. The puncture
contribution is the lattice Z" /Z(1,--- ,1): integer labels at the punctures, considered modulo a common shift. This
is the dual of the sum-zero lattice, and distinguishing these two integral forms of the standard representation is
essential for interpreting the resulting groups in terms of framed braids (140), as considered in §3.6.

The group calculations in this subsection use orientation-preserving diffeomorphisms. For a fixed spin structure,
their covariant versions are restricted to its stabilizer, as in Rem. 2.3. In §3.6-3.8 we choose the spin structure
extending across the punctures from the unique spin structure on the sphere or disk. Every oriented mapping class
in those calculations preserves this choice.

Lemma 3.60 (Homotopy type of compactified n-punctured surface). For n € N>, the one-point com-
pactification of the n-puncturing of a compact surface (possibly with boundary) Z;b (9) is homotopy equivalent to
the wedge sum (207) of that surface with (n — 1) circles:

(B om) ooy = Zop V VSt (124)

47



Proof. For n =1 the statement is immediate.

For n = 2 consider the topological space X obtained by attaching to E;b an interval with endpoints glued to two
distinct points s, s2 € E;b (the would-be positions of the punctures), hence consider this pushout of topological
spaces:

RGN 5

f ¢

1 (po)
e
D p— X

Moreover, consider another arc inside 22 1 connecting these two points
1 tint 2
D' —= X , — X.

Both of these arcs are evidently contractible sub-complexes of X, and so the quotient projections obtained by
identifying either arc with a single point are weak homotopy equivalences (cf. [122, p. 11]):

(125)

Now, as indicated in (125), the “external” quotient on the left
is evidently homeomorphic to the desired one-point compacti-
fication, while the “internal” quotient on the right is evidently
homeomorphic to the claimed wedge sum. This proves the
claim for n = 2.

The graphic on the right illustrates the situation for the case
g,b=0.

The general statement, including the case n > 2, follows analo-
gously by attaching further arcs in this fashion, cf. Fig. A. [

[11 "d ‘gg1] woy peydepe somders

E% \/‘S'1 = X/Lint

Figure A. There are several ways to attach arcs for n > 2 punctures in
the above proof of Lem. 3.60, all equivalent in the resulting homotopy
type. But for the analysis of braiding that follows in Thm. 3.64 it is
useful (cf. Fig. S) to single out one puncture v, and take the n — 1 arcs

to connect this one puncture to each of the n — 1 remaining ones.
The case g,b = 0 and n = 3 is illustrated on the right. i ]

With this result in hand, it is straightforward to compute the solitonic flux monodromy (20) through a punctured
surface:

Proposition 3.61 (Flux monodromy through punctured surface). For g,b € N and n € N5, we have an
isomorphism ) ) L
- (Mapo((Egbn)b{w}, S )) ~ m (Mapo(zg ) S )) x Zn1 (126)

Proof. We may compute as follows:

w1 (Mapg (2, vpers %)) = m(Mapy (22, V'V, 8, 57)) by (124)
= m (Mapj (22, 82) x I, Map* (S, 52)) by (208)
= (Mapj (52, 82)) x T,y i (Map* (7, 52))
= m(Map;(32,, 5%)) x I,y ma(5?) by (205),
whence the claim follows by 72 (52) ~ Z. O
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Remark 3.62 (Internal punctures and the rim of the sample).

(i)

(ii)

(iii)

In words, Prop. 3.61 may be understood as saying that the (monodromy of) solitonic flux on an n-punctured
surface, for n > 1, has (not n but) n—1 generators associated with n—1 of the punctures, while associated with
the remaining puncture is the solitonic flux of the surface itself, regarded as containing its point-at-infinity.

Below in Thm. 3.64 we give further analysis of this situation, showing that the Artin half-twists act on
the puncture factor by the dual integral standard representation of the symmetric group Sym,, (Def. 3.63
below), but first note that the discrepancy between n and n — 1 here has a clear physical meaning at least
for g = 0, recalling that the n-punctured sphere is homeomorphic to the (n — 1)-punctured plane, hence the
(n — 1)-punctured open disk 33, ~ R*\ {z1, -+, 2,1} (10):

We may think of the nth puncture as modeling the outer rim of the Tim va
slab of material that is represented by X2, and of the remaining n — 1 s

. . . . vi internal
punctures as the actual material defects as one will recognize them in punctures 2

the laboratory.

With this physical interpretation, the rim puncture is distinguished: motions of the internal defects preserve
it. The full mapping class group of the punctured sphere also allows permutations that move this puncture.
The examples in §3.7 and §3.8 first treat that full group and then describe the restriction preserving the rim.
A disk with its actual boundary fixed pointwise is the separate case of Prop. 3.67(ii).

Definition 3.63 (Standard representation and its integral lattices). For n > 2 the “standard” C-linear
representation of the symmetric group Sym,, is the n — 1-dimensional complex irrep classified by the partition
(n —1,1), hence by the Young diagram EFD L1 : this is the quotient of the defining n-dimensional permutation

representation by the trivial 1-dimensional representation (cf. [89, p. 9 & Ex. 4.6][149, Def. 2.5]).
More concretely, with respect to the canonical linear basis

C" ~ C{vy,va,- - 7vn>, (127)
e the defining permutation representation of Sym,, is given, for o € Sym,,, by o(v;) := v,(;), hence in terms
of the Artin generators (b;)"" (26) by
Vi1 | J=
bi(v;) = v | jmitl
vj | otherwise,
e the trivial 1-dimensional irrep inside this is
1~ C(ui+va+--+uv,) — C", (128)
=:t
e and the standard representation is:
-1
n-1 ~ C(v; —v,),_, — C", (129)

=l€;

with the adjacent transpositions acting on these basis vectors as follows (in the first line, 1 <i <n —1):

eiv1 | J=1
€; | otherwise
N _Je—ena | j<n—1
bnil(e']) o { —€n—1 | j =n-—1. (131)

The Z-span of these basis vectors is the sum-zero lattice
A, = {(al, S an) EZT Z?:l a; = O} = Ziey, - ,en_1).

We denote its action by st and call it the integral standard representation:
st : Sym,, — Autz(A4,-1),

st(a)(i:aivi) = zn:aivg(i).
i=1 i=1

(132)
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Hence over C we have a reduction of the defining Sym,,-representation explicitly like this:

t — v+ F o
€; — Vi — Up,
1®n-1 ~ cn. € Repe(Sym,,)
t*(€1+"r'1'+€n—1) “ o
e + t—(eit-ten—1) P Vicm

n

which also shows that over the integers we only have a monomorphism

7Z® Ay ——1L", € Repy(Sym,,) (133)
with image the subgroup of n-tuples whose sum is divisible by n.

The dual integral standard representation, denoted stV is
stV : Sym, — Autz(AY_,),
(st¥(o)p)(z) = w(st(a_l)x).
Here st is defined in (132), and the dual lattice is
AY | = Homg(A, 1,Z) ~ Z")Z(1,--- ,1).

Here the isomorphism is induced by the map from Z" sending (a1, ,a,) to the functional z — >_"" | a;x; on
A, _1. This map is surjective since the values on e; = v; — v,, can be prescribed arbitrarily, and its kernel consists

exactly of the constant tuples. The permutation action on the quotient agrees with the dual action (134). In

particular, the evaluation coordinates on this dual lattice are
AY ~ Y/

n—1

[(alv"' 70‘71)] L (qlv"' 7Qn71) = (al_anv"' 7an71_an)~
Under st¥ (134), the adjacent transposition b; exchanges ¢; and ¢; 41 for i < n — 1, while the last one acts by

(134)

Stv(bn—l)((hy e 7qn—1) = (QI —Qqn—-15""" ,qn—-2 — 4n-1, _Qn—l) .
These are formulas for the values of a functional on the basis e;; (130) and (131) instead give the images of the
basis vectors themselves.
The two lattices have isomorphic complexifications, but for n > 3 they are not isomorphic as integral Sym,,-
representations. For example, their coinvariants (the quotients by all elements oz — x) are

(An-1)sym, = 0, (Aq\z/—l)Symn ~ Z/nZ (n>3).
Indeed, all differences v; —v; with ¢ # j have the same class in the first quotient, and (v1 —vs) + (v2 —v3) = v1 —v3

forces this class to vanish. In the second quotient all v; have the same class, with the sole remaining relation
nlv1] = 0. For n = 2, both lattices carry the sign representation; for n = 1, we set Ag = Ay = 0.

Now, the main result of this section:

Theorem 3.64 (Braid group action on flux monodromy over punctured surface). For n > 1, choose a
disk in E;b containing all punctures and use arcs in this disk for the decomposition (126). The action (46) of the
Artin half-twists b; € Brn(E;b) — MCG(ZE bn) (40), represented by diffeomorphisms supported in this disk, is via
the dual integral standard representation st¥ (134) on the puncture factor

znt ~ AY |~ Z'Z(1,--- 1)
and the identity on the unpunctured-surface factor. In particular, this action of the disk braid group factors through
Sym,, .

Proof. See Fig. S for an illustration of the following analysis.

