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Preface

The mathematical theory presented here — geometric nonabelian cohomology formu-
lated modally in cohesive∞-toposes — goes back to [Sc09][SSS12][Sc13], motivated
by applications to topological phases/charges in physics (cf. [SS25d][SS25i] and part I
of this book). It has seen a number of developments since (cf. [FSS23][Ch24][SS26c];
a recent expository digest is in [Sc25]), but a dedicated monograph had been missing.
This book is a first step in this direction.

The seed of this book lay in developments in 2019, when we started finding ev-
idence [FSS20][FSS21a] for the hypothesis (“Hypothesis H”) that something called
flux-quantization of 11D super-gravity (reviewed in [SS25d][SS25j]) on spacetime
manifolds should take place in the generalized cohomology theory named tangen-
tially twisted unstable 4-Cohomotopy. But we also found [SS20][BSS19] that in the
neighbourhood of orbifold-singularities the relevant cohomology theory should re-
ally be proper equivariant unstable 4-Cohomotopy in the RO-degree given by the
singularity’s isotropy representation. The proof that the latter is indeed a special case
of the former, when the notion of “tangential twist” is generalized from manifolds to
orbifolds, became the seed text (now Thm. 11.2.6, see Fig. 1.7 on p. 21) that eventually
grew into this book.

However, while a first draft of the book circulated — which (as referees rightly
remarked) did not dwell on traditional orbifold cohomology theories such as orbifold
K-theory — we became absorbed with first discovering and then developing the
relation of Hypothesis H to quantum materials relevant for topological quantum
computing – this via orbifold K-theory in the manner of [SS23b] (now the topic of
chapter 5 of this book) whose natural discussion via cohesion in∞-toposes meanwhile
turned into a monograph of its own [SS26c].

Concretely, Hypothesis H has led (applied to M5-brane probes of orbifolds
[SS25e][SS25f]) to an understanding [SS25h][SS26a][SS25i] of symmetry-protected
anyonic topological order in quantum materials known as crystalline fractional Chern
insulators. Connecting this back to the now traditional K-theory classification of
topological phases of matter requires analyzing the Boardman homomorphism from
unstable Cohomotopy to K-theory, but generalized to an operation between orbifold
cohomology theories twisted by the corresponding crystallographic point group. Es-
tablishing this is now the content of § 5.2 below.

The eventual ambition of these applications — to resolve beyond the equivariant
topology also the more fine-grained geometric (Riemannian, conformal, supersym-
metric, ...) aspects of orbifolds and their differential cohomology — motivates the de-
tailed development of modal orbifold geometry in part IV. The eponymous paradigm

v



vi Preface

of this book is that when (differential, Cartan) geometry is formulated “synthetically”
via modalities in cohesive ∞-toposes then it automatically generalizes from mani-
folds to orbifolds (and further to étale ∞-stacks) and thereby provides a powerful and
conceptually neat unification of orbifold geometry and of orbifold cohomology with
classical differential geometry and with classical differential cohomology.

Hisham Sati
Urs Schreiber
February 2026
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1
Introduction

Topological phases of quantum materials, and generally brane charges in quantum
gravity, are measured by extraordinary cohomology of orbifolded spaces, and frag-
ilely/microscopically by nonabelian cohomology twisted by tangential and other ge-
ometric orbifold structure. These applications, with more or less direct significance
for cutting-edge experimental physics, motivate the further development of the an-
cient algebro-topological concept of cohomology to a robust theory of extraordinary
nonabelian twisted geometric orbifold cohomology.

After surveying the general outlook and key example applications in part I, this
book begins gently, in part II, with a pedagogical development of a streamlined con-
struction of topological twisted nonabelian orbifold cohomology, realized concretely
as connected components of topological slice mapping groupoids. We showcase in
this manner a neat novel construction of twisted orbi-orientifold K-theory.

To refine this notion of twisted nonabelian orbifold cohomology and capture
geometric (tangential) orbifold structure, the second half of the book transitions to
more abstract modern geometric homotopy theory (higher topos theory). We provide
motivation for and introduction to this transition in part III.

Using this more abstract perspective, we introduce in part IV singular-cohesive
∞-toposes which faithfully embed manifolds, orbifolds and higher etale stacks and
orbispaces into a modal synthetic geometry. This allows for the elegant axiomatization
of higher orbi-differential Cartan geometry.

Again by forming connected components of suitable slice mapping stacks, but now
in the singular-cohesive ∞-topos, this yields, in part V relevant notions of generalized
twisted nonabelian geometric orbifold cohomology. A key result established in this
generality is that tangentially twisted cohomology of orbifolds reduces in the vicinity
of 𝐺-orbifold singularities to RO(𝐺)-graded equivariant cohomology Thm. 11.2.6,
see Fig. 1.7 on p. 21). We close by detailing the construction of twisted nonabelian
(unstable) orbifold Cohomotopy in this manner, which in the motivating applications
is the fragile/microscopic classifier for phases of Chern insulator materials and M-
branes.
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2 Geometric Orbifold Cohomology

1.1 Motivation
1.1.1 Orbifolds
Where a manifold is a space that looks locally like a Cartesian space R𝑛 (cf. [Lee12]),
so an orbifold ([Sa56][Sa57][Th80][Hae84], review in [MM03][Ka08, §6][BG08,
§4][IKZ10]) is, more generally, a space that looks locally like the quotient (suitably
understood) of an R𝑛 by the action of a finite group 𝐺 of diffeomorphisms. Here the
𝐺-action may have fixed-points which in the quotient become singular points, such
as a crease in a piece of paper or the tip of a cone, cf. Fig. 1.1:

Local chart
of a manifold

Group action
on the chart

Quotient chart
of an orbifold

Figure 1.1 – Orbifold charts.

The purpose of orbifold structure is to generalize the differentiable structure of man-
ifolds to allow for singular loci of such form: orbi-singularities.

A basic class of examples is provided by the orbifold quotients T𝑛 � Z2 of the 𝑛-
torusT𝑛 := R𝑛/Z𝑛 by theZ2-action that swaps the signs of the canonical coordinates:

Figure 1.2 – The pillowcase orbifold T2 � Z2 (graphics following [Dr11, Fig. 2.6]).

T0 � Z2 is – in a sense which we will discuss in detail – the classifying or deloop-
ing groupoid BZ2 (1.14): A single point but equipped with a non-trivial
involution.
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T1 � Z2 plays a central role in Hořava-Witten theory [HW96].
T2 � Z2 is known as the pillowcase orbifold (cf. Fig. 1.2);
T3 � Z2 does not have a special name but appears as the space of effective crystal

momenta for quantum materials with time-reversal symmetry (cf. §xy).
T4 � Z2 is the time-honored Kummer surface (cf. [Do20] and Fig. 1.3).
T5 � Z2 is the background of MO5-planes M-theory (cf. [Wi96][SS20]).

Figure 1.3 – The Kummer orbifold T4 � Z2. Shown is a sequence of projections to 2d
of the 4-dimensional structure (following [Do20]).

Thus, orbifolds have become commonplace in mathematics (e.g. [BLP05][Rat06,
§13][JY11]), and play a decisive role in theoretical physics (see [AMR02]), no-
tably so in string/M theory ([DHVW85][DHVW86][BL99] [SS20]) and in solid
state physics ([JBD96][Jo99][GT19][SS23b][SS22b]) — in fact it is via “geomet-
ric engineering” of quantum field theories [KKV97] (cf. [Ka98, §1.4.1][DZ23]), on
the branes of string/M-theory, probing orbi-singularities, that modern descriptions
[SS25h] of strongly-correlated quantum materials arise [SS25e][SS25f]. This book is
to provide rigorous but practical mathematical framework and tools notably for such
applications.

This is not, a priori, immediate: Definition of the geometric homotopy theory (cf.
§IV) thus of the geometric cohomology (§V) of orbifolds may appear subtle and elu-
sive, as witnessed by the convoluted history of the concept (cf. [Le08, Intro.][IKZ10,
§1]). In fact, the issue had remained somewhat open, as we proceed to recall:

1.1.2 Orbifolds as étale stacks?
A proposal popular among Lie theorists [MP97] (see [Mo02][Le08][Am12]) is to
regard an orbifold with local charts 𝐺𝑖 ↷ 𝑈𝑖 (8.37) as

• the étale groupoid; in particular: Lie groupoid (see [MM03][TX06]) or topo-
logical groupoid (see [CPRST14]);

• equivalently, the étale geometric stack; in particular: differentiable or topologi-
cal stack ([Car11][Car19][Gi13])

obtained by gluing the corresponding homotopy quotient stacks𝑈𝑖�𝐺𝑖 (1.15).
This proposal is directly modeled (explictly so in [Jo12, §8]) on the concept of
Deligne-Mumford stacks in algebraic geometry ([DM69], review in [Kr09]) and
extends to a concept of general étale ∞-stacks [Car20][Car16]. It relies on the fact
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that étale stacks, in their role as homotopy-theoretic generalizations of sheaves, fully
capture geometric aspects (via generalized sheaf cohomology [Bro73], see [NSS12a]),
while in their role as geometric refinements of classifying spaces they support Borel
equivariant cohomology (see [Tu11]). However, Borel cohomology is coarser than the
proper equivariant cohomology that is generally relevant in theory and in applications:

1.1.3 Proper equivariant cohomology
Proper equivariant cohomology 1 formulated in equivariant homotopy theory (review
in [Blu17][May96]), is obtained by refining the purely homotopy-theoretic nature
of Borel cohomology by the geometric (“cohesive”, see §1.2) nature of fixed loci
(see Ex. 9.2.27) of topological group actions – hence by the characteristic nature of
orbifold geometry – as encoded in the category of orbits of the equivariance group
(recalled in §8.1.8).

The proper equivariant version of ordinary cohomology is known as Bredon
cohomology [Bre67a][Bre67b] (review in [Blu17, §1.4][tD79, §7]); beyond that, there
is a wealth of proper equivariant generalized cohomology theories (Def. 8.1.23 below)
such as equivariant K-theory [Se68][AS69] (which is proper equivariant by [ASe04,
§6 & A3.2][FHT11, A.5][DL98]) and equivariant Cohomotopy theory [Se71][tD79,
§8][SS20][BSS19].

However, if orbifolds are modeled just by étale stacks, then their proper equivariant
cohomology remains, by and large, invisible. This is true even for Chen-Ruan orbifold
cohomology:

1.1.4 Traditional orbifold cohomology and its shortcomings
Given an orbifold X, we write (see §1.2) ⊂X for the étale stack underlying it, and2

S ⊂X for its geometric realization or classifying space (often denoted 𝐵X). In the case
that X is the global quotient orbifold of a 𝐺-space 𝑋 , this is the homotopy type of the
Borel construction; so that we may generally call S ⊂X the Borel space of the orbifold.
Now, traditional orbifold cohomology is [ALR07, p. 38] just the ordinary cohomology
(e.g. singular cohomology) of this Borel space, hence is Borel cohomology:

traditional
orbifold cohomology

𝐻•
trad

(
X, 𝐴

)
:=

Borel cohomology
𝐻•

sing
singular

cohomology

(
S ⊂X
Borel
space

, 𝐴
)
. (1.1)

This can be considered with any kind of coefficients 𝐴, notably in the generality
of local coefficient systems [MP99], but it always remains an invariant of just the
Borel space. Moreover, for a coefficient ring that inverts the order of the isotropy

1We follow [DHLPS19] with the terminology “proper equivariant cohomology”, see Remark 10.2.48
below, using it to distinguish from naïve or Borel equivariance.

2The “esh”-symbol “S” stands for shape [Sc13, 3.4.5][Sh15, 9.7], following [Bo75], which for well-
behaved topological spaces is another term for their homotopy type [Lu09a, 7.1.6][Wa17, 4.6]; see Ex.
9.1.19.
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groups of X, hence in particular for rational, real and complex number coefficients
𝐴 ∈ {Q,R,C}, the purely torsion cohomology of the orbifold’s finite isotropy groups
becomes invisible, and traditional orbifold cohomology reduces further (e.g. [ALR07,
Prop. 2.12]) to an invariant of just the shape S <X of the singular quotient space <X
(the “coarse moduli space”) underlying the orbifold (often denoted |X|):

traditional rational
orbifold cohomology

𝐻•
trad

(
X, Q

)
≃

ordinary cohomology

𝐻•
sing

singular
cohomology

(
S <X
naïve/coarse

quotient
space

, Q
)
. (1.2)

It is in this form that orbifold cohomology was originally introduced (in [Sa56, Thm.
1], following [Ba54], reviewed in [ALR07, 2.1]).

