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Abstract

The traditional conjecture that D-brane charge is quantized in stable K-cohomology
fails to account for the presence of NS-brane sources: These impose nonlinear relations
— reductions of the famous quadratic relation on M-brane flux — that can only be
captured by unstable nonabelian cohomology theories. Here we consider a deformation
of unstable K-theory which properly quantizes the fluxes coupling to D0/D2/NS5-
branes, find a twisted version that quantizes also the fluxes coupling to NS1/D4-branes,
and show that this oxidizes to a proper electromagnetic quantization of M-brane fluxes.

Contents

1 The Charge Quantization 2
2 The Proofs 7
3 Conclusion 18
References 19

keywords: flux quantization, supergravity, type IIA, M-theory, unstable K-theory, nonabelian cohomology
MSC codes: Primary: 8E50, 81T30, 19L50; Secondary: 55N20, 55R35, 55P62
funding: by Tamkeen UAE under the Abu Dhabi Research Institute Grant CGO08



1 The Charge Quantization

The Nonlinearity in the IIA Bianchis. The NS/RR-flux densities, H3, H; := xHj3 and
Fyy = *Fig 2., in duality-symmetric massive type ITA 10D supergravity are subject to the
following Bianchi identities (cf. [Ort15, §22.1.3] after [GP84; HN85; DLT98; Cre+98, §3]):

dFQ. = H3 /\FQ._Q (la)
dH; =0 (1b)
dH7: %F4/\F4—F2/\F6+F8/\F0. (]_C)

In discussing possible flux/charge quantization laws [Fre02; SS25a] for these relations, it
has been tradition to ignore the last one (1c). Granting that, the first relation (1a) has
the form characterizing the Chern character image in twisted complex topological K-theory
(cf. [Bou+02, §6.3; MS03]), with the twist being in ordinary 3-cohomology quantizing the
Hs-flux in (1b).

This is essentially the origin of the famous conjecture that D/NS-brane charge is quantized
in 3-twisted topological K-theory ([GHM97; MM97; MWO00], cf. [SS25a, §4.1]). A lot of work
has been done under this assumption (cf. [Wit98; DEM11; GS22; HTZ25]).

However, the last relation (1c¢) cannot actually be disregarded if one really means to speak
about type ITA supergravity. Notice in particular that:

(i) the standard K-theory conjecture means to quantize not only the magnetic (F.5) but
also the electric (F.;) RR-flux densities, which highlights that there is no reason to
disregard quantization of the electric NS flux H7, much less ignore the relation it
imposes on the other fluxes already rationally, even if not itself quantized;

(ii) the nonlinear H; Bianchi identity (lc) is (cf. [MSO04, §4.2; FSS17, §3]) the direct
image under dimensional reduction (cf. [Ort15, §22.1]) of the more widely appreciated
nonlinearity in the Bianchi identity on the flux densities, G4 and G; := *Gy, in 11D
supergravity (cf. [MS06, §3.1.3; GSS24a, Thm. 3.1] after [CJST78]):

dG4 = O, (2&)
dGr = LG Gy (2b)

Hence if the global completion of 11D/10D supergravity by flux quantization is to be com-
patible with M/ITA duality, it must account for these nonlinearities (1c¢) and (2b).

Proper Electromagnetic Flux Quantization. In general, flux/charge quantization means
[SS25a; SS24b] to choose a generalized cohomology theory whose character map [FSS23]
image reproduces the given duality-symmetric Bianchi identities, and then to ask for charge
preimages of the flux densities under this map, cf. Fig. 1 and (53).

Specifically, this applies to the spatial components of the flux densities on any Cauchy
surface X of spacetime X where the Hodge duality partners become independent of each
other and the Bianchi identities become the Gauss law constraints, cf. [SS24b, Thm. 2.2]:

Traditionally this has been considered (cf. [Fre02]) for Whitehead-generalized abelian
cohomology theories like ordinary cohomology, K-theory, elliptic cohomology, etc. In their
twisted generalization these abelian cohomology theories capture linear Bianchi identities
like (1a) — but abelian cohomology theories can never (cf. [FSS23, Ex. 5.6]) capture
nonlinear Bianchi identities like (1c) and (2b).



Figure 1: The fluz/charge quantization of higher gauge fields means to choose a generalized coho-
mology theory whose character map takes values in differential forms satisfying the given duality-
symmetric Bianchi identities on spacetime X3, or equivalently the Gauss law constraints on a
Cauchy surface X?. After this choice, the globally (topologically) completed field content consists,
besides these flux densities, of a choice of cocycle in their essential character preimage.

Cohomology character Duality-symmetric Bianchis on X 14
space theory map / Gauss law constraints on Cauchy X9

Concretely in the case (1) at hand, the preimages of the RR~flux densities Fye~¢ under the
(Chern) character map are polynomials ch, in the Chern classes c¢o € H?*(KUg;Z) on the
stable classifying space for complex K-theory (cf. [Kar78, §V.3; FHTO08, §1.2; FSS23, Ex.

