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The fundamental notion of non-abelian generalized cohomology
gained recognition in algebraic topology as the non-abelian Poincaré-
dual to “factorization homology”, and in theoretical physics as
providing flux-quantization for non-linear Gaufl laws. However,
already the archetypical example — unstable Cohomotopy, first
studied almost a century ago by Pontrjagin — has remained un-
derappreciated as a cohomology theory and has only recently re-
ceived attention as a flux-quantizaton law (“Hypothesis H”).

Here we lay out a general construction of the analogue of the
Chern character map on twisted equivariant non-abelian coho-
mology theories (with equivariantly simply-connected classifying
spaces) and illustrate the construction by spelling out a twisted
equivariant form of Cohomotopy as an archetypical and intriguing
running example, essentially by computing its equivariant Sullivan
model.

We close with an outlook on the application of this result to
the rigorous deduction of anyonic quantum states on Mb-branes
wrapped over Seifert 3-orbifolds.
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1. Introduction & Overview

Algebraic topology, of course, is the study of spaces via systems of (co)homologi-
cal invariants (cf. [80][46] [128]). Ever more generalized versions of cohomology
are routinely discussed these days, but an ancient and archetypical example
— namely unstable Cohomotopy (6), which we will refer to as just Cohomo-
topy, cf. [118] [53, §VII] (going back to [6][88]) — has received little attention
as a cohomology theory, since as such it falls outside the scope even of the
generalized cohomology theories as commonly understood today: it is a non-
abelian generalized cohomology theory, as we recall in a moment.

Motivated by recent application [106] in theoretical physics (exposition
in §4) of non-abelian generalized cohomology in general and of Cohomotopy
in particular, we develop here the equivariant enhancement of the character
map on twisted non-abelian cohomology theories due to [31] and illustrate
it by presenting a case study of constructions on and phenomena exhibited
by unstable Cohomotopy when regarding it as a twisted equivariant coho-
mology theory. Concretely, besides the development of the general theory of
the equivariant non-abelian character map, our main result (Thm. 1.1) is
the construction and analysis of the nonabelian character map [31] on the
“twistorial” variant of low-degree Cohomotopy from [29], now generalized to
Zo-equivariant form.

We may motivate this example by its application in high energy physics
indicated in the outlook section §4, but at the same time — due to the
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low-dimensional spheres and projective spaces it involves, these being being
among the simplest cell complexes — it is also one of the most basic examples
of the theory generally, as such of interest in its own right, and shall serve as
our running example illustrating all our constructions.

At the heart of this computation is, for reasons explained in a moment,
the computation of minimal Sullivan models of fibrations of some basic cell
complexes (like S and CP3) but in the generality of equivariant homotopy
theory (recalled in §2). Since in this context even such basic examples of
equivariant Sullivan models have not been discussed in print before — to the
best of our knowledge — the reader may take §3 as an exposition of the noto-
riously more intricate equivariant version of dg-algebraic rational homotopy
theory (which has seen little application in the past) along some illustrative
examples and under the perspective of the equivariant generalization (in §3.3)
of the non-abelian de Rham theorem from [31, §6].

After the proof of the main theorem is thereby completed, for the inclined
reader we end in §4 with a brief outlook on the somewhat remarkable impli-
cations of our computations to recent questions in theoretical physics, specif-
ically to the rigorous derivation of anyonic quantum states on M5-branes.

But first, to set the scene, it is worthwhile to briefly take a step back and
reconsider the notion of cohomology as such:

Cohomology via classifying spaces. It is a classical and yet possibly un-
dervalued fact that reasonable cohomology theories have classifying spaces
(and more generally classifying stacks). To quickly recall (more details and
pointers in [31, §2]):

— Ordinary cohomology. This begins with the observation that (reduced)
ordinary singular cohomology, with coefficients in a discrete abelian group
A, is classified in degree n by Eilenberg-MacLane spaces K(A,n) — in that
on well-behaved topological spaces X, notably on smooth manifolds, there
are natural isomorphisms between the ordinary cohomology groups and the
connected components of the respective (pointed) mapping spaces:

H™(X; A) ~ moMaps(X, K(A,n)),
H'(X; A) ~ m Maps* (X, K(A,n)) .

This equivalence makes manifest the characteristic properties of cohomology:
homotopy invariance, exactness and wedge property, since these are now im-
mediately implied by general abstract properties of mapping spaces.

(1)
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Moreover, these EM-spaces are in fact loop spaces of each other, via weak
homotopy equivalences

on : K(An) —— QK(A,n+1) (2)
that thereby represent the suspension isomorphisms between ordinary coho-
mology groups, as follows:

A"(X;A) = Maps*/(X, K(A,n)) % Maps™ (X, QK (A, n+ 1))
(1) (2)

—— Maps”/(2X, K(A,n+1)) % O™ (SX; A).

adjunction

— Ordinary non-abelian cohomology. Note here that it is the loop space
property (2), and hence the corresponding suspension isomorphism, which
reflect the fact that the coefficient A has been assumed to be an abelian group:
For a non-abelian group G, an Eilenberg-MacLane space K(G,1) ~ BG still
exists, but is not a loop space.
While the suspension isomorphism is thus lost for non-abelian coefficients,
the assignment
X — HYX;G) = myMaps(X, BG) € Set (3)
still satisfies homotopy invariance, exactness and wedge property, just by the
general properties of mapping spaces, and hence has all the characteristic
properties of ordinary cohomology — except for its abelian-ness. Accordingly,

(3) is known as non-abelian cohomology, famous from early applications in
Chern-Weil theory.

— Whitehead-generalized cohomology theory. But if or as long as we do
insist on abelian cohomology groups related by suspension isomorphisms, we
may still immediately generalize ordinary cohomology in the form (1), simply
by using any other sequence of classifying spaces (E,)22,, being successive
loop spaces of each other as in (2),

on : En —— QFE,.1,
as such called a sequential §2-spectrum of spaces, or just a spectrum, for short.
The Brown representability theorem says that the resulting assignments
X — E"X) := moMaps(X; E,)
are equivalently the generalized cohomology theories as introduced by White-

head, including examples such as K-theory, elliptic cohomology and cobordism
cohomology.

— Non-abelian generalized cohomology. But as we just saw, suspension
isomorphisms are to be regarded as extra structure on cohomology. Not nec-
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essarily requiring them leads to consider any pointed space A (which we may

as well assume to be connected) as the classifying space of a non-abelian gen-

eralized cohomology theory, defined in evident generalization of (3) simply

by

HY(X; Q4) = myMaps(X, 4). (4)

Here the notation on the left is suggestive of the fact that any loop space

QA4 canonically carries the structure of a higher homotopy-coherent group —

a groupal A..-space or co-group, for short — whose de-looping is equivalent
to the connected component of the original space (cf. [31, Prop. 2.2]):

4 ~ BOQA. (5)

For instance, in the archetypical case where 4 = S™ is the n-sphere, then

the non-abelian generalized cohomology theory that it classifies is known as
(unstable) Cohomotopy ©™ (cf. [118][53, §VII][31, Ex. 2.7])

H' (X;Q5") = mo Maps*/(X, sM o= 1(X), (6)
in dual reference to the familar homotopy groups
(X)) ~ mo Maps*/(S”, X).
Another example of non-abelian generalized cohomology is unstable topo-
logical K-theory [47], whose classifying spaces are taken to be finite stages

U(n) of the sequential colimits which construct the classifying spaces of topo-
logical K-theory.

Developing non-abelian cohomology. Fundamental, elementary, and com-
pelling as the notion of non-abelian generalized cohomology in (4) is, it has
long remained underappreciated. For example, none of the original authors
[6][88][118] on Cohomotopy (6) address their subject as a cohomology theory,
instead the early development revolves around partial fixes for the perceived
defect of co-homotopy sets to not in general carry group structure. The situ-
ation does not improve with the early development of “non-abelian gerbes”,
whose original description [37] appears unwieldy.

Explicit acknowledgment of (stacky) non-abelian generalized cohomology
in the transparent guise (4) appears only in a lecture [124] (possibly follow-
ing [117]). Two independent developments in 2009 finally put non-abelian
generalized cohomology into fruitful context:

o The discovery of non-abelian Poincaré duality [68, §3.8], relating non-
abelian cohomology (later made explicit in [69, Def. 6]) of manifolds to
“non-abelian homology” in the guise of “factorization homology” (which,
in contrast to non-abelian cohomology, takes work to define);
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« The observation in theoretical physics [97][112][109] that charge /flux-quanti-
zation laws [106] for higher gauge fields are generally in non-abelian coho-
mology.

With non-abelian generalized cohomology thus recognized as a worthwhile
subject, we are led to generalize familiar constructions in abelian cohomology,
as far as possible, and to explore the consequences.

First, we may straightforwardly equip non-abelian cohomology with fur-
ther attributes: Considering the right-hand side of (4) not just for plain spaces
but for sheaves of spaces (higher stacks) leads to non-abelian generalized
sheaf cohomology, including, in particular, non-abelian generalized versions
of twisted cohomology and of equivariant cohomology (also of differential co-
homology, but this shall not concern as here):

— Equivariant non-abelian cohomology. Via the above identification of
cohomology sets with homotopy classes of maps to a classifying space, every
flavor of homotopy theory comes with its corresponding flavor of cohomology
theories. In equivariant homotopy theory one considers (cf. [107]) topologi-
cal spaces 4 equipped with the action G CA4 of a (finite, for our purposes)
group G and with G-equivariant maps between them — and the correspond-
ing flavor of cohomology is equivariant cohomology (which we also call proper
equivariant cohomology in order to distinguish it from the coarser form of
Borel-equivariance):
HEL(X; 94) = moMaps(GCX, GCa)° . (7)
Here the notion of G-homotopy equivalence of maps is straightforward
but, at face value, technically cumbersome to reason about. However, El-
mendorf’s theorem (recalled as Prop. 2.26 below) reveals that G-homotopy
equivalences (between G-cell complexes) are nothing but systems of ordi-
nary weak homotopy equivalences between the H-fixed spaces 4 for all sub-
groups H C G. These systems of fixed spaces are conveniently re-packaged
as presheaves on a small category called the orbit category Orb(G) of G,
whence G-equivariant homotopy theory is equivalently the homotopy theory
of presheaves of spaces on Orb(G).

— Twisted non-abelian cohomology. Somewhat similarly, given any space
B in any homotopy theory, the B-slice is the homotopy theory whose objects
are spaces fibered over B with maps between them respecting the fibration
up to specified homotopy. If we assume, without essential restriction, that
the base space is connected, then we may identify it as B ~ BG, as in (5),
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which exhibits any fibration over it as the Borel construction 4 / G of the
homotopy-quotient of a homotopy-coherent action G (4.

If we now think of a domain object X = BG in this BG-slice as a twist
and of a codomain object 4 ) G & BG as a local coefficient bundle, then the
corresponding non-abelian cohomology is just the homotopy classes of sections
of the T-associated A-fiber bundle, and as such is 7-twisted A-cohomology [31,

§3]:

alG
H'YT(X, QA4) := moMaps(X, 4/ G) s = T (8)
X ;) B g Arclative
omotopy

This works generally: If all spaces here are in addition equipped with G-
actions as in (7), hence if we are looking at a slice of equivariant homotopy,
then the above is automatically twisted € equivariant non-abelian cohomol-
ogy. This is what we shall be concerned with here, concretely with the char-
acter map in this generality:

— The non-abelian character. A famous construction on abelian coho-
mology is the Chern-Dold character map to de Rham cohomology, which in
the case of K-cohomology becomes the familiar Chern character (and which
on ordinary cohomology is essentially just the de Rham theorem). One may
think of the Chern-Dold character as universally extracting the non-torsion
data in the cohomology groups. Its generalization to non-abelian cohomology
was developed in [31]:

Observe that the Chern-Dold character is essentially just the cohomology
operation induced by rationalization of the classifying space,

Q
iU %7 .

rationalization

As such, it makes sense in the generality of non-abelian classifying spaces
(immediately so under mild technical assumptions, such as nilpotency, but
with more work also more generally). In view of this, the fundamental theorem
of dg-algebraic rational homotopy theory may be re-cast as a non-abelian de
Rham theorem which identifies, over smooth manifolds X, the resulting non-
abelian rational cohomology with the concordance classes of flat differential
forms having coefficients in the real Whitehead-bracket L-algebra [4 of the
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classifying space:
p character map
H'(X; a) = l

mo Maps(X, 4) L 7o Maps (X, LQﬂl) ——  Hl(X;14) (9)

non-abelian rationalization of non-abelian non-abelian non-abelian
cohomology classifying space rational cohomology de Rham theorem de Rham cohomology

Since generalized cohomology theories are typically hard to analyze, in
particular non-abelian ones, this character map may be regarded as extract-
ing the first non-trivial stage of more tractable invariants. For instance, the
character of a non-abelian class is the first obstruction to a trivialization of
that class.

It is fairly straightforward to generalize the non-abelian character (9)
to twisted non-abelian cohomology (8), now using relative minimal Sullivan
models.

The following Tuble 1. shows some examples of the resulting form of
twisted non-abelian character maps that we have computed elsewhere before
— the first few examples are for general illustration and orientation, the last
one is the one of concern here: Our goal here is to equivariantize it.

This identification of the character map on non-abelian cohomology with
the passage of classifying spaces to their minimal dgc-algebraic models in
rational homotopy theory yields a new perspective on both subjects:

e On the one hand, it becomes clear at once how to make sense of the twisted
equivariant non-abelian character, namely by construction of equivariant
relative Sullivan models using the theory of [129][113, §11][114];

» and conversely it provides a sudden wealth of motivation and applications
of the latter (which arguably has led a niche existence in the literature).

'In the mentioned application to physics, the flux densities of a higher gauge field
are sourced by charges that appear as classes in non-abelian de Rham cohomology
on the right, and the completion of the higher gauge theory by a flux-quantization
law means to lift these charges through the character map to classes in a chosen
non-abelian cohomology theory on the left.
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Table 1 — Character maps. The generalized character maps that we are con-
cerned with here (on twisted non-abelian generalized cohomology [31], here to be
further equivariantly enhanced) are the universal approximations of generalized co-
homology by rational cohomology, which here we take to be R-rational over smooth
manifolds and hence represented by differential forms in a de Rham complex Q3 (—)
with de Rham differential “d” (cf. [8]), specifically by non-abelian de Rham coho-
mology, see [31, §33] and §2.

The table above indicates that special cases of the generalized character are cel-
ebrated classical constructions such as the de Rham map from integral to de Rham
cohomology [31, Ex. 7.1], the Chern-Weil homomorphism from ordinary non-abelian
cohomology to characteristic forms [31, §8] and the (twisted) Chern character on
(twisted) topological K-theory [31, Ex. 7.2, Prop. 10.1]. Their unified understand-
ing via dg-algebraic rational homotopy theory of their classifying spaces shows how
to construct novel non-classical character maps analogously, notably on flavors of
Cohomotopy theory [31, §12], indicated at the bottom of the table.

In the present article we generalize the construction of this generalized charac-
ter map further to equivariant (twisted non-abelian generalized) cohomology (for
the case of equivariantly simply connected classifying spaces, for simplicity), with
special attention to the equivariantization of the last two examples above.
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Main result. The main result presented below is the general construction
of the character map on twisted equivariant non-abelian cohomology ? which
culminates in §3.4.

The simplest applications (in numbers of cells) are the cases of twisted and
“twistorial” equivariant Cohomotopy, whose equivariant classifying spaces are
spheres and projective spaces. Among these, the possibly simplest (but al-
ready quite non-trivial) example is Zs-equivariant twistorial Cohomotopy in
degree 7. This is our running example along which we develop and illustrate
all the ingredients of the construction. The analysis of this example culmi-
nates in Rem. 3.79 below, with a proof the following statement:

Theorem 1.1. (i) The character map (Def. 3.78) in Zs-equivariant twistorial
Cohomotopy (Def. 2.48), on Zsy-orbifolds (Def. 2.36) with Sp(1)-structure T
and -connection w (Ex. 3.70), is of the form shown in Table 2 on the following
page.

(ii) Moreover, a necessary condition for differential forms to be in the image
of this character map is their (shifted) integrality, as follows:

[Gi] = [Ga+ip(w)] € HYX:;Z)—HY(X;R),

(10)
(] € H*(X;Z)— H?*(X;R).

Proof. This derivation occupies the bulk of the article; it is wrapped up below
in Rem. 3.79. O

Here this analysis serves to showcase the rich structure reflected in char-
acter maps on twisted equivariant non-abelian cohomology. At the same
time, this example has a rather curious application to physics [105], following
[29][106], which we briefly indicate in the closing §4.

2More specifically, here we develop the equivariant non-abelian character for
the case of equivariant classifying spaces that are equivariantly simply-connected
(namely, fixed locus-wise). If one drops this assumption, then the discussion be-
comes much more involved, as one needs to rationalize the fixed locus-wise covering
spaces while retaining the respective actions of the fundamental groups by Deck
transformations over each fixed locus — all this on top of the action of the equiv-
ariance group G and of the twisting group G.
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Table 2 — Theorem 1.1. Shown summarized is the result of our running example
of the image of the character map on the nonabelian twisted equivariant cohomology
theory classified by the equivariant twistor fibration, according to Thm. 1.1.

At the heart of the proof of Theorem 1.1 is the computation (Prop. 3.56 be-
low) of the equivariant relative minimal model ([129, §5][113, §11][114, §4], recalled
as Def. 3.40 below) of the Zg-equivariant Sp(1)-parametrized twistor fibration in
equivariant rational homotopy theory.

The equivariant twistor fibration. The twistor fibration ty ([2, §IIL.1][15],
see [29, §2]) is the map from CP? (“twistor space”) to HP! ~ S which sends
complex lines to the right quaternionic lines that they span:

52 ~ HX/CX\
%} cpd o ((C4\{0})/(CX 3 {v-z ]zE(Cx}

l (11)

HP! =~ (]HIQ\{O})/HXB{U-(]](]EHX}

twistor ¢
fibration H
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The fiber of the twistor fibration is hence H* /C* ~ CP! ~ $2.
(i) There is the evident action of Sp(2), on both CP3 and HP!, by left
multiplication of homogeneous representatives with unitary quaternion 2 x 2
matrices (59):
Sp(2) xCP? cP3, Sp(2) x HP! HP', (12)
(A ) —  [A] (A-p))  — [A]
and the twistor fibration (being given by quotienting on the right) is mani-

festly equivariant under this left action.
(ii) Consider the following subgroups:

Zo= (1= (32).0 = (1)} < Spi2), (13
o [z iz z3 iz — [z3izg o229, (14)
Sp(1) = {q- == (89) ] ¢ € SE)} c Sp(2). (15)

Since these manifestly commute with each other, the homotopy quotient CP3//
Sp(1) of twistor space (11) by Sp(1) still admits the structure of a G-space
(as in [126, §8][71][5]) for G = Zs, fibered over BSp(1l) (see Ex. 2.44 below
for details).

The equivariant minimal relative dgc-algebra model of twistor space.
Our Prop. 3.56 gives its equivariant minimal model:

(Zz)/ h’37 dh3:a}4_%p1_f2/\f2
22/1 bulk R[lpl] f2 / df2 = 0 _ ~ |
Zo N T wr, dwy = =g A (@4 — 5p1)
- : Oq ] \dws=
CP3Sp(1) : & (16)
- minimal Zg-equivariant model
twistor space ) relative to BSp(1)
homotopy-quotiented i
by Sp(1l) with N 1
. - . singularity h/ dh‘ = — 7p1 — f2 A\ f2
residual Zg-action Z Z M R 1 39 3 2
2/ Lo [4171} s / dfy=0

normalized (as in [26][27][29]) such that:

(a) all closed generators shown are rational images of integral and integrally
in-divisble cohomology classes;

(b) w := @ — 1p; is fiberwise the volume form on HP! ~ S and f; is
fiberwise the volume form on CP! ~ S2.

As a non-trivial example of a (relative) minimal model in rational equiv-
ariant homotopy theory, this may be of interest in its own right. Such examples
computed in the literature are rare (we have not come across any). Here we
are concerned with a most curious aspect of this novel example: Under substi-
tuting the algebra generators in (16) with differential forms on a Zs-orbifold
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(essentially the non-abelian character map, Def. 3.78), the relations in (16)
are those expected for flux densities in “M-theory”, as briefly explained in §4:

shifted C-field

gauge
flux density Aux
1 ~ 1 1
(3p1, Qu, wr, fo, hy)  ——  (gmW), Ga+ip(w), 2G7, Fo, Hs).
dgc-algebra generators of Pontrjagin form dual C-field B-field
flux density flux

equiv. relative minimal model (gravit. flux density)
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Outline.