Of course it did not go unnoticed that this coarse notion of orbifold cohomology
is insensitive to the actual nature of orbifolds. In reaction (and motivated by algebraic
constructions [DHVW85][DHVW86] on 2d conformal field theories interpreted as
describing strings propagating on orbifold spacetimes), Chen and Ruan famously
proposed a new orbifold cohomology theory in [CR04]. But in fact Chen-Ruan
cohomology of an orbifold is (see [Cl14, p. 4,7] for review) just Satake’s coarse coho-
mology (1.2), but applied to the corresponding “inertia orbifold” (cf. [LU04b][SS24])
Map

(
S𝑆1,X

)
of maps from the shape of the circle:

Chen-Ruan
orbifold cohomology

𝐻•
CR

(
X

)
≃

traditional orbifold cohomology

𝐻•
trad

(
Map(S𝑆1,X)

inertia orbifold
, C

)
. (1.3)

Still, it turns out that, for global 𝐺-quotient orbifolds X = ≺(𝑋�𝐺), Chen-Ruan
cohomology is equivalent to a proper equivariant cohomology theory, namely to
Bredon cohomology with coefficient system given specifically by:

𝐴CR : 𝐺/𝐻 7−! ClassFunctions(𝐻,C) . (1.4)
This was observed in [Mo02, p. 18], using [Ho90, Thm. 5.5] with [Ho88, Prop. 6.5
b)]:

Chen-Ruan cohomology

H•
CR

(

≺(𝑋�𝐺)
global quotient

orbifold

, C
)
≃

Bredon cohomology

𝐻•
𝐺

(
𝑋 , 𝐴CR

specific system
of coefficients (1.4)

)
. (1.5)

Thus the success of Chen-Ruan cohomology (surveyed in [ALR07, §4,5]) highlights
the relevance of proper equivariance in orbifold cohomology. At the same time,
this means that to detect the full proper equivariant homotopy type of orbifolds,
one needs an orbifold cohomology theory that induces Bredon coefficient systems
more general than (1.4); and, in fact, one that subsumes also generalized equivariant
cohomology theories such as equivariant K-theory. In [AR03] the authors define
orbifold K-theory to be the equivariant K-theory of any global quotient presentation
(see also [ARZ06][BU09][HW11]):

traditional
orbifold K-theory

𝐾• ( ≺(𝑋�𝐺)
global quotient

orbifold

)
:=

equivariant
K-theory
𝐾•
𝐺 (𝑋) . (1.6)
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This has been justified for this specific case of K-theory by checking explicitly [PS10,
Prop. 4.1] that the right hand side of (1.6) is independent of the choice of global
quotient presentation on the left. However, in general, this approach of circumventing
an intrinsic definition of orbifold cohomology by just defining it to be equivariant co-
homology of global quotient presentations is, besides being somewhat unsatisfactory,
in need of justification:

1.1.5 Orbifolds in global equivariant homotopy theory?
That orbifold cohomology should also capture proper equivariant cohomology was
suggested explicitly in [PS10]. However, the fundamental issue remained that a quo-
tient presentation X ≃ ≺(𝑋 �𝐺) of an orbifold is not intrinsic to the orbifold,
similarly to a choice of coordinate atlas, while in equivariant cohomology theory the
equivariance group 𝐺 is traditionally taken to be fixed. But this suggests [Schw17,
Intro.][Schw18, p. ix-x] (details in [Ju20]) that the right context for orbifold coho-
mology is “global” equivariant homotopy theory [Schw18] (following [HG07] and
originally motivated from patterns seen in genuine equivariant stable homotopy theory
[Se71][LMS86]) where the equivariance group 𝐺 is allowed to vary in a prescribed
class of groups. On the other hand, plain global homotopy theory retains no geometric
information!

1.1.6 The open problem
The open problem is thus to set up a mathematical theory of proper orbifold coho-
mology which unifies:

(i) the higher geometric and differential aspects of orbifolds captured by geomet-
ric/differential homotopy theory; and

(ii) the singular (equivariant) aspects of orbifolds captured by proper and global
equivariant homotopy theory.

Differential
homotopy theory

Equivariant
homotopy theory

Singular cohesive
homotopy theory

To achieve this, we turn to higher topos theory ([TV05][Lu09a][Re10], see §8.1)
as the ambient foundational homotopy theory in which we formulate higher orbi-
geometry by means of systems of cohesive modalities ([Sc13][Sc19][Sc25][SS26c],
see §9, §10):



Introduction 7

1.1.7 Higher toposes, where higher geometry takes place
For our purposes, a higher topos is a universe of generalized & higher geometric
spaces (exposition in [Sc25]):

Smooth-,
infinitesimal-,

super-geometric...

Generalized
geometry

Higher
geometry

Gauged-
classifying-,

moduli-spaces...

Higher topos

(a) Here “generalized geometry” refers to what Grothedieck called functorial ge-
ometry [Gr65] (review in [DG80]), which he urged in [Gr73] should supersede
any point-set (locally ringed) definition of geometric spaces (further amplified by
Lawvere, cf. [La86][La91]): The idea is to define spaces operationally – much as
envisioned in physics – by how they may be probed by a small category of probe
spaces (affine spaces or charts, see [FSS14][JSSW19][Sc25][GS25] and Def. 9.1.10
below), such as

Chrt =



CrtSpc (Def. 8.1.5)
JetCrtSp (Def. 9.1.24)
SuperCrtSp (Def. 9.1.43)
Snglrt (Def. 9.2.1)
SnglrChrt (Lem. 9.2.16)
. . . ,

(1.7)

and then to encode a would-be generalized (“target”-)space X by assigning to each
Σ ∈ Chrt the collection

probe space

Σ 7−!

collection of probinges of
generalized space X by Σ

X(Σ) :=
{
“ Σ ! X”

}
(1.8)

of geometric (e.g. smooth, super-geometric, etc.) maps into X; where the quotation
marks indicate that, at this point of bootstrapping X into existence, the category in
which these probings are actual maps is yet to be specified. To that end, one observes
that a minimal set of consistency conditions on such an abstract assignment (1.8) to
be anything like collections of maps into a space X are:

(i) Functoriality of probes. For every map 𝜙 of Chrt there is an operation of
“pre-composition of probe maps by 𝜙”:

map of
probe spaces

Σ1

𝜙

��

pre-composition operation
on collections of probes

X(Σ1)

Σ2 X(Σ2)

X(𝜙) = “ (−) ◦ 𝜙 ”

OO
such that

X(𝜙2) ◦ X(𝜙1)
≃

X(𝜙2 ◦ 𝜙1) .

(1.9)

(ii) Gluing of probes. If {𝑈𝑖 // Σ }𝑖∈𝐼 is a cover of Σ ∈ Chrt by several𝑈𝑖 ∈ Chrt,
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then probings of X by Σ should be equivalent to those tuples of probinges by
the𝑈𝑖 , which are coherently identified on intersections:

X(Σ) ≃


Tuples of probes𝑈𝑖 −! X
identified on intersections𝑈𝑖 ∩𝑈 𝑗

compatibly on𝑈𝑖 ∩𝑈 𝑗 ∩𝑈𝑘
etc.

 . (1.10)

In the jargon of topos theory (see [MLM92][Joh02]), condition (1.9) says that the
collectionX(−) of probes ofX is a pre-sheaf on Chrt, while condition (1.10) says that
this is in fact a sheaf. Hence the category of generalized geometric spaces probeable
by Chrt is the category of sheaves (the Grothendieck topos) on Chrt:

topos of generalized
geometric spaces GnrlzdSpc := Shv

(
Chrt

) category of sheaves
on site of charts (1.11)

Now, every Σ ∈ Chrt is itself canonically regarded as a generalized space 𝑦(Σ) ∈
GnrlzdSpc, by taking its probes to be those given by morphisms of Chrt (this is the
Yoneda embedding3, recalled as Prop. 8.1.53 below):

chart regarded as
generalized space

𝑦(Σ) : Σ′

collection of its
Σ′-shaped probes{
Σ′ ! Σ

}
=: Chrt(Σ′, Σ) (1.12)

Hence we have completed the bootstrap construction of generalized spaces X in (1.8)
if we may remove the quotation marks there, hence if for X ∈ GnrlzdSpc there is a
natural equivalence

Σ-shaped
probes of X
X(Σ) ≃

actual maps from 𝑦(Σ) to X{
𝑦(Σ) ! X

}
:= GnrlzdSpc

(
𝑦(Σ),X

)
. (1.13)

That this is indeed the case is the statement of the Yoneda lemma (recalled as Prop.
8.1.54 below), which thus implies consistency and existence of generalized geometry!
(b) On the other hand, “higher geometry” (see [FSS14][FSS19][JSSW19] for expo-
sition and applications) refers to the refinement of the above theory of generalized
geometric spaces, where the collection of probes (1.8) of a generalized space is
not necessarily just a set, but may be a set equipped with equivalences between its
elements (a gauged set), and with higher order equivalences (higher gauge transfor-
mations) between these, etc. – called an ∞-groupoid (typically modeled as a Kan
simplicial set, see [GJ99, I.3]). For example, for 𝑋 ∈ Set and 𝐺 a discrete group
acting on 𝑋 , the corresponding action groupoid (Ex. 8.1.31 below) consists of the
elements 𝑥 ∈ 𝑋 , but equipped with an equivalence between 𝑥1 and 𝑥2 for every group

3Shown here for sub-canonical Grothendieck topologies on Chrt, which is the case in all examples of
interest here.
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element whose action takes 𝑥1 to 𝑥2:

homotopy
quotient 𝑋�𝐺 ≃


𝑦

𝑔𝑖

��

𝑔1 ·𝑥

𝑔3 ·𝑔2

��

𝑔2

  
𝑥

𝑔1

BB

𝑔3 ·𝑔2 ·𝑔1 $$

𝑔2 ·𝑔1 // 𝑔2 ·𝑔1 ·𝑥

𝑔3xx
𝑔3 ·𝑔2 ·𝑔1 ·𝑥

𝑧

𝑔1

��
]]

𝑔−1
1

𝑔1 ·𝑧

𝑔2

!!
dd

𝑔−1
2

𝑔2 ·𝑔1 ·𝑧 · · ·


plain

quotient 𝑋/𝐺 ≃
{

[𝑦] [𝑥] [𝑧] · · ·
}

𝜏0

This is a model for the homotopy quotient of 𝑋 by𝐺, which resolves the plain quotient
𝑋/𝐺 (the set of equivalence classes) by remembering not only that but how pairs of
elements are equivalent. More precisely, the action groupoid remembers the graph
and syzygies of the 𝐺-action, encoded in its Kan simplicial nerve (Ex. 8.1.87 below):

𝑋 � 𝐺 ≃

©­­­«
set of

homotopies

𝑋 × 𝐺 × 𝐺

(𝑥,𝑔1 ,𝑔2 ) 7!(𝑔1·𝑥, 𝑔2 ) //
oo

(𝑥,𝑔1 ,𝑔2 ) 7!(𝑥, 𝑔2·𝑔1 ) //
oo

(𝑥,𝑔1 ,𝑔2 ) 7!(𝑥,𝑔1 ) //

set of
maps

𝑋 × 𝐺
(𝑥,𝑔) 7!𝑔·𝑥 //

oo (𝑥,𝑒) [𝑥

(𝑥,𝑔) 7!𝑥
//

set of
objects
𝑋

ª®®®¬ .
In particular, if an element 𝑦 ∈ 𝑋 is fixed by the group action, then in the homotopy
quotient it appears as the one-object delooping groupoid of 𝐺:

B𝐺 ≡ ∗ � 𝐺 =

{
∗

𝑔

�� | 𝑔 ∈ 𝐺
}
. (1.14)

More generally, if 𝑋 ∈ Chrt in the list (1.7) is equipped with the action of a discrete
group 𝐺, then we obtain a higher generalized space X := 𝑋�𝐺 whose ∞-groupoid
of Σ-shaped probes (1.8) is the action groupoid of the induced action on the set
of Σ-shaped probes of 𝑋 (the following formula is for contractible charts, Lemma
9.1.13):

global quotient
orbifold

𝑋�𝐺 : Σ 7−!

groupoid of its Σ-shaped probes(
𝑋�𝐺

)
(Σ) := 𝑋 (Σ)�𝐺 = Chrt(Σ, 𝑋)�𝐺 . (1.15)

Such a higher generalized space with collections of probes (1.8) being groupoids, and
satisfying the appropriate gluing condition (1.10), may be called a 2-sheaf or sheaf
of groupoids [Br93] on Chrt, in generalization of (1.11), but is commonly known as
a stack [DM69][Gi72][Jar01][Ho08], following champ [Gi66]. Generally, a higher
generalized space with ∞-groupoids of probes is thus an ∞-sheaf or ∞-stack on Chrt,
in generalization of (1.11):

∞-topos

H :=

higher category of
higher generalized spaces

HigherGnrlzdSpc :=
∞-category of ∞-stacks

Shv∞
(

Chrt
∞-site of

probe spaces

)
. (1.16)
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1.1.8 Higher topos theory
The theory of ∞-stacks originates with [Bro73], developed in [Jar87][Jar96] (survey
in [Jar15]) and brought into the more abstract form in [TV05][Lu09a][Re10] (intro-
duction in [Re19]). While the theory has a reputation of being intricate, this is really a
reflection of its simplicial models and hence of the richness of its implications, while
– on the contrary — finitary constructions internal to ∞-toposes behave so very well
that they may naturally be formulated [Sh19] in a kind of programming language now
known as homotopy type theory [UFP13]. While we will not dwell on this here, we do
focus on elegant internal constructions. For some of these, a homotopy type-theoretic
formulation has already been explored in the literature, cf. Table 1.1.