We may, without restriction, assume the punctures to jointly sit within an open disk inside the surface,
{vi,---v,} C D? C E?;,b' Then the one-point compactification (237b,n)u{oo} may be obtained by enlarging each
puncture to a little missing open disk, erecting a little cone (horn) over the boundary of this disk, and making
these cones bend over to make (just) their tips touch — this joint tip is the point co. Let then

l; € mo Map* (Sl’ (Eg,b,n)U{OO}) = ’/Tl((zgz],b,n)U{oo}) ) i€ {1, = 1} (135)
denote the homotopy class of a loop that starts at co, runs down through the ith cone and back through the nth
cone



This is also illustrated by the dashed arrows in the top panel of Fig. S, which, for graphical convenience, shows not
the cones themselves, but the arcs whose contraction to {oo} produces the cones, according to the proof of Lem.
3.60.
Now consider a based map f : (E;b’n)u{oo} — OS2, representing a class
] € mMap™((Z5n)uo0p 5%) 5 w0 Map™ (5,0 uo0 257)
with its homotopy class decomposed, according to Prop. 3.61, as

o Map*((Ez bn) U{oc}s Q8% ~ moMap* (22 o0 Q 52) x I1,,_1 mo Map* (S*, Q5?) (136)
[f] — ([f] (qla"' aQn—l))
where the integer classes ¢; := [f«¥;] € Z come from the restriction of f to these loops ¢; (135):
7o Map® (5, (£2,,,)uoe}) —=—> mo Map* (S, Q5?) =~ Z (137)

We need to determine the effect on these components of precomposition with a diffeomorphism of Zg,b,n rep-
resenting the mapping class of the ith Artin generator b; (25). This diffeo may be chosen such that its unique
continuous extension to the one-point compactification,

bi € moMap™ (X2, ) ugoo}> (X4 0)ugoo}) »
restricts for each j € {1,---,n} to a homeomorphism from the jth cone onto the o(j)th cone, where o is the
permutation underlying the Artin generator. Then direct inspection (illustrated in Fig. S) shows

e for i <mn — 1 that

mo Map™ (S*, (E;b,n)u{m}) biey mo Map™ (S, (32 ,,,) i{oc}) LI mo Map® (S*, Q5?)

biv1 | j=1 Git1 | j=1 (138)
fj — gz |j:Z+1 '—) q; |j:l+1 s
lpolt:rg ¢; | otherwise (157) ¢; | otherwise
e for i =mn —1 that
* b'i* * f* *
mo Map™ (S*, (32, ) ufoc}) ——> mo Map™ (S, (22, ) u{oc}) ————> mo Map™ (S*, Q5?)
Elloéj\]<n—1 G —qn-1 | j<n-—1 (139)
¢ — L —
right of gnfl ‘ j =n—-1 (137) —Qn_1 | _7 =n—-1

Fig. S

These formulas describe the action on the integer values g;, hence on functionals on the puncture-loop lattice. More
precisely, identify the abelianized puncture loops [¢;] with the basis e; = v; — v, of A,,_1. A tuple (¢1, - ,¢n-1)
specifies the functional ¢ € AY_; with ¢(e;) = ¢;. The transformations (138) and (139) are exactly the dual action
st¥ (134): for an adjacent transposition, its inverse is itself, so by (132) we have post(b;) = stV (b;). This identifies
the puncture contribution with AY_; ~Z"/Z(1,--- ,1).

To see also that the first component is unchanged7 let P:= {vy, - ,v,} and write

- E;b — Ez,b/P =~ (Eg,b,n)u{oo}
for the quotient map Under the decomposition (136), the unpunctured-surface component is [f] [f on], with v,

as basepoint on X2 9b If h; represents b; on 22 o and h; is its induced map on the quotient, then h;om = woh;. After
forgetting the punctures h; is isotopic to the identity: its mapping class is the trivial image under the composite

Br, (zg’b)»MCG(Z;Z,,H)%MCG(E;I}) )

This is also the exactness assertion in the generalized Birman sequence (39). Consequently, f o h; o7 and f o
are freely homotopic. Since 252 is a connected H-space, the action of its fundamental group on based homotopy
classes is trivial, so their based homotopy classes agree as well [122, Prop. 4A.2 & Ex. 4A.3].

Altogether, using stV (134), the action on the components (136) is

bt () (g auen) = (U st¥ B @ gum))
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The calculation concerns the Artin half-twists in the chosen disk; additional surface-braid generators, such as
motions around handles, are not included in this assertion. O

Figure S — Effect of braiding on compactification of punctured surface — proof of Thm. 3.64.

Using that the homotopy type of the 1-point compactification (E; b n)U{oo} of a punctured surface is

obtained by attaching, for all j < m, an arc from the jth to the nth puncture (cf. the proof of Lem.
3.60), the above graphic shows the effect of the Artin generator (26) mapping classes b; € Brn(Ei ) —

MCG (23 b.,) ON these arcs — and on the indicated generators ¢; € my ((Eg bon)U{oo}s o0) obtained after

contracting the arcs to {co} — making manifest that the induced action on the integer evaluations
qj = [f+¢;] is the dual integral standard representation stV (134) of the symmetric group Sym,,.

3.6 On punctured disks

We now apply Thm. 3.64 to punctured disks and spheres. To describe the resulting groups, we distinguish the
sum-zero framing lattice A, _1 from the quotient lattice
Qn-1 == A, ~ Z")Z(1,---,1).

Their permutation actions are st (132) and st¥ (134), respectively. It is the latter lattice that occurs in the flux
monodromy.

Definition 3.65 (Framed braids and algebraic framing groups [179][156], cf. [159, §3.2]). For a surface X2,
define the algebraic framing group by the permutation action of Br, (X2) — Sym,, (23):

FBr8(%?) := Z1Br,(X?) ~ Z" x4ef Brn(2?). (140)

On the disk, a choice of trivialization of the tangent bundle identifies this with the usual framed or ribbon braid
group, denoted FBr, := FBr*5(D?) ~ Z" xge Bry.
Each integer records a full twist of one ribbon, as in Fig. FL; the closure is a framed link.

For a general closed surface, (140) is an algebraic construction. Geometric framed surface braids are instead
defined using configurations of nonzero tangent vectors, and the resulting framing extension need not split [23, Def.
1 & Thm. 5]. Already for a single strand on the sphere, the geometric group is 71 (US?) ~ 71 (SO(3)) =~ Zs, where
US? denotes the unit tangent bundle, whereas FBr?'®(S2) ~ Z.

The quotient framing lattice and the sum-zero lattice enter two different exact sequences:
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Lemma 3.66 (Framing quotients and sum-zero subgroups). Forn > 1, let H be a group equipped with a
homomorphism H — Sym,,, and put 1 := (1,---,1) € Z™. Then we have a central exact sequence

122" Mget HS Qy xgv H— 1
k—s (k1,1p) (141)

(a,h) ——— ([a], h).
Thus its quotient identifies framing tuples that differ by a common integer shift. There is also an exact sequence of
Sym,,-modules (with trivial action on the last term)

0—A,_1 s Qn_1 —§>> Z/nZ —0

a ——> [a]

(142)
n
[b] — Zbi mod n.
i=1
Here j intertwines st (132) with stV (134).
For comparison, the sum-zero lattice itself gives the following subgroup inclusions, using st (132):
o with vanishing with total framing with arbitrary
fz'ﬁdb{l"\b% total framing divisible by n total framing
O
D
Ao® Z" ' x, Br, (%) &—— Z x (Z"7! x,, Br,,(£?)) & Z" x, Br,(2?) = FBr?#(x?)
& standard rep standard rep defining rep (143)
€; — €; — Vi — Up
t — U]+ Uy
bi — bi — bi

These inclusions concern An_1; the quotient in (141) instead uses Qn—1 and st¥ (134).

)
Proof. Since H permutes coordinates, it fixes 1, so 6(Z) is central. The map p is a surjective homomorphism with
precisely this kernel, proving (141).

In (142), the map 7 is injective since A, _; NZ1 = 0. The map ¥ is well-defined because replacing a by a + k1
changes its coordinate sum by nk. It is surjective, and if ), a; = nk, then a — k1 € A,,_; represents the same class
in Q,_1. This proves exactness. Both maps commute with coordinate permutations.

Finally, the inclusions (143) follow from (133): the first lattice is A,_1, and the image of Z® A,,_1 in Z™ consists
of the tuples whose sum is divisible by n. O

Proposition 3.67 (2-Cohomotopical covariant flux monodromy on punctured disks). Equip the punctured
sphere or disk with the spin structure extending across the punctures from the sphere or disk. For n > 1, put
H, = MCG(Z%7O7n). The 2-Cohomotopical covariant fluz monodromy is as follows:

(i) On the n-punctured sphere, it is the product of the unpunctured-sphere contribution with the semidirect
product for stV (134):

Gt = my (Mapj ((Z30,0)ugeey 5) J DI (53,,,) )
~ 7 x (Qne1 Xsv Hy).
The first Z is the factor w3(S?).
(ii) On the n-punctured closed disk, it is the quotient of the usual framed braid group by the simultaneous unit
framing shift: disk PP 9 .0 (2
G, = m (Mapo((zo,l,n)J{oo}7 5%) / Diff ™ (20,1,n)>
= anl NtV Brn (145)
FBr, /((1,1)).

The action here is again (134); the element (1,1) changes every framing by one and has trivial underlying
braid.

(144)

12
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For the spherical mapping class group, the small cases and the spherical braid description are

1 | n=
H, = § Zs | n=2
Br,(S%)/(rot) | n>3.
In the last line, rot is the central full rotation of order two from (42); it induces the trivial permutation and hence

acts trivially on Qn—1. In particular,

G ~Z, GPoZx(Zx_1Zy),  GIk=1,
Proof. The constant map is fixed by every diffeomorphism of the punctured surface. It therefore gives a section
of the homotopy-quotient fibration over BDiff+’a(Z(2),b7n). Its homotopy exact sequence consequently yields a split

extension of the flux-monodromy group by 7T0Diﬂ‘+’a(2(2)’b’n) = MCG(Zg’b’n). This argument also applies for
n = 1,2; it does not require the identity component of the diffeomorphism group to be contractible.
For b € {0,1}, we thus have

1 (Mapj (53,5, ugoe) 52) / DUFF? (52, )

~ (Mapg‘ ((Eg,b,n)U{oo}v 52)) X MCG(Z%@”) by the fixed constant map (146)
146

¢

(m (MapS(Eab,SQ)) x QH) xMCG(S2, ) by (126)

1R

st (Maps (2(2)71)’52)) X (Qn—l HgtV MCG(E%7b7n)> by Thm. 3.64 .

Here stV is (134). For these genus-zero surfaces, the mapping class group is generated by the Artin half-twists from
a disk containing the punctures, so the cited theorem determines its entire action.

For b = 1, the surface 2(2)71 = D? is contractible, so the first factor in (146) is trivial. Its mapping class group
with n punctures is Br,,, and (141) gives (145).