In §2 we introduce equivariant non-abelian cohomology theory (in equivariant
generalization of [31, §2]) and the example of equivariant twistorial Cohomo-
topy theory 77 (—) (Def. 2.48).

In §3 we introduce equivariant non-abelian de Rham cohomology theory and
the equivariant non-abelian character map (in equivariant generalization of
[31, §3-5]) and compute the Zs-equivariant relative minimal model of Sp(1)-
parametrized twistor space (Prop. 3.56).

In §4 we briefly indicate the application and impact of our result on the
problem of flux-quantization of higher gauge fields arising in super-gravity.

Notation. For various types of symmetry groups and their quotients, we use
the following notation:

T | Compact Borel equivariance group il (X / T) Borel equivariant homotopy type | Ex. 2.8
o o ) r(X/G) Orbifold Ex. 2.20
G Finite proper equivariance group | Def. 2.11
1) )’(X / G) Proper equivariant homotopy type | Def. 2.23
ol & . e Proper G-equivariant & P
T x G| Borel & proper equivariance group I(r(xy)a))r Borel T-equivariant homotopy type Ex. 2.43
G | Simplicial group/oo-group Not. 2.2 AJG Homotopy quotient Prop. 2.7
G | G-equivariant co-group Rem. 2.42 a)G G-equivariant homotopy quotient | (73)

Our notation for equivariant homotopy theory follows [100]. The symbol )”
refers to proper equivariant objects (“orbi-singular objects”), parametrized
over the orbit category (Def. 2.13) of the equivariance group (42):

‘ Symbol Meaning ‘ Details ‘
GAct (TopSp) G’—actilons on C?ategory of' topological spacgs equipped with con- Def. 2.11
topological spaces | tinuous action of the equivariance group G

GOrb G-orbits Category of cz}llonlca.l orblts G/H of the equivari- Def. 2.13
ance group, with equivariant maps between them
GsSet G—qun@rlamt Catfegory" .Of contra-variant functors from G-orbits Def. 2.19
simplicial sets to simplicial sets
)GVCCSI’)\;K G-equivariant Category of co-variant functors from G-orbits to Def. 3.5
dual vector spaces | vector spaces
a variant Category of co-variant functors from G-orbits to
GDiffGrCAlgz -equivarian connective differential graded-commutative alge- | Def. 3.30
dgc-algebras bras
ras
a variant Homotopy category of projective model category of
- %
QHOT}r})eS equivanan contra-variant functors from G-orbits to simplicial | Def. 2.22
homotopy types sets
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2. Equivariant non-abelian cohomology

In §2.1 we recall basics of co-groups and their co-actions and establish some
technical Lemmas.

In §2.2 we recall basics of proper equivariant homotopy theory and introduce
our running Example 2.44.

in §2.3 we introduce equivariant non-abelian cohomology theory.

in §2.4 we introduce twisted equivariant non-abelian cohomology theory.

Throughout, we illustrate all concepts in the running example of the Zo-
equiva-riant and Sp(1)-parametrized twistor fibration (Example 2.44), the
induced equivariant twistorial Cohomotopy theory (Def. 2.48) and its charac-
ter image in equivariant de Rham cohomology (Example 3.74). We highlight
that here both flavors of equivariance are involved:

’ H Borel equivariance ‘ Proper equivariance ‘

Equivariance _ _
group (§2) T = Sp(1) G = Zs
Equivariant Borel-Weil-Cartan Bredon-type
dR-cohomology (§3) model theory
Physical Flux quantization: orbifolding of
effect (§4) shift of G4 by ip; Mb5-brane

We make free use of basic concepts from category theory and homotopy
theory (for joint introduction see [92][91]), in particular of model category the-
ory ([89], review in [52][50][67, A.2]). Relevant concepts and facts are recalled
in [31, §A.

For C a category, and X, A € C a pair of objects, we write

C(X,A) € Sets (17)
for its set of morphisms from X to A. This assignment is, of course, a con-

travariant functor in its first argument, to be denoted:
C(— A) : CP ——Sets. (18)
Elementary as it is, this is of profound interest whenever C is the homotopy
category of a homotopy topos [125] [67][90], in which case the contravariant
hom-functors (18) are non-abelian cohomology theories [124] [111][100][31].

These subsume generalized and ordinary cohomology theories ([31, §2]), as
well as their equivariant enhancements, which we consider below.
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2.1. Homotopy theory of co-group actions

Plain homotopy theory.

Notation 2.1 (Classical homotopy category). (i) We write

TopSpg, ; SSetqu € ModCat (19)
for the classical model category structures on topological spaces and on sim-
plicial sets, respectively ([89, §I1.3], review in [51][38]).

(ii) The classical Quillen equivalence
||
TopSpqu :Qu SSetqu (20)
mng
induces an equivalence between the corresponding homotopy categories, which
we denote: ,
SSet ———— = HoTypes := Ho(SSetqy). (21)

localization

(iii) We denote the localization functor from topological spaces to this clas-
sical homotopy category by “J”: 3

share | HoTypes. (22)

localization at weak homotopy equivalences
form singular SS t m (21)
(§]

simplicial set

(20)

TopSp

Borel-equivariant homotopy theory. We recall basics of Borel-equivariant
homotopy theory, but in the generality of equivariance for co-group actions
(for the broader picture see [81][100, §2.2]).

Notation 2.2 (Model category of simplicial groups). (i) We write
SmplGrp = Grp(SSet) (23)

for the category of simplicial groups.
(ii) This becomes ([89, §I1.3.7]) a model category

SmplGrp,,,; € ModCat
by taking the weak equivalences and fibrations to be those of SSetq, (Notation
2.1).
(iii) We denote the homotopy category of this model structure by
Grp,, := Ho(SmplGrp,,,) (24)
localization at

weak homotopy equivalences

~

SmplGrpmoj

and denote the generic object here by

3The “esh”-symbol “[” stands for shape [111, 3.4.5][116, 9.7][100, §3.1.1], follow-
ing [7], which for the well-behaved topological spaces of interest here is another
term for their homotopy type [67, 7.1.6][131, 4.6].
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G € SmplGrp T Grpy -
Example 2.3 (Shapes of topological groups are co-groups). For " € TopGrp,
its singular simplicial set (20) is canonically a simplicial group (23)
Sing(T") € SmplGrp, (25)
and, since the weak equivalence of simplicial groups are those of the underly-

ing simplicial sets, its image in the homotopy category is the shape | T (22),
now equipped with induced co-group structure (Notation 2.2):

oco-group shape ‘[

TopGrp Grp,, - (26)

localization at weak homotopy equivalences
W 7Y localization (24)

sim?éi%i7a52%§0up SmplGrp
Notation 2.4 (Model category of reduced simplicial sets). (i) We write

RedSSet & SSet

for the full subcategory on those S € SSet that have a single 0-cell, Sy = *.
(ii) This becomes ([38, §V, Prop. 6.2]) a model category with weak equiva-
lences and cofibrations those of SSetq, (Notation 2.1):

RedSSetgy € ModCat.

(iii) Since reduced simplicial sets model those homotopy types (21) which
are pointed and connected (e.g. [82, Prop. 3.16]), we denote the corresponding
homotopy category by

RedSSetqy ——— HomotopyTypes., := HO(RedSSGtGJ). (27)

Proposition 2.5 (Classifying space/loop space construction [38, §V, Prop.
6.3] [120][82, §3.5]). There ezists a Quillen equivalence between the model cat-
egories of reduced simplicial sets (Notation 2.4) and that of simplicial groups
(Notation 2.2)

SmplGrp,,; ~Qu ReducedSSet (28)

w

whose derived adjunction is given by forming homotopy types of based loop
spaces and of classifying spaces:

based loop co-group pointed & connected
Q(f) homotopy types
*
so-groups  GIPg, ~ HomotOPyTypesz/ 1 (29)

B(-) == RW(-)

classifying space
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Notation 2.6 (Homotopy theory of simplicial group actions).
For G € SmplGrp (Notation 2.2)
(i) we write
GActions = SimplicialFunctors(Bg, SSet)
for the category of simplicial functors from the simplicial groupoid with a
single object and G as its hom-object to the simplicial category of simplicial
sets.
(ii) This becomes a model category by taking the weak equivalences and

fibrations to be those of underling simplicial sets (evaluating at the single

vertex of BG):
GActionsy,; € ModCat

and we denote its homotopy category by:

Ho(QActionspmj) =: GActionsy .

G Actionspyo;

The following, Prop. 2.7, is pivotal for the discussion of twisted non-
abelian cohomology, notably for the notion of equivariant local coefficient
bundles below in Def. 2.45; for more background and context, see [81, §4][100,
§2.2][31, Prop. 2.28].

Proposition 2.7 (co-Group actions equivalent to fibrations over classifying
space [20, Prop. 2.3|[115]).

(i) For G € SmplGrp (Notation 2.2), the simplicial Borel construction (e.g.
[82, Prop. 3.37]) is the right adjoint of a Quillen equivalence

G Actionspyo; ~Qu SSetéTg (30)
gCX — XXQW'Q

simplicial Borel construction

between the projective model structure on simplicial G-actions (Notation 2.6)
and the slice model structure ([50, §7.6.4]) of the classical model structure on
simplicial sets (19) over WG (28).

(ii) Its derived equivalence of homotopy categories

h t fib
omotopy er homotopy types fibered

hofib, (p) — (Eﬁ)BG) over classifyingﬂ)ace BG
pomactions of GActionss, ~ Ho (SSetgrg) (31)
GCA — AJG

homotopy quotient

1s given in one direction by forming homotopy fibers of fibrations over BG and
in the other by forming homotopy quotients of co-actions ([82, Prop. 3.73]):
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hofib.(p4)
G oo-action on A A E—— A//g
A-fibrati
Gea o i Srae |71 (32)

BG.

Example 2.8 (Homotopy type of Borel construction).

For T € TopGrpand T'C X € TAct (TopSp) (Def. 2.11), passage to singular
simplicial sets (20) yields a simplicial action (Notation 2.6). The correspond-
ing fibration (Prop. 2.7) is given by the topological shape (22) of the Borel

construction:
hofib(px)

IX (S50 = §(x)T).

[ox

J BT

Lemma 2.9 (Pasting law [67, Lem 4.4.2.1]). For C a model category, and
given a pasting composite of two commuting squares

A B C
v boomen
D E F

such that the right square is homotopy Cartesian, then the left square is ho-
motopy Cartesian if and only if the total rectangle is.

Lemma 2.10 (Homotopy fibers of homotopy-quotiented morphisms).

Let G € Grp,, (Notation 2.2) and (A, pa) Wops), (A", par) € GActions? a

morphism of co-actions (Notation 2.6) preserving an G-fized point pt : x —
AL (see also [100, Def. 2.97]). Then:
(i) The homotopy fiber of the homotopy-quotiented morphism f /G (31) co-
incides with the homotopy fiber of f

hoﬁb*(f//g) ~ hofib.(f) . (33)
(ii) The homotopy fiber of f is canonically equipped with an co-action by G:

(hoﬁb*(f), ph) € GActionsy .

(iii) The corresponding homotopy quotient is equivalent to the homotopy fiber

of the homotopy-quotiented morphism parametrized over BG, namely the fol-
lowing homotopy pullback:

hofib.(f) /G =~ hofibgg(f / G) A)G (34)
i (hpb) lf//g
BG A)G.

pt' /G
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Proof. Consider the following pasting diagrams:

hofib, (f//g) — hOﬁng(f//g) AJG

i (hpb) i (hpb) f//gl

* Bg pt' /G AI//g
hofib..(f) A A)G (35)
o l (hpb) lf (hpb) e i
* o Al A,//g PA
i (pb) /KVi
* BgG

With the right Cartesian square (34) given, the pasting law (Lem. 2.9) iden-
tifies the top left objects on both sides as shown; in particular, the left square
on the right gives (36). But, since the composite bottom morphism is the
same basepoint inclusion on both sides, this implies:

hofib, (f/G) =~ hofib(f) . (36)

Moreover, the left Cartesian square on the left of (35) exhibits, by Prop. 2.7,
a G-action on hofib, ( f/ g) with homotopy quotient given by

hofib, (f/G) /G =~ hofibpg(f/G). (37)
The combination of the equivalences (33) and (37) yields the claimed equiv-
alence in (34). O

2.2. Proper equivariant homotopy theory

We now recall relevant basics of proper? equivariant homotopy theory [126,
§8] [71][5] and introduce the examples of interest here.

G-Actions.

4Here by “proper equivariance” we refer to the fine notion of equivariant ho-
motopy/cohomology in the sense of Bredon, as opposed to the coarse notion in
the sense of Borel. For in-depth conceptual discussion of this distinction see [100].
Besides the colloquial meaning of “proper”, the action of our finite equivariance
groups is necessarily proper in the technical sense of general topology (see Lemma
2.34 below), whence this terminology nicely matches that recently advocated in
[19].
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Definition 2.11 (Group actions on topological spaces). (i) For a given com-
pact topological group, which serves as the symmetry group of Borel equiv-
ariance in the following, generically to be denoted

Borel equivariance group T & CompactTopGrp’ (38)

we write

TAct(TopSp) € Categories (39)
for the category whose objects are topological spaces X equipped with a
continuous 7T-action

TC X . T % X continuous X
(t,z) — t-x
such that: V e-z=z and V. (t1-(t2-2)) = (t1-t2) -

reX z€X
t1,t2€G

(40)

and whose morphisms are T-equivariant continuous functions, which we de-
note as follows:

"y "y
v t- =1 .
S L I A (I L R
teT
(ii) Throughout, our proper equivariance group is a finite group, to be de-
noted:

proper equivariance group (7 € FiniteGroups. (42)

This finite group can be viewed as a topologically discrete topological group
and we have the corresponding category (39) of continuous actions:

GAct(TopSp) € Categories . (43)

(iii) The full subcategory of the latter category on those objects, where also

the topological space being acted on is discrete, is that of G-actions on sets:

GAct(Set) & GAct(TopSp) . (44)
(iv) Regarding the direct product group of the Borel equivariance group (38)
with the proper equivariance group (42) as a compact topological group
Borel & proper equivariance group T X G (- CompactTopGrp ,

we have the category of topological actions of this product group. This con-
tains the previous categories, (39) and (43), as full subcategories (via equip-
ping a space with trivial action)

TAct(TopSp) = (T>< G)Act(TopSp) <~ GAct(TopSp) . (45)

Example 2.12 (Representation spheres). Let V' € TRepk be a finite-
dimensional linear representation of a compact topological group (38). Then
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the one-point compactification of V' (the topological sphere of the same di-
mension, e.g. [61, p. 150]) inherits a topological T-action (Def. 2.11) via stere-
ographic projection, denoted

SV e TAct (TopSp)
and called the representation sphere of V' (e.g. [5, §1.1.5][98, §3]).

Definition 2.13 (Orbit category). The category of G-orbits or orbit category
of the equivariance group G (42)

GOrb — GAct(Set) € Categories
is (up to equivalence of categories) the full subcategory of discrete G-actions
(44) on the coset spaces G/H (which are discrete spaces, since G is assumed
to be finite) for all subgroup inclusions H Nye

Example 2.14 (Explicit parameterization of morphisms of GOrb). The hom-
sets (17) in the G-orbit category (Def. 2.13) from any G/H; to any G/Hs are
in bijection with sets of conjugations, inside GG, of Hy into subgroups of Hs,
modulo conjugations in H:

GOrb(G/H G/H)N {¢>:H1 — Hy, g€ G| Ady-100y :L20¢}
1 2) = ((¢)7g)N(Adh2—1 O¢7gh2)|h2€H2)

(Here “Ad” denotes the adjoint action of the group on itself, and H; CAe
are the two subgroup inclusions.)

(46)

Example 2.15 (Orbit category of Zs). The orbit category (Def. 2.13) of the

cyclic group Zg := {e,0|co00 =e}is
Za 1
~ ) )
ZQOI‘b =~ {Zz/l 3! Z2/Z2} .

Hence its hom-sets (17) are:

ZgOI’b(ZQ/l, Zg/l )

1

Z2 5 ZQOI‘b(Zg/ZQ, ZQ/ZQ) ~ 1 s

(47)
Zy0rb(Zs /1, Zo[Zs) =~ x, Zy0rb(Zy[Zs , Zo]1 ) ~ @.

Example 2.16 (Automorphism groups in orbit category). For G a finite
group and H C G a subgroup, the endomorphisms of G/H € GOrb (Def.
2.13) form the Weyl group Wg(H) (e.g. [71, p. 13]) of H in G,

EndGOrb(G/H) ~ AutGOrb(G/H) = WC(H) = Ng(H)/H, (48)

namely the quotient group by H of the normalizer N;(H) of H in G. For
instance:

We(l) = G, Wy(G) =1; generally: HCG = Wy(H) = G/H.

normal
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Generally:

Example 2.17 (Hom-sets in orbit category via Weyl groups). For any two
subgroups K, H C G, the hom-set (17) in the G-orbit category (Def. 2.13)
between their corresponding coset spaces is, as a right W, (H )-set via Example
2.16, a disjoint union of copies of W;(H ), one for each way of conjugating K
into a subgroup of H:

GOrb(G/K , G/H) ~ |_| gWe(H) € Wg(H)Actions(Sets). (49)

9 € G/Ng(K)
st. g7 KgC H

Example 2.18 (More examples of orbit categories).

\ Z,0rb \ Z50rb \ 7,0rb \ Z50rb \ Z40rb \
) 73 ym Zs Ze
T " ™y "y )
Zoj1 | Zs/1 Z4/1 Zs/1 Ze/1
\ Zs Zs / \ Zs
\ ) ) )
Z4/Zy Zs/Zy L/ s
Ly|Zy | Z3/Zs | 7,7, Zs|Zs Zs|Zs

‘ (Z& x Z§)Orb ‘

VARV
i
(2 < Z)/(1 x 1)
ZR Zy
(Y% Y
(75 x 7)) (B f>/ \(Z ZE) /(1 % Z8)

/

(Zy x 23)/(Z5 x L)

Equivariant homotopy types.

Definition 2.19 (Equivariant simplicial sets). We write
GSSet = Functors(GOrbOP, SSet)

for the category of functors from the opposite of G-orbits (Def. 2.13) to sim-
plicial sets.

Example 2.20 (Systems of fixed loci of topological G-actions). Let G X €
GAct (TopSp) (Def. 2.11). For H C G any subgroup, a G-equivariant function
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(41)
Y, (%)
G/H - x
H-fixed locus (50)
PN f(le]) e XH = {:L‘GX’heVH(h-x:x)} cX

from the corresponding G-orbit (Def. 2.13) is determined by its image f([e]) €
X of the class of the neutral element, and that image has to be fixed by the
action of H C GG of X. Therefore, the corresponding G-equivariant mapping
spaces
Maps(G/H7 X)G ~ X

are the topological subspaces of H-fixed points inside X, the H-fized loci in
G C H. By functoriality of the mapping-space construction, these fixed point
loci are exhibited as arranging into a contravariant functor on the G-orbit
category (Def. 2.13):

YX)Q):  GOrb MY g, (51)
G/Hy XH 4 fixed locus
[(id,gni o) R
G/Hy X
[(m)}i jaﬁ* Hy-ixed Tocus
G/Hj XH2 ) fixed locus

Here we used Example 2.14 to make explicit the nature of the continuous
functions between fixed point spaces that this functor assigns to morphisms
of GOrb. In particular, we see from Example 2.16 that the residual action on
the H-fixed locus X* is by the Weyl group W, (H) (48). Postcomposing (51)
with the singular simplicial set functor (20) yields an equivariant simplicial
set (Def. 2.19), to be denoted (the notation follows [100, §3.2, 5.1]):

GCX s Sing(r(X/G)) = Sing(Maps(—, X)) € GSSet. (52)

Proposition 2.21 (Model category of equivariant simplicial sets [50, Thm.
11.6.1] [43, Thm. 3.3][119, §2.2]). The category of equivariant simplicial sets
(Def. 2.19) carries a model category structure whose

(a) W — weak equivalences are the weak equivalences of SSetqu over each

G/H € G Orb;
(b) Fib — fibrations are the weak equivalences of SSetq, over each G/H €
G Orb.
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We denote this model category by QSSetpmj € ModCat.