7.2]): KUy ~ BU(c0) x Z := | JBU(n) x Z. (3)

Despite its superficial appearance, this space (3) is famously an infinite loop space (by
homotopy-theoretic Bott periodicity, cf. [AGP02, §B.2; Hus+08, §15]), which makes complex
K-theory be an abelian cohomology theory (cf. [FSS23, Ex. 2.10]).

Hence if we are to account for the nonlinearity in (1c), then we have to deform this
space and break its infinite loop space property to obtain a classifying space of an unstable
nonabelian cohomology theory (22) [Toé02, Def. 6.0.6; Lurl4, Def. 6; 'SS23, §2] (more
exposition in [SS25b, §1; SS26b, §4]).

D0/D2/NS5-sector and Unstable K-Theory. To warm up to the idea of deforming this
situation to account for the nonlinear Bianchi (1c), consider first the special case when only
F,, F, and H; (the fluxes coupling to D0/D2/NS5-branes) are non-zero (understanding all
flux densities from now on as their spatial components on a Cauchy surface X?). In this
case, (1) reduces to:

dFy, =0, dF, =0, (4a)
dH; = LF A Fy. (4b)

Taken at face value, the first relation (4a) is flux-quantized by the differential nonabelian
cohomology theory whose classifying space is the finite stage BU(2) of (3). This may be
understood as a form of differential unstable complex K-theory (cf. [FSS23, Prop. 9.4]),
following the terminology of “unstable K-theory” from [Kal80, §1.2], c¢f. [HKO03; Ham03;
HK04; CJ24, §1.3].

For comparison: On globally hyperbolic 10D spacetimes, the stable range for unstable
K-theory is that classified by BU(n > 4). Hence while BU(2) is “very unstable” in absolute
terms, for 10D spacetimes it is halfway through the unstable range.

—

To obtain from this a classifying space BU(2) whose induced flux quantization is compat-
ible also with the nonlinearity (4b), the canonical step is to pass to the homotopy fiber of
the map classifying (c2)? := ¢y U ¢o, making a homotopy fiber sequence (29):

BU@) ™M) pue) @2 k(z.8) (5)



—

(Here U(2) itself may be understood as a Lie 6-group which as such is a cousin of the
MFivebrane 6-group of [FSS21a, Ex. 3.2], following terminology of [SSS12; SSS09].)

Hence the nonabelian differential cohomology theory (cf. [FSS23, §§2, 9]) classified by

—

this BU(2) — being an admissible flux quantization law for (4), cf. Lem. 2.13 — is a
deformation of unstable topological K-theory that properly takes into account the nonlinear
Bianchi identity (1c) for the NS flux H7 in the case that Fg = 0.

Proper Flux Quantization of Type IIA and Twisted Unstable K-theory. After this
warmup exercise for going beyond abelian cohomology theories, we next ask for a compre-
hensive flux quantization of (1) and a compatible lift to M-theory quantizing also (2). On
this second point, we highlight (with [BSS19]) the open secret that the derivation of massive
type IIA from 11D is elusive, in that what one really gets by double dimensional reduction
of the 11D SuGra fluxes (2) is (cf. again [MS04, §4.2; FSS17, §3]) only the restriction of (1)
to:

(i) F (the class of the 11D circle bundle),
(ii) Fy (the direct image of Gy),
(iii) Fg (the reduced image of G7),
(iv) Hs (the reduced image of Gy)
(v) H; (the direct image of G7):

dF2 = 0, dF4 = H3/\F2, dF6 = H3/\F4 (6&)
dH; =0 (6b)
dH7 = %F4/\F4—F2/\F6. (6(3)

This being the exact reduction of the 11D Bianchis (2), we may appeal to the following
theorem (cf. [BSS19, §2.2; SS24al, going back to [FSS18, §3]): For B any classifying space
that quantizes the fluxes in 11D, its cyclic loop space

Cyc(B) = (LB)/S* (7)
is an admissible flux quantization for the resulting Bianchis (6).
But we show in § 2 (Cor. 2.12) that an admissible choice for B in 11D is

BSU(2) := hoﬁb(BSU(Z) el K(Z,S)). (8)
This implies (Cor. 2.16) that the space

Cyc(BSU2)) (9)
classifies an admissible flux quantization for the type IIA fluxes (6).
The universal property of the Cyc-construction then implies (Cor. 2.2) that there is a
canonical comparison map:

BU(2) — Cye(BSU®)). (10)
which reflects (Cor. 2.17) exactly the lift to flux-quantized fields of the inclusion of the
restricted situation (4a) into the full situation (6). In view of the previous discussion, we
may hence think of (9) as classifying a deformed and unstable version of 3-twisted K-theory.



This shows how the traditional conjecture, that D-brane charge is quantized in stable
K-theory, may be corrected to account for traditionally ignored nonlinearities in the Bianchi
identities, by passage to a deformed version of unstable K-theory, and how after this correc-
tion the flux-quantized situation is actually a reduction of a corresponding situation in 11D,
as it should be.

Relation to Hypothesis H. Beware here that in saying so we are using a slightly different
flux quantization in 11D than was considered in [FSS20; FSS21a] following [Sat18, §2.5],
where the classifying space in 11D was instead taken to be S*, quantizing the C-field fluxes
in 4-Cohomotopy (“Hypothesis H”).