For b = 0, the first factor is m Mapg (52, S?) ~ m3(S?) ~ Z, giving (144). The descriptions of H, follow from
(43) and (42), with H; = 1 and Hs = Sym, treated separately. For n = 2, the dual integral standard representation
is the sign action on Q1 ~ 7Z; for n =1, @y = 0. O

3.7 On the open annulus
On the open annulus 23’0’27 hence on the 2-punctured sphere (10), choose the spin structure extending across both
punctures. Prop. 3.67 gives the covariantized flux monodromy group

Zx (Q1 ., Symy) ~ Zx (Zx_1Zs). (147)

Here Q1 = Z?/Z(1,1) ~ Z, and the dual integral standard representation st¥ (134) is the sign action. The
nontrivial mapping class interchanges the two punctures, hence the two ends of the open annulus. The corresponding
semidirect product is the infinite dihedral group:

7, X Z2 ~ {(n, Smod2) € Z X Z2 y (Tl, 51110(‘12) . (TL/, S/mon) = (’I’L + (—l)sn’, (S + S/)mon)} . (148)

Lemma 3.68 (Finite-dimensional unitary irreps over the open annulus). The finite-dimensional irreducible
unitary representations of Z x_1 Zs (148) are, up to unitary isomorphism, the four 1-dimensional representations

Xit © (n, Smod2) —> 1

v e (149
X—+ (n, Smod2) —  eTin

X—— : (n, smod2) — emi(n+s)

and, for A € U(1)\ {+1, -1}, the 2-dimensional representations
px 1 Z % Zy — U(C?)

AL 0
(17 OmodZ) — Dy = |: 0 /\:l (150)
(O, 1 mod 2) — X = |:(1) (1]:| .
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Here py ~ px precisely when X' € {\,A71}.
Every finite-dimensional irreducible unitary representation of the full group (147) is uniquely obtained by choos-
ing one of these irreps p, up to the stated equivalence, and a phase n € U(1), and setting

7, X (Z XN_1 Zg) _—> U(HP)

151
(m, (n, 81110(12)) — " p(n, Smod 2) . ( )

Proof. Write 7 = (1,0mod2) and s = (0, 1mod2) for the generators of (148), so that s> = 1 and srs = r~1. In a
finite-dimensional unitary irrep, choose a unit eigenvector v of p(r) with eigenvalue A=! € U(1). Then p(s)v is an
eigenvector with eigenvalue A, and the span of v and p(s)v is invariant under both generators. By irreducibility
this is the whole representation space.

If A # A1, these two unit eigenvectors are orthogonal, and on this basis the generators act as in (150).
Conversely, the two distinct eigenspaces of D, are interchanged by X, so these representations are irreducible.
Their spectra on r show that the only possible equivalence of parameters is A <+ A~!, which is implemented by X.

If A = A71, then p(r) = +id on the above span. An eigenvector of the unitary involution p(s) spans an invariant
line, which by irreducibility is the whole representation. The two independent sign choices give (149).

Finally, in an irrep of (147), the generator of the central Z-factor acts by a scalar n € U(1), by Schur’s lemma.
The restriction to the dihedral factor is therefore irreducible, giving (151) and its uniqueness. O

In particular, for any o € Ny, the irreps that factor through the finite dihedral quotient
LZoX Ly ————> Ty X1
’ °on (152)
(Tl,Smod?) — (Tlmodo, Smon)
are exactly those for which p(r)° =id. Thus (149) gives X1+ and X4 _ for every o, and also X_; and x__ when o
is even. The 2-dimensional irreps are (150) with

27riE k
A=e"o ke{l,--, |[(o—1)/2]}, Dy = R.(47%).
The parameter n in (151) remains independent of this finite-quotient condition on the dihedral factor. In par-
ticular, the two puncture classes in (1 sum to zero, so their operators are inverses; their product is the identity,
independently of the character of the Hopf Z-factor.

If one end is distinguished as the outer rim and must be preserved, the end-interchanging mapping class is
excluded. The mapping class group of the open annulus preserving each end is trivial, so the covariant flux
monodromy reduces to Z x Q1 ~ Z2 and its finite-dimensional unitary irreps are all one-dimensional. Thus the
two-dimensional sectors above use the symmetry interchanging the two ends.

3.8 On the 2-punctured disk

We now specialize §3.6 to the 2-punctured open disk, hence to the 3-punctured sphere (cf. Rem. 3.62). We first
allow all permutations of the three punctures. For the spin structure extending over the sphere, the full mapping
class group is Symyg, acting on the puncture lattice by st¥ (134). This yields irreducible unitary representations of
dimensions 1, 2, 3, and 6, as follows. The restriction preserving the rim puncture is described at the end of this
subsection.

Example 3.69 (Flux monodromy over the 3-punctured sphere). Prop. 3.67, with (43), gives the group

T (Mapé((23,0,2+1)J{oo}7 52) /Diﬁ+’a(zg,o,z+1)> ~ Zx (Q2 H v Sym3) =: Gs. (153)

Here Q2 = Z3/7(1,1,1), with Sym, permuting the classes [v1], [v2], [vs], subject to [v1] + [ve] + [vs] = 0. By (141),
the puncture factor Q2 x Symy is the quotient of Z3 x Sym, by the common framing shift. The first Z-factor in
(153) is independently the Hopf factor m3(S?).

Proposition 3.70 (Finite-dimensional unitary irreps over the 3-punctured sphere). The unitary char-
acters of Q2 are parametrized by

C/2\2 ~ {Z = (21,22,23) € U(1)? ‘ 212023 = 1}.

Explicitly, the corresponding characters are

[(a1,a2,a3)} — 227250
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Choose one representative z of each Symg-orbit under permutation of coordinates, and write Hy, for its stabilizer.
The finite-dimensional irreducible unitary representations of Gs (153) are, up to unitary isomorphism,

m 2XSym
pn,z7o(mag) =1 Ind8221}; 3(Xz®0)(g)' (155)

Here n € U(1), and o runs over the irreducible unitary representations of H,; the representation being induced is
(g, h) = xz(q)a(h). For the chosen orbit representatives, these parameters are unique up to unitary equivalence of
o. Their dimensions are given by

z H,  [Symy: H,| dim(pyz.0)

(2,2,2), 22 =1 Symg 1 1,1,2 (156)
(2,2,272), 23 #1 Sym, 3 3,3

three distinct coordinates {1} 6 6

In the last column, each entry lists the dimensions obtained from the inequivalent irreps of the indicated stabilizer,
for fized n and fixed orbit of z.

Proof. A character of Z® descends to @y precisely when it is trivial on (1,1,1), giving (154). For h € H,, the
identity x5(hq) = xz(q) makes (q,h) — xz(q)o(h) a representation of Qo X H,.

Now the Mackey algorithm (Prop. A.17) gives (155). Explicitly, in a finite-dimensional unitary representation
the commuting operators from )2 admit a simultaneous orthogonal decomposition into character spaces. The
symmetric group permutes these spaces, and irreducibility forces their characters to form a single orbit. The
stabilizer acts irreducibly on any one character space, and induction reconstructs the representation from this
action. Conversely, inducing an irreducible stabilizer representation in this way is irreducible: every invariant
subspace decomposes into character spaces, its intersection with one such space is stabilizer-invariant, and the
symmetric group acts transitively on them. The independent central Z acts by m — 1™, by Schur’s lemma.

The stabilizers are Symg, Sym,, or the trivial group according as the three coordinates are all equal, exactly
two are equal, or all are distinct. Multiplying their irreducible representation dimensions by the corresponding
orbit sizes gives (156). O

For example, if w = ¢>™/3, then z = (1,w,w?) has trivial stabilizer and yields a 6-dimensional irrep. Its Qo %
Symgs-representation already factors through the finite quotient (Q2/3Q2) % Syms. Thus even among representations
of finite quotients, the 2-dimensional standard representation of Syms does not exhaust the irreducibles of dimension
greater than one.

The 2-dimensional irreps in (156) have a particularly simple description. Write ¢ for the generator of the Hopf
Z-factor, and use [v;] and s € Symg also for their canonical inclusions in Gs. For n € U(1) and ¢ € U(1) with

3 =1, these irreps are
¢ P P+ L% (QQ Xy Symg) — U(C?)

t —  nid (157)
[vi] s €id (i=1,2,3)
S — U(S) s

where U is the unitarization of the standard representation 2 of Sym,. The condition &3 = 1 is exactly the relation
[v1] + [v2] + [vs] = 0; the Hopf phase 7 is independent of £&. For £ = 1, (157) factors through the projection
G3 — 7 x Symg.

Proposition 3.71 (Unitarization of the standard representation of Sym,). The standard irrep 2 of Symy
(Def. 3.63) admits an orthonormal basis in which the generating permutations, written in one-line notation, act by
the following matrices:

(i) The Pauli Z-matriz:

(i) A rotation matriz (cf. [196, (4.4-6)])

U(231) = R,(87/3) = —R,(21/3) = E?s((jyg)) Czlslzgé%?;)] = - {\}52 1//52/ 2]. (158)

Proof. The defining representation on C? ~ Spang(v1, v2,v3) (127) is evidently unitary with respect to the canonical

inner product (v;lv;) = d;;, but the basis (el ‘= v — V3, €3 = Vg — 1)3), from (129), for the standard sub-
representation 2, is not orthonormal with respect to this inner product. One choice of orthonormal basis for this
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(1)] = %(U1+02—21}3), [(1)] = %(vl—vg).

A straightforward computation shows that on this basis the permutations (213) and (231) act as claimed. O

subspace is given by {

Remark 3.72 (Finite projective image). Writing C' := U(231) in (158), the displayed matrices satisfy
Z?=C%=1id, ZCZ=C"1.

They generate the six distinct matrices C7Z¢, for j € {0,1,2} and € € {0, 1}, giving a faithful copy of Sym,. None

of its nonidentity elements is scalar. Hence the projective image of every irrep (157) is also Symg: both the Hopf

factor and the puncture lattice act by scalar phases. These phases do not supply a relative phase between the two
basis states. In particular, these representations by themselves do not provide a universal set of single-qubit gates.

Preserving the outer rim. If v3 represents the outer rim, the permitted mapping classes lie in its stabilizer
Sym, = ((213)) in Symg, where we retain the one-line permutation notation. The corresponding subgroup of (153)

. Gg’rim = 7 X (Qg X v Symz) C Gs.

The representations (157) restrict reducibly to this subgroup: the Hopf factor and @2 still act by scalars, while
2|sym, ~ 1@sgn. In the basis of Prop. 3.71, the two coordinate lines are invariant and the internal-defect exchange
acts by Z. The three-cycle represented by U(231) moves v and hence does not preserve the rim. Thus the
projective image of these restricted representations is {[id], [Z]}.