Theory internal
to an ∞-topos

Formulation in
ordinary math

Formulation in
ho-type theory

Galois theory §8.2 [NSS12a] [BvDR18]

Modalities & cohesion §9.1 [SSS12][Sc13] [RSS17][Sh15]

Étale ∞-stacks §10.2 [KS17] [Ch24][CRi20]

Cohomology §11 [SSS12][NSS12a] [Cav15][BH18]

Table 1.1 – Existing formalizations.

In particular a key aspect of our treatment here is that we capture (orbi-)geometry in
terms of systems of adjoint modal operators on the ambient higher topos:

1.1.9 Dual modalities in an ∞-Topos
In view of the above every ∞-topos H may be thought of as a homotopy theory
of generalized geometric spaces of a a certain nature. In order to narrow back in,
among these very generalized spaces, onto those which are relatively tame, we may,
in the spirit of [La91][La94][La07], axiomatize qualities of geometric spaces (such as
being discrete, smooth, étale, reduced, bosonic, singular, etc.) via the systems of (co-
)reflective sub-∞-categories H#,H2, · · · ⊂ H, that the objects with these properties
(should) form inside H [SSS12][Sc13]:

am
bi

en
t∞

-to
po

so
f

ge
ne

ra
liz

ed
ge

om
et

ri
c

sp
ac

es H

𝑖!

⊥
//

oo 𝑖∗ ? _

𝑖∗

⊥ //
H2

H
oo 𝑖∗

⊥
? _

𝑖∗ //
oo

𝑖!

⊥ ? _
H#

su
b-
∞

-c
at

eg
or

y
of

ob
je

ct
so

fp
ur

e
2
/#

-n
at

ur
e

(1.17)
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These reflections induce systems of adjoint (co-)projection operators# ⊣ 2 : H! H,
the associated idempotent (co-)monads:

# := 𝑖∗ ◦ 𝑖! , 2 := 𝑖∗ ◦ 𝑖∗ or # := 𝑖∗ ◦ 𝑖∗ , 2 := 𝑖! ◦ 𝑖∗ , (1.18)
to which we refer as modal operators or just modalities [Sc13][RSS17][Co20]. These
are idempotent (Prop. 8.1.45),

##𝑋 ≃ #𝑋 , 22𝑋 ≃ 2𝑋 , (1.19)
which means that they act like projecting out certain qualitative aspects of generalized
spaces, while them being adjoint means that they project out an opposite pair of such
qualities. Therefore, their (co-)unit transformations 𝜂2 (8.72) and 𝜖# (8.73) exhibit
every 𝑋 ∈ H as carrying a quality intermediate to these two opposite extreme aspects
[LR03, p. 245]:

#𝑋
pure

#-aspect

𝜖#
𝑋 // 𝑋

generalized
geometric space

𝜂2
𝑋 // 2𝑋

pure
2-aspect

. (1.20)

It turns out that by axiomatizing, this way, that every space 𝑋 has a pair of
opposite extreme aspects #𝑋 and 2𝑋 to it, the spaces 𝑋 themselves are forced to
behave like carrying the kind of extra geometric structure which may be in between
these opposites.

1.1.10 Differential topology in an ∞-topos
For example, any adjoint modality ♭ ⊣ ♯ (see Def. 9.1.1 below) that contains the
initial modality ∅ ⊣ ∗ (which globally projects to the initial and the terminal object,
respectively) acts like projecting out discrete and purely continuous (co-discrete,
chaotic) aspects of a space. Consequently, the existence of such a modality on H
exhibits each space 𝑋 ∈ H as carrying quality intermediate to these extremes, hence,
in this example, as equipped with a kind of topology (see [Sh15, §3], following
[La94]).

We observe here that extending this basic example to a larger system of adjoint
modalities allows to abstractly encode the presence of differential geometric structure
(Def. 9.1.22 below) and of super-geometric structure (Def. 9.1.42 below) in a powerful
abstract way.

1.1.11 Generalized cohomology in an ∞-topos
At the same time, ∞-toposes may be understood as naturally embodying the ultimate
notion of generalized cohomology theories (following [SSS12][NSS12a][Sc13]) sub-
suming and combining all of the examples listed in Table 1.2 on p. 12.

Namely, all these cohomology theories become “representable” in∞-topos theory,
meaning that their cohomology classes are simply the (homotopy) equivalence classes
of maps in the ∞-topos to a given classifying object 𝐴 ∈ H:

Concretely, for 𝑋, 𝐴 ∈ H a pair of objects, with 𝑋 regarded as a domain “space”
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and 𝐴 as the “coefficients” of cohomology, then 𝐴-cohomology of 𝑋 is embodied by
the morphisms from 𝑋 to 𝐴:

(i) a morphism 𝑋
𝑐 // 𝐴 is a cocycle;

(ii) a homotopy 𝑋

𝑐1
%%

𝑐2

:: 𝐴�� is a coboundary;

(iii) the homotopy groups of the cocycle space
𝐻−𝑛 (𝑋, 𝐴) := 𝜋𝑛 H(𝑋, 𝐴) ≃ 𝜋0 H(𝑋,Ω𝑛𝐴) (1.21)

are the cohomology sets of 𝑋 with coefficients in 𝐴. (Here Ω𝑛 (−) is the 𝑛-fold
based looping operation.)

This is the intrinsic cohomology theory of the ∞-topos H — we discuss various
examples below in §11.

Flavor of
cohomology

realized in
∞-toposes

Sheaf hyper-
cohomology

non-discrete
∞-toposes [Bro73]

Non-abelian
cohomology

general
∞-toposes [SSS12][NSS12a, 3]

Twisted non-abelian
cohomology

slice
∞-toposes Prp. 8.1.62, Rem. 8.2.21

Twisted extraordinary
cohomology

tangent
∞-toposes Ex. 8.1.67, Rem. 8.2.23

Differential
cohomology

cohesive
∞-toposes Def. 9.1.1, Rem. 9.1.21

Étale
cohomology

elastic
∞-toposes Def. 9.1.22, Def. 11.2.1

Superspace
cohomology

solid
∞-toposes Def. 9.1.42, Rem. 9.1.46

Proper equivariant
cohomology

singular
∞-toposes

Def. 9.2.3, Rem. 11.1.4,
Thm. 11.1.9

Table 1.2 – Generalized cohomology and ∞-toposes

1.1.12 Geometric orbifold cohomology in cohesive ∞-toposes
In summary, this suggests that the otherwise thorny question of how to conceive of

(i) orbifold geometry with its delicate interplay of differential geometric with
equivariant and homotopy theoretic aspects
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(ii) orbifold cohomology sensitive to this peculiar orbi-geometry while uncon-
strained by it in generality

finds a natural and powerful solution when orbifolds are understood as objects of
∞-toposes equipped with systems of adjoint geometric modalities. This approach we
lay out in the present book.

1.2 Results
With this machinery in hand, we develop the following results.

1.2.1 Axiomatic orbifold geometry in modal homotopy theory
By the above, to formulate proper orbifold cohomology we ask for ∞-toposes (1.16)
equipped with a system of adjoint modalities (1.18) that capture both aspects of proper
orbifold cohomology:

(i) the geometric (differential, étale) aspect
(ii) the singular (proper equivariant) aspect.

𝜏𝑛
𝑛-groupoidal

S
shaped

♭

discrete
♯

continuous

ℜ
reduced

ℑ
étale

L
locally constant

⇒
even

⇝
bosonic

Rh
rheonomic

<

singular

⊂

smooth

≺

orbi-singular

Table 1.3 – Modalities for Singular Super-Geometry (§9). The table shows the symbols
used for the modalities in the main text, and indicates the modal geometric quality which
they express. For example a space 𝑋 is discrete or bosonic or singular iff it is equivalent
to its purely discrete aspect 𝑋 ≃ ♭𝑋, or its purely bosonic aspect, 𝑋 ≃ ⇝

𝑋 , or its purely
singular aspect 𝑋 ≃ <𝑋, respectively.
The modality 𝜏𝑛 expresses that an object contains higher gauge transformation only of
degree ≤ 𝑛.

1. The geometric aspect of orbifold theory. In order to formulate, in suitable
∞-toposes, the (a) differential topology, (b) differential geometry, and (c) super-
geometry of orbifolds (hence of manifolds, super-manifolds, super-orbifolds, etc.) in
their smooth guise as étale ∞-stacks (1.16), we consider a corresponding progression
of adjoint modalities (1.18), which starts out in the form of the “axiomatic cohesion”
of [La07], on to a second layer that contains a “de Rham shape” operation ℑ as
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considered in [Si96][ST97], and then to a third layer which captures super-geometry
in a new axiomatic way [Sc13]:

id ⊣

∨

id
∨

⇒ ⊣ ⇝ ⊣

∨

Rh
∨

for super-geometry in
solid ∞-toposes (Def. 9.1.42)

ℜ ⊣ ℑ ⊣

∨

L
∨

for differential geometry in
elastic ∞-toposes (Def. 9.1.22)

S ⊣ ♭ ⊣

∨

♯

∨

for differential topology in
cohesive ∞-toposes (Def. 9.1.1)

∅ ⊣ ∗

Table 1.4 – Progression of the geometric modalities.

The key observation then is how this system of geometric cohesion goes along
with a parallel system of cohesive modalities axiomaizing orbi-singular structure
[Re14]:

2. The singular aspect of orbifold theory. Envision the picture of an orbifold
singularity ≺ and a mathematical magnifying glass held over the singular point.
Under this magnification, one sees resolved the singular point as a fuzzy fattened
point, to be denoted ≺

𝐺 . Removing the magnifying glass, what one sees with the bare
eye depends on how one squints:

(i) The physicists (like [BL99, §1.3]) and the classical geometers (like
[IKZ10][Wat15]) say that they see an actual singular point, such as the tip
of a cone <. This is the plain quotient <

𝐺 := ∗/𝐺 = ∗, a point.
(ii) The higher geometers (like [MP97] [CPRST14]) say that still they see the

smooth𝐺-action on that point, hence a smooth (stacky) geometry ⊂. This is the
homotopy quotient ⊂𝐺 := ∗�𝐺 = B𝐺 (1.14), a groupoid.
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Singular
ordinary quotient

Smooth
homotopy quotient

orbi-singularity

≺

𝐺



project onto

purely smooth aspect⊂

$$

5
project

onto

purely
singular aspect

<

zz

opposite extreme
aspects of orbifold singularities

<

𝐺 = ∗/𝐺= ∗

singular
quotient

⊂𝐺 = ∗�𝐺= 𝐵𝐺

smooth
homotopy quotient

Figure 1.4 – Two opposite aspects of orbi-singularities.

We observe in §9.2 that just this pair of dual perspectives is captured by the cohesive
structure on global equivariant homotopy theory that had been found in [Re14], but
whose conceptual interpretation had remained open [Re14, Footnote 8]. We find that
the resulting system of modalities < ⊣ ⊂ ⊣ ≺ serves to neatly axiomatize the nature
of orbi-singularities, hence of orbispaces.

In combination with the previous geometric modalities, we thereby obtain the ax-
iomatic infrastructure for our theory of geometric orbifold cohomology. This general
abstract backdrop we lay out in Part IV.

Using this general cohesive axiomatics, in part V we begin (§10) by
(re-)developing the differential geometry of orbifolds in this language, starting in
the broader generality of “∞-orbifolds”, namely of étale ∞-stacks.

1.2.2 Differential geometry of étale ∞-stacks
We present, in §10.2, a general theory of higher differential geometry formulated inter-
nally to these elastic∞-toposes (§9.1). This deals with étale∞-stacks locally modeled
on any group ∞-stack 𝑉 (“𝑉-folds”, Def. 10.2.2). For the special case 𝑉 = (R𝑛, +),
this subsumes ordinary manifolds (Ex. 10.2.5) and ordinary étale Lie groupoids (Ex.
10.2.6). For 𝑉 a super-symmetry group (9.126), this produces a theory of super-
orbifolds (Ex. 10.2.8), capturing, for instance, those that appear as target spaces in
superstring theory (e.g. [PR04][GIR08]) and M-theory [HSS18], or those that appear
as moduli spaces of super-Riemann surfaces [Ra87][LBR88][Wi12][CV17].