Definition 2.22 (Equivariant homotopy types). We denote the homotopy
category of the projective model structure on equivariant simplicial sets (Prop.
2.21) by

QSSetproj % QHoTypes = Ho()GSSetpmj) . (53)

The key source of equivariant homotopy types is the shapes of orbi-
singularized homotopy quotients of topological spaces by continuous group
actions (we follow [100, §3.2] in terminology and notation):

Definition 2.23 (Equivariant shape). The composite of forming systems of
fixed loci (Example 2.20) with localization to equivariant homotopy types
(Def. 2.22) is the equivariant shape operation, generalizing the plain shape
(22):

equivariant shape

Gex — Jrxpe

Act (To ) GHoTypes . 4
G pSp localization at fixed locus-wise g yp (5 )
weak homotopy equivalences
form singular 7 localization (53)
equivariant simplicial set G
52) GSSet

Example 2.24 (Smooth equivariant homotopy types). A topological space
X equipped with trivial G-action has equivariant shape (Def. 2.23) given by
the functor on the orbit category which is constant on its ordinary shape (22)

TopSp Shipe HoTypes (55)
trivial aetion J{ Smeh| 0N SN ategory
(=716
GACt (Topsp) equiviriant )shape )’GHOTypeS :

For brevity, we will mostly leave this embedding notationally implicit and

write
X = Smth/X € GHoTypes. (56)

Elmendorf’s theorem. In fact, every equivariant homotopy type (Def. 2.22)
is the equivariant shape (Def. 2.23) of some topological space with G-action
(Def. 2.11). This is the content of Elmendorf’s theorem ([22], see Prop. 2.26
below). Due to this fact, topological G-actions in equivariant homotopy theory
are often conflated with their G-equivariant shape, and jointly referred to as
G-spaces (e.g., [126, §8][5, §1]).
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Proposition 2.25 (Model category of simplicial G-actions and fixed loci [43,
Thm. 3.12][119, Prop. 2.6]). The category GAct(SSet) of G-actions GC S
on simplicial sets (analogous to Def. 2.11) carries a model category structure
whose weak equivalences and fibrations are those that become so in the clas-
sical model structure on simplicial sets (19) under the functor (analogous to
Ezample 2.20)

Maps(— ’ _)G

GAct(SSet) G'SSet (57)
GCS —  (G/H — 5%)

which sends a G-action G C S to its system of H-fized loci parametrized over

G/H € GOrb.

We denote this model category by
GAct (SSet)ﬁne € ModCat.

Proposition 2.26 (Elmendorf’s theorem via model categories [119, Thm.
3.17][43, Prop. 3.15]). The functor assigning systems of simplicial fized loci
(57) is the right adjoint in a Quillen equivalence
(=)(G/1)
~Qu G'SSetproj (58)
Maps(—, =)

GAct (SSet)

fine

between the fine model structure on simplicial G-actions (Prop. 2.25) and the
model category of equivariant simplicial sets (Prop. 2.21).

Examples of equivariant homotopy types.

Example 2.27 (GAPF-cquivariant 4-sphere). Let
G = G*PE ¢ Spin(3) ~ Sp(1)

be a finite subgroup of the Spin group in dimension 3; these are famously
classified along an ADE-pattern (reviewed in [54, Rem. A.9]). Via the ex-
ceptional isomorphism with the quaternionic unitary group, this induces a
canonical smooth action (Def. 2.35) on the Euclidean 4-space underlying the
space of quaternions (reviewed as [54, Prop. A.8]) and hence also on the
corresponding representation 4-sphere (Example 2.12):

GADE GADE

Yy (Y
R* | 5% e G"PPAct(SmthMfd).
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The corresponding GAPF-equivariant homotopy types (Def. 2.22) (their equiv-
ariant shape, Def. 2.23)
GADE-equivariant shape

of 4-sphere

IV(S4//GADE) € QADEHoTypes

are the coefficients of ADE-equivariant Cohomotopy theory [54, §5.2][98, §3]
(lifted to equivariant twistorial Cohomotopy theory below in Def. 2.48).

Example 2.28 (Zs-equivariant twistor space). Consider the quaternion uni-
tary group (e.g. [29, §A] ) with its two commuting subgroups from (13) and
15):
(15) Z3,Sp(1) C Sp(2) := {g € Matoyo(H) |g-g' = 1}. (59)
Their canonical action on H? ~, R® by left matrix multiplication induces an
action (12) on CP? (“twistor space”). The fixed locus (50) of the subgroup
Zs (13) under this action is evidently given by those [z1 : 23 : 23 : 24] € CP3
such that z1+j-20 = 23+j-24 € H. Since these are exactly the elements that
are sent by the twistor fibration ¢y (11) to the base point [1: 1] € HP?!, the
Zo-fixed locus in twistor space CP? coincides with the S2-fiber of the twistor
fibration tg (11): , fib(ts)
(CP)™ ~ S2—~ ~CP. (60)
Hence the Zs-equivariant homotopy type (22) of twistor space with its Zs
action (12) is given by the following functor on the Zg-orbit category (2.15):

Z Z
(™) (Y
Zz—efquivariant shape 22/1 — J‘(CPB
of twistor space fiber inclusion of
J"), (CP3 //ZZ) . \L j\ﬁb(tH) twistor fibration (61)

ZQ/ZQ | — IS2

Equivariant homotopy groups.

Definition 2.29 (Equivariant groups). (i) We write
GGrp = Functors(GOrb"p, Grp)
for the category of contravariant functors on the G-orbit category (Def. 2.13)
with values in groups.
(ii) We write
)QAbelianGroups = Functors(GOrb, AbelianGroupS)
for the sub-category of contravariant functors with values in abelian groups.

Example 2.30 (Equivariant singular homology groups). For X € GHoTypes
(Def. 2.22), A € AbelianGroups, the ordinary A-homology groups in degree
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n € N of the stages of X form an equivariant abelian group in the sense of
Def. 2.29, to be denoted:

H,(Xx;A) : G/H — H,(X(G/H); A).
Definition 2.31 (Equivariant homotopy groups).
(i) For X € GHoTypes (Def. 2.22), ¥(x/G) %5 X a base-point, and n € N,
we say that the nth equivariant homotopy group of X at x is the equivariant

group (Def. 2.29) which is stage-wise the ordinary nth homotopy group, to
be denoted:

(X, 2) = (G/H - wn(X(G/H),x(G/H))>. (62)
(ii) Similarly, for GC X € GAct(TOpSp) (Def. 2.11), GC * = GCX a

fixed base point, and n € N, we say that the nth equivariant homotopy group
of G ¢ X is that (62) of its equivariant shape (22):

m, (X, z) = En(f)”(X//G),f)f(x//G)) = (G/H — ﬂ'n(XH,a:)). (63)

Definition 2.32 (Equivariant connected homotopy types). We write

GHoTypess; —— GHoTypes (64)
for the full subcategory on those equivariant homotopy types X (Def. 2.22)
which

(a) are equivariantly connected, in that X(G/H) € HoTypes is connected for

all H C G,
(b) admit an equivariant base point ¥ (* /G) — X.

Definition 2.33 (Equivariant 1-connected homotopy types).
(i) We write

GHoTypess, = GHoTypess; < GHoTypes (65)
for the further full subcategory on those equivariant homotopy types X (Def.
2.22) which

(a) are equivariantly connected and admit an equivariant base point (Def.

2.32);
(b) have trivial first equivariant homotopy group (Def. 2.31) at that base point:

s (X7 (L’) = l
(ii) By the Hurewicz theorem, this implies that the equivariant real cohomol-
ogy groups (Example 2.30) of these objects are trivial in degrees < 1

X ¢ )GHoTypeszg = (EO(X) ~ R and H'(X) ~ 0).
(iii) We write
QHoTypesgr;R ——— GHoTypess, —— GHoTypes
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for the further full subcategory of those equivariant 1-connected homotopy
types (65) which are of finite type over R, in that all their equivariant real
homology groups (Example 2.30) are finite-dimensional:

HX’G dimR(Hn(X(G/H); ]R)) < 0.

neN

G-Orbifolds. Given a smooth manifold X equipped with a smooth group

action G ¢ X, there are several somewhat different mathematical notions of

what exactly counts as the corresponding quotient orbifold (review in [74][60,

§6][55])-

o First, there is the singular quotient space X/G that dominates the early
literature on orbifolds [94][95] [123][44] as well as the contemporary physics

literature [4, §1.3].
o Second, there is the smooth stacky homotopy quotient X /G that has

become the popular model for orbifolds among Lie theorists [75][73][66][1].
e Third, there is the fine incarnation of orbifolds orbisingular homotopy quo-

tients )’(X / G) in singular cohesive homotopy theory [100], which unifies
the above two perspectives and lifts them to make orbifolds carry proper
equivariant differential cohomology theories.
Here we extract from [100] the essence of this latter fine perspective that is
necessary and convenient for the present purpose, as Def. 2.36 below.

Lemma 2.34 (Fixed loci of finite smooth actions are smooth manifolds). If
GC X € GAct (TopSp) (Def. 2.11) is such that X admits the structure of a
smooth manifold and such that the action (40) of G is smooth, then the fixed
loci XH — X (50) are themselves smooth submanifolds.

Proof. Since G is assumed to be finite (42), its smooth action is proper (e.g.
[65, Cor. 21.6]). But in smooth manifolds with proper smooth G-action, every
closed submanifold inside a fixed locus has a G-equivariant tubular neighbor-
hood [14, §VI, Thm. 2.2|[59, Thm. 4.4]. This applies, in particular, to indi-
vidual fixed points, where it says that each such has a neighborhood in the
fixed locus diffeomorphic to an open ball. O

Definition 2.35 (Smooth group actions on smooth manifolds). (i) We write
GAct (Smtthd) GAct (TopSp)

for the category of smooth manifolds equipped with G-actions on the under-
lying topological spaces (Def. 2.11) which are smooth.

(ii) Similarly, if the compact Borel-equivariance group (38) is equipped with
smooth structure making it a Lie group

T € CompactLieGroups —— CompactTopGrp ,
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we write
(T X G) Act (Smtthd) (T X G) Act (TopSp)

for the category of smooth manifolds equipped with 7" x G-actions on the
underlying topological spaces (Def. 2.11) which are smooth.

Definition 2.36 (G-Orbifolds [100]). (i) We write
GOrbifolds := Functors(GOrb®®, SmoothManifolds) (66)

for the category of contravariant functors from G-orbits (Def. 2.13) to smooth
manifolds.

(ii) By Lemma 2.34, the system of fixed loci (51) of a smooth action G ¢ X
(Def. 2.35) takes values in smooth manifolds

G ¢ X smoothly = V(X//G) : GOrb®? — = SmoothManifolds — TopSp ,

(67)
and hence witnesses an object ¥(X /G) € GOrbifolds (2.36) which is a
smooth geometric refinement of the underlying equivariant homotopy type
(Def. 2.23), in that we have the following commuting diagram of functors:

GCX — r(X)G)

GAct (Smtthd) GOrbifolds
forget smooth structure l J" equivariant shape
(67) (Def. 2.23)
G(X +— X/)G
GAct (TopSp) ¢ (52>”< 1) GHoTypes.

2.3. Equivariant non-abelian cohomology theories

We introduce the general concept of equivariant non-abelian cohomology the-
ories, in direct generalization of [31, §2.1], and consider some examples. This
is in preparation for the twisted case in the next subsection.

In equivariant generalization of [31, §2.1], we set:

Definition 2.37 (Equivariant non-abelian cohomology). Let X, 4 € Q HoTypes
(Def. 2.22).

(i) The proper G-equivariant non-abelian cohomology of X with coefficients

in 4 is the hom-set (17)

equivariant
non-abelian cohomology

H(X; /’4) = )GHoTypes(X, ﬂl) )

(ii) For X € GAct (TopSp) (Def. 2.11), with induced equivariant homotopy
type [ (X /G) (22), we write
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equivariant
non-abelian cohomology

Ho(X; A) = H(Ir(X)G); 4) = GHoTypes(Ir(X/G), A).
(iii) We call the corresponding contravariant functor

o Y (-G -4
GAct(TopSp) P % GHoTypes™ HeA
\
Ho(— A)

the equivariant non-abelian cohomology theory with coefficients in 4.

Sets  (68)

Equivariant ordinary cohomology.

Example 2.38 (Equivariant representation ring). For H a finite group and
F a field, write

Repp(X) € Rings —— AbelianGroups (69)
for the additive abelian group underlying the representation ring of H (i.e.,
the Grothendieck group of the semi-group of finite-dimensional F-linear H-
representations under tensor product of representations, review in [16, §2.1]).
Under the evident restriction of representations to subgroups and under con-
jugation action on representations, these groups arrange into a contravariant
functor on the G-orbit category (Def. 2.13)

Repy : GOrb®? AbelianGroups € G AbelianGroups  (70)
GIH — —  Repe(H)

and hence constitute an equivariant abelian group (Def. 2.29).

Example 2.39 (Bredon cohomology [12, p. 3][13, Thm. 2.11 & (6.1)][41, p.
10]).
Given A € G AbelianGroups (Def. 2.29) and n € N:
(i) There is the Eilenberg-MacLane G-space

K(A,n) € GHoTypes (71)
in equivariant connected homotopy types (Def. 2.22), characterized by the

fact that it admits a fixed point with equivariant homotopy groups (Def.
2.31) given by

A k=n,
0 | otherwise.

Ek(K(A7 n)) = {

(ii) The ordinary equivariant cohomology or Bredon cohomology in degree n
of X € GAct(TopSp) (Def. 2.11) with coefficients in A is its equivariant
non-abelian cohomology (Def. 2.37) with coefficients in K (A4, n) (71):

Bredon cohomology
(equivariant ordinary cohomology)

HE(X; A) ~ He(X; K(A,n) = H(X (X G), K(A,n)).
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Equivariant Cohomotopy.

Example 2.40 (Equivariant non-abelian Cohomotopy [126, §8.4][84][18] [98]).
For G C V a linear G-representation on a finite-dimensional real vector space
V', the representation sphere (e.g. [5, Ex. 1.1.5])

Ir(-/G
SV o=yt ¢ GAct(TopSp) r(=/6)

GHoTypes

defines an equivariant homotopy type (22). This is the coefficient space for
the equivariant non-abelian cohomology theory (Def. 2.37) called (unstable)
equivariant Cohomotopy in RO-degree V:

equivariant
Cohomotopy

(X)) = Ho(X: r(8V)G)) = H(r(X)G); r(s¥)G)).

Equivariant non-abelian cohomology operations.

Definition 2.41 (Equivariant non-abelian cohomology operations). For 4, B
)GHoTypes (Def. 2.22), a cohomology operation from equivariant non-abelian
A-cohomology to B-cohomology (Def. 2.37) is a natural transformation

H(~; 2) "> H(~; B)

of the corresponding equivariant non-abelian cohomology theories (68). By
the Yoneda lemma, such operations are induced by post-composition with
morphisms between equivariant coefficient spaces:

@
A—— B € GHoTypes. (72)
2.4. Equivariant twisted non-abelian cohomology theories

We introduce equivariant twisted non-abelian cohomology, in direct general-
ization of [31, §2.2], and introduce the main example of interest here (Def.
2.48 below).

Equivariant co-Actions.

Remark 2.42 (Equivariant co-actions). (i) In equivariant generalization of
Prop. 2.5 (and as a special case of [81, Thm. 2.19][82, Thm. 3.30, Cor. 3.34]),
every equivariantly pointed and equivariantly connected equivariant homo-
topy type (Def. 2.32) is, equivalently, the equivariant classifying space BG of
an equivariant o0o-group

G € GEquivariantGroups,, := Ho (Functors (GOrbOp7 SmplGrp) pmj) .
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(ii) In equivariant generalization of Prop. 2.7 (and as a special case of [81,
§4][100, §2.2]), co-actions of such equivariant co-groups on equivariant homo-
topy types 4 are, equivalently, homotopy fibrations of equivariant homotopy
types over BG with homotopy fiber A4, hence a system of non-equivariant
homotopy fibration (32) parametrized by the G/H € GOrb (Def. 2.13), de-
noted as follows °

hofib(p 4)

A a)G

equivariant homotopy fibration
asgociated to oo-acti(l))r)l, of Gon A ra
B
g (73)
hofib(p2(C/H))
A(G/H) A(G/H)|G(G/H)
G/H — Jomotopy Abration iwa/m
of G(G/H) on A(G/H)
BG(G/H)

A key source of equivariant co-actions are equivariant parametrized ho-
motopy types, in the following sense:

Example 2.43 (Equivariant parametrized homotopy types).

Consider T' € CompactTopGrp (38), G € FiniteGroups (42),

and X € (T'x G)Act(TopSp) (45).

(i) Since the two group actions separately commute with each other, we may

consider forming the combined

(a) proper equivariant shape (Def. 2.23) with respect to the G-action;

(b) ordinary shape (22) of the homotopy quotient (Borel construction, Ex.
2.8) with respect to the T-action:

GHoTypes > ((V(X /G) //T) . G/H — J(X")T). (74)
This is the G-equivariant homotopy type (Def. 2.22) given on G/H € GOrb
(Def. 2.13) by the Borel homotopy quotient construction (Example 2.8) of
the T-action on the G D H-fixed locus (Example 2.20).
(ii) With the classifying space BT regarded as a smooth G-equivariant ho-

motopy type (i.e., with trivial G-action, Example 2.24) the G-equivariant
T-parametrized space (74) sits in an equivariant fibration (73) over BT with

SHere and in the following we indicate the ambient category of a given diagram.
The notation “Diagram € Category” means that each vertex of the diagram is an
object in that category, and each arrow is a morphism in that category.
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homotopy fiber the G-equivariant shape of X (Def. 2.23):

hofib(py(x )

[r(x/G) I(Orxpan )
ip””(") € GHoTypes
BT
IXH hofib(p ) f (XH //T)
G/H — ipx" € HoTypes
BT

We may refer to these objects as proper G-equivariant and Borel T'-equivariant
homotopy types , but for brevity and due to their above fibration over BT,

we will say G-equivariant T-parametrized homotopy types.

Example 2.44 (Zj-equivariant Sp(1)-parametrized twistor fibration). Recall
the Zg-equivariant twistor fibration (11) from Example 2.28. Since the Sp(2)-
subgroups Zs (13) and Sp(1) (15) commute with each other, the quotient
by the action of Sp(1) of the Cartesian product of the twistor fibration (11)
with (the identity map on) the total space ESp(2) of the universal principal

Sp(2)-bundle still has a residual equivariance under Zs:

e\V(a‘;‘O“
Z: wr\e‘“of Lo
fib(ty) xid m ty xid m
S2x ESp(2) Sp(1) CP3x ESp(2) Sp(1) S4x ESp(2)
Sp(1) Sp(1) Sp(1) (75)
ESp(2) ESp(2) ESp(2)
Sp(1) Sp(1) Sp(1)

ESp(2)

€ 7o Actions (TOpSp) / Sp(1)

Hence, using Example 2.28 and identifying the Borel construction of homo-

topy quotients (e.g. [82, Prop. 3.73], here for subgroups H C G):

X x EG
———— o~ X/H € HoTypes, (76)
H homotopy
Borel construction quotient

the Zg-equivariant homotopy type (Def. 2.22) of the middle vertical morphism
in (75) exhibits a Zs-equivariant Sp(1)-parametrized homotopy type (in the
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sense of Example 2.43) of this form:

(*y

I(r(CP?)Z5)) JSp(1) - Zoj1 — Xﬁcw
fib(tm) // Sp(1)

Zo-equivariant & pj‘y(cp3 //Z2)
Sp(l)-parametrized\ JBSP(I) (77)
twistor space‘l‘()/( *//22))//81)(1) J‘SQ//Sp(l)

ZafT2 — PA

I'BSp(1).