Other two-dimensional irreps of G's vim can occur: a character of Q)2 not fixed by the transposition has an orbit
of size two and induces an irreducible representation. More generally, the same character-space argument as above
shows that the irreducible dimensions for this subgroup are 1 and 2. For an actual closed disk with two internal
punctures and boundary fixed pointwise, Prop. 3.67 (ii) instead gives Q1 X Bry. This is a different surface and
boundary condition; its braid-group factor is retained, rather than replaced by its permutation image.
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4 Conclusion & Outlook

Seeking further theoretical understanding of topological quantum order, specifically in experimentally promising
FQH systems, we analyzed a novel non-Lagrangian description of FQH anyons, arising by taking seriously the fact
that these are bound states of surplus flur quanta seen against the backdrop of an exact rational filling fraction.
This suggests that effective exotic surplus flux quantization may go to the heart of the nature of FQH anyons. We
began by recalling motivation for such surplus flux quantization in the nonabelian cohomology theory known as 2-
Cohomotopy, a deformation of standard Dirac flux quantization, and then provided a thorough algebro-topological
and representation-theoretic analysis of the topological quantum order predicted thereby.

At the heart of this analysis is the proof that the monodromy of 2-cohomotopical flux:

(1)

(ii)

on the plane witnesses abelian anyon braiding, in fact reproduces abelian Chern-Simons Wilson loop quan-
tum observables, directly equipped with their traditional renormalization choices (which the CS-Lagrangian
alone does not provide, cf. [237]),

on the torus witnesses in addition the integer Heisenberg group algebra of torus anyon observables, including
their modular equivariance depending on the choice of spin structure, and enforcing in superselection sectors
the quantization of the braiding phase to a root of unity (cf. § 3.4).

This shows that in familiar situations and for abelian anyons, surplus flux quantization in 2-Cohomotopy matches
in fine detail the expected properties of abelian anyons seen in experiment and via effective abelian Chern-Simons

theory.

But 2-Cohomotopical flux quantization also makes predictions in further situations that have not been described
by other means:

(i)

(ii)

(iii)

The same general covariance that on the torus implies the expected modular data predicts on punctured
surfaces the monodromy action of nonabelian braid groups describing the braiding of defect anyons attached
to the punctures. Physically the punctures here describe defects where (surplus) flux is expelled, suggesting
that doping FQH liquids by superconducting islands may be a route towards stable nonabelian anyons in
FQH systems (cf. Fig. D).

This prediction is further discussed in [238].

The same 2-sphere coefficient that we have analyzed here as classifying exotic effective surplus FQH flux
quantization appears naturally as the (Bloch sphere) coefficient of Bloch Hamiltonians in 2-band Fractional
Quantum Anomalous Hall systems (FQAH). Indeed, under position/momentum space duality the discussion
of FQH systems here maps to an analogous discussion of FQAH systems, where it first of all predicts a
novel route towards realizing (abelian) anyons in fractional Chern insulators, in the guise of Hopf solitons
in the Bloch Hamiltonian, localized in momentum space (cf. Ex. 3.5).

This prediction is further discussed in [235].

With the mapping space to the 2-sphere thus understood as the space of (spectrally flattened) Bloch
Hamiltonians in 2-band fractional Chern insulators, one may consider imposing further natural physical
conditions. One such condition is a bound on the averaged quantum metric, reflecting that deformations of
realistic systems will not explore the full abstract space of Bloch Hamiltonians. We find that with such a
constraint imposed, the situation in item (ii) decomposes effectively into a cyclic layer of |C| FQH bands
(C the system’s Chern class), permuted under lattice translation, just as previously argued by [212, §I][15,
§2] but now exhibiting nonabelian anyonic topological order.

This prediction will be further discussed in [110].

These results support the suggestion that the non-Lagrangian 2-cohomotopical quantization of surplus FQH
flux may be a valuable theoretical alternative for the description and understanding of anyonic topological order
in fractional quantum (anomalous) Hall systems, especially in the search for new experimental pathways to stable
nonabelian anyons desired for serious application in quantum computing technologies.
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A Background

Here we briefly recall and cite some background material referred to in the main text:

§A.1 — Effective CS for FQH

§A.2 — Some category theory

§A.3 — Some algebraic topology
§A.4 — Surfaces & 2-Cohomotopy
§A.5 — Some representation theory

§A.6 — Quadratic Gauss sums

A.1 Effective CS for FQH

We recall effective Chern-Simons descriptions of FQH systems, distinguishing their local response formulas, global
quantum theories, and phenomenological interpretation. In particular, their ground-state monodromy representa-
tions are part of the comparison with our construction.

A.1.1 Traditional Effective Chern-Simons for FQH systems at unit-fraction fillings

The traditional ansatz for an effective field theory description of fractional quantum Hall systems at unit-fraction
filling v = 1/K postulates that the effective field is a 1-form potential a for the electric current density 2-form J
(“statistical gauge field”), itself minimally coupled to the quasi-hole current j, and with effective dynamics encoded
by the level = k = K/2 Chern-Simons (CS) Lagrangian [287][268]:

>ctor
_vec
cent L form
cur? ex \,O\\nuh fo

Electron ‘cu}'rent J = jJ dvol =: da Effective gauge field
density 2-form
i- ticl t e
e e ™ 3 = j 4 dvol (159)
Backg'rm{nc} flux FF = dA External gauge field
density 2-form
Effective Lagrangian . K _ _ . ] ]
density 3tomm L= a\cl@ Ada —aj [268, (2.11)], cf. [269, (7.3.10)]
cs(a) AT
This is motivated by observing that the Euler-Lagrange equations of this L,
5L . .
=0 e J=gx(F+i), (160)

in the relevant case of longitudinal electron current and static quasi-particles
J = Jydady — J,dtdy
j = jodzdy (161)
F = Bdxdy — E,dtdy

express just the hallmark properties of the FQHE at filling fraction v = 1/K:

J. = +%E, <4 Hall conductivity law at 1/K filling
(160) <« Jo = % B <& each electron absorbs K flux quanta, but (162)
+% Jo 1/Kth surplus electron for each quasi-particle.

Proceeding from this Lagrangian density, it is furthermore traditional (cf. [278, p. 35][261, p. 159]) to consider
“integrating out” the effective gauge field a (159), by solving its equations of motion (160) in the case j = 0, which

is
J=%F , (163)
locally via
Y a:= %A, (164)
and plugging this expression for a back into the Lagrangian density (159) to obtain:
Tor e s g L= Ljjmo, = —ggAdA, (165)
a=A/K
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Expression (165) gives the local Hall response. It does not replace the full theory globally: for a general
background connection A, division by K in (164) need not define a connection on a line bundle. As emphasized in
[278, p. 35], the dynamical field @ must then be retained to describe the topological sectors and fractionally charged
excitations.

Setting the external probe A = 0 and omitting source insertions j instead isolates the intrinsic Chern-Simons
sector ([278, p. 50][261, p. 160]):

i -Ir}tri}qsi.c.CS sectf)r ' n._ 1, o =
for anyonic flux quanta J
‘A=0
The action associated with (166) is globally defined with the appropriate level quantization and, for odd K, spin
structure. This specialization permits computing intrinsic ground-state and braiding data; the coupling to A is
retained when computing electromagnetic response.

Kada. (166)

A.1.2 A background choice for surplus flux

To relate the effective fields to surplus flux, we now make a restricted background choice within ordinary integral
cohomology. This is a choice of variables and background, rather than a prerequisite for the existence of the
quantum Chern-Simons theory (cf. also [279]).

For smooth field configurations solving (160), the corresponding necessary conditions on flux classes are:

(i) [J] must be integral — the number of electrons,

(ii) [F+ 7] must be integrally divisible by K — this characterizes the number of quasi-particles (whose presence
reflects the failure of each electron to be bound to K flux quanta).

For j = 0, suppose that the background connection A is supplied with a Kth root apnq. At the level of curvatures

this gives
15 BIVes F = KJpma (167)
(read: K flux quanta per number of bound electrons, the defining property of exact filling fraction v = 1/K), for

Jpnd a flux density with local potential
Jond = dapnd

168
A= Kabnd ) ( )

with the integral flux classes satisfying:
g ymg [and] c H2(—;Z)
[F] = K[Jond] -
This restricts the background to one with a chosen root; it is not a condition imposed on every electromagnetic
probe of the theory. On this background, (165) becomes:
L/ = —ﬁA dA = —%abnd dabnd 5 (170)
which has the usual integral or spin Chern-Simons level quantization.
Before integrating out a, the chosen root permits completing the square in the parent Lagrangian (159):

(169)

L= %adafKabnddafaj

~ K (a— apna) d(a — apna) — 5 apna dapna — aj an)
171

K : K :
(?asur dasur - asur]) - <7abnd dabnd + abnd]) ’

Layn Lpcxg

« 79

where “>~" means equality up to boundary terms, and where agy, := a — apnq is the potential for the number of
surplus electrons, hence where we have split

J = and + Jsur
a = Gpnd + Asur »

where, for smooth fields, a, apnq, and ag, are connections on line bundles. Against this fixed background, the
equation of motion (160) reads: .
(160) o = 17 (173)

For smooth integral flux classes this imposes a global compatibility condition on the total source class [j]. It does
not prohibit individual anyon insertions: a Wilson line is a defect, and the associated gauge field is considered on
its complement with prescribed holonomy. Conditions on total charge on a closed surface must be distinguished

(172)
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from the existence of a local anyon species (cf. [278, §3.1]). The dynamical and background terms are:

Ldyn = %asur dasur - asurj (1743)
Lbckg = 5 apna dapnd + abnaj (174b)
L~ Ldyn — Lbckg . (174(‘,)

When j here is taken to be the distributional current concentrated on a knot/link, the path integral for the
dynamical Lagrangian (174a) computes (after the usual renormalization choices, cf. [237, §2.2]) the Wilson loop
observable of this link, which expresses the corresponding anyon braiding phase.

We learn here that:

With the chosen background root, the dynamical field may be written as the surplus current potential as,, =
@ — appq in (174). This is the background-dependent rewriting of the original effective field a that motivates
our comparison with surplus flux quantization.

This finally relates to our conceptual starting point (5), where Lagrangian Chern-Simons theory for surplus flux
quanta is replaced by surplus flux quantization in 2-Cohomotopy.