But the two are closely related and in fact indistinguishable in compactifications to R3:
There is a canonical comparison map
s+ =5 BSU(2) (11)
which is an integral homotopy equivalence up to dimension 7 (Thm. 2.6), and hence in
particular a rational homotopy equivalence (Cor. 2.11).

This highlights once more that the global completion of higher gauge theories by flux
quantization is a choice which needs to be justified by checking that it implies desired or
expected consequences.

The choice B = S* stands out in that it provably implies core topological effects expected
in “M-theory” (cf. [Duf99]), such as the {p;-shifted flux quantization of G4 [FSS20, Prop.
3.13] and anomaly cancellations of the M5-brane [FSS21a, Thm. 4.8; SS21]. These results

—

are unlikely to carry over to B = BSU(2), notably in that the relevant tangential twisting
by Spin(5)-structure no longer applies.

However, we may turn this around: The 7-equivalence (11) shows that when the tan-
gential twist is trivial (such as for compactification on tori or other group manifolds) and
the compactified space is of dimension < 7, then the cohomotopical flux quantization with

—

B = S* becomes equivalent to that with B = BSU(2) and as such the deformed unstable
K-theoretic nature of its dimensional reduction follows.

These equivalences in low dimension may hence serve to relate different hypotheses about
flux quantization to each other. Compare also the fact that the stabilization (homotopy
linearization) of S* is equivalent to the classifying space for topological modular forms (tmf)
in degree 4, over 10-manifolds ([Hop02, §4.3; FSS23, Ex. 7.5]):

<10

yeogt =0 ntmf (12)

Including Worldvolume Flux on D4/M5. More generally, in the presence of M5-brane
probes ([HS97; HSWI7; Aga-+97b; Sor00, §5.2; GSS24b, §3]) of the 11D SuGra bulk along

an embedding i’

s 2, X110, (13)
there famously is a (nonlinearly) self-dual flux density #3 on the worldvolume ! (cf.
[GSS24b, Rem. 3.19]) satisfying, on top of (2), the further worldvolume Bianchi identity (cf.

[GSS24b, Prop. 3.18]):
d#s = ¢*Gy. (14)



Equivalently, after double dimensional reduction [Duf+87] of the M5 to a D4-probe of type
ITA (cf. [Tow96; Aga+97b, §6; Aga+97a, §6)),

14 ¥ X1,9’ (15)

this becomes (cf. [Ste01; ZhoO1, §3; Ban26, §2|):
dgg = QO*Hg (16&)
dgfg = QO*F4 - QO*FQ A -.72 s (16b)

where F5 is the twisted flux density of the D4-worldvolume Chan-Paton gauge field and
dty = x, , T its dual electric flux density.

Flux quantization of such twisted relative Bianchi identities (namely twisted by the bulk
fluxes relative to the worldvolume embedding) happens in twisted relative nonabelian co-
homology theories ([BSS26, §3.2; SS26b, §2; FSS23, §3]), where classifying spaces B are

enhanced to classifying fibrations A — B:

N5 s A
H(¢; p) := mo Map qu i@ : (17)
Xl,lO > B

The minimal (in number of CW-cells) admissible choice of flux quantization g for higher
gauge sector of M5@11Bulk turns out to be ([F'S520, §3.7; FSS21a; FSS521b]) the quaternionic

Hopf fibration (46) S7 2% S% which gives the flux quantization of 11D SuGra with M5-
probes according to Hypothesis H.

Hence, in view of the above discussion, we are now to ask whether the comparison map (11)
to the alternative K-flavored flux quantization law extends to a 7-equivalence of classifying

—

fibrations. Indeed, we find a canonical SU(2)-fiber bundle (47) over BSU(2) equipped with
compatible comparison maps (48) which are integral homotopy equivalences in dimensions
< 7 (Thm. 2.9) and hence are in particular rational homotopy equivalences (Cor. 2.15):

ST "=, B77
ihH %K’ (18)

—

st =", BSU(2).

As before, by double dimensional reduction of flux quantization laws via cyclification (7)
of classifying spaces [BSS19, §2.2], it follows at once that the cyclified fibration

Cyc(B™Z)
YCyele) (19)
CYC(BS/U—@)

classifies a twisted relative flux quantization law for type IIA with D4-brane probes (cf.
[Aga+97a, §6]). The situation is summarized in Fig. 2.



Figure 2: Overview for ITA. On the bottom left the bulk type ITA Bianchi identities (6) that
appear via double dimensional reduction from 11D. On the top left the further Bianchis (16) on
a D4-probe embedding ¢. On the right the corresponding classifying maps of admissible flux
quantization of this situation, first according to Hypothesis H and, on the far right, according to
the more K-flavored flux quantization law established here. This dimensionally oxidizes to flux
quantizations of 11D SuGra surveyed in Fig. 3.