The analogous statement holds for the vertical morphism on the right of
(75), so that the full square on the right of (75) exhibits a morphism in Zo-
equivariant Sp(1)-parametrized homotopy types (Example 2.43) of this form:

Zz-equivariant ) . Zz-equivariant
Sp(l)-parametrized . ""‘Z'Cq““’a“"“?t Sp(1)-parametrized
twistor space Sp(1)-parametrized 4-sphere

j( )’((CPS//Z2)) // Sp(l) twistor fibration f( )’(54//22)) // Sp(l)

I v (ta)Zs2) // Sp(1) (78)

BSp(1)
€ Ho( Z:SSetp" ),

proj

where BSp(1) := Smth [ BSp(1) (Example 2.24).

Twisted equivariant non-abelian cohomology.
In twisted generalization of Def. 2.37 and in equivariant generalization of
[31, §2.2], we set:

Definition 2.45 (Twisted equivariant non-abelian cohomology). Let

hofib(p 4)
a2 a6
equivariant
ocal coefficien G
local coefficient lﬂﬁz € GHoTypes (79)

Bg
be an homotopy fibration as in Remark 2.42; to be regarded now as an equiv-
ariant local coefficient bundle, and let X € QHoTypes (Def. 2.22) equipped
with an equivariant twist
7] € H(X BG) (80)

in equivariant non-abelian cohomology (Def. 2.37) with coefficients in BG.
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We say that the 7-twisted equivariant non-abelian cohomology of X with co-
efficients in 4 is the hom-set from 7 to p4 in the homotopy category of the
slice model structure (see [31, Ex. A.10]) over BG of the projective model
structure on equivariant simplicial sets (Prop. 2.21):

twisted equivariant
non-abelian cohomology

HT(X ) = Ho(GSSet/nd)(r. na).

proj

Twisted equivariant ordinary cohomology.

Example 2.46 (Twisted Bredon cohomology). Let G ¢ X € GAct (TopSp)
(Def. 2.11) with a base point GC * = GC X, let A € G AbelianGroups
(Def. 2.29), and let

r: mX)xA——A
be an action of the equivariant fundamental group (Def. 2.31) of X on A. For
n € N, there is an equivariant local coefficient bundle (79)

K(A,n) (A n) )7 (X)

equivariant ordinary \Lp

local coefficients
B, (X )

with typical fiber the equivariant Eilenberg-MacLane space (71), such that
the twisted equivariant non-abelian cohomology with local coefficients in p
coincides (by [39, Cor. 3.6][79, Thm. 5.10]) with traditional r-twisted Bredon
cohomology in degree n ([76, Def. 2.1][77, Def. 3.8][78]):

twisted
Bredon cohomology

HgH(X; A) ~ HT(X; K(A, n))

Equivariant tangential structure. In equivariant generalization of [31,
Example 2.33], we have:

Definition 2.47 (Equivariant tangential structure). Let G ¢ X € GAct (Smtthd)

(Def. 2.35) of dimension n := dim(X), and let G 2, BGL(n) be a topologi-
cal group homomorphism. An equivariant tangential (G, ¢)-structure (or just
G-structure, for short) on the orbifold ¥ (X /G) (Def. 2.36) is a class in the
equivariant twisted non-abelian cohomology (Def. 2.45) of the equivariant
shape (Def. 2.23) of the orbifold with equivariant local coefficients (79) in

GL(n) /G Bg
Jo
BGL(n)
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and with twist given by the classifying map 7 of the frame bundle:

(g,ng)Structures()f(X//G)) = H™ (V(X//G); GL(n)//Q).

Equivariant twistorial Cohomotopy. In equivariant generalization of [31,
Ex. 2.44] we have:

Definition 2.48 (Equivariant twistorial Cohomotopy theory).
Let X8 € ZyAct (TopSp) (Def. 2.11) be a smooth spin 8-manifold equipped
with tangential structure (see [26, Ex. 2.33]) for the subgroup Sp(1) C Sp(2) C
Spin(8) (where the first inclusion is (13) and the second is again given by left
quaternion multiplication, e.g. [26, Ex. 2.12])

[7] € Hz,(X® BSp(1)).
We say that:

(a) its Zy-equivariant twistorial Cohomotopy T/, (—) is the T-twisted equiv-
ariant non-abelian cohomology theory (Def. 2.45) with local coefficients
in the Zs-equivariant Sp(1)-parametrized twistor space;

(b) its Zy-equivariant J-twisted Cohomotopy w7 (—) is the T-twisted equiv-
ariant non-abelian cohomology theory (Def. 2.45) with local coefficients
in the Zs-equivariant Sp(1)-parametrized 4-sphere;

(c) the twisted equivariant cohomology operation 7 (—) — 77, (—) is that
induced by the Zg-equivariant Sp(1)-parametrized twistor fibration;

all as induced by the (morphism of) local coefficient bundles (78) in Example
2.44:

push-forward along
equivariant parametrized
twistor fibration

H, (X 1 (CP* ) 2,)) Hz, (X5 1 (5)22))  (81)

| (I r(tuyza) 1 5p(0). |
T T
Z,(X) 77, (X).
equivariant equivariant
twistorial Cohomotopy J-twisted Cohomotopy

3. Equivariant non-abelian de Rham cohomology

We had shown in [31, §3] how the fundamental theorem of dgc-algebraic ra-
tional homotopy theory (]9, §9.4, §11.2]), augmented by differential-geometric
observations [42, §9], provides a non-abelian de Rham theorem for L.-algebra
valued differential forms, which serve as the recipient of non-abelian character
maps.
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The equivariant generalization of this fundamental theorem had been ob-
tained in [114] (following [129]) without having found much attention yet.
Here we review, in streamlined form and highlighting examples and applica-
tions, the underlying theory of injective equivariant dgc-algebras/ L.-algebras
in §3.1 and how these serve to model equivariant rational homotopy theory
in §3.2. Then we use this in §3.3 to prove the equivariant non-abelian de
Rham theorem (Prop. 3.63) including its twisted version (Prop. 3.67); which,
in turn, we use in §3.4 to construct the equivariant non-abelian character map
(Def. 3.76) and its twisted version (Def. 3.78).

3.1. Equivariant dgc-algebras and equivariant L.,-algebras

We discuss here the generalization of the homotopy theory of connective dgc-
algebras and of connective Lo-algebras (following [31, §3.1]) to G-equivariant
homotopy theory, for any finite equivariance group G (42). While the homo-
topy theory of equivariant connective dgc-algebras has been developed in
[129][113] [114], previously little to no examples or applications have been
worked out. Here we develop equivariantized twistor space as a running ex-
ample (culminating in Prop. 3.56 below).

While the general form of the homotopy theory of plain dgc-algebras gen-
eralizes to equivariant dgc-algebras, the crucial new aspect is that equivari-
antly not every connective cochain complex, and hence not every connective
dgc-algebra, is fibrant. The fibrant equivariant cochain complexes must be
degreewise injective, which is now a non-trivial condition (Prop. 3.12 below).

The key effect on the theory is that equivariant minimal Sullivan models
(Def. 3.40) — which still exist and still have the expected general properties
— are no longer given just by iterative adjoining of (equivariant systems of)
generators, but by adjoining of injective resolutions (Example 3.28) of systems
of generators. This has interesting effects, as shown in Example 3.42, which
is at the heart of the proof of Prop. 3.56 and thus of Theorem 1.1.

Plain homological algebra. For plain (i.e., non-equivariant) dgc-algebra,
we follow the conventions of [31, §3.1]. In particular, we make use of the
following notation:

Notation 3.1 (Generators/relations presentation of cochain complexes).
We may denote any V € CoCmplx; *™ by generators (a graded linear basis)
and relations (the linear relations given by the differential). For instance:

R{cy)/(dez = 0) ~ (0 0 1 0 0 ),




Character Map in Twisted Equivariant Nonabelian Cohomology 39

c, dcy =0
R<cg,>/ des=0| ~ (0—=0—>1C—>2—>0—>---).

by dby = c3

Notation 3.2 (Generators/relations presentation of dgc-algebras). We may
denote the Chevalley-Eilenberg algebra CE(g) € DiffGrCAlg; ™ of any g €
LeooAlgz S, (31, Def. 3.25]) by generators (a graded linear basis) and relations
(the polynomial relations given by the differential). For instance (see [31, Ex.
3.67, 3.68)):

Rlco]/(de; = 0) =~  CE(bR)

and R[M’}/(d“?:_w“w‘*) ~  CE(1SY).

Wy dw4:O

Similarly, for T" a finite-dimensional compact and simply-connected Lie group
with Lie algebra

t ~ {<ta>2i:ml(T)v [_7_]} € LieAIgR,ﬁnv
the abstract Chern-Weil isomorphism (e.g. [31, §4.2]) reads:
a dim(T a T
(R{rs}im ™) /(drg = 0)) = CE(BT), (52)

where on the left (—)7 denotes the T-invariant elements with respect to the
coadjoint action on the dual vector space of the Lie algebra.

Equivariant vector spaces.

Example 3.3 (Linear representations as functors). For G any finite group,
write BG for the category with a single object and with G as its endomor-
phisms (hence its automorphisms). Then functors on BG with values in vector
spaces are, equivalently, linear G-representations with G acting either from
the left or from the right, depending on whether the functor is contravariant
or covariant:

GRepk ~ Functors (BG®, VecSpz),

w (83)
GRep}, ~ Functors(BG, VecSpy).

Example 3.4 (Irreducible Zs-representations). We write

1, 14, € ZsRepy
for the two irreducible right representations (Example 3.3) of Zy, namely the
trivial representation and the sign representation, respectively.
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Definition 3.5 (Equivariant vector spaces). We write
yG\/ecSpgf‘ = Functors(GOrbOP, VecSp%“),

, 84
)QVecSpﬁé““ = Functors(GOrb, VecSpDﬁ{‘) (84)

for the categories of contravariant or covariant functors, respectively, from
the G-orbit category (Def. 2.13) to the category of finite-dimensional vector

spaces over the real numbers.

Notice that forming linear dual vector spaces constitutes an equivalence

of categories
i _\WV
VecSpi' (: )

. \op
(VecSpiD“{‘)
and hence induces an equivalence:

( Q VecSp]R) P = (Functors (GOrbOp , VecSp%“)) ’

~ Functors (GOrb ; (VGCSP%H)OP)

~ Functors (GOrb , VecSp%“)
= G'VecSpg™.

This justifies extending the notation (84) to vector spaces which are not
necessarily finite-dimensional

GVecSpy, = Functors(GOrb(’p, VecSpR)
VGVeCSpE = Functors(GOrb, VeCSpR)

and to speak of the latter as the category of equivariant dual vector spaces
(denoted Vecg, in [129]).

Example 3.6 (Equivariant dual vector spaces of real cohomology groups).
For X € GHoTypes (Def. 2.22) and n € N, the stage-wise real cohomology
groups in degree n form an equivariant dual vector space (Def. 3.5)

H"(X;R) : G/H — H"(X(G/H); R).

If these are stage-wise finite-dimensional, then these are the linear dual
equivariant vector spaces of the equivariant singular real homology groups
ﬂn()(; R) from Example 2.30.

Example 3.7 (Zg-equivariant dual vector spaces). A (finite-dimensional)
dual Zs-equivariant vector space (Def. 3.5) is a diagram of (finite-dimensional)
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vector spaces indexed by the Zs-orbit category (Example 2.15)

Zs Zs
() ()
Zo/1 +— N
1/ w € Zy G'VecSpy
ZQ/ZQ — V

hence constitutes:
— a right Zs-representation N (Example 3.3),
— a vector space V' (finite-dimensional),
— a linear map ¢ from the underlying vector space of N to V.

Example 3.8 (Restriction of equivariant vector spaces to Weyl group lin-
ear representation). For H C G a subgroup, with Weyl group W;(H) =
Autgors(G/H) (Example 2.16), the canonical inclusion of categories

BW,(H) <~ GOrb (85)

induces restriction functors of equivariant vector spaces (Def. 3.5) to linear
representations (Example 3.3):

W (H)Repp, - G'VecSpy, , (86)
Wo(H)Repy <—— GVecSpy, .

Example 3.9 (Regular equivariant vector space). For any subgroup K C G
we have an equivariant dual vector space (Def. 3.5) given by the R-linear
spans of the hom-sets (17) out of G/K in the orbit category (Def. 2.13):

R[GOrb(G/K , —)] € G VecSpy, .
For any further subgroup H C G, its restriction (Example 3.8) to a linear
representation from the right (Example 3.3) of the Weyl group of H (Def.
2.16) is
iy (R[GOb(G/K , —)]) = R[GOrb(G/K, G/H)| € Wz(H)Repk,
where W;(H) acts in linear extension of its canonical right action on the
hom-set of the orbit category (Example 2.16).

Lemma 3.10 (Extension of linear representations to equivariant vector spaces).
For any H C G, the restriction of equivariant vector spaces to linear repre-
sentations (Ezample 3.8) has a right adjoint
iH
Y,y ~—
W. (H)Repg L G'VecSpy
Injy

where
Injy(V*) € GVecSpy = Functors(GOrb, VecSpy)
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s given by

i, (V") : G/K HWG(H)Rep&(R[GOrb(G/K,G/H)],V*) (87)

= & v (88)

g€ G/Ng(K)
st. go1KgC H

Here the reqular Wg(H )-representation in the first argument on the right of
(87) is from Ezxample 5.9.

Proof. Formula (87) is a special case of the general formula for right Kan
extension [62, (4.24)], here applied to the inclusion (85) regarded in VecSpg-
enriched category theory. Its equivalence to (88) follows with Example 2.17.
See also [129, (4.1)][114, Lemma 2.3]. O

Injective equivariant dual vector spaces. Recall the general definition of
injective objects (e.g. [49, p. 30]), applied to equivariant dual vector spaces:

Definition 3.11 (Injective equivariant dual vector spaces). An object I €
GVecSpy, (Def. 3.5) is called injective if morphisms into it extend along all
injections, hence if every solid diagram of the form

Weee——-° o=t (89)

injection

admits a dashed morphism that makes it commute, as shown. We write
GVecSpg™ ——— G'VecSpy,
for the full sub-category on the injective objects.

Proposition 3.12 (Injective envelope of equivariant dual vector spaces [129,
p. 2J[113, Prop. 7.34][114, Lem. 2.4, Prop. 2.5]). For V' € GVecSpy (Def.

3.5), the direct sum of extensions Inj_y (Def. 5.10)
Inj(V EB Injy (Vi) € G'VecSpg, (90)
[HCG]
of those components at stage H which vanish on all deeper stages

N ker(vViG/m) —EVGK) | HAG
Vi = < [K2H] (91)
V(G/G) | H=G
recetves an injection
V ——— Inj(V) (92)

that extends the canonical inclusion of the Vi, and which is an injective en-
velope (e.g. [49, §1.9]) of V in )GVecSp{Q. In particular:
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(i) the summands Injy (V') (Example 3.10) are injective objects (Def. 3.11);

(ii) V is injective (Def. 3.11) precisely if (92) is an isomorphism.

Example 3.13 (Ground field is injective as equivariant dual vector space).
The equivariant dual vector space (Def. 3.5) which is constant on the ground
field

R := constgom(R) : G/H —— R
is isomorphic to the right extension (Lemma 3.10) R ~ Inj,(1) of R~ 1 €
1Repg, and hence is injective, by Prop. 3.12.

Example 3.14 (Injective Zs-equivariant dual vector spaces, cf. [93, Prop.
4.1]). For G = Zs (Example 2.15) the irreducible representations

1, 1yn € ZoRepy, 1 € 1Repy ~ VecSpy
of the respective Weyl groups (Example 2.16, Example 3.4) induce by right
extension (Def. 3.10) the following three Zj-equivariant vector spaces (Exam-
ple 3.7), which, by Prop. 3.12, are the direct summand building blocks of all

injective Zy-equivariant dual vector spaces:

ZQ ZZ
() ()
Zs/1 +— 1 Zy]1l +—— lggy
W) o P e o o ()
ZQ/ZQ — 0, ZQ/ZZ — 0,
and Zs
()
Zs/1 +— 1
Inj, (1) i iid (94)
ZQ/ZQ — 1.
To see this, use (47) in (87) to get, for two cases,
Zo
()
Zo/1 '+ ZsReps (]R [Z501b(Zs/1, Z5/1)] , 1) = 1
Inj; (1) J{ ~1@Lgn 0

Loy ZQRepR(R[ZQOIb(Zg/ZQ,Zg/l)],1):0

~0
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and
("
ZoJ1 +— 1RepR<R[ZQOrb(Zg/1, /7)), 1) ~ 1
Ian2(1> : L =1 id
L)Ly +—— 1RepR(R[ZzOrb(ZQ/Z2,ZQ/ZQ)],1):1.

~1
Lemma 3.15 (Tensor product preserves injectivity of finite-dim dual vector
G-spaces [40, Lem. 3.6, Rem 1.2] [113, Prop. 7.36]). Let VW € yG\/eCSpﬁjﬁ"

(Def. 3.5). If V_and W are both injective (Def. 3.11), then so is their tensor
product VW :G/H — V(G/H) @ W(G/H).

Equivariant smooth differential forms. In preparation of discussing equiv-
ariant de Rham cohomology, consider:

Example 3.16 (Equivariant smooth differential forms). Let GC X €
GAct(SmthMfd) (Def. 2.35) and n € N. Then there is the equivariant dual
vector space (Def. 3.30)

r(r(X/G)) € GVecSpg
given by the system of vector spaces of smooth differential n-forms (e.g. [8]) of

the fixed submanifolds (67), with pullback of differential forms along residual
actions and along inclusions of fixed loci:

g1EWG (H1) X091
Equivariant dual vector 5 n ( Hl) ordinary differential forms
space of equivariant smooth C;!/}I1 QdR X on fixed submanifold

differential n-forms
QR (), (X //G)) . pl \LXP* pullback along inclu-

sion of fixed loci
G/Hy Qg (X'™)
W) W)

g2€Wg (Hz) X935

Remark 3.17 (Equivariant smooth differential forms are injective). The fol-
lowing Lemmas 3.19, 3.20, 3.21 show that the equivariant dual vector spaces
of smooth differential n-forms (Def. 3.16) are injective objects (Def. 3.11), at
least if the equivariance group is of order 4 or cyclic of prime order (in which
case cf. [93, Prop. 4.1]):

G € {Zp]p prime} U {Z4, Zs XZQ}.
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From the proofs of these lemmas, given below, it is fairly clear how to approach
the proof of the general case. But since this is heavy on notation if done
properly, and since we do not need further generality for our application
here, we will not go into that.

Notation 3.18 (Extension of smooth differential forms away from fixed loci).