The different incarnations of geometric orbifolds in the resulting modal language
are summarized by the following diagram:
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(𝑋/𝐺)top  − [ 𝑋/𝐺  − [ 𝑋�𝐺  − [ ≺(𝑋�𝐺)

{
underlying

topological spaces

} {
orbifolds as snglr

dfflgcl spaces

} {
orbifolds as
étale stacks

} {
orbifolds as co-

hesive orbi-spaces

}
{

sheaves
on CrtSp

} {
∞-stacks
on CrtSp

} {
∞-stacks

on SnglrCrtSp

}
SmthGrpd∞
Ex. 9.1.19

SnglrSmthGrpd∞
Ex. 9.2.11

coarser finer

Dtplg

Prp. 8.1.7

𝜏0
Smth

Prp. 9.2.5

10.1.7

Snglr
Prp. 9.2.5, 10.1.9

OrbSnglr
Prp. 9.2.5,

Def. 10.2.46

1.2.3 Bundles and Gerbes on étale ∞-stacks
With orbifolds, in their incarnation as étale stacks, thus embedded into a fully-
fledged ∞-topos, the general theory of (equivariant) ∞-bundles [SS26c][NSS12a]
[NSS12b] (see §8.2 below) applies to provide the theory of fiber bundles on orb-
ifolds (cf. [LGTX04][Se06][BG08]) and of gerbes on orbifolds (cf. [LU04a][Car10]
[BX][TT14]) naturally generalized to higher, to non-abelian and to twisted gerbes on
orbifolds.

1.2.4 Differential cohomology of étale ∞-stacks
Moreover, since the intrinsic cohomology theory of cohesive ∞-toposes is dif-
ferential cohomology (Rem. 9.1.21), this realization of étale ∞-stacks within
cohesive ∞-toposes immediately provides their (generalized, nonabelian) differ-
ential cohomology theory (via [FSS23, §9], reviewed in [SS26d], following
[SSS12][FSS14][Sc13][BNV13]). This includes, in particular (as made explicit in
[PR19]), the Borel-equivariant/orbifold Deligne cohomology considered in [KT18]
(which, for finite groups, coincides with [LU03][Gom05]), given, in low degrees, by:

(i) gerbes with connection, hence including what in string theory is known as
the discrete torsion classification of the B-field on orbifolds [Va86][VW95]
[Sha00a][Sha00c][Sha02][Ru03]; and

(ii) 2-gerbes with connection, hence including what in M-theory is known as the
discrete torsion classification of the C-field on orbifolds [Sha00b][Se01][dB+02,
§4.6.2].

1.2.5 Proper equivariant enhancement of geometric homotopy theory
We enhance all of the above to a theory of properly orbi-singular spaces, formulated
internally to “singular-elastic” ∞-toposes (§9.2), where a natural notion of orbi-
singularization ≺ (Prop. 9.2.5) promotes (Def. 10.2.46) any such ∞-category of étale
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∞-groupoids faithfully to its proper orbifold version (Rem. 10.2.48). This detects
geometric fixed point spaces (Def. 9.2.25) in the sense of proper equivariant homotopy
theory. We show (Prop. 10.1.2, Lem. 10.1.7) that the cohesive shape (Def. 9.1.1) of
the orbi-singularization of an étale groupoid is its incarnation as an orbispace in
global equivariant homotopy theory, in the sense of [HG07][Re14][Kö16][Schw17]
(Rem. 10.1.1).

1.2.6 The proper 2-category of orbifolds
One model for the axioms of singular-cohesive homotopy theory is the ∞-topos
of singular-smooth ∞-groupoids (established as Ex. 9.1.19, 9.2.11 below). In this
model, the proper 2-category (Rem. 10.2.48) of orbifolds X, either Lie theoretically
(Ex. 10.1.11) or topologically (Ex. 10.1.12), is equivalent, via passage to

(i) their purely smooth aspect ⊂X, to the traditional 2-category of étale stacks
(Prop. 10.1.9),

(ii) while their purely singular aspect <X gives the underlying singular coarse
quotient space (Prop. 10.1.6).

proper
orbifold

§10

≺(𝑋�𝐺)
� purely

smooth aspect⊂ ((

.
purely

singular aspect

<vv
opposite extreme

aspects of orbifolds

𝑋/𝐺
singular

space
[IKZ10]

𝑋�𝐺
smooth

étale stack
[MP97][CPRST14]

Figure 1.5 – Two opposite aspects of orbifolds.

1.2.7 Cartan geometry of étale ∞-stacks
In this higher cohesive topos-theoretic formulation we find all fundamental phe-
nomena of differential geometry naturally generalized to étale ∞-stacks, hence in
particular to orbifolds, as indicated in Table 1.5 (p. 19).

1.2.8 Orbifold étale cohomology
Based on this, we give a natural general definition of étale cohomology of 𝑉-étale
∞-stacks (Def. 11.2.1) hence in particular of orbifold étale cohomology, which is
sensitive to the above (integrable)𝐺-structures, and hence to geometry/special holon-
omy on orbifolds. For example, in the case of complex structure, this orbifold étale
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cohomology subsumes traditional notions of complex-geometric orbifold cohomol-
ogy such as orbifold Dolbeault cohomology [Ba54][Ba56][CR04][Fe03] and orbifold
Bott-Chern cohomology [An12][Ma05]. Abstractly, orbifold étale cohomology is the
intrinsic cohomology (1.21) of integrably𝐺-structured étale ∞-stacks when regarded
in the slice ∞-topos (Prop. 8.1.62) over the 𝐺-Haefliger stack (Def. 10.2.33) via the
classifying map of their 𝐺-structure (Prop. 10.2.35). As such, orbifold étale coho-
mology is the progenitor of tangentially twisted (proper) orbifold cohomology (Def.
11.2.3, Def. 11.2.5), to which we turn next.

1.2.9 Proper equivariant cohomology
While the proper 2-category of orbifolds is equivalent to the traditional one of orb-
ifolds as étale stacks, its full embedding into an ambient singular-cohesive ∞-topos
(§9.2) provides for more general coefficient objects, each of which is guaranteed
to produce a proper orbifold Morita-class invariant (Rem. 10.2.48). Our first main
Theorem 11.1.9 shows that the intrinsic cohomology (1.21) of orbifolds, regarded in
singular-cohesive homotopy theory (Def. 9.2.3), subsumes all proper 𝐺-equivariant
cohomology theories: Bredon cohomology with any coefficient system, as well as
proper equivariant generalized cohomology theories.

1.2.10 Traditional orbifold cohomology
In particular, Prop. 10.1.2 and Theorem 11.1.9 imply, via [Ju20] (Remark 10.1.1),
that proper orbifold cohomology in singular-cohesive homotopy theory subsumes
Chen-Ruan orbifold cohomology, via (1.5), and Adem-Ruan orbifold K-theory, via
(1.6). Hence it also subsumes Freed-Hopkins-Teleman orbifold K-theory [FHT11]
(reviewed in [Nu13, §3.2.2]) and Jarvis-Kaufmann-Kimura’s “full orbifold K-theory”
[JKK05][GHHK08] for orbifolds with global quotient presentations (by [FHT11,
Prop. 3.5] and [JKK05, 3], respectively). Moreover, singular-cohesion provides a
natural transformation ⊂X 𝜖 ⊂

X
// ≺X which restricts this proper orbifold coho-

mology to the underlying étale stack, where it reduces to traditional Borel orbifold
cohomology (1.1) and, in particular, to Satake cohomology (1.2) (see also, e.g.,
[ADG11][BNSS18]).
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§10.2 Cartan geometry
for étale ∞-stacks

Literature for
ordinary orbifolds

(i) Def. 10.2.14 Frame bundles [MM03, p. 42]
(ii) Def. 10.2.24 G-structures

[Wo16][Zh06][BZ03]
Def. 10.2.30,
Def. 10.2.31

-locally
-globally

integrable

(ii.a) Ex. 10.2.32 Geometric structures [Ap00, §1.8][Wo16]
- Riemannian structure [Bo92][HM04][Rat06]

[BZ07][He09a]
[He09b][Ak12][Kan13]
[BDP17][Lan18]

- Flat structure [BDP17][Ref06]
[IU12, §8][SS20]

- Complex structure [SW99][FS07]
- Symplectic structure [Ve00][Go01][DE05]

[HM12][CP14][Ch17]
[RC19]

- Lorentzian structure [HS91][Ne02][LMS02a]
[LMS02b][BR07] [ZR12]

- Pseudo-Riemannian structure [Mel09][Zh18][BZ19]
- Conformal structure [Ap98][Ap00]
- CR-structure [DM02]
- Hypercomplex structure [BGM98]

(ii.b) Ex. 10.2.32 Special holonomy [Jo00][CT05]
- Kähler structure [Fu83][Je97][Ab01]

[BBFMT16]
- Calabi-Yau structure [Ro91][Jo98][Jo99a]

[Jo99b][Jo00, §6.5.1]
[St10][RZ11][CDR16]

- Quaternionic Kähler [GL88][Jo00, §7.5.2]
- Hyper-Kähler struc. [BD00]
- 𝐺2-structure [Jo00, §11][Rei15]
- Spin(7)-structure [Jo00, §13][Ba07]

(iii) Def. 10.2.29 Local isometries [BZ07]
(iv) Def. 10.2.33 Haefliger stacks [Hae71][Hae84]

[Car19, §2.2, §3][Car16]).
(v) Def. 10.2.36 Tangential structures [Wee18][Pa20]
(v.a) Ex. 10.2.40 Higher Spin-structures

- Orientation [Dr94]
- Spin structure [Ve96][Ac01]

[BGR07][DLM02]
- Spin𝑐 structure [Du96, §14]
- String structure [PW88][LU04a][LU06]
- Fivebrane structure [BL12]

(cf. [SSS09][SSS12])
Table 1.5 – Differential orbi-geometry in differential cohesive ∞-toposes
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1.2.11 Twisted orbifold cohomology
All these cohomology theories generalize to their twisted versions (e.g., local coef-
ficients for ordinary cohomology, as in [MP99], or twisted K-theory, as in [AR03]),
by passage to slices of the ambient singular-cohesive ∞-topos (Remark 8.2.21). In
particular, slicing of orbifolds over ≺

Z2 via their orientation bundle promotes them
(Ex. 11.1.10) to orientifolds [DFM11][FSS15, 4.4][SS20].

1.2.12 Revisiting twisted orbifold K-theory
For illustration, we redevelop twisted orbifold K-theory in this language, using the
result of its stacky representability from [SS26c, Ex. 4.5.4].

1.2.13 Proper orbifold étale cohomology
Finally, we promote (Def. 11.2.5) orbifold étale cohomology, in its guise as tangen-
tially twisted cohomology, to a proper orbifold cohomology theory in the above sense
(Rem. 10.2.48). Our second main theorem 11.2.6 shows that this proper orbifold
étale cohomology unifies:

(i) ( ⊂) étale cohomology (Def. 11.2.1) of smooth 𝑉-folds (Def. 10.2.2),
(ii) ( ♭ ) proper equivariant cohomology (Def. 11.1.2) of flat orbifolds (Def.

10.2.41), i.e., of their flat frame bundles (Prop. 10.2.42).

proper
orbifold étale cohomology

Def. 11.2.5

𝐻S ≺𝜏 (X, A)
3

(𝑖 ⊂ )∗
smoot

h

orb
ifol

ds

yy

�

(𝑖♭ )∗

flatorbifolds

((
𝐻S𝜏

(
𝑋, 𝐴

)
smooth

étale cohomology
Def. 11.2.3

𝐻♭𝐺
(
(♭𝐺)Frames(𝑋), 𝐴

)
proper

equivariant cohomology
Def. 11.1.2

Figure 1.6 – Two opposite aspects of étale cohomology.

1.2.14 Tangentially twisted orbifold Cohomotopy
We construct a fundamental class of examples of such proper orbifold étale coho-
mology theories, which we call tangentially twisted (Def. 11.2.18). Their coefficients
are Tate spheres (Def. 11.2.9), in the sense of (unstable) motivic homotopy theory
(Ex. 11.2.10), with twisting via an intrinsic Tate J-homomorphism (Def. 11.2.14).
Specified to ordinary orbifolds (Ex. 11.2.19), Theorem 11.2.6 shows that tangentially
twisted orbifold Cohomotopy subsumes:
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(i) ( ⊂) tangentially twisted Cohomotopy theory of smooth but curved spaces, as
introduced in [FSS20][FSS21a].

(ii) (♭) RO-graded equivariant Cohomotopy theory of flat orbifolds, as discussed
in [SS20][BSS19].

Tangentially-twisted
orbifold Cohomotopy

Def. 11.2.18

𝜋S ≺𝜏 (X)
1

(𝑖 ⊂ )∗
smooth

orbifolds

xx

�

(𝑖♭ )∗

flatorbifolds

))
𝜋S𝜏

(
𝑋
)

Tangentially-twisted
Cohomotopy theory

[FSS20][FSS21a]

𝜋
♭𝐺

(
(♭𝐺)Frames(𝑋)

)
Proper

equivariant Cohomotopy
[SS20][BSS19]

Figure 1.7 – Two aspects of tangentially twisted orbifold Cohomotopy. Theorem
11.2.6 shows that the natural notion of tangential twist of Cohomotopy, when generalized
to orbifolds reduces near orbi-singularities to proper equivariant Cohomotopy in the RO-
degree of the singularity’s isotropy representation.

We conclude in Remark 11.2.20 on the impact of this unification.