A% = ¢Hy Cye(hs) |
1,4 ______ N 7 ye\rH 7
ddts = ¢ Fy — " I5 N Fy > Cye(ST) Cye(BZ)
dry =0 @ Cyc(hy) Cyc(p)
dF4 = H3/\F2, dF@ :Hg/\F4 & %
dHy =0 1,9 (54) Cye(i) ( A)
dH; = APy ANFy — Fy A F. X7 s » Cyc(5?) —— Cyc|BSU(2)

Figure 3: Overview for 11D. On the bottom left the Bianchi identities in the bulk of 11D SuGra
(2); on the top left the further Bianchi on an M5 probe (14). On the right the corresponding
classifying maps of admissible flux quantization of this situation, first according to Hypothesis H
and then, on the far right, according to the more K-flavored flux quantization law established here.
Under double dimensional reduction this yields exactly the situation in Fig. 2.

dgeg = ¢*G4 2175 777777 N S7 iLH B7Z

\ |
dGy =0 Lqﬁ hfﬂ $
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2 The Proofs

We freely use tools from algebraic topology and homotopy theory, as found in textbooks
such as [Whi78; Jam84; Mas91; Koc96; Hat02; AGP02; Arkll; FF16]. In particular we use
the homotopy long exact sequences (LES) induced by homotopy fibrations (cf. [FF16, §9.8]);
for concise review in our context cf. [SS26a, §A.3].

Eilenberg-MacLane spaces.. For A a discrete abelian group and n € N, we write B"A :=
K(A,n) for the Eilenberg-MacLane space of A in degree n (cf. [AGP02, §6]), characterized
uniquely (up to weak homotopy equivalence) by the property

A itk =n

trivial otherwise.

This classifies ordinary cohomology (cf. [AGP02, §7.1; FSS23, Ex. 2.1]), in that cohomology
classes correspond to homotopy classes of classifying maps:

H"(X;A) ~ moMap(X, B"A). (21)

This classical fact is the archetype for the definition of generalized nonabelian cohomology
[Lurl4, Def. 6; F'SS23, §2], defined for any (pointed) space A (its classifying space) as

H°(X;A) := moMap(X,A). (22)



Quaternionic Projective Spaces. We recall that S* is homeomorphically the quaternionic
projective line, while BSU(2) is the infinite projective space (cf. [SS23, Rem. 3.88]), and
that under this identification the canonical inclusion map represents the generator 1 € Z =~
m4(BSU(2)):

54 ! BSU(2) 3)
[2 I
HP! <2 s HP2 <2, ...« HP> .

Concretely, HP? is obtained from HP! by attaching an 8-cell along the quaternionic Hopf
fibration hy (46):

ST M gp
[ s (24)
D# HP? .

Next, HP? is obtained by adding a further 12-cell and so on.
In view of this cell decomposition, one finds that:

(i) the map HP? < HP> induces isomorphisms on homotopy up to dimension 10 (by
the cellular approximation theorem, cf. [Hat02, Thm. 4.8])

mT<10 HP2 — T<10 HPOO, (25)

(ii) the integral cohomology ring of quaternionic complex projective spaces is (as in [Hat02,
Thm. 3.19]) freely generated by a degree=4 generator, which under the above equiva-
lence we may address as the second Chern class ¢o (as in [MS74, §14]):

c; € HYBSU(2);Z) C H*(BSU(2);Z) ~ Zlcy). (26)
(alternatively, under the further homeomorphism SU(2) ~ Spin(3), as the first frac-
tional Pontrjagin class %pl).

Using the same symbol also for the pullback of this generator to any finite stage, we
have the cohomology rings

H*(HP™Z) ~ Zlcy] /((c2)™) . (27)
In particular (and trivially so):
HY(SYZ) ~ Zleo]/((e2)?) - (28)

The 6-Group Classifying Spaces. By (21) the squared universal second Chern class has
a classifying map, which we denote by the same symbol:
c2)?
BSU@2) —— BU@2) — " . Bz (29)
L (02)2 JA

— e —

The homotopy fibers of these maps are our hatted spaces BU(2) (5) and BSU(2) (8), which
thereby come with a canonical comparison map:

Lemma 2.1. This canonical map

— —

BSU(2) — BU(2) (30)
is a homotopy U(1)-fibration.



Proof. First, we note that the unhatted map is already a homotopy U(1)-fibration (cf.
[F'S520, Lem. 2.7(b)]):

fib(BSU(2) — BU(2)) ~ U(2)/SU(2) ~ U(1). (31)

Now, the fiber in question may be understood as the homotopy fiber X in the left vertical
sequence of the following homotopy-commuting diagram

X U(1) ¥
B Lo
BSU@2) —— BSU(2) ““L Bz (32)
/ l H
BU2) BU(2) ~L, B8z

Here the middle and bottom rows are homotopy fiber sequences by definition, and the middle
and right columns are homotopy fiber sequences by (31). But since homotopy limits commute
with each other, it follows that:

X = ﬁb(Bs/U@ . B@)
~ fib(U(1) — *)
~ U(1). O
Corollary 2.2. Under the Ext/Cyc-adjunction ([BSS19, §2.2; SS24a, §2.2]), the adjunct of
the identity on BSU(2) is a map of the form (10):

BU(2) S Cye(BSU2)). (53)

Blakers-Massey theorem. Recall that:
(i) a topological space is called:
o (—2)-connected: always,
o (—1)-connected if it is not empty,
o 0-connected if it is (—1)-connected and path connected,
e (k > 1)-connected if it is O-connected and all its m<y are trivial;
(ii) a map between spaces is called:
o k-connected if all its homotopy fibers are (k — 1)-connected.
So by the homotopy LES, a k-connected map induces isomorphisms on m<j_1.