A.1.3 Hierarchical K-Matrix Chern-Simons for FQH at other filling fractions

The argument for the effective Lagrangian (159), which applies only to unit-fraction fillings ¥ = 1/k, has been
generalized ([32][272], review in [268, §2.1][269, §7.3.3][261, (5.31)]) by appeal to the hierarchical picture of FQH
quasi-particles [117][118], which envisions that the quasi-particles appearing at some unit-fraction filling 1/K;
experience a secondary Ko-fractional quantum Hall effect, now with respect not to the actual magnetic gauge field
but the effective gauge field a(!) := a (159).

Repeating the above assumptions (159) on effective FQH fields, this picture motivates the introduction of a
secondary effective gauge field a(?), for the quasi-particle current j, with its own Chern-Simons dynamics, and hence
the generalization of the Lagrangian density (159) to ([268, p. 11][269, p. 300]):

L= 5 0 3q6® — 4da® — ¢ qa@ + Kz 4(2) 34 (175)
2 N—— N—— —— 2 < _
CS(a(M) AJ aj CS(a@)
~ Kjj %a(i) da) — Q; Ada® , (176)

where ~ denotes equality modulo a total derivative: the density in (175) equals the expression in (176) plus
1d(a™ A a®). On a spacetime with boundary, this contributes the corresponding boundary term to the action.
The K-matric K = (K;;) and charge vector Q = (Q;) are

K = [Kl _1] , Q = H . (177)

-1 Ky 0
This is argued to be an effective description for the filling fraction
1 to—1
v==—— = Q'K Q.
K-

Proceeding in this manner it is envisioned that nth-order FQH systems are effectively described by a nonsingular
symmetric integer n x n matrix K and an integer charge n-vector @ via a Lagrangian density (175),
o whose filling fraction is (cf. [268, (2.31)]):

v = Q'K 'Q, (178)

e whose ground state degeneracy on the closed surface of genus g is argued to be (cf. [272, (1.2)]):
dim(Hyz) = |det(K)[’ (179)

e which host anyons that are labeled by weight vectors W € Z™ and exhibit braiding phases (cf. [268,
(2.30)]): (Wi w)
Cp = €™ . (180)

Here the fundamental anyon species are represented by the integer basis vectors W; (hence those with
components (W;); = d;;), whose braiding phase among themselves is hence

Co = e (K™ )ii (181)

i
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General weight vectors W = )" a;W; are thought to describe some kind of bound states of the fundamental
anyon species W;, with a;-fold admixture of the species W;.

Ground-state monodromy. For a nonsingular symmetric integral K, the torus state space has a basis indexed
by Dy := Z™/KZ"™, with a spin structure fixed when required. If K has even diagonal entries, its discriminant
pairing and quadratic form are

b ([u], [v]) = v' K~ v mod 1, g ([u]) = 2u' K~ 'wmod 1. (182)
Writing o (K) for the signature, the generators (31) act, in one linear normalization, by

. 1 .
S|u]) = ——— Z e2mbz<([u]7[v])|[v}>7
VIDk| (D (183)

j?| [u]> _ e—27ria(K)/24627rqu([u]) | [u]>

Fourier orthogonality and the Gauss—Milgram identity give 5S4 =1 and (fg)?’ = 1 in this generator convention;
moreover, S2T = T82. For odd lattices, spin structures and their quadratic refinements enter the corresponding
formulas ([25, §§5.6-6]). Thus Chern-Simons theory provides linear transformation data, including scalar phases,
in addition to dimensions and braiding angles.

For K = (K) with K > 0 even, (183) reduces to the modular operators in (97) with ¢ = ¢™/% and ¢, = ™/12,
Matching more general cases requires fixing the spin structure and linear normalization. Ground-state transport
for abelian FQH wavefunctions, including scalar phases, is treated in [270, §V].

Remark A.1 (Phenomenology of the K-matrix formulation).
(i) The microscopic hierarchy picture and the composite-fermion picture have distinct motivations and make
different microscopic claims ([138, §12.1][139]). Such questions concern the realization of a proposed effective
theory; they do not invalidate the mathematical construction of its ground-state representations.

(ii) The rank of K counts effective gauge fields and need not equal the number of microscopic electron species or
physical layers. The formalism describes abelian orders in single-component systems as well as in systems
with several layers or spin components (cf. [270, §IT.E-G][17][285][128][286]).

(iii) A proposed K and charge vector @ specify an effective abelian theory. Establishing which material realizes
that theory, or deriving it from a microscopic Hamiltonian, is an additional physical task. Our classifi-
cation of flux-monodromy representations likewise requires a ground-state realization for comparison with
experiment (§3.4.2).
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A.2 Some category theory

Category theory is the algebra in algebraic topology (cf. [162, §3][175, §2] and §A.3). We need only basics, but we
do need the actual theory (namely adjunctions, hence universal constructions) and not just monoidal (braided-,
fusion-, ...) categories regarded as algebraic structures themselves, as is now common in (topological) quantum
theory (cf. [124][160]). Broader motivation of category theory for mathematical physicists is in [98]; detailed
lecture notes tailored towards our needs here are provided in [245]; for a further introduction we recommend [2][11];
standard monographs are [35][172].

A category C is a class of objects X, Y, ... with prescribed sets Hom(X, Y) of (homo-)morphisms (“homs”)
between them, regarded abstractly as maps f: X — Y and ultimately defined by their composition law,

(-) o (-) Hom(Y, Z) x Hom(X,Y) — Hom(X, Z), X-1sv 957, (184)
gof $
which is required to be associative and unital in the evident sense.
The archetypical example is the category Set of sets, but also each individual set .S may be equivalently regarded
as a category whose only homs happen to be identities:
Set — {()bj(‘(f‘m: sets } Set 5 § — {ol)j(\('t;s: elements} (185)

homs: functions homs: trivial

We use this occasion to highlight for lay readers the distinction between the notation “—” for maps (and generally
for homs) between sets/objects, in contrast to the notation “——" for the corresponding assignments between
(generalized) elements:
s—L.g
Sas — f(s)e s

More generally, there are the “concrete” categories (cf. [2, §1.5]) of sets with algebraic structure (vector spaces,
groups, algebras, representations, modules, ...), with their structure-preserving functions between them (the con-
crete homomorphisms), e.g.:

Vec — {(Jl)jo(*ts: vector spaces} . Grp = {ohjocts: groups } . GRep = {ol)j(‘(‘ts: representations}. (186)

homs: linear maps homs: homomorphisms homs: intertwiners

But general categories may have homs without underlying functions of sets. For instance, given a group G, its
delooping groupoid is the category BG with a single object %, with homs 5 « labeled by group elements,
and composition being the group operation (187); while for X a topological space, there is the category called its
fundamental groupoid I11 (X) (cf. [273, (1.7)]) whose homs are the homotopy classes (fixing endpoints) of continuous
paths in X with composition the concatenation of paths:

BG — {()l)jo(‘ts: single one } 7 Hl(X) _ {()l),](‘(‘tsz points of X } . (187)

homs: group elements homs: htmpy classes of paths in X

Generally, a (small) category all of whose homs are invertible is called a groupoid (cf. [132]). Here invertible homs
are like gauge transformations in that they identify the objects they relate, while retaining the information of how
the identification happens, whence it is fruitful to think of groupoids as sets of elements with gauge transformations
between them (cf. [246, pp. 6]):

objects: elements } (188)

homs: gauge transformations

generic groupoid = {

Next, a functor F : C — D between a pair of categories is a function between objects and between sets of
morphisms which respects this compositional structure:

c—L—
X — F(X)
N
gof Y = F(Y) Flgof)
lg lF(g)
Z — F(2)
There is an evident composition of functors, which is evidently associative and unital, whence categories with

63



functors between them form a (“very large”) category:

CAT — { objects: categories } ' (189)

homs: functors

A natural transformation o : F = G between a pair of parallel functors F,G : C = D is for each object X of
C a morphism F(X) ﬂ G(X) of D such that the following squares “commute”, meaning that the two possible
diagonal composites of morphisms coincide:
F
C~ va D

X = F(x) X gx) (190)

lf lF(f) lG(f)

Y — FY) 2L gy,

There is an evident “vertical” composition of such natural transformations F' =% G :ﬂ> H which is evidently asso-
ciative and unital, and hence functors C — D with natural transformations between them form a category, called

the functor category:
e — {U]

yjects: functors C — D } (191)

homs: natural transformations

A good example of the interplay of these notions is the observation that the functor category from a delooping
groupoid (187) to the category of vector spaces (186) is the category of group representations (cf. §A.5):

GRep ~ Func(BG, Vec). (192)
Adjunctions. These notions (categories, functors and natural transformations) famously constitute the substrate

of category theory — but what makes it a theory, with non-trivial theorems, is the further notion of adjunctions.
First, note that there is also a “horizontal” composition of natural transformations by functors:

c’ L / F \ R D

_ Yo D——"—
X’ —  RoFoL(X') YD) poGor(x).

Now, an adjunction L 4 R between a pair of back-and-forth functors, L: C = D: R, is a pair of natural
transformations

ret :ide = Ro L and obt : Lo R = idp (193)
“the unit” “the co-unit”
such that: "
de
/ U;ex _— L —
C—1—+D—r—>C—1—+D = ( lie, "D (194)
\\ uOb% . L
id,,
and id,
T e N R
D—r—>C—L—>D—Rr—>C = D ﬂw}‘c_ (195)
R/

\\ U,oy
id,,
Remarkably, if an adjunction exists then it is essentially unique and equivalent to there being a natural bijection
(=) (“forming adjuncts”) between hom-sets, of this form:

X v . Hom(L(X), Y) <Y Hom (X, R(Y))
| |

g |/ fo(=)oL(g) R(f)o(~)og
| _

Xy > Hom(L(X’),Y')%Hom(X', R(Y"))

(whence the terminological allusion to adjoint operators), and under this identification the (co)unit is the adjunct
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of the identity:

retX = 1dL(X)7 Obty = ldR(Y)

Finally, an (adjoint-)equivalence between categories, C ~ D is an adjunction where both the unit and the counit
are invertible.