1.2.15 Outlook on differential orbifold cohomology
While

(i) generalized differential cohomology on smooth manifolds [HS05] is well-
understood (see [Bu12]) and

(ii) plain global equivariant cohomology has been established [Schw18] and un-
derstood to provide proper orbifold cohomology ([Ju20], see Remark 10.1.1
below),

their combination to (generalized, global) proper equivariant differential cohomology
has remained elusive. Explicit constructions have been explored for the case of equiv-
ariant/orbifold differential K-theory [SV07][BS09] [Or09], but even these theories
do not seem to be well-understood yet [BS12, p. 47]. What has been missing is a
coherent theoretical framework for proper equivariant differential cohomology: Since

(a) differential cohomology is the intrinsic cohomology (1.21) of cohesive ∞-
toposes (by Remark 9.1.21) and

(b) proper equivariant cohomology is the intrinsic cohomology of ∞-toposes over
a (global) orbit category (by Remark 11.1.4),

proper equivariant differential cohomology should be the intrinsic cohomology of
∞-toposes that combine these two properties. This is exactly what our notion of
singular-cohesive ∞-toposes expresses (Def. 9.2.3), as confirmed by Theorem 11.1.9.
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For example, in singular-cohesive ∞-toposes there exists the (global) proper equiv-
ariant version of twisted differential non-abelian cohomology [FSS23], now given
by homotopy fiber products parametrized over Snglrt (Def. 9.2.1). Hence singular-
cohesive ∞-toposes constitute a coherent framework in which to discuss proper
equivariant/orbifold differential cohomology in general. We will develop this else-
where.

We briefly comment on another related approach in the literature:

1.2.16 Proper ∞-categories of general étale ∞-stacks
Another general theory of étale ∞-stacks has been presented in [Car20], generalizing
an elegant characterization of étale 1-stacks due to [Car19] by following the discussion
of derived Deligne-Mumford stacks conceived as structured ∞-toposes in [Lu09b].
This approach proceeds externally via characterizing the sites (recalled below as
Prop. 8.1.57) which present ∞-toposes of étale ∞-stacks; and is thus complementary
to the internal perspective proceeding from inside an ambient ∞-topos which we are
presenting here. We briefly indicate the relation between the two:
◦ The approach in [Car20] is to pick an∞-site of PrbSpc (denoted “L” there) which

is equipped with a suitable notion of which of its 1-morphisms qualify as being
étale maps (the external version of our notion Def. 9.1.28). The inclusion 𝑖 of the
wide subcategory on these étale morphisms induces, by left Kan extension, a pair
of adjoint ∞-functors (𝑖! ⊣ 𝑖∗) between the corresponding ∞-stack ∞-toposes,
and the étale ∞-stacks are then characterized as those in the essential image of
the left adjoint 𝑖!. This is shown on the right of the following diagram:

Shv∞
(
Chrt × Snglrt

) Smth //

oo OrbSinglr
⊥

? _

Prop. 9.2.5

Shv∞
(
Chrt

)
oo 𝑖!

𝑖∗

⊤
//
Shv∞

(
Chrtét

)
uuuu

OrbSinglr
(
ÉtStcks∞

)
proper ∞-category
of higher orbifolds
(Remark 10.2.48)

� ?

OO

ÉtaleStacks∞
∞-category

of étale ∞-stacks
[Car20]

≃
oo

� ?

OO

(1.22)

◦ Following Remark 10.2.48, we may and should enhance this construction to the
proper ∞-category of higher orbifolds Def. 9.2.3, Def. 10.2.46, as shown on the
left in (1.22).

◦ In fact, the archetypical example of PrbSpc considered in [Car20] is
SmoothManifolds (Def. 8.1.9), in which case the left hand side of (1.22) is
the singular-cohesive ∞-topos of our Ex.s 9.1.19, 9.2.11, containing the proper
(Def. 10.2.46) ∞-category of orbi-R𝑛-folds in our Ex. 10.2.6.

◦ On the other hand, a general ∞-topos Shv∞ (PrbSpc) is not going to be cohesive
(Def. 9.1.1) or even elastic (Def. 9.1.22). This means that various nice geometric
properties, which we derive here, of objects in the proper ∞-category of higher
orbifolds, are not guaranteed to exist in the general setup of [Car20]. Notably
the theory of frame bundles on orbifolds, according to Prop. 10.2.14, and the
main theorem on the induced étale cohomology of orbifolds (Theorem 11.2.6)
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crucially uses the internal modal logic of singular-cohesive and singular-elastic
∞-toposes as in §9, which may not exist, or not exist completely, for any given
site of PrbSpc as in [Car20].





Part I

Invitation: Topological Charges





2
Generalized Cohomology

A key motivation for the development of generalized cohomology of manifolds and
orbifolds is its application to the description of topological phases and topological
charges in quantum physics.

2.1 Topological Quantum
In algebraic topology and homotopy theory, cohomology is, quite generally, about
deformation classes of structures fibered over spaces [nL-AT][FSS23, §I][SS26c].
Our central perspective is that this is ultimately encoded via classifying maps (cf.
Fig. 2.1 below) in the notion of homotopy (recalled in § 4.1.4), namely of continuous
deformations between continuous maps 𝑓 , 𝑔 : 𝑋 ! A, making them have the same
homotopy class 𝜋0 (−):

𝑋 𝑌

𝑓

𝑔

exists iff [ 𝑓 ] = [𝑔] ∈ 𝜋0 Map(𝑋,𝑌 ) . (2.1)

In physics, cohomology describes global dynamical invariants of quantum sys-
tems: Strongly interacting quantum materials in their ground states may occupy glob-
ally non-trivial configurations classified by cohomology classes of the space occupied
by the sample (or dually of its Brillouin space of crystal momenta). Moreover, in the
“geometric engineering” of such quantum systems on higher dimensional gravitating
“branes” [nL-GeEn][SS25f][GSS25b], older arguments suggest that some form of
generalized cohomology measures the charges of higher gauge field fluxes sourced
by such branes (cf. § 2.1.1 for more).

These suggestions follow up on the classical observation, going back to a famous
insight by Dirac from a century ago, that the totality of ordinary magnetic flux
through surfaces is classified (in modern parlance) by ordinary integral cohomology
[Al85][Fra97, §16.4e][SS25d, §2.1].

It was a major development (first in brane physics [nL-DK], then in topological
quantum materials [nL-QK]) to realize that more general topological charges may
plausibly be classified more accurately in “extraordinary” or “generalized” cohomol-
ogy theories (in a sense going back to Whitehead, cf. [nL-WC]), more fine-grained

27
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than ordinary cohomology — such as notably in the famous example of topological
“K-cohomology theory” (traditionally just called topological K-theory), cf. [nL-K].

FIGURE 2.1: The unifying perspective on general cohomology is as homotopy classes 𝜋0 (−)
of maps Map(−,−) into a classifying space A. 1

Ordinary
cohomology

Whitehead-generalized
stable cohomology

Fully generalized
nonabelian cohomology

𝐻𝑛 (𝑋; 𝐴) ≃
𝜋0 Map

(
𝑋, 𝐵𝑛𝐴︸︷︷︸

Eilenberg-MacLane
space

) 𝐸𝑛 (𝑋) ≃
𝜋0 Map

(
𝑋, 𝐸𝑛︸︷︷︸

stage in a
spectrum of spaces

) 𝐻 (𝑋;A) ≃
𝜋0 Map

(
𝑋, A︸︷︷︸

any space

)
Map(𝑋,A) =

{
𝑋 A

}
But there are yet more fine-grained unstable generalized cohomology theories

called non-abelian cohomology ([Toë02, Def. 6.0.6][Sc09, Def. 2.3][Lu14, Def. 6],
cf. [FSS23, §1][SS25g, §1]), which properly capture also non-linear Gauss laws of
flux densities [SS25d, SS25b]. In full generality, all these notions of cohomology are
neatly understood as being about homotopy classes (2.1) of classifying maps to some
classifying space, see Fig. 2.1.

2.1.1 Choices of Charge Cohomology
The mathematical situation in § 2.1 highlights a general question (largely open) in
physics theory building:

Which generalized (nonabelian) cohomology theories reflect the topological
phases/charges of a given quantum system, both microscopically as well as at
some level of coarse graining?

This is the question for the choice of flux quantization [SS25d]. Here we discuss
this question in parallel for three situations, shown in Fig. 2.3, which are quite distinct
at face value but turn out to be intimately related.

Traditionally, topological phases and brane charges have been conjectured to be

1More generally (in Fig. 2.1), we are to consider pointed spaces — the base point of the domain
𝑋 regarded as its “point at infinity” and the base point of the coefficient space A regarded as zero —
and maps 𝑐 ∈ Map∗ (𝑋, A) that preserve these base-points — thus literally implementing the condition
that solitonic charges vanish at infinity, 𝑐 (∞) = 0 (cf. [SS25d, §2.2][SS25b, §A.2][SS23-Mf, Ntn. 3.3]).
We disregard this extra structure here just for brevity of the exposition; the pointed generalization of all
statements is straightforward.

Similarly, another important generalization: For geometric cohomology (such as étale cohomology or
differential cohomology) the classifying space A is generalized to a moduli stack A. This is particularly
relevant for refining the discussion here from topological sectors to actual gauge field configurations (cf.
[SS25d, §3.3][SS25a]), and this generalization is what we turn to in parts IV and V below.

2All 2-dimensional diagrams we show, here and in the following, are filled by homotopies (2.1), but
we display only some of these homotopies explicitly, for emphasis.
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FIGURE 2.2: The general notion of twisted relative non-abelian cohomology, in evident
generalization of Fig. 2.1, has cocycles given by squares of maps commuting up to specified
homotopy.2
On the right, the expression “(−) ⊔(−) (−)” denotes a homotopy pushout and “(−) ×(−) (−)”
a homotopy pullback. The ordinary notion of relative cohomology is hence recovered for 𝜙 a
cofibration and B ≡ ∗, whence 𝑋 ⊔Σ B ≃ 𝑋/Σ. But in general the homotopy pushout is richer
(cf. Fig. 2.6).
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classified by stable generalized cohomology theories (with classifying spaces given
by stages of spectra 𝐸 , cf. again Fig. 2.1) such as:

• ordinary cohomology (cf. [SS25d, Ex. 3.10]),
• complex K-cohomology (cf. [nL-DK][nL-QK]),
• elliptic cohomology (cf. [Se88, §6][SK04][SK05][ST11][Hua20][Hua25]),
• Morava K-cohomology (cf. [SK04, SW05]).

Curiously, all of these proposed cohomology theories are complex oriented (cf.
Fig. 2.4) — which is remarkable in view the phenomenon presented in § 2.2 be-
low.

On the other hand, closer analysis reveals [SS26a, SS26b]/[FSS20, GSS25a,
GSS25a] (following [FSS17][Sa18, §2.5], reviewed in [FSS19][SS25d, §4.4]) that
the most fine-grained microscopic description of topological insulator phases and
of brane charges in D=5/D=11 supergravity is in a non-abelian cohomology theory,
namely in Cohomotopy 𝜋𝑛 (−) [STHu59, §VII][FSS23, Ex. 2.7],

𝜋𝑛 (−) := 𝜋0 Map(−; 𝑆𝑛) , (2.2)
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FIGURE 2.3: We discuss here the refined cohomological description [SS26b]/[FSS20,
FSS21a] of microscopic charges in 5D/11D Supergravity with probe L1/M5-branes, min-
imally flux-quantized in Cohomotopy relatively twisted by the Hopf fibration (5.123). We
find (cf. Fig. 2.6) that measurement of these unstable charges in a stable cohomology
theory 𝐸 is equivalent to complex/quaternionic four/ten-dimensional orientation in 𝐸 –
such as exists in particular on complex K-theory, 𝐸 = KU (discussed in §5).

Topological phases of Brane charges on Brane charges on
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specifically in 2-Cohomotopy/4-Cohomotopy, whose classifying space is the 2-
sphere/ 4-sphere 𝑆2/𝑆4 — and that in the presence of gapped nodal lines and of
probe L1/M5-branes this becomes twisted Cohomotopy relative to the brane (recall-
ing Fig. 2.2) classified by the complex/quaternionic Hopf fibration 𝑝C/𝑝H (5.123) –
this is shown in Fig. 2.5.

This “proper” flux quantization in Cohomotopy — properly reflecting the non-
linear Gauss laws of the flux densities — has the remarkable consequence that it
reflects the actual phase space structure of the (globally completed) gauge fields
[SS25a]. Moreover, when spacetime has an “M-fiber” R1

M and the probe 𝑝-brane
“wraps” it, in that

𝜙 :

Σ𝑝︷       ︸︸       ︷
R1

M × Σ𝑝−1

𝑋𝑑︷       ︸︸       ︷
R1 × 𝑋𝑑−1id×𝜙′

(2.3)

then:

The topological quantum observables on solitonic field configurations are com-
pletely determined from the flux quantization law. [SS25b, SS26b]

(Concretely, with the flux quantization given by its classifying space A, the
algebra of topological quantum observables is the Pontrjagin algebra of the mapping
space of a Cauchy surface of spacetime into A.)