Proposition 2.3 (Blakers-Massey theorem [Goo91, p. 309; Ane+20]). Given a homotopy
pushout square, where f; is k;-connected,

f2
X . — B
fl[ /A Aiu:BB [ (34)
A AU B,




the dashed comparison map to the homotopy pullback is (k1 + ko — 1)-connected.

Example 2.4. Applied to the cell attachment (24), which is evidently the homotopy pushout
of a 3-connected map along a 7-connected map, the BM theorem (Prop. 2.3) gives that the
comparison map to the homotopy fiber fib(¢;) of the first cell inclusion:

hy

ST G
— =~
k fib(1) l (35)
- HP?
is 9-connected, hence induces isomorphisms
<8 57 — <8 ﬁb(Ll) . (36)

Lemma 2.5. The homotopy fibers of S* 2 HP? and of S* -~ HP> are identified in low

degrees:
T<9 ﬁb(Ll) — <9 ﬁb(l) . (37)

Proof. The map of homotopy fiber sequences

fib(1;) St 2 HP?
v | ¢ (38)
fib(1) st L HPp>

induces the following map of corresponding homotopy LESs:

Tk+1 54 — 7Tk+1HP2 — Wkﬁb(l,l) E——— 7Tk54 % WkHP2

i y v [ | (39)
Moot S —— T HP® — m fib(1) — 1, 84— 7, HP™ |
Hence five-lemma (cf. [Wei94, Ex. 1.3.3]) implies the claim, by (25). O

The Comparison Map. By (21) and (28), the canonical map (23) has null-homotopic
postcomposition with (cz)? and hence factors, up to homotopy, through the latter’s homotopy
fiber (8) via an essentially unique map 1:

—

BSU(2) *
L | (40

st 1, Bsu) S gz,

Theorem 2.6. The comparison map 1 (40) induces isomorphisms on T<7.

Proof. In degrees n < 6 this is straightforward: The map 1 induces isomorphisms in these
degrees (since the next cell of BSU(2) is in dimension 8) as does the map fib (by the long
exact sequence of homotopy groups and using that 7r§7(BgZ) is trivial).

10



More work is required to show isomorphy on 7. To this end, consider the following map
of homotopy fiber sequences induced from the diagram (40):

fib(1) st —1 — BSU(2)
I ! | (4
BZ — - BSU@2) —*~ BSU(2)

The corresponding morphism of induced homotopy LESs is of this form:

Z 0
— —

s BSU(?) E— 7T7ﬁb(1) ——> Ty 54 7 BSU(Z) — Tg ﬁb(].)

[ |#- Vi H | (42)
7 BSU(2) — 7 B"Z — m; BSU(2) ——~ 7; BSU(2) — 76 B'Z ,
T T

where over the braces we used (36) and (37).

Hence the five-lemma (cf. [Wei94, Ex. 1.3.3]) implies the claim as soon as we show that
¢, here is an isomorphism. We relegate this to Lem. 2.7. ]

Lemma 2.7. The map ¢. in (42) is an isomorphism.

Proof. Consider now the map of cohomology Serre LESs (cf. [McCO1, Ex. 5.D with Thm.
5.2]) induced by (41):

H®(S%Z) <+— H3(BSU(2);Z) <—=— H'(fib(1);Z) <—— H'(S%,Z) (43)
I , tor

H3(BSU(2);Z) <~ H"(B"Z;Z).

Here the top transgression map, 73, is immediately seen to be an isomorphism by exactness,
and the bottom map may be checked to be an isomorphism, too (Lem. 2.8). By commuta-
tivity, this implies that ¢* is an isomorphism. From this, the Hurewicz theorem (cf. [Hat02,
Thm. 4.32]) implies that also ¢, is an isomorphism, since B’Z and fib(1) are 6-connected
by (20) and (36). O

Lemma 2.8. The map 7§ in (43) is an isomorphism.

Proof. By construction (40), the bottom homotopy fiber sequence in (41) is equivalently the
pullback of the path fibration over B¥Z:

B'7 ——— BZ
/ J
BSU(2) — PB®Z (44)
- |

(c2)?

BSU(2) —2 B87.

11



Hence, again by the naturality of the cohomology Serre LES (cf. [McCO01, Ex. 5.D with
Thm. 5.2]), we have the commuting square
H®(BSU(2);Z) ~*— H"(B"Z;Z)
() H (45)
HY(B*Z;Z) <=— H'(B'Z;Z).
But as indicated, here the bottom map is an isomorphism (by [Mil21, Lem. 65.2]) as is the
left map, by (26). This implies the claim, by commutativity. O

This completes the proof of Thm. 2.6, establishing the integral 7-equivalence. Next we
extend this to a 7-equivalence of classifying fibrations.