Example A.2 (Homotopy fibers and cosets, [77, Def. 1.14, Ex. 1.12]). For F': X — ) a functor between
(small) groupoids and y an object of ), the homotopy fiber of F' at y is the groupoid hofib, (F') whose objects are
pairs (z,¢;) with 2 € X and ¢, : F(z) — y, and whose morphisms from (z, ¢;) to (2/, ¢;#) are morphisms f : x — ’
satisfying ¢, = ¢;» o FI(f). Thus its morphisms are the following commuting triangles:

/

x f x
hofib, (F) = {F(@) —F—F@)} (196)
Col L
Yy

For + : H — G a subgroup inclusion, the homotopy fiber of B. : BH — BG (187) is equivalent to the quotient
set G/H:

k ——— x| g9 €@

hofib,(Be) = { ~, o |5 = {eHlgeGy = G/ (197)

The key example of adjunctions appearing in the main text is the following classical phenomenon of represen-
tation theory (cf. §A.5), there also known as Frobenius reciprocity:

Proposition A.3 (Induced representations, cf. [125][198]). Here GRep¢ denotes all algebraic complex rep-
resentations, allowing vector spaces of arbitrary dimension. For finite-index subgroup inclusions, induction and
coinduction preserve the finite-dimensional subcategories.

(i) For H <5 G a subgroup inclusion, the restriction functor i* : GRepe — HRepg has
— a left adjoint given by
V € HRep¢ H wy = ClG] &, V (198)

where on the right we have the tensor product of (left-with-right) C[H]-modules equipped with the
G-action given by

ClH]

[a,v] € C[G] ®C[H] v -
o F gla = lgeael.
— a right adjoint given by
V € HRepe F wV = hom,, (C[G], V), (199)
where on the right we have the vector space of left C[H|-module homomorphisms equipped with the
action f € hom,, (C[G], V)
g€G (g f)a) = fla-g).
a € C[G]
making an adjoint triple of functors
iz*>
HRepg <— o GRepc . (200)
Ly ——>

(ii) Moreover, if H has finite index in G, then the left and right adjoints are naturally isomorphic:
[G: H| = |G/H| < F 0y

Remark A.4 (CoUnit of induced representations). In more detail, inspection shows (cf. [198]) that the unit
of the left induced representation (198) is given by “inserting” the neutral element

Vs (@] @y V
v o e, v] .

and the counit of the right induced representation (199) is given by evaluating at the neutral element:

obt,,

Pvey

hom, . ((C[G], V)
f — f(e).
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—_

But under the equivalence (192), this adjoint triple (200) is of the form Func(BH, Vec) <i— Func (BG, Vec)
—_—

and this is an example of an extremely general kind of adjunctions known as (left and right) Kan extensions or

base change between categories of (higher) local systems, which we just state in the form needed in the main text:

Proposition A.5 (Base change for local systems, cf. [225, Ex. A.18]). For F' : X — ) a functor between
(small) groupoids, its induced precomposition functor on functor categories (191)

F*: (¥ = Vece) — (X 5 Y = Vece)
has both a left and a right adjoint:

— F ——
L
Vect <~—rF — Ve, (201)

€
— F, ——>

which agree when the homotopy fibers (196) of F are finite sets.

A.3 Some algebraic topology

Algebraic topology is the study of topological spaces up to homotopy by algebraic means, namely with tools of
category theory (cf. [162, §3][175, §2] and §A.2). General background on algebraic topology and homotopy theory
may be found in [130][100][273][141][3] [256][77, §1].

Topological spaces. We write

e Top for the category of compactly generated topological spaces (cf. [233, Ntn. 1.0.16])
with mapping spaces (cf. [3, §1]) denoted Map(—, —) and their underlying (hom-)sets denoted Hom(—, —),
e Top™ for pointed such spaces with pointed maps between them
with mapping spaces denoted Map*(—, —) and their underlying (hom-)sets denoted Hom™ (—, —).
The mapping spaces are characterized by natural homeomorphisms (cf. [141, (3.98)][256, Thm. 3.47(a)])

Map(X xY, Z) =~ Map(X, Map(Y, Z))

(202)
Map* (X AY, Z) ~ Map”* (X7 Map*(Y, Z)) ,
where for a space X pointed by cox € X and a space Y pointed by coy € Y
(i) their smash product is XxY

XANY = , (203)

{00, }xY U X x{oo,}

which is symmetric via natural homeomorphisms

XANY Y AKX, (204)

for instance:
SYAS™ ~ S sothat 7, Map*(S™, X) ~ meMap*(S"T™ X) ~ 7, 1m(X) (205)

(here the smash product with the circle is called reduced suspension and usually denoted X := S' A (—),
but we stick with writing “S'A” in order not to clash with our use of “X2” for the generic surface);

(ii) their pointed mapping space is the fiber over the base point of Y of the map ev that evaluates unpointed
maps at the base point of X:

fib ev
Map*(X,Y) —2 Map(X,Y) — =25 V. (206)
The coproduct of X,Y € Top™ is the wedge sum
XY
XVY = L, (207)
{OOX7 OOY}
which in particular means that we have a natural bijection

Hom™ (X VY, Z) ~ Hom" (X, Z) x Hom™ (Y, Z) . (208)
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Incidentally, the smash product (203) naturally distributes over finite wedge sums
XA(YVZ) ~ (XAY)V (XANZ).

One-point compactification. Here for X € Top* we generically denote its basepoint by oo, € X, also speaking
of the “point at infinity”, and for X a locally compact Hausdorff space we write X o} € Top™ for its one-point
compactification (cf. [38, p. 199]), thinking of it as adjoining a point at infinity.
For example, stereographic projection gives
and if a space is already compact, then the adjoined point-at-infinity is disjoint and pointed maps out of the space
are identified with plain maps:
X compact Hausdorff = Xi{oo} @ X U{oo} and Maps™ (XU{oo}a Y) ~ Maps(X,Y). (210)
We have natural homeomorphisms (cf. [141, Prop. 3.7] [52, Prop. 1.6])

(X UY) ooy =~ Xifoo} V Yi(oo} > (X X Y) oo} = Xifoo) AN Yi{oo} » (211)
For Y € Top* we denote the connected component of the map constant on oo, by
Map,(—,Y) C Map(—,Y) and Mapg(—,Y) € Map™(—,Y). (212)

Proposition A.6 (One-point compactification functorial on proper maps [141, p. 70][52, Prop. 1.6]). The
operation of one-point compactification extends to a functor on the category of locally compact Hausdorff spaces
with proper maps between them

(—)u{e} : LCHausp,praps — CptHaus™ . (213)

Since homeomorphisms are proper, this implies in particular functoriality on homeomorphisms.

Loop spaces. The based loop space of X € Top* is

QX := Map* (5", X) (214)
whose connected components form the fundamental group at the basepoint (cf. [3, §2.5]):
m X = m QX (215)

For example, the fundamental group of pointed mapping spaces X — Y (based at the map constant on the
basepoint of Y') has these alternative expressions:

71 Map*(X,Y) = mpQMap*(X,Y) by (215)
= moMap*(S!, Map*(X,Y)) by (214)

~ moMap*(S'AX,Y by (202
o Map ( ) y (202) (216)
~ 9 Map® (X ASL Y ) by (204)
~ moMap*(X, Map*(S*,Y)) by (202)
= mMap* (X, QY) by (214).

Homotopy. We write Grpd_, for the co-category of homotopy types and
J : Top — Grpd

for the underlying functor. This means that a weak homotopy equivalence between topological spaces is equivalently
an equivalence under J:

If

X,Y € Top F X~ Y & /X = JY. (217)
Given f:Y — Z a map of pointed topological spaces, with homotopy fiber X
X hofib(f) % f 7
the resulting long homotopy fiber sequences
QX — QY —— Q7 B
(218)

LX Y Z
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pass under mo(—) to long exact sequences of homotopy groups

Tn41(X) —— g1 (V) —— mpa(2) j

(219)
[—> T (X) —— (V) —— 1 (2) .

Homotopy quotients and Borel construction.

Definition A.7. For G CX a Hausdorff topological group acting continuously on a topological space X, we write
X—2>X/)G := X xg EG (220)
for its Borel construction (cf. [233, Ex. 2.3.5]), and call its homotopy type the homotopy quotient of the action.

In the special case when X = x we get the traditional classifying space (namely of principal G-bundles, cf. [217,
Thm. 3.5.1][233, Thm. 4.1.13])

x /G ~ BG (221)
whose loop space recovers G up to weak homotopy equivalence
QBG ~ G,
hence whose homotopy groups are those of G shifted up in degree:
Tnt1(BG) ~ 7, (Q). (222)
This makes a long homotopy fiber sequence (218)
G2 x 9. x )G —— BG. (223)

Hence if G preserves the connected components of X (such as if X only has one connected component), then the
long exact sequence of homotopy groups (219) implies that

m(G) Cmo(X) is trivial = 7mo(X) —2 s 1y (X ) G). (224)

A.4 Surfaces & 2-Cohomotopy

We give a streamlined review of the analysis of 2-Cohomotopy moduli of closed surfaces, due to [120], that is used
in §3.3, and record some related facts needed there for identifying the modular action on 2-cohomotopical flux
monodromy.

Fundamental polygons of closed oriented surfaces. The homeomorphism class of oriented closed surfaces
of genus g is represented (cf. [100, Thm. 2.8]) by the quotient space of the regular 4¢g-gon (called a fundamental
polygon of the surface) obtained by identifying all boundary vertices with a single point and, going clockwise for
ke€{0,---,g9— 1}, the 4k + 1st boundary edge with the reverse of the 4k + 3rd, and the 4k 4 2nd with the reverse
of the 4k + 4th. For small g this is illustrated in (80), cf. [122, p. 5]. A more homotopy-theoretic formulation of
this statement is as follows.

The fundamental group m; of a wedge sum (207) of circles is the free group on the set of summands, whose ith
generator is represented by the loop that goes identically through the ith circle summand. For the classification
of surfaces of genus g (9) we are concerned with wedge sums of 2g circles to be denoted \/{_; (S2 V S;), whose
generators we accordingly denote (a;, b;)?_;.

With this, the classical presentation by fundamental polygons becomes:

Proposition A.8 (Homotopy type of closed oriented surfaces, cf. [120, p. 151]). The homeomorphism type
of the closed oriented surface EZ (9) of genus g € N is that of the cell attachment (cf. [3, §3.1]) shown on the left

here:
H?:l[ai’bi]
_ s

Sl

l | l l (225)

(po)

2 2 % 2
D 23 S,
whence its homotopy type sits in a long homotopy cofiber sequence of this form:

qad S2? SIA(HLl[‘“’bi])

iz (Sa v §}) —————+

Sl Hf:1 [ai,b;]

9 (SEvS)) —s 2

2 7 1 (S2vsE). (226)
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In (225) the attaching map [],[a;, b;] = alblaflbfl agbgaglbgl ---, is a representative for the element of
m1(V,;(S2 v S)) of that same name (the consecutive sequence of edges and reverse edges in the boundary of
the fundamental polygon), D? is the fundamental polygon itself and the pushout enforces the identification of pairs
of its boundary edges. Finally, the connecting map ¢g sends all of these previous boundary edges to the base point.