For GC X € GAct(SmthMfd) (Def. 2.35) and H C G, choose a tubular
neighborhood (e.g. [63, §1.2]) Nx (X*#) C X of the fixed locus (which exists
by Lemma 2.34). Then multiplication of smooth n-forms on X# with a choice
of bump function in the neighborhood coordinates induces a linear section,
which we denote exty, of the operation of restricting differential forms to the
fixed locus:

(lxw

e (X11) -

Lemma 3.19 (Z,-Equivariant smooth differential forms are injective). Let
the equivariance group G = Z, be a cyclic group of prime order. Then, for
Z,C X € ZpActions(SmoothManifolds) (Def. 2.35), the equivariant dual
vector space of Zy-equivariant smooth differential n-forms (Def. 5.33) is in-
jective (Def. 3.11):

i (Y(X[)Z,)) € GVecSpg™ . (95)

Proof. By extension of differential forms away from the fixed locus (Notation
3.18), we obtain the following isomorphism of equivariant dual vector spaces
to a direct sum of injective extensions (Lemma 3.10)

differential n-forms whose

equivariant smooth differential n-forms
restriction to the fixed locus vanishes

differential n-forms on fixed locus

U ( (X 2,)) = Inig, (U (X7) ) oty ({0 € O (X) [l = 0})

7y
Zy/1 o (a|sz ; a — extg, (a\Xz,,))
| | T I
Z,/Z, al s ——— (al e : 0 ).

where we used, since p is assumed to be prime, that the only subgroups of
G are 1 and Z, itself (Example 2.18). By Prop. 3.12, this implies the claim
(95). O

Lemma 3.20 (Zs-Equivariant smooth differential forms are injective). Let
the equivariance group G = Z4 be the cyclic group of order 4. Then, for
ZyC X € ZsActions(SmoothManifolds) (Def. 2.95), the equivariant dual
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vector space of Zy-equivariant smooth differential n-forms (Def. 3.33) is in-
jective (Def. 3.11):
iR (Y(X)Zs)) € GVecSpg™ . (96)

Proof. Since the subgroups of Z, are linearly ordered 1 C Zo C Z4 (Example
2.18), the proof of Lemma 3.19 generalizes immediately. Using extensions of
differential n-forms (Notation 3.18), both from X%+ as well as from X722, we
obtain the following isomorphism of equivariant dual vector spaces to a direct
sum of injective extensions (Lemma 3.10)

Equivariant smooth Differential n-forms Differential n-forms on shallow fixed locus whose Differential n-forms whose restriction
differential n-forms on deep fixed locus restriction to the deep fixed locus vanishes to the shallow fixed locus vanishes

Ui (r(X 24)) = njg, (U (X)) Dl ({ 0 € i (X72) [l o = 0 P tn ({0 € i (%) [wl s = 0})

ym
2(4/5 a— (MX“ : (a ~ extz, (a\Xm))\ng : a — extg, (a\ng)>
| | T ] T
74)Zs alyxm ——— (Mm - (cx% (a|xz4))\xzz : 0
| | 7 J T
Ty |7y alxz ——— (a\xz4 ) 0 ) 0 >
By Prop. 3.12, this implies the claim (96). O

Lemma 3.21 (Zs X Zo-Equivariant smooth differential forms are injective).
Let the equivariance group G = Z& x ZE be the Klein 4-group. Then, for 7k x
Z5C X € Z% x Z& Actions(SmoothManifolds) (Def. 2.95), the equivariant
dual vector space of equivariant smooth differential n-forms (Def. 3.33) is
injective (Def. 3.11):

ar(Y(X)Zs x23)) € GVecSpg™ . (97)

Proof. We obtain an isomorphism to a direct sum of injective extensions
(Lemma 3.10), much as in the proofs of Lemmas 3.19 and 3.20,

differential n-forms on shallow fixed loci whose
T

esgriction to the deep fixed locus vanighes
A om vz | N .
InJZé«({uJ € Qg (X 2) wlxz 0}} differential n-forms whose restriction

equivariant smoof th differential n-forms to the shallow fixed l:::i :/
diffc ntial e N on deep fixed locus w‘ L
U (7 (X ) Z)) = In, (O (X7) @ ® ® Inj1<{w € o (X) | o
X2
lnjzéa({w € Ut (X7) | wlxes = 0})
& =8 ( )
—_— 3 —extyn (Bl.or
P —extzr (Pl z
V— T — extyrg Zhz 2L vz R
G/l\ i (alx ! ((y oxtag xzf (Q‘X“é “é()) Ix“é X 7cxtz% (3‘)(*%)
| Mo ; ] ;
G/z% a|xz, —— (o\xz,i ) (u — extyryzn (a\xﬁé,ng))u%ﬁng s 0 )
G275 x 7.§ alyz ——— (a\xz1 , 0 0 )

and hence conclude the result, again by Prop. 3.12. The only further subtlety
to take care of here is that the two extensions extzr and extzr (Notation
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3.18) need to be chosen compatibly, such as to ensure that each preserves the
property of a form to vanish on the corresponding other fixed locus:

(extag (Blaat) )y = 00 (extan (Bliap) ), = O

This is achieved by choosing an equivariant tubular neighborhood (by [14,
§VI, Thm. 2.2][59, Thm. 4.4]) around the intersection X% N X% and using
this to choose the extension away from X Z5 to be orthogonal to that away
from X%'. O

z5

Equivariant graded vector spaces.

Definition 3.22 (Equivariant graded vector spaces). We write
GGrVecSp; " = VGVeCSpE ~ Functors(GOrb® , GrVecSp; ‘)

for the category of N-graded objects in equivariant vector spaces (Def. 3.5).

Definition 3.23 (Equivariant rational homotopy groups). For X € GHoTypess,
(Def. 2.32) and n € N, the rationalized nth equivariant homotopy group (Def.
2.31) hence the stage-wise rationalized simplicial homotopy group (Def. 2.31)
m,(X)®&,R : G/H — m,(X(G/H)) @, R,
form an equivariant graded vector space (Def. 3.22):
E,H(X) ®, R € )QVecSpR.

Example 3.24 (Zy-Equivariant rational homotopy groups of twistor space).
The Zs-equivariant rational homotopy groups (Def. 3.23) of Zs-equivariant
twistor space (Example 2.28) are, by (61), given by the rational homotopy
groups of CP? and, on the fixed locus, of S?. Hence these look as follows
(using, e.g., [29, Lemma 2.13] with [31, Prop. 3.65]):

E%/Q ((CP3> ®; R ~

/H || (P |neR | e R[m R 9R|meR|m o R|meR|meR| | (98)
Zi[cP [ 1 ] 0o oo o] 1] o0/ o0 [
AR 1 [ 1 [ o0 0o oo [0 o

Equivariant cochain complexes.

Definition 3.25 (Equivariant cochain complexes). We write
GCoComplxz " ;= Functors(GOrb, CoCmplxz ")

for the category of functors from the G-orbit category (Def. 2.13) to the

category of connective cochain complexes (i.e., in non-negative degrees with
differential of degree +1) over the real numbers.
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Definition 3.26 (Delooping of equivariant cochain complexes). For V €
VGCoComplxﬁ ? (Def. 3.25), we denote its delooping as

9 dl
bV : G/H — (OHVO(G/H) —S VYG/H) —>V2(G/H) H)
As an instance of the general notion of mapping cones (e.g. [110, Def.
3.2.2]), we get:

Example 3.27 (Cone on an equivariant cochain complex). For V' € Q CoComplxg "
(Def. 3.25), we say that the cone on its delooping bV (Def. 3.26) is the equiv-
ariant cochain complex eV € GCoComplx; " given by

eV := Cone(bV) : G/H —

_d° 1 g2 _.3
VO(G/H) — o V(G H) — o VA(G/H) — > V3G H) — s ...
D ld\ @ 1d\ (&) 1d\ &) id

VOG/H) —= VG H) — = VG H) — =

|4 |4

0

This sits in the evident cofiber sequence:

cofib(zp
Y Oe)

biov € GCoComplxg’ . (99)
bV

As an instance of the general notion of injective resolutions (e.g. [110,
§4.5]), we have:

Example 3.28 (Injective resolution of equivariant dual vector spaces). Let
Ve )GVeCSpE (Def. 3.5). Then, by Prop. 3.12, we obtain an injective reso-

lution (e.g. [49, p. 129]) of V' given by the equivariant cochain complex (Def.
3.25) which in degree 0 is the injective envelope (90) of V', and whose differ-
entials are, recursively, the injective envelope inclusions (92) of the quotients
by the image of the previous degree:

0 —— Inj (cokTer(dl))

b2 =:Inj*(V) € GCoComplxg"’.
0 — Inj(coker(d”))

fa

0 —— Inj(Inj(V)/V)

far

Ve (V)
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This is such that for any A® € QCOCOI1QplX§0 which is degreewise injec-
tive (Def. 3.11) and any morghism of equivariant dual vector spaces
{ V— A% } € )GVecSpﬁ
from V' to the subspace of closed elements (cocycles) in A™, there exists an

extension to a morphism
{6"Inj*(V) 4 } o€ GCoComplxg (100)
of equivariant cochain complexes (101) given recursively by using injectivity

of A"+ to obtain dashed extensions (89)

¢n+i+1

dit?
n+3
Inj(coker(d')) - — - T A
d2 dz+2
Inj(coker(d%)) - - - NSNS
) (101)
dl dz"—l
¢n+1
Inj(Inv(V)/V) = = = = — - > Antl
d0 dz
. ¢
InjV)- - --=----- >~ A"
v, =: |”V N,
4 A?lsd

Example 3.29 (Injective resolution of Zs-equivariant dual vector spaces).

Consider the Zy-equivariant dual vector space (Example 3.7) given by
Za

()
Zz/l — 0

I io € 7y GVecSpy, . (102)

ZQ/ZQ — 1
Recalling the three injective atoms of Zs-equivariant dual vector spaces from
Example 3.14, we find that the injective resolution (Example 3.28) of (102)
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is the Zo-equivariant cochain complex:.

/

0

e
v
() /l
Zof/t = 01 /
l l s
Zo]Zy — 1—F——>1

In terms of generators-and-relations (Notation 3.1), this says:
Lo

()
Zg/l [— 0

|1

ZQ/ZQ [ — R<Co>/(d00 = 0)

. (103)

() / de,=c
ZoJ1  — R<CO’CI> /<dc(1) = ol>
_ l ‘o deg=0

ZQ/ZQ [— R<Co>/(d Co = 0)

Equivariant dgc-algebras.

Definition 3.30 (Equivariant dgc-Algebras). We write

GDIiffGrCAlg; " := Functors(GOrb, Diff GrCAlgz ")
for the category of functors from the G-orbit category (Def. 2.13) to the
category of connective dgc-algebras over the real numbers.
Definition 3.31 (Equivariant cochain cohomology groups). For A € G DiffGrCAlgz "
(Def. 3.30) and n € N, we write

H"(A) € GVecSpy

for the equivariant dual vector space (Def. 3.5) of cochain cohomology groups

H"(A) : G/H +— H"(A(G/H))
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Example 3.32 (Equivariant base dgc-algebra). We write R € GDiffGrCAlgg”

for the equivariant dgc-algebra (Def. 3.30) which is constant on the ground
field R:
R : G/H — R.
For the case G = Zy (Example 2.15):
()
Zg/l — R
! e

ZQ/ZQ — R

Example 3.33 (Equivariant smooth de Rham complex).
For GC X € GAct(SmthMfd) (Def. 2.35). there is the equivariant dgc-
algebra (Def. 3.30)

Qr(r(X/G)) € GDiffGrCAlgg’

of equivariant smooth differential forms (Example 3.16) equipped with the
wedge product and de Rham differential formed stage-wise, as in the ordinary
smooth de Rham complex (e.g. [8]) of the fixed loci.

Example 3.34 (Free equivariant dgc-algebra on equivariant cochain com-
plex).

For V* € GCoComplxg® (Def. 3.25):

(i) We obtain the free equivariant dgc-algebra (Def. 3.30)

Sym(V*®) € QDiﬁGrCAlgIﬁo,

given over each G/H € GOrb, by the free dgc-algebra on the cochain complex
at that stage:

Sym(V*) : G/H — Sym(V'(G/H)),
with all structure maps induced by the functoriality of the non-equivariant
Sym-construction.

(iii) This extends to a functor
Sym

GDiffGrCAlgg" L GCoComplxz ", (104)
CchnCmplx

which is left adjoint to the evident assignment of underlying equivariant
cochain complexes.

In terms of generators and relations (Notation 3.1, 3.2), passing to free
dgc-algebras means to replace angular brackets by square brackets:

Example 3.35 (Free Zs-equivariant dgc-algebra on injective resolution). In
the case G = Z» (Example 2.15), the free Zy-equivariant dgc-algebra (Exam-
ple 3.34) on the n-fold delooping (Def. 3.26) of the injective resolution (103)
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from Example 3.29 is:

Z2
()
Zs/1 +— 0
Sym o b™ o Inj* l J{
ZQ/ZQ — R<Co>/(d Cop = 0)
Za (105)

() ey Cnt1 dc), = tnpa
Zy/1 +— R /| dcnp1 =0

_ c dc, =0

— n

¢

Lo ly +—— Rlcy]/(de, = 0)

In equivariant generalization of [31, Def. 3.25], we have:

Definition 3.36 (Equivariant L..-algebras). We write

G LoAlgs S, %~ (GDiffGrCAlg; )™ (106)
g — CE(g)

for the opposite of the full subcategory of equivariant dgc-algebras (Def. 3.30)
on those that are stage-wise Chevalley-Eilenberg algebras of L.,-algebras
(connective and finite-type over the real numbers, as in [31, Def. 3.25]).

In generalization of Example 3.33, we have:

Example 3.37 (Proper G-equivariant and Borel-Weil-Cartan T-equivariant
smooth de Rham complex).

Let (T>< G) (X € (T>< G)Act(Smtthd) (Def 2.35), where T € CompactLieGroups
is finite-dimensional with Lie algebra denoted (as in Notation 3.1)

= {tn®, (-, -1} € LieAlgy,. (107)
Consider the equivariant dgc-algebra (Def. 3.30)
w((r(X)G)JT) € GDiffGrCAlg; "

of T-invariants in the tensor product of proper G-equivariant smooth differ-
ential forms (Example 3.16) with the free symmetric graded algebra on

0 =~ ()"

(the linear dual space of (107) in degree 2) and equipped with the sum of the
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de Rham differential
dar : WATF A AT5? — (darw) ATGEA - AT

and the operator

TS ALy, WATGEN AT (Ltaw) ANrg ATyt AN AT
where
« weR(-),
o 1, denotes the contraction of differential forms with the vector field that

is the derivative of the action T'x X — X along t,,

« summation over the index a € {1,--- ,dim(7")} is understood, and

 the T-action on tV is the coadjoint action and on that differential forms is
by pullback along the given action on X:

proper G-equivariant
& Borel T-equivariant
smooth de Rham complex

O ((r(X /) 7)

Cartan model for T-equivariant Borel cohomology of H-fixed locus xH
G/H Qs (XH aydim(D)] " T
/ dR( ) {TQ}azl y Adr + 79 Ny, | .

This is, stage-wise over G/H € GOrb (Def. 2.13), the Cartan model dgc-
algebra for Borel T-equivariant de Rham cohomology ([3][70, §5][58][36], re-
view in [72] [64][86]), here formed for the fixed submanifolds (Lemma 2.34)
of all the subgroups of the G-action.

(108)

Homotopy theory of equivariant dgc-algebras.

Proposition 3.38 (Projective model structure on connective equivariant
dgc-algebras [113, Theorem 3.2]). There is the structure of a model category
on gDiﬁGrCAlg§° (Def. 3.30) whose

W - weak equivalences are the quasi-isomorphisms over each G/H € G Orb;
Fib - fibrations are the degreewise surjections whose degrecwise kernels are

injective (Def. 3.11).
We denote this model category by
()QDiffGrCAlgD%O)pmj € ModCat .

A key technical subtlety of the model structure on equivariant dgc-algebras
(Prop. 3.38), compared to its non-equivariant version ([9, §4.3][32, §V.3.4] [31,
Prop. 3.36]), is that not all objects are fibrant anymore, since equivariantly
the injectivity condition (Def. 3.11) is non-trivial (Prop. 3.12). However, we
have the following class of examples of fibrant objects:
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Proposition 3.39 (Equivariant smooth de Rham complex is projectively
fibrant). For GC X € GAct(Smtthd) (Def. 2.35), the equivariant smooth
de Rham complex (Example 5.33) is a fibrant object in the projective model
structure (Prop. 3.38)

QR (V(X//G)) 0 € (QDiffGrCAlg§ 0

at least if G is of order 4 or cyclic of prime order.

€ Fib )
proj ’

Proof. By Prop. 3.38, the statement is equivalent to the claim that the equiv-
ariant dual vector spaces of equivariant smooth differential n-forms are injec-
tive. This is indeed the case, by Lemmas 3.19, 3.20, 3.21 (Remark 3.17). O

Next we turn to discussion of fibrant and cofibrant equivariant dgc-algebras.

Minimal equivariant dgc-algebras.

Definition 3.40 (Minimal equivariant dgc-algebras [129, Construction 5.10][113,
§11)[114, §4)).

Let A € QDiffGrCAlgIﬁ ’ (Def. 3.30) be such that, for all k € N, the underly-
ing ChnCmplx(A)* € GCoComplxz " is injective (Def. 3.11).

(i) For n € N, an elementary extension A — A[b"V], of A in degree n is a
pushout of the image under Sym (Example 3.34) of the cone inclusion (Ex-
ample 3.27) of the (n+1)-fold delooping (Def. 3.26) of the injective resolution
Inj*(V') (Example 3.28)

A[b”Vn] o Sym(eb”lnj'(Vn))
L (po) )Lsym(ihnﬂlnj-(vn)) € gDiﬁGrCA1g§0 (109)

A o7,

Sym (6" Inj*(V;,))
along the adjunct ¢* (104) of an injective extension (100)
Ae < 6" nj*(V,) € GCoComplxz" (110)

of a given attaching map out of a given equivariant dual vector space V,, (Def.
3.5):

At = G VecSpy - 111
(ii) An inclusion clsd. Vi € GVecSpg (111)
B* = A* € GDiffGrCAlg:’ (112)

of degreewise injective (Def. 3.11) equivariant dgc-algebras (Def. 3.30) which
are equivariantly 1-connected
B ~R, B'~R

Y
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is called relative minimal if it is isomorphic under B® to the result of a se-
quence of elementary extensions (109) in strictly increasing degrees (noticing
with Lemma 3.15, that the result of an elementary extension (109) is again
degreewise injective).

(iii) An equivariant dgc-algebra A®, such that the unique inclusion of the
equivariant ground field R (which is clearly 1-connected and injective, by
Example 3.13) is a relative minimal dgc-algebra (112)

R ™% A* € GDiffGrCAlg:" (113)

is called a minimal equivariant dgc-algebra.

Definition 3.41 (Minimal equivariant L.-algebra). Any minimal equivari-
ant dgc-algebra A (Def. 3.40) is the equivariant Chevalley-Eilenberg algebra

(106) A ~ CE(gA)

of an equivariant Lo-algebra g € G LooAlgg §, (Def. 3.36), defined uniquely
up to isomorphism. We say that the underlying graded equivariant vector
space (Def. 3.22)

g} € GGrVecSp;’
of this equivariant L..-algebra is the linear dual of the spaces of generators
|= GVecSpy (111) of the elementary extensions (109) that exhibit the

minimality of A:

gA = (VA)v € ('VecSpy .

Example 3.42 (A minimal Zs-equivariant dgc-algebra). We spell out the
construction of an equivariant minimal dgc-algebra (Def. 3.40), for G = Zs
(Example 2.15), which involves three basic cases of the elementary extensions
(109):

(i) In the first stage, begin with the equivariant base algebra R (Example

3.32) and consider the attaching map (111) in degree 2 given by
Z2

() 0o
Zs/1 — R 2 R{c3)
¢y | lid | (114)
Zs/Zs — R<—27%  R(c)

By Example 3.14, the equivariant dual vector space on the right is already
injective (94), so that we may extend this attaching map immediately to an
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equivariant cochain map (110)

(ZZ)/ 0 i c:
Zg/l — R i R<63>/(d63 = 0)
s | [ Ve
L) — R “ R{cz)/(dcs = 0),

where on the right we are using the generators-and-relations Notation 3.1. By
Example 3.35, its adjunct morphism of equivariant dgc-algebras is

(™ o
Zs/1 — R & Rlcs] /(des = 0)
& | o p
Zy) T — R Rles]/(d ez = 0).

Since all these diagrams so far are constant on the orbit category, the resulting
pushout (109) is computed over both objects Zs/H € Z;Orb as in non-
equivariant dge-theory, and thus yields this minimal equivariant dgc-algebra:

("
Z/1 — R[fo]fd fo = 0)
| | (115)

(ii) Consider next the following attaching map (111) in degree 3 to the equiv-
ariant dgc-algebra (115):

()
Zs/1 — R[f2] /(d f2 = 0) 0
¢3 - l idi o e l (116)
ZQ/ZQ [— R[fg]/(dfz = 0) 2 . R<C4>.

Here the equivariant dual vector space on the right is not injective: Its in-
jective envelope is given in Example 3.29, and the free dgc-algebra on this is
given in Example 3.35, which says that the required extension (110) of the
attaching map ¢ is hence of this form:

o 0 «—ics
( )/ fg/\f2<—4(1: —
Z/l  — RN = o><—R[§j/(f§ij - 25>

e ‘| ¢

Zo)Zy  — RIS = 0) LT R /(des = 0).
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The pushout (109) along this map is the following, yielding the next stage of
the minimal equivariant dgc-algebra on the rear left:

R hg, / C]lh‘jig}zlifQ/\fQ f2if2 :EZ R Cs, 1)4, / dC5 =0, dby =Cs
Wi, Gwy = wq by Cq, bg (1041057 db3 :b4764
2 dfa=0 hs by

R[fo] f(d f = 0) fnhoa RM / (dc5 = 0)

hs, dhs = —fa A faAf2 —ea
e B R e

> 3 Ja AN J2 —icq >
R[fo)/(d f2 = 0)

R[C4]/(d04 = 0) .