Relation to the Quaternionic Hopf fibration. We note that the homotopy fiber of our
unit map (23) is the unit class SU(2)-principal bundle over S, which is the quaternionic
Hopf fibration hy (cf. [Nakl18, (9.62); SS26b, §5.2.3]):

S7 n *
ha) b (46)
st L. BSU(2)

Its hatted analogue in our context is hence the homotopy fiber o of p (40):

BZ *

|
o | (47)
BSU(2) —— BSU(2).

By the homotopy commutativity of (40) and the universal property of homotopy fibers, we
have an essentially unique canonical comparison map hy between these two fibrations:
M, gt 1 . BSU(2)
e li H (48)

—

B"7 —Y—~ BSU(2) —— BSU(2).

Theorem 2.9. The comparison map B (48) induces isomorphisms on m<z.

Proof. The map of homotopy LESs induced by (48) is of this form:
Top1 SY — s BSU2) —2 7 S g L BSU(2

Ji. H . 1. H (49)

Tre1 BSU(2) > mq BSU(2) —> 7, B'Z 2 7, BSU(2) 2 7, BSU(2

Hence by the five-lemma (cf. [Wei94, Ex. 1.3.3]) it is now sufficient to show that 1, is an
isomorphism on m<7 and an epimorphism on mg. The first statement is Thm. 2.6, the second
we relegate to Lem. 2.10. O]

Lemma 2.10. The map 1 (40) induces an epimorphism on .

12



Proof. The map of homotopy LESs induced by (48) looks in the relevant parts as follows:

finite Z
. 1 —_— o ,—/R7
g S mg BSU(2) — > ™S
5 H (50)
7 B'Z, —— 7 BSU(2) —2> 73 BSU(2) —— 7 B'Z .
0 fini Z
nite

Using Serre finiteness (55) on the terms with braces implies that the shown connecting
homomorphisms both vanish, whence exactness implies that 1, is an epimorphism and p, is
an isomorphism. But then commutativity implies the claim. O]

This establishes that we have a 7-equivalence of classifying fibrations. Next we turn to
the rationalization of this situation.

Rational Homotopy. For general background on rational homotopy theory, cf. [FHTO00;
Hes07; FSS23, §5] and for exposition in our context see [FSS19]. Here we denote the min-
imal Sullivan model (cf. [Menl5]) for the R-rational homotopy type of a space B (simply
connected and of finite rational type) by:

CE(IB) € dgcAlg,, (51)

since it is the Chevalley-FEilenberg algebra of the real Whitehead-bracket L. -algebra B
[FSS23, Prop. 5.11, Rem. 5.4]. Moreover, when we make these CE-algebras explicit we
write (as in [GSS25)):

CE(IB) = R, {generators} / (differential relations) : (52)

indicating how they are free differential algebras (FDA in supergravity terminology, cf.
[CD25; FSS19; FSS15]) on the given graded generators, quotiented by the given differential
ideal.

The subscript on a generator will always indicate its degree, directly analogous to the
notation for the flux densities in § 1. Indeed, B is the classifying space of an admissible
flux-quantization law if [SS25a, §3.1-2; SS24b] there is a presentation (52) such that these
generators and relations correspond to the given flux species and their Bianchi/Gauss iden-
tities, respectively:

CE(IB)-generators < flux species

. duality-symmetric Bianchi identities
CE([B)—IGl&thHS A / Gauss laws on Cauchy surface.

(53)

More generally, for A ¥, B a fibration of spaces, we denote the relative minimal Sullivan
model of A, p-relative to the minimal Sullivan model of B, by (cf. [F'S523, Prop. 5.16)):

CE(I,A) € dgcAlg,, (54)

obtained by adjoining a minimal set of further generators to the minimal model (52) of the
base (whithout removing any of these generators).

Hence, while contractible pairs of generators of the form (d ep = fpr1,d fpr1 = 0), do
not appear in minimal Sullivan models (being non-minimal), they may appear in relative
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minimal Sullivan models, namely whenever the cohomology class of f,41 in the base space
vanishes when pulled back along ¢.

Now, first to recall that the classical Serre finiteness theorem (cf. [Rav04, §I, Thm. 1.1.8])
says that the homotopy groups of spheres are mostly all finite. Concretely, for n € N:

- 32n+1 ~ {Z lfk' = 27’L+ ]_ (55&)

finite otherwise,

7 itk =2(n+1)
T S2H) ~ L7 x finite ik = 4(n+1)—1 (55b)
finite otherwise.

Accordingly, all finite group factors (torsion subgroups) disappear under rationalization, and
the Sullivan minimal models of spheres are (cf. [Menl5, §1.2]) concentrated on just the one
or two remaining integer homotopy groups:

CE([SQn—H) ~ Rd [g2n+1]/<dg2n+l = 0) (56&)
dgominy = 0
CE(1520+1) ~ R, l92(n+1> 1 /( o) = 0 ) ‘ (56b)
94(n+1)—1 d ganin—1 = 592(n+1)

With this, Thm. 2.6 readily implies:
Corollary 2.11. The comparison map 1 (40) is a rational homotopy equivalence.

Proof. By Serre’s finiteness theorem (55), the only non-torsion homotopy groups of S* are
in degrees 4 and 7. Therefore, with Thm. 2.6 it is sufficient to see that all homotopy groups

of BSU(2) in degree > 8 are finite.