Remark A.9 (Compatible surjections of closed surfaces to 2-sphere). By the pasting law for pushouts,
(225) also shows that we have canonical projection maps qgﬂ : Eg 41— 23 (80) compatible with their maps ¢ to
S? (225), given by sending just the g + Ist pair of edges to the point:

[1;lai,bi]
st - VI (83 v S}) ——— Vi, (S v 5;) g
l (po) l’ingl (po) lig (po) l (227)
D? 23_,_1 qdtt Eg q] S2.

% bj
We also obtain from this the following re-derivation of the integral cohomology of closed surfaces, which is

needed in the main text for identifying the modular group action on 2-cohomotopical flux monodromy but also
serves as the blueprint for its 2-cohomotopical variant shown further below in Lem. A.11:

Proposition A.10 (Integral cohomology of closed surfaces). For closed oriented surfaces, their ordinary
integral cohomology in deg =1 1is: ﬁl(Ez; 7) ~ 7%, (228)
Proof. The long exact sequence of homotopy groups (219) which is induced by the homotopy fiber sequence obtained
by mapping (226) into the classifying space BZ (3) is, in the relevant part, of this form:

gy* ]._.[7,[ ivbi] :
7o Map* (2, BZ) ~L 1) Map* (32, BZ) —> mo Map*(\/,(S! v S}), BZ) (L) e (S', BZ) .

H'(5% 2) H'(3% 7) 9 (HY(SY; 2))° H'(S"; Z)
0

Hence, to conclude, we need to show that the map on the right — forming the pullback of BZ-valued maps along
I1I;[ai, b;] — is the zero-map under my. This is the case because the pullback classes are still group commutators
and as such they vanish since the my group in question is ~ Z and hence abelian:

s e () o

mo Map*(V/,(SL Vv S}), BZ) ——————— moMap*(S', BZ) .
729 Z
((niyma))y_, — IL; [ni, ma]

0
In an analogous manner, we find:

Lemma A.11 ([120, Prop. 2]). The long exact sequence of homotopy groups (219) which is induced by the homotopy
fiber sequence obtained by mapping (226) into S? truncates to a short exvact sequence:

1 — m Map*(S?, 5%) CAN w1 Map* (Zg, 52) EU2MEN 9, (m Map*(s*, 52))2 — 1. (229)
—_— —_——

Proof. Tt is sufficient to see that pullback of S2-valued maps along [L;[a:, bi] is the zero map under (suspension
and) taking 71: This is because the pullback classes are still group commutators and as such they vanish since the
w1 groups in question are ~ Z and hence abelian:

(Milasb)” e
71 Map*(V,(S2 v S}), §2) —————— m Map* (5", 5?)
| S ——
7,29 Z
((niami))le — HZ- [n4, m]

0

(and analogously, under suspension, with all copies of S! in this formula replaced by S?). Here in evaluating these
groups we have used (208) and stages of (216), thereby identifying all copies of Z with Z ~ m5(S?) (and with
Z ~ 73(S?) for the case with suspension). O
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Finally, to see that the statement (229) for the pointed mapping space implies the variant statement (65) for
the unpointed mapping space which is of our actual interest:

Lemma A.12 ([120, Thm. 1]). For g € N, we have a short exact sequence of this form:
gy *

1> Mapy (5%, 52) — 2 Mapg (52, 52) —> =1 Map (V,(SE v §}). 57) 1.

Proof. Consider the long exact sequences of homotopy groups (219) induced by the evaluation sequences (206) on

23 and on S?, respectively, with the map between them induced by pullback along ¢ (225) extended to the short

exact sequence from (229):

m2(S?) m2(5%)
I ls
1 — i Map™($2, 82) — @0 7 Map* (32, §2) — 2 7 Map* (V,(SE v §1), 82) —— 1
-7
lj? ljf T
2 2 (qg)* 2 2 - Ug) °
1------ > w1 Map (52, §?) ------22----> m; Map (X2, 5?)
v v
m1(5%) 71(S5?)
—— ——

Here j° and j{ denote the maps induced by inclusion of pointed maps into unpointed maps. All solid sequences
are exact, by construction, horizontally as well as vertically. Using this, a routine diagram chase shows ' that the
dashed sequence exists and is exact. O

As a corollary, we note:

Lemma A.13 (Flux monodromy mapping to ordinary cohomology). The cohomology operation from 2-
Cohomotopy in degree -1 to integral cohomology in degree 1, induced by the looping of the unit class 1% : S? — B?Z
(51), produces a morphism of short exact sequences:

T l\l;\})(Ei. S52)

gy *

1 — 7o Map(S?, Q5?) @) o Map(Eﬁ, QS5?) ——— mo Map® (\/,(SE v S}), QS?) —— 1
l(m%* l(m?)* zi(nﬁ)*

1 — 7 Map(52, BZ) — %0+ 7 Map(32, BZ) —— mo Map® (V;(S1 V S}), BZ) —> 1.

-

H'(,S'Q;Z) ~0 //l(\/_fi."'u) ~ 729 72g
Proof. The top exact sequence is from Lem. A.12, and inspection of the proof there shows immediately that
it applies verbatim also with the coefficient Q52 replaced by BZ, throughout (for the exactness of the horizontal
sequence in the proof, this is in the proof of Prop. A.10). This gives the bottom exact sequence and the compatibility
of the two under the cohomology operation, as claimed. O

A.5 Some Representation Theory

We need only basic representation theory (cf. [250][89][68]) and the Mackey classification of irreps of finite semidirect
product groups.

190 spell it out: Since j¢ is seen to be surjective, we may define (ig)* o 73 on a given element ¢ by choosing any preimage through
j2. To see that this is well defined: If :j;, (3)\’ are a pair of preimages, their difference is in the image of 69 = (qg)* 0 6%, hence in the
image of (qg)* and hence vanishes under (ig)*. With the map thus existing, surjectivity is immediate from (i4)* being surjective.

To see that the dashed (qg * is injective: Consider ¢, ¢’ a pair of elements in the domain with the same image. Since j? is surjective
we may find j%-preimages (E, $’ By commutativity of the middle square we then have jJ o (qg)*(zg) = j%0 (qg)*(&), and so the
difference between (¢)*(¢) and (gd)*(¢/) is in the image of 89 = (gZ)* 0 6. But since (¢J)* is injective, this means that already the
difference between (;Aﬁ and 5’ is in the image of 69, hence vanishes under j9, hence ¢ = ¢, which was to be seen.

Finally, to see that the dashed sequence is exact in the middle: By the previous construction, the kernel of (ig)* o E consists exactly
of those ¢ whose jJ-preimage is in the kernel of (ig)*, hence in the image of (g3)*, hence of those ¢ in the image of (gj)* o j2, hence
in the image of (¢§)* — which was to be shown.

70



Linear representations. Consider G a group. The cardinality of its underlying set, hence the order of G, is
denoted |G|. A finite-dimensional C-linear representation of G is a group homomorphism p : G — GL(V) for V a
finite-dimensional vector space, also to be denoted G Cp V.

e Given a pair (p, p') of representations, an isomorphism 7 : p = p’ is a linear isomorphism of the underlying
vector spaces, 7 : V.= V' such that nop = p’ on (an “intertwiner”). In particular, with any choice of
linear basis V' =5 C3™(V) a representation p is isomorphic to a matrix representation G — GL,,(C) for
n = dim(V).

e Given p,p’ a pair of (matrix) representations, their direct sum p ® p’ : G — GL, 4,/ (C) is represented
by the corresponding block-diagonal matrices. A representation p is called irreducible (“irrep”) if V. #£ 0
and its only G-invariant linear subspaces are 0 and V. A representation is semisimple if it is a direct sum
of irreducibles. Finite-dimensional complex representations of finite groups are semisimple by Maschke’s
theorem; finite-dimensional unitary representations of any group are semisimple because invariant subspaces
have invariant orthogonal complements. In these cases irreducibility is equivalent to having no nontrivial
direct-sum decomposition. For general representations the latter condition only defines indecomposability.

e For any group G, we denote the set of isomorphism classes [—] of irreducible C-linear representations by
Irr(G) ~ {[pi]}iel . (230)

e Schur’s Lemma says, in particular, that every intertwining operator 1 from an irreducible representation
to itself (hence every linear operator that commutes with all the representation operators of an irreducible
representation) is a scalar multiple of the identity (cf. [68, Cor. 1.17]):

n€Ende(V), n=dmV, ¥V nop(g) = p(g)on = J. n=zid,. (231
geG zeC

e For finite G, the sum-of-squares formula (cf. [68, Thm. 3.1(ii)]) says that the sum of the squared dimensions
of the distinct irreps equals the order of the group:

. 2
S (im(p)* = (€. (22)
icl
Example A.14 (Irreps of Z;). For d € N, the C-linear irreps of Z4, to be denoted 1p,) € Repc(Za), are all

1-dimensional and labeled by [n] € Zg, where [1] € Zg acts on 1) by multiplication with e,

Example A.15 (Irreps of Syms, cf. [89, §1.3]). Irreps of Sym, include the trivial 1-dimensional representation
1, the sign representation 1gg,, and the standard representation 2 (129). Since 12 + 12 + 22 = 6 = |Symy,|, the
sum-of-squares formula (232) implies that there are no further distinct irreps.

Proposition A.16 (Unitarization of linear representations, cf. [155, Prop. 4.6]). For G a finite group and
H a finite-dimensional complex Hilbert space, every C-linear representation R : G — GL(H) on the underlying
complex vector space of H is isomorphic to a unitary representation U : G — U(H) — GL(H).

Representation characters. The character X” of a finite-dimensional representation p is the function on G
assigning the traces of the representation matrices

G X
g — tr(p(g))- (233)

e Passage to characters is evidently linear in direct sums of representations, in that xP®P = xP +x?". On
finite-dimensional semisimple representations it is injective on isomorphism classes (cf. [68, Thm. 2.17]):

RepSS(G)/N S (CG

(o] — X7

Here Rep, (G) denotes the finite-dimensional semisimple complex representations. Thus (234) applies to all

finite-dimensional unitary representations, and to all complex representations of finite groups in the present
finite-dimensional setting. Without semisimplicity a character determines only the semisimplification.