(iii) Finally, consider the following further attaching map (111) to the previ-

ous stage, in degree 7:
Lo

() ha, | [dhs=wi—faAf2)
Zg/l — R W4, / dw4:O <;8R<Cg>
2 dfy=0
o7 - $ (117)
hs, | ,(dhs = — fo A f
miza — v, TP ——0

Here the equivariant dual vector space on the right is again injective, by (93)
in Example 3.14. Therefore, the corresponding elementary extension (109) is

by pushout along the following morphism of dgc-algebras

(ZQ)/ hg, Clhg:CU4—f2/\f2 —wq Awy = cg
Zg/l — R Wy, / dCU4:0 <7R[Cg]/(d08 = 0)
_ f2 df2=0
7 |
hs, dhz= —faAfa
Zo|ly +— R[f?]/<df2:o ><70.

This pushout is the identity on Zs/Zs, and is an ordinary cell attachment of
plain dgc-algebras on Zy /1, hence yields the following equivariant dgc-algebra,
which is thereby seen to be minimal (Def. 3.40):
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(Zg} [ wr, dw; = —wy N\ wy
hs, dh3 =ws — fa A fo
Zo)1 — R o / dws — 0
dfo=0
A = —fl f2 (118)
[ hs, dhs = — faAfo
ZQ/ZQ — R_f2:|/<df2:0 .

In summary, the graded equivariant dual vector space of generators (Def.
3.41) of this minimal equivariant dgc-algebra is the following:

o' o af | ol |ag gy |

N

0j0j0]10]0
0j0j0]0}0]O0

A ZQ/l 1
Z5/Z,| 1

(119)

= | o

(114) (116) (117)
€ ZyGrVecSp;" .

Lemma 3.43 (Minimal equivariant dgc-algebras are projectively cofibrant
[114, Thm. 4.2]). All elementary extensions (109) are cofibrations
A—S5 - A",), € (GDIffGrCAlg:”

)proj ’

Hence all relative minimal equivariant dgc-algebra inclusions (112) are cofi-
brations and, in particular, all minimal equivariant dgc-algebras (113) are
cofibrant objects in the model category (VG'Diﬂ’GrCAlgDZQ [))pmj (Prop. 3.58).

Proposition 3.44 (Existence of equivariant minimal models [113, Thm. 3.11,
Cor. 3.9]).

Let A € GDiffGrCAlgg " (Def. 3.50) be cohomologically 1-connected, in that

the equivariant cochain cohomology groups (Def. 3.31) are trivial in degrees
<1:

B H°(A) ~ R and o' (A) ~ 0. (120)
(i) There exists a minimal equivariant dgc-algebra (Def. 3.40) equipped with
a quasi-isomorphism 4
A
ew

Amin A (121)

!

(ii) This is unique up to isomorphism, in that for Al ;. EW 4 any other such,

there is a commuting diagram of the form
Amin - Ai’nin
e A—w




Character Map in Twisted Equivariant Nonabelian Cohomology 59

with the top morphism an isomorphism of equivariant dgc-algebras.

Remark 3.45 (Existence of equivariant relative minimal models). By anal-

ogy with the theory of (relative) minimal models in non-equivariant dgc-

algebraic rational homotopy theory (e.g., [9, §7][45][24, Thm. 14.12|[31, Prop.

3.50]), it is to be expected that Prop. 3.44 holds in greater generality:

(a) The existence of equivariant minimal models should hold more generally
for fixed locus-wise nilpotent G-spaces (not necessarily fixed-locus wise
simply-connected).

(b) There should exist also equivariant relative minimal models, unique up
to relative isomorphism, of any morphism between fixed locus-wise nilpo-
tent spaces of R-finite homotopy type.

While a proof of these more general statements should be a fairly straightfor-

ward generalization of the proofs of the existing results, it does not seem to

be available in the literature. Nonetheless, for our main example of interest

(Example 2.44) we explicitly find the equivariant relative minimal model (in

Prop. 3.56 below).

3.2. Equivariant rational homotopy theory

We review the fundamentals of equivariant rational homotopy theory [129][130]
[40][113][114] and prove our main technical result (Prop. 3.56 below). Through-
out we make free use of plain (non-equivariant) dgc-algebraic rational homo-
topy theory [9] (review in [24][48][42][31, §3.2]).

Equivariant rationalization. Equivariant rational homotopy theory is con-
cerned with the following concept:

Definition 3.46 (Equivariant rationalization [71, §I1.3][129, §2.6]).

Let X € GHoTypess, (Def. 2.33).

(i) X is called rational (here: over the real numbers, see [31, Rem. 3.51]) if all
its equivariant homotopy groups (Def. 2.31) carry the structure of equivariant
vector spaces (here: over the real numbers, Def. 3.5):

X is rational over the reals <« m,.1(X) € GVecSpy —— GGrp. (122)

(ii) A rationalization of X (here: over the real numbers) is a morphism
R
X—2 o Ipx € GHoTypes (123)
to a rational equivariant homotopy type (122) which induces isomorphisms
on all equivariant rational cohomology groups (Example 3.6):
(%)
— =

H*(LpX; R) H*(X; R).
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In other words: equivariant rationalization is plain rationalization (e.g. [31,

Def. 3.55]) at each stage G/H € GOrb.

Proposition 3.47 (Uniqueness of equivariant rationalization [71, §II, Thm.
3.2]). Equivariant rationalization (Def. 3.46) of equivariantly simply-connected
equivariant homotopy types exists essentially uniquely.

Equivariant PL de Rham theory.
Definition 3.48 (Equivariant PL de Rham complex). Write

(SSet ——PHt_ (( GDiffGrCAlg: ")
X — (G/H = Qf)LdR(‘X(G/H)))

for the functor from equivariant simplicial sets (Def. 2.19) to the opposite
of equivariant dgc-algebras (Def. 3.30). This applies the plain PL de Rham
functor [121][9, p. 1.-7][31, Def. 3.56] (assigning dgc-algebras of piecewise
polynomial differential forms) to diagrams of simplicial sets parametrized over
the orbit category.

Proposition 3.49 (Equivariant PL de Rham theorem [129, Thm. 4.9]). For
any X € GSSet (Def. 2.19) and Ag € GVecSpy, (Def. 3.5), we have a natural
isomorphism e (X; ﬂR) ~ e (Q%LdR(X; ﬂR))
between the Bredon cohomology of X (Example 2.39) with coefficients in Ag,
and the cochain cohomology of the equivariant PL de Rham complex of X
(Def. 3.48) with coefficients in Ag.

Proposition 3.50 (Quillen adjunction between equivariant simplicial sets
and equivariant dgc-algebras [114, Prop. 5.1]). The equivariant PL de Rham
complex construction (Def. 3.48) is the left adjoint in a Quillen adjunction

.
QPLdR

(GDIffGrCAlg: ") o GSSetpuy

between the projective model structure on equivariant simplicial sets (Prop.

2.21) and the opposite of the projective model structure on connective equiv-
ariant dgc-algebras (Prop. 3.38).
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The fundamental theorem of dgc-algebraic equivariant rational ho-
motopy theory.

Proposition 3.51 (Fundamental theorem of dgc-algebraic equivariant ratio-
nal homotopy theory [114, Thm. 5.6]). On equivariant 1-connected R-finite
homotopy types (Def. 2.33):
(i) The derived PL de Rham adjunction (Prop. 3.50) restricts to an equiva-
lence of homotopy categories

]LQI.)LdR

(GHoTypesfi)* - Ho( ((DIfiGrCALg; )% )

proj

Rexp fin

between those simply-connected R-finite equivariant homotopy types (Def. 2.33)
which are rational (Def. 3.46) over the real numbers and formal duals of co-
homologically connected 1-connected (120) equivariant dgc-algebras.

(ii) The derived adjunction unit is equivariant rationalization (Def. 3.46):

anLdR
X Rexp o LOP; 4r (X) .
X € )QHoTypeSgngR = H e ig (124)
X X LpX

Remark 3.52. That the equivariant derived PLdR~unit (124) models equiv-
ariant rationalization is not made explicit in [114], but it follows immediately
from the fact that:

(a) by definition, the equivariant PLdR adjunction is stage-wise over G/H €
GOrb the plain PLdR adjunction;

(b) the derived unit of the plain PLdR-adjunction models plain rational-
ization by the non-equivariant fundamental theorem (e.g. [31, Prop. 3.60]);
and

(c) that equivariant rationalization (Def. 3.46) is stage-wise plain rational-
ization.

Equivariant rational Whitehead L. -algebras

Definition 3.53 (Equivariant Whitehead Loo-algebra). For [ (X /G) €

)QHoTypesgr;R (Def. 2.33), we say that its equivariant Whitehead Lo -algebra
V(X )G) € )GLOOAlgD%’%H

is the equivariant Ly-algebra (Def. 3.36) whose equivariant Chevalley-Eilenberg
algebra (106) is the minimal model (well-defined by Prop. 3.44) of the equiv-
ariant PL de Rham complex (Def. 3.48) of [ (X /G):
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min

CE([ V(X//G)) 1= QPpar (X)min —

o Mhrar(X) € GDIfiGrCAlg:". (125)

Proposition 3.54 (Equivariant rational homotopy groups in the equivariant
Whitehead Loc-algeba [129, Thm. 6.2 (2)]). For [y (X )G) € VGHoTypesﬁ;QR
(Def. 2.33), the equivariant rational homotopy groups of QX (Ezxample 3.23)
are equivalent to the underlying equivariant graded vector space (Def. 3.41)
of the equivariant Whitehead Loo-algebra (Def. 3.53) of ¥ (X J/G):

. . equivariant rational
equivariant homotopy groups of
Whitehead Loo-algebra equivariant loop space

(Ir(X/G)), =~ 7,J0X)®,R. (126)
Examples of equivariant Whitehead L..-algebras.

Proposition 3.55 (Zy-Equivariant minimal model of twistor space). The
equivariant minimal model (Def. 3.40) of the Zy-equivariant twistor space
(Ezample 2.28) is the following Zs-equivariant dgc-algebra (Def. 3.30):

ha,] (dhs=  —foAf
ZZ/ZQHR{E}/(M;_O 2 2>

CE(Ir(CP?)Zy)) - T (127)
hs, dhs =ws— fa A\ fo
fo dfs=0
Z(Q/; - R wr, / dwr = —wy A\ wy
Zo Wy dw4 =0

Proof. (i) Checking that (127) is indeed a minimal equivariant dgc-algebra is
the content of Example 3.42, where this minimal algebra is obtained in (118).
(ii) It remains to see that (127) has indeed the algebraic homotopy type of
the rationalized equivariant twistor space, under the fundamental theorem
(Prop. 3.51). By (61), this amounts to showing that the right vertical mor-
phism of ordinary dgc-algebras in (127) is a dgc-algebraic model (under the
non-equivariant fundamental theorem of rational homotopy theory, [9, §8] re-
viewed as [31, Prop. 3.59]) of the inclusion of the fiber of the twistor fibration
(11). But, by [31, Lem. 3.71]), the dgc-algebra model for this fiber is the
cofiber of the minimal relative model of the twistor fibration. The latter is
given in [29, Lem. 2.13], and its cofiber manifestly coincides with (127).

(iii) As a consistency check, notice that the equivariant rational homotopy
groups of twistor space (98) do match the generators (119) of this minimal
model; as it must be, by Prop. 3.54. O



Character Map in Twisted Equivariant Nonabelian Cohomology 63

Proposition 3.56 (Zs-Equivariant relative minimal model of Sp(1)-parametrized
twistor space). The equivariant relative minimal model (Def. 3./0) of the Zo-
equivariant Sp(1)-parametrized twistor space (Ex. 2.44) is the following Zso-
equivariant dgc-algebra (Def. 5.50) under CE(IBSp(1)) =R [tp1]/(d ip1 = 0):

hs, dhs =01 —3p1— oA fa
f2 / dfs=
wr, dwr = =4 A (W4 — 3p1)

«14

& Zy/1 — CE(IBSp(1))

>
PR J
& o SO
Ot s
S5 8 e
FRT O <

o

CE ((rus,,m (r(CP3)Z,)) //s?(l))) :
Zo)Ts — CE([BSp(l)){l}zi/(dlB = 0 - %Pl = f2 /\f‘z) :
where

(a) all closed generators are mormalized such as to be rational images of
integral and integrally in-divisible classes;

(b) w = @& — 1p1 is fiberwise the pullback along CP? L, g4 (11) of the
volume element on S*;

D), cps,

(c) f2 is fiberwise the volume element on S*
Proof. (i) To see that (128) is relative minimal, observe that it is obtained
from the equivariant base dgc-algebra

L

()

Z>)1 o CE(IBSp(1)) ==R[ip:]/(d {p1 = 0)
' id}

Zy/Zy — CE(1BSp(1))

by the same three cell attachments as in the construction of the absolute
minimal model of Example, 3.42 for the plain equivariant twistor space (Prop.
3.55), subject only to these replacements:

faNfo — f2 A fo+3m1

Wi Awg — Wy A (@4 — %pl)
in the attaching maps ¢3 (116) and ¢7 (117), respectively.

(ii) By the fundamental theorem (Prop. 3.51), it remains to see that (128) is
weakly equivalent to the relative equivariant PL de Rham complex of equiv-
ariant parametrized twistor space:

(ii.1) First observe that the relative minimal model CE(I(tg / Sp(1))) for
the non-equivariant Sp(1)-parametrized twistor fibration ¢y, relative to the
minimal model of S*/Sp(1) relative to BSp(1), is as follows, with generators



64 Hisham Sati and Urs Schreiber

normalized as stated in the claim above:

hs,| ,(dhs = —ipi—fan
52 /Sp(1) Ripj] L; }/(df; ~ ) 31— fa)
hofib sy (ta / Sp(1)) cof mer 3
~ hofib(tu) / Sp(1) fBbpm(oE([(tH / Sp(l))))
(by Lemma 2.10)
hs, dhs =&y — 5p1 — f2 A f2
f27 df2 =
CP3 Sp(1) REp ||/ | dn =~z (1 — 1p1) (129)

(’:}4 dCU4 =

elative minimal model

ta//Sp(1) R[l CE(I(ta / Sp(1)))  for t;: / Sp(1)

1 1] \ (by [29, Thm. 2.14])

S1/Sp(1) Rgpl][‘ﬁﬂ / (g a1 = BN (@ %m))

Wy

This is the statement of [29, Thm. 2.14], using the following notational sim-
plifications in the present case:
(a) the Euler 8-class Xg appearing in [29, (39)] vanishes here under restriction
along BSp(1) — BSp(2);
(b) we have applied to [29, (49)] the dgc-algebra isomorphism given by

h3 Annd hg, fg s fQ, Wy < Wy, Wy < a4—ip1. (130)

(ii.2) This being a non-equivariant relative minimal model, it comes with hor-
izontal weak equivalences of non-equivariant dgc-algebras as shown in the bot-
tom square of the following commuting diagram (by, e.g., [24, Thm. 14.12]),
which induces (by the fiber lemma [10, §II] in the form [24, Prop. 15.5][25,
Thm. 5.1]) a weak equivalence on plain cofibers (which is forms on S?, by
Lemma 2.10), as shown in the following top square:
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(s ) /(RS TR

co E(l(tg /S
o (e 1) T f(CB (it / 50(1))))

hs, dhy =0y — 3p1— f2 A fa

N cwW f27 de =0
Q%4 (CP?/Sp(1)) =<— R [tpy] wr, / dwr = =04 A (D4 — 1p1)
@4 d&4 =0
Dprar (tu / Sp(1)) )LCE([(tH /Sp(1)))
. A ew wr, |/ (dwr = =04 A (@4 — 5p1)
Dprar (S*/Sp(1)) RBPJ[@ }/ <d@4 =0
(Here we are using that with ¢y also ty / Sp(1) := % is a fibration,

by the right Quillen functor (30) in Prop. 2.7, and that all spaces involved
are simply-connected, so that all the technical assumptions in [25, (5.1)] are
indeed met.)

(ii.3) Then observe that
H* (52//Sp(1); R) ~ R[ws, ipl]/((w2)2)
~ H*(BSp(1); R) ®. H*(S* R). (132)
This follows readily from the Gysin exact sequence (e.g. [122, §15.30])

*
Pg2

< H(BSp(1); R) T He(S2/Sp(1); R) % He2(BSp(1); R) j
(133)

L cJ(—)=0
Hetl (BSp(l); R) IR
for the S%-fiber sequence S? bofiblesz), S% /) Sp(1) L2, BSp(1) that corre-
sponds to the Sp(1)-action on S?, by Prop. 2.7; and using that H* (BSp(l); ]R)
~ R[ip1] (e.g. [31, Lemma 4.24]) is concentrated in degrees divisible by 4 (so
that, in particular, the Euler class ¢ € H3 (BSp(l); R) ~ 0 in (133) van-
ishes).

But using (132) in (131) implies that also the induced map on relative fibers
(34) over BSp(1) is a weak equivalence:
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[ — _ 1,
Tafe Opuan(st5o) <R pI[0] (4 TR g

Povan (B0sspcn (1 / 5p(1)) T cof psp(n) (CE([(fw /! Sp(1)>))

~ Qb (fib(tw) / Sp(1))

[hs, dhs =04 —5p1 — f2 A f2

. A df=0
B/t O (CPfsp(0) RGN/ SR 20 e
(22)\ _@4 dwy =0

(ii.4) By Lemma 2.10 applied to (77), we see that the left morphism in (134)
is equivalently the inclusion of the fixed-locus in the Zj-equivariant Sp(1)-
parametrized twistor space (Example 2.44). Thus, by the stage-wise defini-
tion of the equivariant PL de Rham complex (Def. 3.48), it follows that the
left morphism in (134) is the PL de Rham complex of Zg-equivariant Sp(1)-
parametrized twistor space (as indicated by alignment with the Zs-orbit cate-
gory on the far left of (131)). Finally this means, by the fundamental theorem
(Prop. 3.51), that the commuting square in (131) exhibits the claimed equiv-
ariant dgc-algebra (16) as indeed modeling the equivariant rational homotopy
type of the Zy-equivariant Sp(1)-parametrized twistor space. (The images on
the left of the generators on the right of (131) are indeed all invariant under
the Zo C Sp(2)-action, by [11, Lemma 5.5]). O

3.3. Equivariant non-abelian de Rham theorem

We introduce properly equivariant non-abelian de Rham cohomology with
coefficients in equivariant L..-algebras, in direct generalization of the non-
equivariant discussion in [31, §3.3]. Our key example here is the non-abelian
cohomology of equivariant twistorial differential forms (Example 3.74 below).
The main result is the proper equivariant non-abelian de Rham theorem
(Prop. 3.63) and its twisted version (Prop. 3.67). The specialization to tradi-
tional Borel-equivariant abelian de Rham cohomology is the content of Prop.
3.72 below.

Flat equivariant L..-algebra valued differential forms.

In equivariant generalization of [31, Def. 3.77], we set:

Definition 3.57 (Flat equivariant L.-algebra valued differential forms). Let
g € GLoAlgl, (Def. 3.36) and GCX € GAct(SmthMfd) (Def. 2.35).
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Then the set of flat equivariant g-valued differential forms on X is the hom-
set (17)

Qur(r(X/G)s )y, = CDIIGICAIE:"(CE(g), Q4 (r(X/G)))

of equivariant dgc-algebras (Def. 3.30) from the equivariant Chevalley-Eilenberg
algebra (106) of g to the equivariant smooth de Rham complex (Def. 3.33) of
X.

In equivariant generalization of [31, Def. 3.92], we set:

Definition 3.58 (Flat twisted equivariant L.-algebra valued differential
forms on G-orbifold). Consider an equivariant Loo-algebraic local coefficient
bundle in the form of a fibration of equivariant L..-algebras (Def. 3.36) whose
equivariant Chevalley-Eilenberg algebras (106), are relative minimal (Def.