Now the homotopy LES in degrees n > 9,

0
—

Tl B%7,
On U (57)
L . BSU(2) —> 7, BSU(2) — m, B°Z ,
v
immediately implies that —
7, BSU(2) ~ 7, BSU(2)
~ 7,_1SU(2) (58)
~ 1S3,
which is indeed finite, again by Serre’s theorem.
In the remaining degree n = 8 the homotopy LES instead gives
——
79 B8Z
) (59)

Os
L s BSU(2) — > 15 BSU(2) — > s B*Z .
Z

But since mg BSU(2) ~ 77 5% is again finite, the last map here is zero and hence exactness
implies, as before, that also mg BSU(2) =~ w7 S? is finite. O
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Corollary 2.12. Under rationalization of the comparison map 1 (40), the minimal Sullivan

—

model of BSU(2) (8) is identified with that of the 4-sphere:

1s* 1. (BSU(2), (60)

gZ) . (61)

By comparison with (2), this shows that BSU(2) is an admissible classifying space for
electromagnetic flux quantization of the gauge sector of 11D supergravity, as discussed in

§ 1.

Of course, the minimal Sullivan model (61) by itself (disregarding the comparison map
1) also follows by more elementary rational homotopy theory, not requiring Cor. 2.11. And
since rationally U(2) ~, U(1) x SU(2), we similarly have:

hence:

celtnsm) = 1]/ (3

= O

—

Lemma 2.13. The minimal Sullivan model of BU(2) (5) is:

- f2 df, =0
CE(IBU@2)) ~ R, |fu /(df4 =0 ) . (62)
he] " \dhy = 3f7

Comparison with (4a) hence shows that BU(2) is an admissible classifying space for that
situation, as discussed there.

From combining (62) with (61) we also have:

Lemma 2.14. The relative minimal Sullivan model (54) of BS/U@ U(1)-fibered (30) over

BU(2) is
0 do, = fo

—— dfs =0
CE([BU/(Q\)BSU(Q)) ~ R, ;i / d;i o | (63)
he]  \dhr = 3/}
whence the identity map on BSTJ@ s also modeled by the quasi-isomorphism:
IB@BSU(Q) —— [ BSU(2)
1 — Ja (64)
h; < hy .

Similarly, Thm. 2.9 readily implies, furthermore:
Corollary 2.15. The fiber comparison map B (48) is a rational homotopy equivalence.

Proof. By Thm. 2.9 it is sufficient to observe that all higher homotopy groups m>gS” are
finite (55). O
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In particular, therefore the relative minimal Sullivan model (54) of the fibration @ (47)
coincides with that of the quaternionic Hopf fibration, which is [FSS20, Prop. 3.20; FSS522,
Lem. 2.13]:

hs dhs = g4
B'Z) ~ CE(L,ST) ~ R, |g, / dgs =0 |- (65)
gr dgr = %gi
Comparison with Fig. 3 therefore shows that both hy as well as our more K-flavored @
classify admissible twisted relative flux quantization laws for 11D SuGra with M5-probes.

CE([

BSU(2)

Cyclification. Given the minimal Sullivan model of a space B,
CE(IB) ~ R, [(ei)ig] / (dgei _ Pi(g)), (66)

we recall that the minimal Sullivan model of its cyclic loop space, Cyc(B) (7), is given
([BV85], cf. [FSS17, Prop. 3.2; SV23, Prop. 2.4(ii)]) by:

(€ )ier de' = d,e' +wyse’
CE(ICyc(B)) ~ R, |(s€')ics / dse’ = —s(d,e’) ; (67)
Wa dwy =0

where se’ are degree-shifted generators, deg(se’) = deg(e?) — 1, and on the right we under-
stand the shift operator ; ;
€' se
‘ { | (68)
se' — 0
as uniquely extended to a (—1)-graded derivation on R[(e")ig, (sei>ig].
Using this with Cor. 2.12 it follows (as in [FSS17, §3], cf. [GSS25, Ex. 2.26]) that:

Corollary 2.16. The minimal Sullivan model of the cyclified loop space of BS/U@ is:
[ f2] dfs =0
Ja dfs = hsfe
CE(1Cye(BSU®)) ~ R, | fy / dfs = hsfy . (69)
hs dhs =0
| hr | dhr = 3fafs— fofs

Proof. In view of the general formula (67) applied to (61), this is a matter of naming the
generators as follows

h == +g7
fo == —sgr (70)
Ji = +g4
hs == +sf4
(noting the conventional choice of relative signs). O

Comparison with (6) thus shows that CyC(BS/U@) is therefore indeed the classifying
space of an admissible flux quantization law for the gauge sector of (non-massive) type IIA
supergravity.
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—

Corollary 2.17. Pullback along the map | BU(2) —— [Cyc(BS/U@> which is induced on

minimal Sullivan models by the map (10) and (33), is the identity of fa, fi and hy and
vanishes on fg and hg.