(234)

e For finite G, |G| < oo, the evident normalized inner product on functions x : G — C

X)) = Do x(9)X(9) (235)

geG
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exhibits Schur orthonormality, which is the statement that for the characters of irreducible representations
pi, pj (230) we have (cf. [89, Thm. 2.12][68, Thm. 3.8])

<Xpi, ij> = 5ij . (236)
Tensor products of representations. Given a pair of linear representations (p, p’) over, respectively, a pair of

groups (G,G’), their external tensor product p X p’ (cf. [89, Ex. 2.36]) is the representation of the direct product
group G x G’ given by

pBp G x G — 5 GL,(C) % GLy(C) ——> GLy (C) . (237)
o If p and p’ are irreducible then so is p X p’ and all irreps of G x G’ arise this way, hence (cf. still [89, Ex.

2.36]): Irr(G) x Irr(G') —— Irr(G x G7)

([l 1) — [pX)].

e Given a pair p and p’ of linear representations of the same group G, their plain tensor product is the
restriction of their external tensor product (237) along the diagonal of G:

(238)

pop  G— GG —"2 L GL.(C). (239)

Group algebra. For G a group, its group convolution algebra C[G] (or just group algebra for short, cf. [89, §3.4][13,
p. 51][45, §2.4][44, (4)]) is the C-linear span of G equipped with the algebra structure which on its canonical basis
elements €, is the group product (€ - €y 1= €44/ ):

Clq] == {ch.gg € Spang(G), (ch.€g> : ( > d, .5g/> =) (Zchdh_lg> .gg}. (240)

geqG geG g'eCG geG NheG

e Hence group representations G — GL(V) are equivalently algebra homomorphisms C[G] — End(V'), hence
are equivalently modules over the group algebra.

e For example, the group algebra understood as a module over itself is the regular representation G C C[G].
Induced representations. Here Rep(G) includes representations of arbitrary dimension, as in Prop. A.3. For

H<%Ga subgroup inclusion, and p : H — GL(V) a representation of H, its left or right induced G-representation
along i, to be denoted i1p or i.p, respectively, is (cf. [68, §4.8])

np = G (C[G] QcH] V)
€ Rep(G), (241)

ip = GC (Homc[H] (clal, V))
where the constructions on the right are the tensor product and hom-space of modules over the group algebra C[H]|

(240), understood as equipped with their residual C[G]-module structure given by left multiplication (for 4p) or
by right multiplication (for i.p) of the group algebra C[G] on itself.

e If G is finite, |G| < oo, left and right inductions are naturally isomorphic (and generally when H C G is of
finite index) and one writes

md$ p == up ~ t.p : Rep(H) — Rep(G). (242)

Mackey theory. Consider G = A x H a finite semidirect product group where the normal subgroup A is abelian.
The following Prop. A.17 classifies its irreducible representations from knowledge of the irreps of A and of certain
subgroups of G. The statement involves the following notions:

- A= Hom(A,C*) the dual group of irreps of A,

- {xi}, ¢/ @ set of representatives of orbits in this group under the action of H,

H; := Staby (Xz) the corresponding stabilizer subgroups,
— %, the rep of A x H; given by Xi(a, h) := xi(a) for the chosen orbit representative x; € A,
— p the pullback of any irrep p along A x H; - H;.
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Proposition A.17 (Mackey algorithm, cf. [250, Prop. 25 p. 62]). The irreps of Ax H are, up to isomorphism,
exactly the induced representations (242) of tensor products (239) of the form

Ind4\ %5 (Ri ®5)

forie /T/H and p € Trr(H;) /. ; and two such are isomorphic iff they come from the same index i and isomorphic
reps p.

Wreath product groups. Given G a group and H % Sym,, a group equipped with a homomorphism to a
symmetric group, their wreath product is the semidirect product of G™ with H acting by permutation of factors (cf.

19, Def. 8.1][142, §4.1
[19, Def. 8.1][142, §4.1]) GuH = G"x, H. (243)

e For G a finite group with set I of classes [p?] of irreducible representations (230), say that an I-partition of

some n € N is a tuple
P (n) = (n; € N)iel with an =n. (244)

e Given such, write
Symy,) = H Sym,,. < Sym,

iel
for the subgroup of permutations of n elements that permute the n; elements among each other, for all
i € I. There is an evident linear representation of the corresponding wreath product (243) on

R E" € Rep(G18ym,)., (245)

where the subgroup G" is represented by the given external tensor product (237) of its irreps (230) and
the subgroup Sym,,,) acts by permutation of tensor factors. At the same time, an irrep o of Sym,,, is of

the form (238)
o~ %O-j(i)7 [0'7(1)] S Irr(Symni), (246)

and we may regard this as a representation of G'¢ Sym,,) — Sym,,,.

Proposition A.18 (Irreps of finite wreath product groups, [142, Thm. 4.3.34]). For finite G, the irreducible
representations of G ! Sym,, (243) are, up to isomorphism, ezxactly the induced representations (242) along the

inclusion (Hie] (G Symni)) ~ GSym(,) — G1Sym,

of the representations which are tensor products (239) of the representations (245) corresponding to I-partitions
(244) with irreps o (246) of Sym,,:

Indgigiﬁzl) ((%p?ni) ® U) € Rep(G1Sym,). (247)

Y2

Example A.19 (Irreps of Z;1Syms). The C-linear irreps of Z41Syms according to Prop. A.18 may be organized
into three classes, depending on the nature of the partition (244) — recall for the following the irreps 1(,) of Zg4
from Ex. A.14 and the irreps 1, 1y, and 2 of Sym, from Ex. A.15.

Case 1: Partition involves a single irrep 1,. In this case Sym(3) ~ Sym, and the induction functor is the
identity, so that the corresponding irreps of G ! Syms according to (247) are of the form

1%3 ® o € Repg(Zq1Syms) (248)
for [n] € Zq and o € {1, 144, 2}.

Case 2: Partition involves two distinct irreps 1p,), 1}, In this case Sym(sy >~ 1 x Sym,y =~ Sym,, so that
the corresponding irreps of G Sym, according to (247) are of the form

x?
CIZSYMS] @1y sy (121 @0) (249)

for [n] # [n'] € Zg and 0 € {1,144}

Case 3: Partition involves three distinct irreps 1p,,}, 1j,,];, 1jn,). In this case Symz ~1x1x1~1, so
that the corresponding irreps of G ! Symg according to (247) are of the form

C[Zd l Symlﬂ ®C[Z§] (l[nl] X 10, X l[ng]) (250)

73



for [n;] € Zg pairwise distinct.

A.6 Quadratic Gauss sums

Here we briefly compile some facts about Gauss sums used in §3.4, see [26] for more pointers to the literature (see
also [60] but beware of typos in (1.1) there).

First, it may be worth recalling the simple cousin of the Gauss sums:

Proposition A.20 (Discrete Fourier transform of Kronecker delta). For K € Nyg and p € Z we have

K-1 ,
Qﬂiﬁn _ K pr =0 (mod K)
2, T = {0 ifp#0 (mod K). (251)

Proof. The statement for p = 0 (mod K) is immediate. For p # 0 (mod K) observe that

p .
( 27r1 ) Z 6271'1Kn — 627r1p = 0.

Now:

Proposition A.21 (Classical quadratic Gauss sum evaluation, cf. [164, p. 87][214]). For K € N5 we have

(1+i)VE i K=0 (mod4)
K-1 12 \/[? ’ifK:l (HlOd 4)
2rig=n®
nz:;)e o if K=2 (mod 4) (252)
iVE if K=3 (mod4).

Proposition A.22 (Quadratic Gauss sum with multiple exponents, cf. [164, “QS4” p. 86 ][214, Lem. 5.1]).
For odd K € 2N + 1 we have more generally,?® for p € Z:

. . d 7];{ = 1:
(i) if ged(p, K) KZ_I i VE ifK=1 (mod4) (253)
- - iVK if K=3 (mod4),

(ii) for arbitrary p with d := ged(p, K):
K/d—1

K-1
Z e?ﬂi%n d Z 27\'1K/dn ' (254)
n=0
In §3.4 we are crucially concerned with the variant of the classmal quadratic Gauss sum that has half the usual
exponents. In its plain form it is elementary to reduce this to the ordinary quadratic Gauss sum:
Proposition A.23 (Quadratic Gauss sum with halved exponents). For K € 2N.( we have
i 2

Z ex"

Proof. Setting r := K/2 € N, we may compute as follows:

e VK . (255)

Zf:_ol eTri%HZ = 227 01 6;1 n? by definition of r
= 1 (ZQT ! + Zir 21" ) e;} n’ since summands are 2r-periodic, cf. ftn. 16
! Z4r 1 e%nQ
= 1a1+iVar by (252)
— 671'1/4 \/ﬂ
= eﬂi/4 \/I? by definition of r.

20The sign in (253) is called the Jacobi symbol; we leave it unevaluated here.
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More generally, there is the following reciprocity relation for the parameters of the quadratic Gauss sum with
halved exponents, which relates it to the ordinary quadratic Gauss sum:

Proposition A.24 (Landsberg-Schaar identity [243], cf. [6][262][121]). For K € 2Nsq and p € Nsg we have
K-1 p—1 K
D2 Ti/4 —mi=n?
e"K" = =< e P 256
= s o

In summary, this implies the evaluation which we use in the main text:

Proposition A.25 (Quadratic Gauss sum with multiple halved exponents). For K € 2Ny andp € 2N+1
we have:

(i) if ged(p, K) = 1:

K-1 p— +i/4 I
P o omi & VK =1 d4
2 : eﬂ'lKn /4 e 2 = 4 67 /4 lfp (mo ) (257)
vt ) VK £ Z (253) e~ ™K ifp=3 (mod4).

(ii) for arbitrary odd p with d := ged(p, K):

, K/d—1
2 75
Z SEAEED W Ko’ (258)
hence K1
Z K" = /Kged(p, K). (259)
n=0

These relations are used in §3.4 to classify torus monodromy representations with irreducible Heisenberg re-
striction.
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