In summary then, the microscopic flux quantization of 5D/11D supergravity with
probe L1/M5 branes that we consider corresponds to the following set of charges in
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FIGURE 2.4: Notions of universal orientations of fibers of vector bundles in a multiplicative
stable cohomology theory 𝐸 (cf. [SS23-Mf, §3.8]):
Top left: A complex orientation is a choice of 2-class 𝑐𝐸1 on C𝑃∞ which restricts to the unit
on C𝑃1 ≃ 𝑆2 (cf. [TK06, §3.2][Ko96, §4.3]).
Top right: A quaternionic orientation is a choice of 4-class 1

2 𝑝
𝐸
1 on H𝑃∞ restricting to the

unit on H𝑃1 ≃ 𝑆4 (cf. [TK06, §3.9]).
Bottom row: A complex orientation over 4-dimensions is a choice of 2-class 𝛾𝐸1 on C𝑃2

restricting to the unit on C𝑃1; and a quaternionic orientation over 10-dimensions is a choice
of 4-class 𝜅𝐸1 on H𝑃2 restricting to the unit on H𝑃1 [Hop84, §1.2][SS23-Mf, §3.8].
Note that complex orientations in 4𝑘 + 2 dimensions induce quaternionic orientations in the
same dimension [SS23-Mf, Thm. 3.99].
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(2.4)

2.1.2 Cohomology Operations on Charges
Cohomotopy is rich and may contain more information than necessary in a given
situation. A nonabelian cohomology operation [FSS23, Def. 2.3] from 𝑛-Cohomotopy
to a stable cohomology theory 𝐸 , hence a natural transform 𝜋𝑛 (−) ! 𝐸𝑛 (−), may be
understood as a coarse graining or extraordinary character map, which retains less
but potentially more pertinent information. By the Yoneda lemma, such cohomology
operations are given simply by postcomposition with maps 𝑜 : 𝑆𝑛 ! 𝐸𝑛 between the
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corresponding classifying spaces:

𝜋𝑛 (𝑋) 𝐸𝑛 (𝑋)[
𝑋 d 𝑆𝑛

]
7−!

[
𝑋 d 𝑆𝑛

𝑜
−! 𝐸𝑛

]
.

𝑜∗

(2.5)

The fundamental (but most coarse) example is the (real, for our purpose) Chern-
Dold character [nL-CD][FSS23, §7] on Cohomotopy (seen through its stabilization),
which extracts its degree=𝑛 class in R-rational cohomology

𝜋𝑛 (𝑋) 𝐻𝑛 (𝑋;R)[
𝑋 𝑆𝑛

]
7−!

[
𝑋 𝑆𝑛 𝐵𝑛RΣ𝑛1 ] (2.6)

by composing with the R-rational unit class[
𝑆𝑛 𝐵𝑛RΣ𝑛1

]
= 1 ∈ R ≃ 𝐻𝑛 (𝑆𝑛;R) . (2.7)

In view of flux quantization of the 𝐹2/𝐹4 flux in 5D/11D supergravity, this character
map (2.6) witnesses how Cohomotopy indeed quantizes the total flux, in that it forces
its de Rham class to be the rational image of a Cohomotopy class (cf. [SS25d, §3]).

This notion of nonabelian cohomology operations has an evident generalization
[FSS23, Def. 3.6] to twisted relative nonabelian cohomology (Fig. 2.2), where a
cohomology operation is thus given by “pasting” (4.27) of homotopy-commuting
squares, in our case as follows:

𝐻 (𝜙; 𝑝) 𝐸𝑛
(
𝑋𝑑 , Σ𝑝

)

Σ𝑝 𝑆2𝑛−1

𝑋𝑑 𝑆𝑛

𝜙 𝑝

 7−!

Σ𝑝 𝑆2𝑛−1 ∗

𝑋𝑑 𝑆𝑛 𝐸𝑛

𝜙 𝑝 0∼
𝑜

 .
(2.8)

With the left-hand side of (2.8) understood as the set of microscopic brane charges
(Fig. 2.5), we may think of the character map (2.8) as “measuring” or coarse-graining
these to the extent reflected in the given stable 𝐸-cohomology.

2.2 Charge Measurement
The first main observation we highlight now (following [SS23-Mf, §2.8, §3.8]) is the
following, whose proof is shown in Fig. 2.6:

Measuring (2.8) in a stable cohomology theory 𝐸 the fragile charges of 2-band
insulators in the presence of nodal lines, or the microscopic brane charges in
5D/11D supergravity in the presence of probe L1/M5-branes (see Fig. 2.5), is
equivalent to having four/ten-dimensional complex/quaternionic 𝐸-orientation
(Fig. 2.4).
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Example 2.2.1. Every elliptic curve 𝐶 (over any base ring) entails an elliptic coho-
mology theory 𝐸𝐶 (cf. [Se88, (5.2)]), which is complex oriented (cf. [Se88, Ex. p.
197]) and hence also quaternionic-oriented (cf. [SS23-Mf, Prop. 3.98]). Therefore the
result of Fig. 2.6, in the situation (2.3) of an M5-brane wrapped on the M-fiber, says
that a choice of an elliptic curve and of a sub-4-manifold determines an extraordinary
character map from microscopic M-brane charges to the elliptic cohomology of the
bulk spacetime relative to the brane locus:

elliptic curve 𝐶

4-manifold Σ4 𝜙
−! 𝑋9

}
⇒ 𝐻

(
𝜙′M5; 𝑝H

)
𝐸0
𝐶

(
𝑋9, Σ4) . (2.9)

This result is similar to the situation expected by informal arguments in [GPPV21].

Example 2.2.2. Consider specifically the situation of an M5-brane worldvolume of
the form Σ1,5 = R1,2 × 𝑆3 inside 11D Minkowski spacetime R1,10. Since the latter
is equivalent to the point, in this situation the microscopically quantized charges of
the 3-form field 𝐻3 on Σ1,5 are in plain 3-Cohomotopy, classified by the fiber of
the H-Hopf fibration, hence are given by some integer 𝑐 ∈ Z ≃ 𝜋3 (𝑆3). Measuring
this situation in a stable cohomology theory 𝐸 which is complex-oriented in 10d by
some ℎ𝐸3 (according to Fig. 2.6) sees a charge 𝐻𝐸3 of the 3-form field 𝐻3 classified by
Ω𝐸4 ≃ 𝐸3 and being the 𝑐 fold multiple of the generator there:

𝑆3 Ω𝐸4

R2 × 𝑆3 𝑆7 ∗

∗ ≃ R10 𝑆4 𝐸4 .

Σ31𝐸

𝑐·𝑝
𝑆3

𝐻𝐸3

𝐻 𝜋3

ℎ𝐸3

𝐻𝐸3

0

𝐹 𝜋4

𝑝H

Σ41𝐸

(2.10)

This means that, in this simple situation, the coarsened charges seen in 𝐸 cohomology
still reflect the full microscopic charges on the M5 in Cohomotopy iff the unit class
[1𝐸] is non-torsion.
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FIGURE 2.5: 1st row: On a Cauchy surface 𝑋4/𝑋10 of spacetime and compatibly of the
probe brane, Σ1/Σ5 ↩! 𝑋4/𝑋10, the relative Gauss laws of the flux densities on probe
L1/M5-branes in 5D/11D supergravity are equivalent [SS25a] to the closure condition (cl)
on differential forms ΩdR with coefficients in the real Whitehead 𝐿∞-algebra 𝔩𝑝C/𝔩𝑝H of
the C/H-Hopf fibration (cf. [FSS23, §5, §12]).
2nd row: The proper quantization of these fluxes is therefore [SS25d] in those twisted
relative nonabelian cohomology theories whose classifying fibration 𝑝 has the same
𝔩𝑝. The minimal and hence most fine-grained choice among all these is the C/H Hopf
fibration 𝑝C/𝑝H itself. The dashed maps shown classify the charges under this twisted
relative cohomotopical flux quantization [SS26b, §4.1.2]/[FSS20, §3.7]FSS19c[FSS21b].
3rd row: But other admissible proper flux quantization laws exist. For instance, the
factorization 𝑡C (5.124) of the C-Hopf fibration through R𝑃3 has the same relative real
Whitehead 𝐿∞-algebra, 𝔩𝑡C ≃ 𝔩𝑝C . Choosing this for flux quantization turns out to classify
topological classes of Bloch Hamiltonians 𝐻(−) of 2-band topological insulators (TI)
sensitive to the topology of the mass term 𝑀(−) which creates the TI phase from a parent
nodal line topological semimetal phase (NLSM) – we discuss this in § 3.1.3.

d𝐻1=𝜙
∗𝐹2

}
Σ1 Ω1

dR
(
−; 𝔩𝑆3)

cl

d𝐹2=0
d𝐹3=

1
2𝐹2 ∧ 𝐹2

}
𝑋4 Ω1

dR
(
−; 𝔩𝑆2)

cl

𝐻1

𝜙 (𝔩𝑝C )∗

𝐹2

𝐹3

d𝐻3 = 𝜙∗𝐹4

}
Σ5 Ω1

dR
(
−; 𝔩𝑆7)

cl

d𝐹4=0
d𝐹7=

1
2𝐹4 ∧ 𝐹4

}
𝑋10 Ω1

dR
(
−; 𝔩𝑆4)

cl

𝐻3

𝜙 (𝔩𝑝H )∗

𝐹4

𝐹7

𝐻
(
𝜙L1; 𝑝C

)
=

Microscopic charges
of L1 in 5D SuGra

𝜋0


Σ1 𝑆3

𝑋4 𝑆2

𝐻 𝜋1

𝜙L1 𝑝C

𝐹 𝜋2

𝐹 𝜋3


𝐻

(
𝜙M5; 𝑝H

)
=

Microscopic charges
of M5 in 11D Sugra

𝜋0


Σ5 𝑆7

𝑋10 𝑆4

𝐻 𝜋3

𝜙M5 𝑝H

𝐹 𝜋4

𝐹 𝜋7


𝐻

(
𝜙NL; 𝑡C

)
=

TI Bloch Hamltn, rela-
tive to NLSM parent

𝜋0


Σ1 R𝑃3

𝑇𝑑 𝑆2

𝑀(−)

𝜙NL 𝑡C

𝐻(−)


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FIGURE 2.6: How measuring (2.8) in stable cohomology 𝐸 the chiral flux on L1/M5-
branes, microscopically in relative twisted Cohomotopy (Fig. 2.5), is equivalently a
four/ten-dimensional C/H-orientation in 𝐸-cohomology (following [SS23-Mf, §2.8,
§3.8]):
Top row: The generator ℎ1/ℎ3 of the Sullivan model of the C/H Hopf fibration
𝑝C/𝑝H , relative to that of the base, exhibits a null homotopy of the pullback of the
generator 𝑓2/ 𝑓4, the latter giving the unit map to the rational classifying space.
2nd row: Lifting this situation from rational cohomology to any multiplicative stable
cohomology theory 𝐸 means to ask for a null homotopy ℎ𝐸1 /ℎ𝐸3 of the pullback of
the 𝐸-unit Σ21𝐸/Σ41𝐸 . Indicated in gray is how this defines a character cohomology
operation (2.8) from 𝑝C -twisted Cohomotopy, to 𝐸-cohomology relative to the probe
L1/M5-brane, by forming pasting composites of homotopy squares (4.27).
3rd row: Factoring through the homotopy pushout (po) exhibits (Lem. 5.2.18) these
null homotopies as equivalent to maps 𝛾𝐸1 /𝜅𝐸1 from C𝑃2/H𝑃2 to 𝐸2/𝐸4, whose
restriction to C𝑃1/H𝑃1 is (homotopic to) the 𝐸-unit: These are four/ten-dimensional
C/H-orientations in 𝐸-cohomology (cf. Fig. 2.4). We spell this out for 𝐸 = KU below
in § 5.2.
4th row: By the pasting law (Prop. 4.1.4) and by Lem. 5.2.18, this statement remains
true when the microscopic brane flux is quantized instead in R𝑃3/R𝑃7 (cf. 3rd row of
Fig. 2.5), if now the stable coefficients are taken to be the pullback of the 𝐸-orientation
to R4/R8:

d ℎ1 = 𝑝∗
C
𝑓2

}
𝑆3 ∗

d 𝑓2=0
d 𝑓3= 1

2 𝑓2 ∧ 𝑓2

}
𝑆2 𝐵2Q

𝑝C 0ℎ 1

𝑓2

d ℎ3 = 𝑝∗
H
𝑓4

}
𝑆7 ∗

d 𝑓4=0
d 𝑓7= 1

2 𝑓4 ∧ 𝑓4

}
𝑆4 𝐵4Q

𝑝H 0ℎ 3

𝑓4

Σ1 𝑆3 ∗

𝑋4 𝑆2 𝐸2

𝜙L1

𝐻 𝜋3

𝑝C 0ℎ
𝐸 1

𝐹 𝜋2

𝐹 𝜋3
Σ21𝐸

Σ5 𝑆7 ∗

𝑋10 𝑆4 𝐸4

𝐻 𝜋7

𝜙M5 𝑝H 0ℎ
𝐸 3

𝐹 𝜋4

𝐹 𝜋7
Σ41𝐸

≃

𝑆3 ∗

C𝑃2

𝑆2 𝐸2

𝑝C

(po)

0

𝛾𝐸1

Σ21𝐸

≃

𝑆7 ∗

H𝑃2

𝑆4 𝐸4

𝑝H

(po)

0

𝜅𝐸1

Σ41𝐸

≃

𝑆3 ∗

R𝑃3 R𝑃4

C𝑃2

𝑆2 𝐸2

(po)

(po)
𝑡C

𝛾𝐸1

Σ21𝐸

≃

𝑆7 ∗

R𝑃7 R𝑃8

H𝑃2

𝑆4 𝐸4

(po)

(po)

𝜅𝐸1

Σ41𝐸
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2.2.1 Tangential Twisting and Orbifolding
Finally, all these considerations are to be generalized to include tangential twisting
of the charge cohomology theory by tangential 𝐺-structure of the spacetime domain.