Proof. By construction in Cor. 2.2, the map is the Ext/Cyc-adjunct of the identity on

[BSU(2). Applying the general formula [GSS25, Prop. 2.25; FSS18, Thm. 3.8] for these
adjuncts to the above model (64) for that identity map yields the correspondence:

(BU(2) — [Cyc(BSU®))

IBU,@BS/U@ —~ . [BSU(2) fo fa

B fi Ja (71)
Ja — 94
0 < fﬁ
0 < hg
h? < h7 .

On the right this is the claimed pullback. m

Further with Cor. 2.15, the immediate generalization of this computation to the relative
minimal Sullivan model of @ yields, as in [Ban26, §3]:

Corollary 2.18. The relative minimal Sullivan model of the cyclification of o is:

f2 ] dfy = hs
fs dhis = fi— fof2
fo dfe =0
CE [cyc(BstTz))CyC(B%)) ~ R, fa / dfy = hafs ) (72)
e dfse = hafs
h3 dhg =0
L7 ] dhy = 5fafs— fofs

Proof. In view of the general formula (67), now applied to (65), this is a matter of naming
the further generators, beyond (70), as follows:

hs := +h
13 3 (73)
fo = —sli3

(noting again the conventional choice of signs). O

Comparison with Fig. 2 shows that, therefore, @ is indeed an admissible flux quantization
law for type ITA with D4-probes.
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3 Conclusion

The global completion of a higher gauge theory by flux/charge quantization is a choice, but
candidate quantization laws in nontrivial situations have hardly been explored.

The traditional proposal that RR-flux (D-brane charge) is quantized in twisted topological
K-theory suffers (besides from the problematic ontology of the “massive” flux species Fy and
Flo), from its unjustified disregard of the nonlinear Bianchi identity for the dual NS-flux. At
the same time, such nonlinear Bianchis do not admit flux quantization in the traditionally
considered abelian (stable) cohomology theories like K-theory.

The solution is to pass to flux quantization in nonabelian cohomology theories. For 11D
Sugra, the minimal choice (“Hypothesis H”) of full electromagnetic flux quantization (mini-
mal in number of cells in the corresponding classifying space) is in 4-Cohomotopy, classified
by the 4-sphere. Under the process of double dimensional reduction of flux-quantization laws,
namely by cyclification of their classifying spaces, this implies a consistent quantization of
(actual, non-massive) type IIA SuGra.

However, the resulting cyclified 4-Cohomotopy is in general not closely related to K-theory,
at least not manifestly so. Hence, in order to see to which extent the K-theory conjecture
may be salvaged while retaining dimensional oxidation to 11D (hence retaining M/ITA du-
ality even after flux quantization), here we looked for a more “K-flavored” but still strictly
admissible choice of electromagnetic flux quantization of the gauge sector of type IIA SuGra.

One such choice is naturally suggested by understanding the classifying space S* ~ HP!
as the quaternionic projective line, and as such as the 4-skeleton of the infinite quaternionic
projective space HP*> ~ BSU(2). The latter, being U(1)-fibered over a finite stage in the
classifying space for complex K-theory, is closer to K-theory, and as such might be understood
as classifying a form of “unstable K-theory”, at least bringing in cocycle data in the form of
unitary bundles.

Our main mathematical observation here (Thm. 2.6) is that, up to dimension 7, the
homotopy theoretic identification of S* with BSU(2) is obstructed exactly only by the square
of the second Chern class, which vanishes on S* but not on BSU(2): Forcing this squared

class to vanish yields a deformed classifying space BSU(2) which does classify an admissible
electromagnetic flux quantization of 11D SuGra but is more “K-theory flavored” than S*
(with which however it agrees up to dimension 7), in that unitary bundles, at least of rank
2, serve as cocycle data.

Concretely, the double-dimensional reduction of this quantization law yields an admissible

proper quantization of the ITA flux densities classified by the cyclic loop space Cyc(BS/U@),

_—_

which receives a canonical map from the “deformed unstable K-theory” classified by BU(2).

This map thus exhibits CyC(B S/U@> as classifying a nonabelian cohomology theory that
is an unstable form (correction) of the traditionally expected twisted K-theory, while being
strictly admissible as a flux-quantization law for (non-massive) type IIA supergravity, in-
cluding the nonlinear Bianchi identity of the dual NS-flux. A variant extends also to the
twisted relative quantization of the further worldvolume fluxes on D4-branes.

Moreover, still by the main theorem (Thm. 2.6), the flux quantization of this “K-flavored”
law strictly coincides with the cohomotopical one (Hypothesis H) on 10D spacetimes of
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the form R'3 x X Hence there it immediately inherits the latter’s favorable properties
regarding topological conditions expected in M-theory.

In this sense, Cyc(BS/U@> classifies a nonabelian cohomology theory that fares fairly well
in meeting both: (i) the strict technical demands on a proper flux quantization of type ITA
SuGra, as well as (ii) further string/M-theoretic folklore expectations.

But it needs to be re-emphasized that global completion of any higher gauge theory, like
type ITA SuGra, is a choice that requires attention, and that there are an infinitude of
further admissible flux quantization laws waiting to be explored and to be compared to
given desiderata and expectations.

Acknowledgments. We thank Alonso Perez-Lona for bringing references on unstable K-
theory to our attention.
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