3.40)
fib(p)

equivariant L..-algebraic
local coefficient bundle

3 € GLoAlg), . (135)

o~ <— |o~)

Then, for GC X € GAct(Smtthd) (Def. 2.35) equipped with an equivariant
non-abelian de Rham twist

TarR € ar (V(X//G), h)ﬁat (136)
given by a flat equivariant b-valued differential form (Def. 3.57) on X, the set
of flat Tqr -twisted equivariant g-valued differential forms on X is the hom-set
(17) in the co-slice category ofigDiffGrCAlgﬁ ’ (Def. 3.30) under CE(g) from

CE(p) to Tqr:

Ot (r (X /G). 0)g,, = (GDIGICALE: ) ™ (CE(p). )

flat twisted equivariant
g-valued differential form

Q4 (r(X Q) <= 2= TR CE(b)|  (137)

twism CE(E) %E(’P)

local
coefficients

Equivariant non-abelian de Rham cohomology.

Notation 3.59 (Cylinder orbifold). For GC X € GAct(SmthMfd) (Def.
2.35), let the product manifold X x R be equipped with the G-action given
by

Gx (X xR)— X xR

We say that the resulting G-orbifold (Def. 2.36) ¥ ((X xR) /G) € GOrbifolds
is the cylinder orbifold of V(X//G), and we write
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(X x {0})JG) 2 (X x R) JG) <22r (X x {1})/G)  (138)

R 1R
r(X/)G) r(X/)G)
for the canonical inclusion maps and
r((X xR)JG) 2> r(X/G) (139)

for the canonical projection map.
In equivariant generalization of [31, Def. 3.83], we set:

Definition 3.60 (Coboundaries between flat equivariant L..-algebra val-
ued differential forms). Let g € GLoAlggy, (Def. 106) and GC X €
GAct(SmthMfd) (Def. 2.35).

(i) Then, given flat differential forms Ao, Ay € Qur(r(X [/ G); g)g,, (Def.

3.57), a coboundary between them Ag =2 A is a flat equivariant g-valued
differential form (Def. 3.57) on the cylinder orbifold (Notation 3.59)

cylinder orbifold

A e Qm (V((X < R)/G); g)ﬂat (140)
such that this restricts to the given pair of forms
i(A) =4 and ij(A) =4, (141)

along the canonical inclusions (138).
(ii) We denote the relation given by existence of a coboundary by A; ~ A,.

Lemma 3.61 (Equivalence of equivariant smooth and PL de Rham complex
of smooth orbifold). Let GC X € GAct(SmthMfd) (Def. 2.35). Then the
corresponding equivariant PL de Rham complex (Def. 3.48) is isomorphic to
the equivariant smooth de Rham complex (Ezample 3.33) in the homotopy
category of equivariant dgc-algebras (Prop. 3.38):

Qr(r(X)G) ~ B (r(X)G)) € Ho(()GDiHGrCAIgH%O) ) (142)

proj

Proof. Observe that the analogous non-equivariant statement holds by [31,
Lem. 3.90], using [42, Cor. 9.9], and that its proof proceeds by analyzing
natural constructions applied to a choice of smooth triangulation of the given
smooth manifold X.

Now, for a smooth manifold equipped with a smooth G-action G ¢ X, we
may choose a G-equivariant smooth triangulation, by the equivariant trian-
gulation theorem [56][57]. Given this, the remainder of the non-equivariant
proof applies stage-wise over the orbit category. Since the weak equivalences of
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equivariant dgc-algebras are the stage-wise weak equivalences of non-equivariant
dgc-algebras (Prop. 3.38), the claim follows. O

In an equivariant generalization of [31, Def. 3.84], we set:

Definition 3.62 (Equivariant non-abelian de Rham cohomology). Let GC X €
GAct(SmthMfd) (Def. 2.35) and g € G LooAlgz§, (Def. 3.36). The equiv-

ariant non-abelian de Rham cohomology of GC X with coefficients in g is
the quotient of the set of flat equivariant differential forms (Def. 3.57) by the
coboundary relation (Def. 3.60):

Har(r (X /G);9) = (QdR( (X/G); )ﬂat)

~

In equivariant generalization of [31, Thm. 3.87], we have:

Proposition 3.63 (Equivariant non-abelian de Rham theorem). Let 4 €
GHoTypesﬁnR (Def. 2.33) and GC X € GAct(SmthMfd) (Def. 2.55), such
that its equivariant shape (Def. 2.23) is also equivariantly simply-connected
and of R-finite type: | ¥ (X//G) € GHoTypesﬁnR. Then, at least if G has
order 4 or is cyclic of prime order (Remark 3.17), there is an equivalence
between.:

(a) real equivariant non-abelian cohomology (Def. 2.57) with coefficients in
the equivariant rationalization Lx A (Def. 3.40) and

(b) equivariant non-abelian de Rham cohomology (Def. 3.62) of the G-orbifold
Y (X ) G) (Def. 2.36) with coefficients in the equivariant Whitehead Lo-
algebra (4 (Def. 3.53):

equivariant non-abelian equivariant non-abelian
real cohomology de Rham cohomology
H(Ir(X)G); 1eA) = Han(r(X)G);1a). (143)

Proof. Consider the following sequence of bijections:
H(r(X)G); LrA)
= GHoTypes(r(X/G), LrA)
~ Ho(( GDiffGrCAlgz " pro]) (Ql.DLdR , rar (¥ (X//G)))
~ Ho(( GDIffGrCAlgz )pm) (c ), Q% (r(X //G)))
~ (¢DIIGrCAIg:") . (CE(14) , Q3. (r(X ) G)))

(QdR(V(X//G) ; [’q)ﬁat)/w

= Har (r (X /G); 14).

~right homotopy

12
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The first step is Def. 2.37, while the second step is the fundamental theorem
(Prop. 3.51). In the third step we are:
(a) post-composing in the homotopy category with the isomorphism Qp; 45 (—)

~ Qg (—) (142);

(b) pre-composing with the isomorphism CE(L4) =~ Qf 4z (4) exhibiting
the minimal model (125).

Now the domain object CE(I4) is cofibrant (by Lemma 3.43) and the
codomain object Q3z (V(X / G)) is fibrant (by Prop. 3.39). Consequently,
the hom-set in the homotopy category is equivalently given ([89, §I.1 Cor.
7], see [31, Prop. A.16]) by right-homotopy classes of equivariant dgc-algebra
homomorphisms between these objects, shown in the fourth step.

To exhibit these right homotopies, we may choose as path-space object
([89, Def. 1.4], see [31, A.11]) the equivariant de Rham complex on the cylinder
orbifold (Notation 3.59): this qualifies as a path space object by stage-wise
application of [31, Lem. 3.88] and using again the argument of Lemmas 3.19,
3.20, 3.21 for equivariant fibrancy. But with this choice of path space object,
the right homotopy relation manifestly coincides (by stage-wise application
of [31, Lem. 3.89]) with the coboundary relation on equivariant non-abelian
forms (Def. 3.60). which is the fifth step above. With this, the last step is
Def. 3.62.

In conclusion, the composite of this chain of bijections gives the claimed
bijection (143). O

Twisted equivariant non-abelian de Rham cohomology.
In equivariant generalization of [31, Def. 3.97], we set:

Definition 3.64 (Coboundaries between flat twisted equivariant L..-algebra
valued differential forms). Given an equivariant L.-algebraic local coefficient
bundle (135)

fib(p)

€ GL o Algs (144)

~
equivariant L..-algebraic P
local coefficient bundle

and given G C X € GAct (Smtthd) (Def. 2.35) equipped with an equivari-
ant non-abelian de Rham twist (136)

TdR € QdR()’(X//G); 7) ,
(i) we say that a coboundary between a pair

Ao, Ay € Q7 (V(X//G); g)



Character Map in Twisted Equivariant Nonabelian Cohomology 71

of flat equivariant 7qr-twisted g-valued differential forms (Def. 3.57) is such
a form on the cylinder orbifold (Notation 3.59)

cylinder orbifold

A e o™ (r((X xR)JG); )
twisted by the pullback of the given twist to the cylinder orbifold (along the
canonical projection (139)), such that this restricts to the given pair of forms
if(A) = Ay and  ij(A) = A (145)
along the canonical inclusions (138).

(ii) We denote the relation that there exists such a coboundary by Ag ~ Aj.
In equivariant generalization of [31, Def. 3.98], we set:

Definition 3.65 (Twisted equivariant non-abelian de Rham cohomology).
Let G C X € GAct(SmthMfd) (Def. 2.35) and let g — b — b be an equivari-
ant Leo-algebraic local coefficient bundle (135), and let

[rar] € Har(r(X/G); b)y,, (146)

be the equivariant non-abelian de Rham cohomology class (Def. 3.62) of an
equivariant twist (136). Then we say that the equivariant Tag -twisted de Rham
cohomology of the G-orbifold ¥ (X J/G) (Def. 2.36) with coefficients in g is
the quotient of the set of equivariant Tqr-twisted g-valued differential forms
(Def. 3.58) by the coboundary relation from Def. 3.64:

HEE (r(x)G)a) = g (r(x //G);G)/N

Notation 3.66 (Equivariant local coefficient bundle with relative minimal
model). Given an equivariant local coefficient bundle (79)

hofib
ﬂ 10! (pﬂ) ﬂ//g
lose) coeeiont ipz € Q’H()Typesfinz]R (147)
bundle -

BG

all of whose objects are equivariantly 1-connected and of R-finite type (Def.
2.33), assume (Remark 3.45) that p, admits an equivariant relative minimal
model (Def. 3.40). This is to be denoted as follows:
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cofib(CE(lp4))

CE(L4)

CE(lz(A/ G))

Qs (4 00 (A)6) T ew
b <O hofib(ps)) — €)% Pajg
PLAR ( ) PLdR ( (p. )) PLdR ( // g) 4 CE([/);;) equivariant relative (148)

minimal model

equivariant dgc-algebra model Qe ( )
of local coefficient bundle PLAR P4

CE(IBG) i inan
Qr(BG) "
Notice that the corresponding fibration of equivariant L..-algebras (Def. 3.36)
serves as an equivariant L.-algebraic local coefficient bundle (135).

In equivariant generalization of [31, Thm. 3.104], we have:

Proposition 3.67 (Twisted equivariant non-abelian de Rham theorem).
Consider the following

o Let pg be an equivariant local coefficient bundle of equivariantly 1-connected
G-spaces of finite R-homotopy type, which admits an equivariant relative

minimal model; all as in Notation 3.66.
« Moreover, let GC X € GAct(SmthMfd) (Def. 2.35) be such that also

its equivariant shape (Def. 2.23) is equivariantly I1-connected and of R-
finite type, [ ¥ (X G) € )GHoTypesgrgR and let this be eq- uipped with an
equivariant twist T (80) with coefficients in the equivariant rationalization
(Def. 3.46) of BG.

o Write Tar for a representative of the image under the equivariant non-
abelian de Rham theorem (Prop. 3.63) of the class of this twist in equiv-
ariant [BA-valued de Rham cohomology (Def. 3.62) that the equivariant
local coefficient bundle (147) admits an equivariant relative minimal model

(Def. 3.40)
H(I r (X )G); LRBg) ~ HdR<)f(X//G); [Bg). (149)

equivariant non-abelian
de Rham theorem de Rham twist

[7] — [7ar]
Then there is an equivalence between.:

rational twist

(a) the T-twisted equivariant real non-abelian cohomology (Def. 2.45) with
local coefficients in pg, and

(b) the Tar-twisted equivariant de Rham cohomology (Def. 3.65) with local
coefficients in Ipgpa (148):

twisted equivariant twisted equivariant
non-abelian real cohomology non-abelian de Rham cohomology

HT<IV(X//G);LR}4> ~ HTdR()f(X//G);[,‘Zl>. (150)
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Proof. The proof proceeds in direct joint generalization of the proofs of Prop.
3.63 (equivariant case) and [31, Thm. 3.104] (twisted case).

First, by the fundamental theorem (Prop. 3.51), the twisted real cohomology
is given by morphisms in the homotopy category of the co-slice model category
of this form:

Drar (7 (X/GL)<\ ********* Wrar (/) G) (151)
) =
Qprar(T) Ql.:’LdR (B g) QPLdR(P,q)

€ Ho((DIfiGICAIE:") ).

Second, by
(a) post-composition with the isomorphism Qp; 4z (—) ~ Qir(—) (142),
(b) pre-composition with the equivalence from the equivariant relative
minimal model (148),
this becomes equivalent to morphisms of this form:

Q%r (I r (X//G>) <~ - - --T-T-~- Qbrar (,q// g) (152)
o CE(IBG) ()

€ Ho((@DiffGrCAlg:"), )

But, in this form,
(a) the codomain 74 is a fibrant object in the coslice model category,

since Qg (— ) is fibrant in the un-sliced model structure (Prop. 3.39);
(b) the relative minimal model domain CE(l[p4) is cofibrant, by Lemma 3.43.

It follows ([89, §1.1 Cor. 7], see [31, Prop. A.16]) that a morphism of the form
(152) in the homotopy category is equivalently the right homotopy class of
an actual homomorphism of equivariant dgc-algebras in the coslice, hence is
equivalently the right homotopy class of a flat equivariant twisted [4-valued
differential form, by Def. 3.58.

Finally, in joint generalization of the proof of Prop. 3.63 (equivariant case)
and [31, Lem. 3.105] (twisted case), we see that a path space object ([89, Def.
1.4], see [31, A.11]) exhibiting these right homotopies in the coslice is given by
pullback to the equivariant smooth de Rham complex of the cylinder orbifold
(140). But with that choice, right homotopies are manifestly the same as
coboundaries of flat equivariant twisted [Z-valued differential forms (Def.
3.64), and hence the claim follows. O

Twisted non-abelian Borel-Weil-Cartan equivariant de Rham coho-
mology. Finally, we combine traditional Borel(-Weil-Cartan) T-equivariant
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de Rham cohomology ([3][70, §5][58][36], review in [72] [64][86]), with proper
G-equivariance and generalize it to non-abelian L.,-algebra coefficients.

By Prop. 2.7 and Remark 2.42, any Borel T-equivariantized G-orbifold
carries a canonical twist in equivariant non-abelian cohomology H'(—,T) =~
H(—, BT). The following is the de Rham image of that twist:

Definition 3.68 (Canonical de Rham twist on Borel T-equivariant G-orbifolds).
Let (TxG) C X € (TxG)Act(SmthMfd) (Def 2.35) for T’ € CompactLieGroups
finite-dimensional and simply-connected, with Lie algebra t (107), regarded
as a smooth G-equivariant L..-algebra (Def. 3.36). We say that the canonical
de Rham twist on the corresponding T-parametrized G-orbifold is the canon-
ical inclusion of equivariant dgc-algebras (Def. 3.30) from the minimal model
for the classifying space of T' (regarded as a smooth G-equivariant homotopy
type, Example 2.24) into the proper G-equivariant & Borel T-equivariant
smooth de Rham complex (Example 3.37):

Cartan model for T-equivariant
Borel cohomology of H-fixed locus xH

O (X /6) I7) (03 00#) & B 61257 da 475 1 10)
iR : G/H
CE(IBT) (R[{rsyam™] )T

where on the bottom we used the abstract Chern-Weil isomorphism (82) in
the form discussed in [31, §4.2].

Example 3.69 (Equivariant Cartan map). In the situation of Def. 3.68, con-
sider the case when the T-action is free, hence that X := P is the total space of
a G-equivariant T-principal bundle P — B := P/T (e.g. [64, p .2]). Then, for
any choice of G-invariant N-principal connection V € NConnections(P)¢,
we have the following weak equivalence (in the sense of Prop. 3.38) of G-
equivariant dgc-algebras (Def. 3.30) in the co-slice under the minimal model
dgc-algebra of the classifying space (82):

W > Whor

O (X 1) 1) S (r(ByG) (@ (X [ ™)) o ()
A, S A,
CE(tBT) (R[trsym@))”

This is from the proper G-equivariant Borel T-equivariant smooth de Rham
complex of X (Example 3.37) to the proper G-equivariant smooth de Rham

can
TdR
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complex over X /T (Example 3.33), which is stage-wise over G/H the Cartan
map quasi-isomorphism [36, §5] (review in [72, (20), (30)]) from the Cartan
model of X (108) to the ordinary smooth de Rham complex of B¥ =
(X/N)H. This sends the Cartan model generators r§ to the curvature form
component F¢ of the given connection, and hence restricts on universal real
characteristic classes, represented by invariant polynomials ¢, to the Chern-
Weil homomorphism assigning characteristic forms: ¢ — ¢(Fy).

Example 3.70 (Tangential de Rham twists on G-orbifolds with T-structure).
In further specialization of Example 3.69, let X ¢ B € GAct (Smtthd) (Def.
2.35) be equipped with G-equivariant 7' C GL(dim(X))-structure (see [100,
p. 9] for pointers), namely with a G-equivariant reduction of its GL(dim(X))-
frame bundle to a T-principal T-frame bundle TFr(X):

TxG TxG
G-equivariant
m T-structure m
T-frame bundle TFI"(X) C Fr(X) frame bundle

()
Then Example 3.69 induces on the G-orbifold ¥ (X /G) (Def. 2.36) an equiv-

ariant non-abelian de Rham twist (146) encoding all the real characteristic
forms of the given G-equivariant T-structure on X (the tangential twist):

U (r(TF(X) ) ©)) I T) O (r(X/G)).

i tangential
canonical de Rham g
twist on orbifold’s CE([BT) de Rl?am .tw1st

T-frame bundle on G-orbifold

Cartan map equivalence

Tg?{n eWw

In further generalization of Def. 3.65, we set:

Definition 3.71 (Proper G-equivariant & Borel T-equivariant twisted non-a-
belian de Rham cohomology). Let (7' x G)C X € (T x G)Act(SmthMfd)
(Def. 2.35) for T finite-dimensional, compact, and simply-connected, and let

hofib( p )

b (153)
i

BT
be an equivariant Ls-algebraic local coefficient bundle (135) over the White-
head Ly-algebra of BT (i.e., whose Chevalley-Eilenberg algebra is (82)).
(i) We say that the set of flat, canonically twisted, proper G-equivariant &
Borel T-equivariant, g-valued differential forms on X is the hom-set (17) in
the co-slice of G-equivariant dgc-algebras (Def. 3.30) from CE(p) (106) to the
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canonical de Rham twist (Def. 3.68) on the corresponding T-parametrized G-
orbifold:

QG ((r(x/6) J7: 5)

= ((gpificrcalg:) )CE([BT)/<

E(p) 7

flat canonically-twisted
proper G-equivariant & Borel T-equivariant
g-valued differential form

W (r(X)G)) JT) < - - == 222 CE(b)
( ) i CE([BT)C/E(E)7

proj

(154)

(i) A coboundary between two such elements is defined, as in Def. 3.60, by a
concordance form on the cylinder orbifold:

i e Qgﬁ“dﬁ)((r((x < R)/G))JT; g). (155)
The corresponding twisted equivariant non-abelian de Rham cohomology is

defined, as in Def. 3.65, to be the set of coboundary-classes of the elements
in the set (154):

HEE (Or(x)6) I T58) = oFF (Or(x ) 6)) )5 g)/w.
In Borel-equivariant generalization of [31, Prop. 3.86], we have:

Proposition 3.72 (Reproducing traditional Borel-Weil-Cartan equivariant
de Rham cohomology). For the case of trivial proper equivariance, G = 1,
consider TC X € GAct(SmthMfd) (Def. 2.55) and let the equivariant Lo-
algebraic coefficient bundle (153) be the trivial bundle with fiber the line Lie
n-algebra b"R ([31, Ex. 3.27]). Then the canonically twisted proper G-
equivariant & Borel T-equivariant non-abelian de Rham cohomology of X
(Def. 3.71) reduces to the traditional Borel-Weil-Cartan equivariant de Rham
cohomology (the cochain cohomology of the Cartan model complex (108)) in
degree n.:

Borel-Weil-Cartan equivariant
de Rham cohomology

Hipr(X) ~ Har(X/T; 6"R).

Proof. From unravelling the definitions it is clear that, under the given as-
sumptions, the defining set of cochains (154) reduces to the set of closed
degree n elements in the Cartan model complex (108) on X = X'. Hence,
given any pair of such, it is sufficient to see that the coboundaries according
to (155) exist precisely if a coboundary with respect to the Cartan model
differential dqg + rg' A v, exists.