Concretely, the C/H-Hopf fibration 𝑝C/𝑝H is equivariant with respect to a canon-
ical Spin(3)/Spin(5) ≃ U(2)/Sp(2) action (Def. Lem. 5.2.17 below), so that the
microscopic brane charges may and should be [FSS20, FSS21a, SS21] twisted by
tangential U(2)/Sp(2)-structure 𝜏 (Fig. 2.7). By our Thm. 11.2.6, this implies that
the charges are in the correspondingly RO-graded equivariant cohomology in the
vicinity of orbifold singularities. It is this tangentially twisted/equivariantized version
of the construction of orientations as extraordinary characters that we establish below
in chapter 5.

FIGURE 2.7: Top row: With coupling to background gravity taken into account —
whose topological charges are encoded in the class of the tangent bundle 𝑇𝑋 — the
relative brane charges are to be further twisted by tangential SU(2)/Sp(2)-structure 𝜏,
hence equivalently by Spin(3)/Spin(5)-structure on spacetime. 3If we understand the
homotopy quotients (−) � (−) and deloopings B(−) ≃ ∗� (−) in topological groupoids
(stacks), then this tangentially twisted cohomology automatically reduces to RO-graded
equivariant cohomology in the vicinity of orbi-singularities (Thm. 11.2.6).
Bottom row: In this situation, the 𝐸-valued orientation character maps (Fig. 2.6) are to
be equivariantized accordingly. This is what we construct, for 𝐸 = KU, in chapter 5.

Σ1 𝑆3 � U(2)

𝑋4 𝑆2 � U(2)

BGL(4) BU(2)

𝜙

𝐻 𝜋3

𝑝C�U(2)

⊢
𝑇
𝑋

4

𝜏

𝐹 𝜋2

𝐹 𝜋3

Σ5 𝑆7 � Sp(2)

𝑋10 𝑆4 � Sp(2)

BGL(10) BSp(2)

𝜙

𝐻 𝜋3

𝑝H�Sp(2)

⊢
𝑇
𝑋

10

𝜏

𝐹 𝜋4

𝐹 𝜋7

(2.11)

𝑆3 � U(2) ∗ � U(2)

𝑆2 � U(2) 𝐸2� U(2)

BU(2)

𝑝C�U(2) 0�U(2)ℎ𝐸1 �U(2)

Σ21𝐸�U(2)

𝑆7 � Sp(2) ∗ � Sp(2)

𝑆4 � Sp(2) 𝐸4� Sp(2)

BSp(2)

𝑝H�Sp(2) 0�Sp(2)ℎ𝐸3 �Sp(2)

Σ41𝐸�Sp(2)

3Beware the crucial subtlety (cf. Fig. 2.7) that Spin(5) ≃ Sp(2) as abstract Lie groups, but that as
subgroups of Spin(8) (and hence of the full Spin(1, 10)) they are not equivalent — but related by the less
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widely appreciated form of triality [FSS20, §2.3]:

Spin(5) Sp(2)

Spin(8) Spin(8) .

∼

𝜄

∼
triality

(2.11)





3
Phases & Branes

For motivation, we preview application of the construction in chapter 5 to the un-
derstanding of fragile topological phases and of microscopic charges in physical
systems.

Here first some general words on the mathematical reflection of band nodes in
crystalline quantum matter and of monopole branes in (higher) gauge quantum sys-
tems, in their charged singular version as well as in their gapped or probe incarnation
that we are concerned with here (cf. [SS25d, §2.2]).

For the following, consider:
(i) 𝑋𝑑 , a manifold representing either the momentum space of a crystalline quantum

material or the physical space hosting (higher) gauge fields.
(ii) 𝜙 : Σ𝑝 ↩! 𝑋𝑑 , a submanifold representing the spatial part of the worldvolume

of a higher dimensional gauge monopole (“𝑝-brane”).
(iii) A, the classifying space of gapped Bloch Hamiltonians or of gauge charges,

respectively.
(iv) 𝐺 ↷ (−), a smooth action of a Lie group on this data, being the crystalline point

group symmetry or the orbifolding group, respectively.
Then the topological charge of 𝜙 being:

• an essential band node, where the Berry curvature would diverge
respectively:

• a singular monopole 𝑝-brane, where the bulk flux density would diverge,
is detected/measured by the 𝐺-equivariant A-cohomology of the complement space
𝑋𝑑\Σ𝑝 ⊂ 𝑋𝑑 (disregarding here any further twists, just not to notationally overburden
the discussion at this point):

𝐻𝐺
(
𝑋𝑑 \ Σ𝑝; A

)
= 𝜋0

{
𝑋𝑑 \ Σ𝑝 A

𝐺 𝐺
}
. (3.1)

The historical and archetypical example is that of a Dirac monopole 𝜙 :
{0} R3 whose magnetic charge is classified by A ≃ 𝐵U(1) as

𝐻
(
R3 \ {0}; 𝐵U(1)

)
≃ 𝐻2 (𝑆2; Z

)
≃ Z , (3.2)

where
𝑆2 ≃

hmtpy
𝑆2 × R>0 ≃ R3 \ {0} (3.3)

arises as the 2-sphere around the monopole at the origin of space. The physical

39
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picture is hence that the cohomology of the complement 𝑋𝑑 \Σ𝑝 measures the charge
reflected in the total field flux that emanates from the monopole brane (where its
density diverges) and penetrates through the boundary of a tubular neighborhood.

Of course, of 𝑋𝑑 itself has nontrivial cohomology then this may contribute to the
cohomology of the complement 𝑋𝑑 \ Σ𝑝 .

Now, when the band node gets gapped (by deforming the nature of the underlying
quantum material), or respectively when the monopole brane is regarded in the
probe limit where the backreaction of its (small) charge onto the ambient space is
negligible and hence neglected, then this must mean that the charge is well-defined
(non-divergent) on all of 𝑋𝑑 , classified by a map 𝑋𝑑 𝜏

−! A, and that as such it receives
no contribution from the previous node/brane locus, hence that the composite map
𝜙∗𝑐

Σ𝑝

𝑋𝑑 A
𝜙

𝜙∗𝑐

𝜏

(3.4)

has trivial class, in a suitable sense, namely that it can be equipped with whatever
structure it is that reflects the undoing of the previous charge. For instance, for a band
node its undoing is its gapping, typically exhibited by a choice of mass term.

Whatever the trivialization process is, it will itself have a topological class which
should have some classifying space B, equipped with a fibration B A𝑝 encoding
which trivializations 𝑏 ∈ B concern which charges 𝑝(𝑏) ∈ A.

In conclusion, the topological data of 𝜙 a gapped band node or probe brane,
relative to a background charge 𝑐, should be classified by a map Σ𝑝 B making
this diagram commute:

Σ𝑝 B

𝑋𝑑 A
𝜙 𝑝

𝜏

(3.5)

The deformation classes (relative homotopy classes) of such maps form the twisted
relative cohomology of Fig. 2.2.

Thus, a pair of topological phases on 𝑋𝑑 may superficially have the same topo-
logical class in 𝐻𝐺 (𝑋𝑑; A), but in reality arise from a pair of topologically distinct
gapping procedures 𝑚1 ≠ 𝑚2 ∈ 𝐻

𝜙∗𝑐
𝐺

(
Σ𝑝; B,A

)
(cf. Fig. 2.2) of a given mother

phase. These twisted cohomology classes 𝑚 on Σ𝑝 hence witness that the two phases
are not actually deformable into each other, after all.

We discuss the example of 2-band Chern insulators, below in § 3.1.3.

3.1 Chern Phases
Applying the orbifold cohomology construction of § 5.2.5 to the fragile crystalline
topological phase [nL-UT] of 2-band Chern insulators [nL-CI] recovers exactly the
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Bloch Hamiltonian (cf. [SS26a, SS25i]) and then its equivariant K-theory class (cf.
[FM13][SS23b]). At gapped nodal lines, the construction in § 5.2.6 gives the corre-
sponding relative K-classification, a new prediction.

We proceed to say this in more detail.

3.1.1 Bloch Hamiltonian Maps
In solid state physics, Bloch’s theorem (cf. [RS78, §XIII.16][Ser23, §5.1.3]) entails
that the Hamiltonian operator 𝐻 for single electrons propagating in a 𝑑-dimensional
crystalline material is a direct integral

H ≃
∫
𝑇𝑑

HBlch d𝜇

𝐻 =

∫
𝑇𝑑
𝐻[ ®𝑘 ] d𝜇 : H −! H

(3.6)

over crystal momenta [®𝑘] varying in the Brillouin torus (cf. [FM13, p. 52][Thi25,
§2.1])

𝑇𝑑 ≃ R𝑑/Z𝑑 , (3.7)
of a continuous family of Bloch Hamiltonians

𝐻(−) : 𝑇𝑑 End
(
HBlch

)
. (3.8)

acting on a fiber Hilbert space HBlch. These Bloch Hamiltonians have discrete real
spectrum, and the graphs of eigenvalues of 𝐻(−) are called the energy bands (cf.
[RS78, Fig. XIII.13][See04, §2]).

In an insulator ground state, electron states occupy the lowest 𝑣 ∈ N of these bands
below a given Fermi energy: the valence bands. Depending on external excitations,
some number 𝑐 ∈ N of further bands may be accessible to excited electrons, the
conduction bands. Hence in dependence on external parameters, the system’s ground
state and its accessible excitations are approximately described by finite-rank Bloch
Hamiltonians, given by maps of this form (cf. [FM13, Prop. D.13]):

𝐻(−) : 𝑇𝑑 B
(
C𝑣+𝑐

)
End(HBlch) , (3.9)

where we use the notation B(−) (“bounded operators”) for notational brevity:
B(C𝑛) ≃ Mat𝑛×𝑛 (C) . (3.10)

Now for gapped ground states, hence with a positive energy gap between the
valence and the conduction bands, the Bloch Hamiltonian map factors further through
the subspace shown on the right here:

𝐻(−) : 𝑇𝑑 B
(
C𝑣+𝑐

)
gap :=

{
𝐻 ∈ B

(
C𝑣+𝑐

) ���� 𝐻†=𝐻
Eig<0 (𝐻 ) ≃C𝑣

Eig>0 (𝐻 ) ≃C𝑐

}
, (3.11)

where we now made explicit that the Bloch Hamiltonians are hermitian and we have
chosen the origin of the energy scale to be the Fermi energy, so that the 𝑣 valence
bands are those of negative energy. Quantum materials whose ground state fills the
valence bundle of Bloch Hamiltonians of the form (3.11) with a nontrivial homotopy



42 Geometric Orbifold Cohomology

class
[
𝐻(−)

]
∈ 𝜋0Map

(
𝑇𝑑 ,B(C𝑣+𝑐)gap

)
are called topological insulators [nL-TI]:

Insulators because of the gap to the conduction band, and “topological” because
of the twist

[
𝐻(−)

]
in the electron couplings which is locally trivial but globally

non-trivial.
More generally, that a subgroup 𝐺 of the point group of the crystal’s space group

(cf. [Arm88, §26][Ham15, §2]) is respected by (common jargon: “protects”) the Bloch
Hamiltonians means that there is a unitary representation of the point group on the
Bloch quantum states

𝑈 : 𝐺 U
(
C𝑣+𝑐

)
, (3.12)

such that (cf. [NS18][Sta20, §5.2])
∀[ ®𝑘 ]∈𝑇𝑑
𝑔∈𝐺

: 𝐻
𝑔· [ ®𝑘 ] = 𝑈 (𝑔) ◦ 𝐻[ ®𝑘 ] ◦𝑈 (𝑔)−1. (3.13)

We highlight that this says equivalently that the Bloch Hamiltonian map (3.11) is
𝐺-equivariant (4.13) with respect to the given point group action on the Brillouin
torus (3.7) and the conjugation of action of (3.12) on the Bloch Hamiltonians:

𝑇𝑑 B
(
C𝑣+𝑐

)
gap .