Character Map in Twisted Equivariant Nonabelian Cohomology — 77

In the case when the second summand 74 A ¢4, vanishes, this is shown
by the proof in [31, Prop. 3.86], using the fiberwise Stokes theorem for fiber
integration over [0,1] C R. Inspection shows that this proof generalizes ver-
batim in the presence of the second summand in the Cartan differential, using
that this second summand evidently anti-commutes with the fiber integration

T Ay, 5’2—/ A, C.
t/[o,u 0,1 t -

Remark 3.73 (Localization in gauge theory). Prop. 3.72 means that the
equivariant de Rham cohomology considered here subsumes the traditional
Borel-equivariant de Rham cohomology that is used, for instance, in local-
ization of gauge theories (see [85][87]), and generalizes it to finite proper

operation:

equivariance groups and to non-abelian coefficients.
In equivariant generalization of [31, Ex. 3.96], we have:

Example 3.74 (Flat equivariant twistorial differential forms). Consider the
equivariant relative Whitehead Lo-algebra (128) of Zg-equivariant & Sp(1)-
parametrized twistor space (77) (from Thm. 3.56) as an equivariant L.o-
algebraic local coefficient bundle (135)

O (CP? ) Zs) — tpspy (¥ (CP° [ Z5) /Sp(1))
ipr(czﬁ//zz)
(BSp(1)

Let X € ZyAct(SmthMfd) (Def. 2.35) be a spin 8-manifold with fixed locus
(50) denoted

(156)

Zg ZQ
() (7Y
Zo/1 — X1
Y (X )2:) ZJZQ - XEQ (157)

and equipped with Zs-invariant Sp(1)-structure 7, compatible Zs-invariant
Sp(1)-connection V € Sp(1)Connections(X), and corresponding tangential
de Rham twist (Example 3.70)

Q4 (r(X [ 2Z2)) <——— CE(I1BSp(1)).
#1(V) - i

Then the set of flat Tgr-twisted equivariant differential forms (Def. 137) with
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local coefficients in (156) is of the following form:

flat equivariant twistorial
differential forms on Zz-orbifold X

O (r (X 22); Ur(CP)22))

twisted Bianchi identities

o in bulk Zs-orientifold restriction to Zs-fixed locus
35 =~

r d 1‘[3:G4—%])1(V)—F‘2/\F’27 dH3|Xz.l :—%pl(v‘xzz) —FZ/\FQ‘XZZ (158)
> d F»=0,

= 2G7, _ _

67 d2G7 = —Ga A (Ga — 3p1(V)) Gr|x= =0,

4 ~ -
. 11 ClG'4:07 G4|XZz:0
€ Qi (XM)

This follows as an immediate consequence of Prop. 3.56, according to which
an element F of this set of forms is a morphism of equivariant dgc-algebras
of the following form

hs, ~ .
(% Hy e hy dhy =ws —5p1 — fa A fa
o/l Q4(X) <" CE(1BSP(1)) 2 Jlap=0
dR 207 i wr wr, dtih = —04 A (@4 — 3p1)
Gy @ o dwy =0
F: T “ (159)

(\'\)I(:-,.Z ¢

L/ — Qi (X™) CE([Bspu))[}?’] /(iy}; -, 01— fa A fz) .
J2

3.4. Equivariant non-abelian character map

The Chern character in K-theory is just one special case of a plethora of char-
acter maps in a variety of flavors of generalized cohomology theories. As high-
lighted in [31][106], from the point of view of homotopy-theoretic non-abelian
cohomology theory — where all cohomology classes are represented by (rela-
tive, parametrized) homotopy classes of maps into a classifying space (fibered,
parametrized oo-stack) — character maps are naturally realized as the non-
abelian cohomology operations induced by rationalization of the classifying
space (followed by a de Rham-Dold-type equivalence bringing the resulting
rational cohomology theory into canonical shape).

Seen through the lens of Elmendorf’s theorem (Prop. 2.26), rationalization
in proper equivariant homotopy theory (Def. 3.46) is stage-wise, on fixed loci,
given by rationalization in non-equivariant homotopy theory. Consequently,
the equivariant character maps are fixed loci-wise given by non-equivariant
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characters, hence are fixed loci-wise given by rationalization (followed by a
de Rham equivalence).

For this reason, we will be brief here and refer to [31] for background and
further detail. We just make explicit now the concrete model of the equivariant
non-abelian character map by means of the equivariant PL. de Rham Quillen
adjunction from Prop. 3.50. and then we discuss one example: the character
map in equivariant twistorial Cohomotopy theory.

The character map in equivariant non-abelian cohomology.
In equivariant generalization of [31, Def. 4.1], we set:

Definition 3.75 (Rationalization in equivariant non-abelian cohomology).
Let 4 € QHoTypesf;QR (Def. 2.33). Then we say that rationalization in A4-
cohomology is the equivariant non-abelian cohomology operation (Def. 2.41)
from 4-cohomology to real LgA4-cohomology which is induced (72) by the
rationalization unit (123) on 4:

R
H—a)— " g 1),

In an equivariant generalization of [31, Def. 4.2], we set:

Definition 3.76 (Equivariant non-abelian character map). Let GC X €
GAct(SmthMfd) (Def. 2.35) and g (Def. 3.36). Then the equivariant non-
abelian character map on equivariant non-abelian 4-cohomology (Def. 2.37)
over the orbifold ¥ (X /G) (Def. 2.36) is the composite of the rationalization
cohomology operation (Def. 3.75) with the equivariant non-abelian de Rham
theorem (Prop. 3.63) over the orbifold ¥ (X /G) (Def. 2.36)

Equivariant non-abelian
character map rationalization
cha(X) : H(r(X/G); 4) -
equivariant non-abelian ( Z)*
A-cohomology

H(r(X)G); LypA) (160)

2 equivariant non-abelian
de Rham theorem

Han (F(X ) G); 14).
equivariant non-abelian de Rham cohomology
with coefficient in equivariant Whitehead L. -algebra

The character map in twisted equivariant non-abelian cohomology.
In equivariant generalization of [31, Def. 5.2], we set:
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Definition 3.77 (Rationalization in twisted equivariant non-abelian coho-
mology). Let pg be an equivariant local coefficient bundle of equivariantly
1-connected G-spaces of finite R-homotopy type, which admits an equivari-
ant relative minimal model; all as in Notation 3.66. Then rationalization in
twisted equivariant non-abelian cohomology with local coefficients in pg (Def.

2.45) is the equivariant non-abelian cohomology operation

R e
palx ’

which is induced (as shown in [31, (264)]) by the pasting composite with

H="(X; LpA)

the naturality square on p g of the rationalization unit (Def. 3.46). By the
fundamental theorem (Prop. 3.51), this means explicitly: the left derived base
change (e.g. [31, Ex. A.18]) along the PLdR-adjunction unit (Prop. 3.50) on
B¢ followed by composition with the following commuting square, regarded
as a morphism in the slice over its bottom right object:

/ DUEI/?%R - nﬁ//g \
ﬂ_//g PLAR exp OQPLdR (,‘Z[// g) minp; €xp © CE([BC]’(’q// g))
Najg pq//gj
Dy = | pa exp oﬁ;LdR(ﬂz)l exp 0 CE(lp )
"gl(.idR pmin
BG - exp o Oy 4 (BG) exp o CE(I(BG))

DyPLAR ~ ﬂ%g—/

BG =

Here the left-hand side is the naturality square of the equivariant PL de
Rham adjunction (Prop. 3.50), while the right-hand side is the image under
exp of the relative minimal model (148). (Hence the composite represents the
naturality square of the derived PL de Rham adjunction unit, see e.g. [31,
Ex. A.21]).

In equivariant generalization of [31, Def. 5.4], we set:

Definition 3.78 (Twisted equivariant non-abelian character map). Let G ¢ X
€ GAct(SmthMfd) (Def. 2.35), and let pz be an equivariant local coeffi-
cient bundle of equivariantly 1-connected G-spaces of finite R-homotopy type,
which admits an equivariant relative minimal model; all as in Notation 3.66.
Then the twisted equivariant non-abelian character map is the twisted equiv-
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ariant cohomology operation

twisted equivariant
non-abelian character

iy ¥ HT (A (X Gy ) et e (1 (X JG); Let) (161

twisted equivariant (npﬂl) *

non-abelian 4-cohomology equivariant twisted

non-abelian
de Rham theorem

H™ " (r(X [ G); 14)
twisted equivariant
non-abelian de Rham cohomology

from twisted equivariant non-abelian cohomology (Def. 2.45) with local coef-
ficients in pg to twisted equivariant non-abelian de Rham cohomology (Def.
3.65) with coefficients in [pz (as in Notation 3.66).

Finally, we have:

Remark 3.79 (Proof of Theorem 1.1). We collect our results:

(i) That the Bianchi identities in the twistorial character map are as shown
on p. 10 follows by Prop. 3.56, as discussed in Example 3.74.

(i) That the quantization conditions in the twistorial character are as shown
in (10) follows by observing that the twisted equivariant character map (Def.
3.78) is fixed-locus wise equivalent to the corresponding non-equivariant twisted
character map [31, Def. 5.4] (for instance by the fundamental theorem, Prop.
3.51, using that the equivariant PLL de Rham adjunction is stage-wise given
by the non-equivariant PL. de Rham adjunction, Prop. 3.50).

(iii) In particular, at global stage Zy/1 € ZyOrb on the bulk X! = X
the equivariant twistorial character restricts to the non-equivariant twistorial
character map for which the claimed flux quantization conditions have been
proven in [28, Prop. 3.13][29, Thm. 4.8][29, Cor. 3.11], see also [31, §5.3].

This establishes Thm. 1.1.
4. Application to flux-quantization

Here we briefly indicate the meaning and significance of the above algebro-
topological result in and to theoretical physics, specifically concerning the
problem of “flux quantization” [106] in a candidate theory of strongly-coupled
quantum systems going by the working title “M-theory” [21].

Cohomology and Gauge fields. Beyond all the details, a remarkable gen-
eral fact — that the applied algebraic topologists may find entertaining —
is the fundamental role that cohomology (generalized, twisted, equivariant,
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differential, non-abelian, ...) has come to play in the fine-grained description
of gauge fields (“force fields”) in fundamental physics, especially of “higher
gauge fields” — whose flux-densities are higher-degree differential forms on
spacetime satisfying differential “Bianchi” or “Gaufl law” equations — that
appear in attempts to fill certain gaps in the contemporary understanding of
fundamental physics.

In short, such flux densities are to be regarded as but the character im-
ages (9) of classes in some (generalized non-abelian) cohomology theory, the
choice of which is a fluz-quantization law that controls global (brane-) charges
imprinted on the gauge field, and the further refinement of these to cocycles
in differential cohomology encodes the “gauge potentials” typically discussed
in the physics literature, on which the eponymous gauge transformations are
given by the corresponding coboundaries.

Table CG. While cohomology has of course many and diverse applications,
in physics no less than in other fields, the role of cohomology specifically in
the global description of (higher) gauge fields (“force fields”) is profound: In
a generalization of the seminal historical observation (“Dirac charge quanti-
zation”) that electromagnetic field configurations are globally to be identified
with 2-cocycles in ordinary differential cohomology of spacetime, higher gauge
field species are similarly to be identified with generalized cohomology theo-
ries whose further properties and attributes closely reflect the field’s physical
nature, as indicated on the right.

Cohomology Gauge fields
-Theory Flux quantization law
Cocycle Field configuration

Coboundary Gauge transformation
Character Flux densities
Ordinary- Electromagnetic

Differential- Gauge potentials
Twisted- Background fields

Equivariant- on orbifolds

Real- on orientifolds
Nonabelian- Nonlinear Gaufl law

Conversely, this means that a fair amount of algebro-topological sophisti-
cation may be needed to propose or construct a cohomology theory suitable
for flux quantization of a given higher gauge theory, and then to deduce its
implications to be compared with physical expectations and, ultimately, with
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experiment. Much room is left here for applied algebraic topologists to get
involved.

We briefly indicate how the equivariant twistorial Cohomotopy from the
main text is motivated as a flux-quantization law, and what some of its im-
plications are:

Characters arising in supergravity. With the character map (9) describ-
ing which generalized cohomology theories 4 may serve as flux-quantization
laws for given generalized Gaufl laws [4 on flux densities, we have to ask:
What are natural generalized such Gaufl laws 47 Remarkably, a profound
source is super-gravity, in the following way (pointers in [33]):

It is a century-old observation due to E. Cartan that a field configuration
of gravity is most usefully understood as a torsion-free coframe field E (Car-
tan’s “moving frame”) on spacetime with coefficients in the typical tangent
space R (Minkowski spacetime), subject to a corresponding “1st order’-
formulation of Einstein’s equations. A miracle happens as this situation is
generalized from ordinary tangent spaces to tangent super-spaces RLIN
meaning to super-vector spaces (namely: Zs-graded vector spaces regarded
with the unique non-trivial symmetric braided monoidal category structure)
whose odd component carries the structure of a real spinor representation

N € Repp (Spin(l7 d)):

— 11D Super-gravity. Namely a field configuration of 11D super-gravity is
a supertorsion-free super-coframe field (E,¥) on super-spacetime with coef-

ficients in R1:10132

, where — remarkably — the corresponding Einstein-Rarita-
Schwinger equations of motion are now equivalent [33, Thm. 3.1] simply to
the statement that flux super-densities of the following form (meaning: super-
differential forms whose local expansion in the co-frame field is of this pre-

scribed form): 6

Gi =  (Giaya B E% 4+ L(UTy,,, V)E"E® (162)

G: = —(Gr)aywar B -+ BT — 3(UDg 0 W) E™ - E%
satisfy the non-linear Bianchi/GauB law encoded by the Whitehead Loo-

In (162) we include a conventional sign in the definition of G$ to comply with
the sign convention used in the main text.
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algebra of the 4-sphere:
dGs = 0
1
dGy = —3GiG)
Equations of Motion
of 11D Supergravity

on supertorsion-free
super-coframe (E, ¥)

X G, 15 e
(163)

=

(In particular, the equations of motion include the Hodge duality relation

G7 = —x G4 over the underlying ordinary spacetime.)

Hence the non-linear Gauf law [S* not only arises in but effectively con-

stitutes 11D supergravity. But the miracle does not end here:

— Mb5-brane probes. Given the above Cartan-geometric formulation of 11D
super-gravity, all based on consideration of the Kleinian local model space
RL4IN it is natural to consider Kleinian sub-spaces and ask for their glob-
alization to sub-supermanifolds of 11D spacetime. These are the “worldvol-
umes” of “probe super-branes”. Concretely, any Clifford algebra basis element
[i1..10 € Pin™(1,d) which squares to +1 (a “p-brane involution” [54, §4.1])

corresponds to a projection operator on the Kleinian model space

P = 1(id + Tpyrp) @ RVIN —— RUPINZ  RLAIN (164)
which projects out a sub-space RM?IN/2 of half the odd dimensionl (jargon:
“15BPS”). Thus we may ask for super-manifolds '?/N/2 carrying such a
1/sBPS-valued coframe field (e, v) and immersed into an ambient X 54N with
coframe field (E,¥) such the inclusion relation (164) is suitably exhibited

tangentspace-wise.

Such 12BPS super-immersions ([34, Def. 2.19] essentially known in the
literature as “super-embeddings”) exist in 11D supergravity in particular for
p = 5, known as immersions of probe M5-branes into spacetime. Remark-
ably, the 1/2BPS-immersion condition entails and is essentially implied by the

existence of a 3-flux density super-form
HS = (H3)ayapas™ €72 e®
on the M5’s worldvolume X5P128+ such that it is a coboundary for the pull-

back of the 4-flux to the worldvolume, and hence constitutes a lift to the
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GauB law encoded by the quaternionic Hopf fibration [g4S”:

Hj 1 7
********** > QdR(_; [545 )ﬁat dHs = ¢*Gi
|
[(H-Hopf fib.) o
e { dG, = 0
Gi, G% 1 (qd 1 165
Ol (=5 15Y),,, A6 = —Gia (165)
1/2BPS immersion
<~ of M5-worldvolume
in 11D SuGra solution.

This means that at this point, a valid flux quantization law for these fields is
given by Cohmotopy: 4-Cohomotopy for the bulk C-field (as such proposed in
[96, §2.5] and developed in [26][35][33]), twisting 3-Cohomotopy (classified by
the S3-fiber of the quaternionic Hopf fibration) on the brane’s worldvolume
(discussed in [27][30][34]).

But here we take into account one more field:

— Chern-Simons gauge field. In view of this effective re-definition — of
on-shell 11D supergravity with probe branes — in terms of (non-linear) Gauf
laws for super-flux densities on super-space, we may go ahead and consider a
further super-flux density

F; = (Fy)ayae™ e
on the Mb5-worldvolume, subjected to the Gaul law for an ordinary gauge
field, but again imposed on super-space:
dF; = 0.
Analysis of the super-components immediately shows that this is equivalent
to the further equation of motion
=0 (166)

as befits a(n abelian) Chern-Simons gauge field.

While this equation of motion (166) means that such super-flux Fy is
actually “rationally invisible”, under flux-quantization it may still contribute
pure torsion-effects to the other higher gauge fields: Namely if we add —

without changing the above equations of motion!, due to (166) — a summand
of 5 F3 to the Gaufl law for Hj, then (according to Thm. 1.1) it is no longer
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controlled by the quaternionic Hopf fibration but by the twistor fibration:

sisl2s, _(F2 H3) Ol (= 15 CP?) dry = 0
‘ flat d Hgs _ (b*GZ
¢ [(twistor. fib.) = _FZS F2S
xwofsz GG o on % S = 0 (167)
_— dR(*7 )ﬂat dG; = _%GZGZ
\

1/2BPS immersion
of M5-worldvolume
with CS gauge field
in 11D SuGra solution
As the notation already suggests, a flux-quantization law admissible for
this system of non-linear Gaufl laws is the non-abelian cohomology theory
whose classifying space is CP? (over S*), hence the “twistorial Cohomotopy”
of [29][101]. The character map on this cohomology theory is just what we
develop in the main text, in twisted equivariant generalization, and we close
by commenting on the consequences:

— Tangential twisting and shifted integrality. The higher gauge fields
(flux densities) considered above are all defined on given (immersions of)
super-spacetimes, and as such with respect to the background field of (super-
gravity). According to the dictionary of Tuble C'G, background fields manifest
as twisting of the flux-quantizing cohomology theory. Since the topological
charges of gravity are encoded in the frame bundle (or its associated tan-

gent bundle) of spacetime, classified by a map X rx, BSpin(1,10), we are
looking for a corresponding “tangential” twisting of twistorial Cohomotopy.
The subgroup of Spin(1,10) that preserves the quaternionic Hopf fibration
is Sp(2) - Sp(1) [26, Prop. 2.20], and the subgroup that preserves the twistor
fibration is still Sp(2) [29, Prop. 2.2], of which finally in the main text we
consider the further subgroup Sp(1), for definiteness.

The shifted flux quantization (10) of G4, which is implied [26, Prop. 3.13]
by this tangential twisting is thought to be [135] a key aspect of the completion
of 11D SuGra to “M-theory”.

— Equivariance and anyonic solitons. As indicated in Table C'G, passage
to equivariant cohomology on G-spaces corresponds to considering higher
gauge fields on (super) G-orbifolds (cf. [98][16]). In the present context, an in-
teresting situation are Mb-branes wrapped on S'-bundles over 2-dimensional
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orbifolds locally of the following form (cf. [83, p. 7]):
Zo

v
»hh = RLOx R? o0y X S ><\]R{2,
where Zs acts on R? by point reflection, and where (—)u{oo} denotes one-point
compactification by adding a “point at infinity”, as suitable for measuring
solitonic charges ([106, §2.2]).
On worldvolume domains of this form, flux-quantization in equivariant
twistorial Cohomotopy restricts on the orbi-singularity to flux-quantization
in 2-Cohomotopy (77).

7 3\
Zo

\ v
Zy/1 RY xR x S' xR? --» CP?

T (r(=yz)) =9 | ] |

equivariant twistorial Cohomotopy

of M5-brane worldvolume Z2/ZQ : RLO X RQ X Sl ,,,,,, s 52
wrapped on Seifert-orbisingularity U{oo}

J / ~

By a recent result [104], this has the interesting consequence of imply-
ing that the corresponding solitonic field configurations have anyonic quan-
tum states described by abelian Chern-Simons quantum observables. Such a
derivation is of considerable interest in application to quantum materials and
to quantum computation (cf. [102]); several authors have argued for a similar
conclusion on more informal grounds, following [17].

We discuss this application in more detail in the companion article [105].
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