𝐺

𝐻(−)

𝐺

(3.14)

Yet more generally, the crystallographic symmetries may be accompanied by time
reversal symmetries in Z2 (cf. [SS23b, (32)]). This is exhibited by equipping the
symmetry group with a homomorphism

𝜎 : 𝐺 Z2 (3.15)
and generalizing (3.13) to

∀[ ®𝑘 ]∈𝑇𝑑
𝑔∈𝐺

: 𝐻
𝑔· [ ®𝑘 ] =

{
𝑈 (𝑔) ◦ 𝐻[ ®𝑘 ] ◦𝑈 (𝑔)−1 if 𝜎(𝑔) = e

𝑈 (𝑔) ◦ 𝐻[ ®𝑘 ] ◦𝑈 (𝑔)−1 otherwise ,
(3.16)

where (−) denotes component-wise complex conjugation.
In summary:

The parameters/couplings of 𝑑-dimensional 𝐺-crystalline (𝑣, 𝑐)-band quantum
materials vary in the equivariant mapping space Map

(
𝑇𝑑 ,B(C𝑣+𝑐)gap

)𝐺 (4.14).

3.1.2 Unstable topological phases of matter
A continuous deformation of the crystalline material — say by external tuning,
heat or other noise — changes the Bloch Hamiltonians (3.6) continuously, hence
is an equivariant homotopy of the corresponding maps (3.8) and (3.9). That these
deformations

(i) preserve the presence of an energy gap means that this homotopy, too, factors
through the space (3.11) of gapped finite-rank Bloch Hamiltonians,
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(ii) preserve the𝐺-symmetry (3.14) (hence respect the symmetry protection) means
that this is an equivariant homotopy (4.21):

𝑇𝑑 B
(
C𝑣+𝑐

)
gap

𝐺

𝐻(−)

𝐻′
(−)

𝐺

:

{0}

[0, 1] Map
(
𝑇𝑑 , B(C𝑣+𝑐)gap

)𝐺
,

{1}

0

�𝐻(−)

1 �𝐻 (−)

(3.17)

and hence that the deformation classes of such gapped ground states are classified by
the corresponding equivariant homotopy classes (4.21):

(𝑣, 𝑐)Phases(𝑑)𝐺 := 𝜋0 Map
(
𝑇𝑑 , B

(
C𝑣+𝑐

)
gap

)𝐺
. (3.18)

To get a better handle on this classification, and since these equivariant homotopy
classes of maps depend only on the equivariant homotopy type of the classifying
space, it is useful to pass to a tighter model of the latter. The following is immediate,
but worth making explicit:

Lemma 3.1.1. The classifying space (3.11) of (𝑣, 𝑐)-gapped Bloch Hamiltonians is
U(C𝑣+𝑐) ⋊ Z2-equivariantly homotopy equivalent to the Grassmannian space Gr𝑣+𝑐𝑣

(cf. [BZA24]) of 𝑣-dimensional complex subspaces of C𝑣+𝑐:

B
(
C𝑣+𝑐

)
gap Gr𝑣+𝑐𝑣 ,

U(C𝑣+𝑐 )⋊Z2

∼

U(C𝑣+𝑐 )⋊Z2

(3.19)

where U(C𝑣,𝑐) acts by conjugation on the left and by left multiplication on the right,
and Z2 acts by complex conjugation on both sides.

Proof. Consider the following homeomorphic subspaces of B𝑣 (C𝑣+𝑐):{
𝑁 ∈ B

(
C𝑣+𝑐

) ���� 𝑁 †=𝑁
Eig−1≃C𝑣
Eig+1≃C𝑐

} {
𝑃 ∈ B

(
C𝑣+𝑐

) ���� 𝑃†=𝑃
𝑃◦𝑃=𝑃

ker(𝑃)≃C𝑣

}
𝑁 7−! 1

2
(
1 + 𝑁

)
2𝑃 − 1  − [ 𝑃 ,

∼

(3.20)

where the homeomorphism evidently respects the given group action on both sides.
The space of projectors on the right is moreover homeomorphic to the Grassmannian

{
𝑃 ∈ B

(
C𝑣+𝑐

) ���� 𝑃†=𝑃
𝑃◦𝑃=𝑃

ker(𝑃)≃C𝑣

} Gr𝑣+𝑐𝑣︷                           ︸︸                           ︷{
𝑉 ⊂ C𝑣+𝑐

��� dim(𝑉) = 𝑣
}

𝑃 7−! ker(𝑃) ,

∼ (3.21)

and, again, this homeomorphism is evidently equivariant for the given group actions.
Therefore, we are reduced to showing that the space of gapped Bloch Hamiltonians
is equivariantly homotopy equivalent to the space of normalized Bloch Hamiltonians
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on the left of (3.20). To this end, consider the maps

𝑁  − [ 𝑁

B
(
C𝑣+𝑐

)
gap ≡

{
𝐻 ∈ B

(
C𝑣+𝑐

) ���� 𝐻†=𝐻
Eig<0≃C𝑣
Eig>0≃C𝑐

} {
𝑁 ∈ B

(
C𝑣+𝑐

) ���� 𝑁†=𝑁
Eig−1≃C𝑣
Eig+1≃C𝑐

}
𝐻 7−! 𝐻 ◦

√
𝐻2−1

,

(3.22)

where, on the right,√− denotes the unique positive definite operator square root, and
(−)−1 its inverse operator.

Now, the map going right-left-right is the identity, so that we are reduced to
showing that the map going left-right-left is equivariantly homotopic to the identity:

𝜂 :
(
𝐻 7! 𝐻 ◦

√︁
𝐻2

−1)
⇒

(
𝐻 7! 𝐻

)
. (3.23)

But such a homotopy is, for instance, given by

B
(
C𝑣+𝑐

)
gap × [0, 1] B

(
C𝑣+𝑐

)
gap

(𝐻, 𝑡) 7−! 𝐻 ◦
(
(1 − 𝑡)

√
𝐻2−1

+ 𝑡
)
,

𝜂

(3.24)

whose equivariance is again evident. □

In summary, we have seen that

The 𝐺-symmetry protected 𝑣-band topological phases of 𝑑-dimensional crys-
talline gapped quantum materials with access to 𝑐 conduction bands are classified
by 𝐺-equivariant nonabelian cohomology of the Brillouin torus with coefficients
in Gr𝑣+𝑐𝑣 .

in that, with (3.18):
(𝑣, 𝑐)Phases(𝑑)𝐺 ≃ 𝐻𝐺

(
𝑇𝑑 , Gr𝑣+𝑐𝑣

)
. (3.25)

This classification is “unstable” (called “fragile” or “delicate”, cf. [nL-UT]) in that
in its assumption of fixed finite numbers 𝑣 and 𝑐 of valence and conductions bands
accessible by the system, its classification may break down when more bands become
accessible to the system, in particular in the stable K-theoretic limit where 𝑣, 𝑐 ! ∞.

Example 3.1.2 (Fragile crystalline 2-band insulator phases). The prominent case of
crystalline 2-band Chern phases (cf. [AF15][Ser23, §8-9] such as the Haldane model,
cf. [Ser23, §8.3]) corresponds to setting 𝑣 ≡ 𝑐 ≡ 1 in (3.25) and 𝜎 ≡ e in (3.15). In
this case the fragile classifying space (3.19) happens to be given by the 2-sphere

Gr2
1 ≃ C𝑃1 ≃ 𝑆2 , (3.26)

whence (3.25) says [SS26a, (17)][SS25i] that the most fine-grained fragile crystalline
Chern-phases are classified by the equivariant form [Cru03, SS20] of Cohomotopy
cohomology theory (cf. [STHu59, §VII][FSS23, Ex. 2.7])

𝜋𝑛 (−) := 𝜋0Map
(
−, 𝑆2) (3.27)
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in “degree” 𝑛 = 2:
(1, 1)Phases(𝑑)𝐺 ≃ 𝜋2

𝐺

(
𝑇𝑑

)
≡ 𝜋0 Map

(
𝑇𝑑 , C𝑃1)𝐺 , (3.28)

hence by the connected components of the equivariant mapping space (4.14) to the
2-sphere.

This is the example on which we will focus now. While Chern phases have
received considerable attention, in particular in their 2-band form, actual analysis of
their fragile crystalline phases (3.28) seems to have found little to no attention before
we brought up the issue in [SS26a, (17)][SS25i].

3.1.3 Mass Terms gapping Nodal Lines
Following Ex. 3.1.2, we go one step further and take account of the topological class
of the process by which the 2-band Chern insulator phases Ex. 3.1.2 are obtained by
“gapping out” nodal lines. A nodal line in a topological semimetal (cf. [nL-TS]) is a
curve in the Brillouin torus (3.7) over which the bulk energy gap between the valence
and the conduction bands closes. A deformation of the material, reflected in a mass
term being added to its Bloch Hamiltonian, may lift the band energy degeneracy over
the previous nodal curve to turn the topological semimetal into a topological insulator
(3.11).

Typically, such band nodes are “protected” by a symmetry (3.12), such as by Z2
“mirror symmetry” (cf. [Fa+16, §2.A][Ma+18]), which acts on the Brillouin torus by
reflection of the 𝑥-coordinate (say):

Z2 × 𝑇3 𝑇3(
[1], [𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧]

)
7−! [−𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧]

(3.29)

and acts on the bands as the 𝑋 Pauli matrix (5.95):

−i𝛾(i) ≡
(
1 0
0 −1

)
. (3.30)

The nodal line then lies in one of the mirror planes [𝑘𝑥] = 0, say at 𝑘𝑥 = 0, where
the band symmetry (3.13) implies that the Bloch Hamiltonian, which may generally
be expanded in the Pauli matrices (5.95) as

𝐻[ ®𝑘 ] = ℎ[ ®𝑘 ] − i
(
ℎ𝑥
[ ®𝑘 ]
𝛾(i) + ℎ𝑦

[ ®𝑘 ]
𝛾(j) + ℎ𝑧

[ ®𝑘 ]
𝛾(k)

)
∈ B

(
C2) ,

ℎ
(−)
[ ®𝑘 ]

∈ R ,
(3.31)

is of the form
𝐻[0,𝑘𝑦 ,𝑘𝑧 ] = ℎ[0,𝑘𝑦 ,𝑘𝑧 ] − iℎ𝑥[0,𝑘𝑦 ,𝑘𝑧 ]𝛾(i) , (3.32)

with vanishing energy gap on the nodal line 𝜙 :𝑆1 𝑇3,

ℎ𝑥[0,𝑘𝑦 ,𝑘𝑧 ] = 0 ⇔ [0, 𝑘𝑦 , 𝑘𝑧] ∈ 𝜙(𝑆1) ⊂ 𝑇3. (3.33)

Conversely, the mass term perturbation which gaps this nodal curve (cf. [SS23b, p.
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23]) typically needs to anti-commute (cf. [MF13, (4)][CS14, p. 8][FH21, Lem 9.55])
with the Bloch Hamiltonian there, breaking the mirror symmetry. With the mass term
relevant only on a tubular neighborhood of the nodal curve, we may therefore consider
it as localized on the nodal curve, where it hence is of the form

𝑀𝑠 = −i
(
𝑚
𝑦
𝑠 𝛾(j) + 𝑚𝑧𝑠 𝛾(k)

)
(𝑚𝑥𝑠 , 𝑚

𝑦
𝑠 ) ∈ R2 \ {0}

𝑠 ∈ 𝑆1 ,

(3.34)

hence equivalently
𝑀𝑠 = −𝑚𝑠 𝑒

𝛼𝑠
2 𝛾 (i) · i𝛾(j) · 𝑒−

𝛼𝑠
2 𝛾 (j)

,

𝑚𝑠 ∈ R>0 ,

𝛼𝑠 ∈ R .

(3.35)

3.1.4 Classifying Fibration for Mass Terms
The above analysis (3.34) shows (which may not previously have been appreciated)
that there is topology in the choice of mass term, classified by a winding number.
(Mathematically, this is of just the form familiar from the Su-Schrieffer-Heeger model,
cf. [AOP16, §1], but the physical phenomena described in both cases are different.)

Concretely, the above formula (3.35) makes manifest that, after picking any Bloch
basis state for the valence bundle over the basepoint [0] ∈ 𝑆1, the variation of the
mass term along the nodal curve is equivalently reflected by the correspondingly
varying family of its Bloch eigenstates, say

𝑠 7−! 𝑒
𝛼𝑠
2 𝛾 (i)

(
+1
−1

)
=

(
+𝑒+i 𝛼𝑠2

−𝑒−i 𝛼𝑠2

)
. (3.36)

We observe now that this family of Bloch states over the (previous, now gapped)
nodal curve, reflecting the choice of gapping process (mass term) giving rise to a
fully gapped 2-band insulator phase 𝐻(−) : 𝑇𝑑 C𝑃1, is exactly the choice of a
dashed arrow making the following diagram commute

𝑆1 R𝑃3𝑣 · R

𝑇𝑑 C𝑃1𝑣 · C ,

𝜙

𝑠 7!
©­­«
+𝑒+i

𝛼𝑠
2

−𝑒−i
𝛼𝑠
2

ª®®¬·Z2

𝑡C

𝐻(−)

(3.37)

where the map on the right is the factor of the complex Hopf fibration from (5.124).
To note here how the commutativity of this diagram accurately reflects the aspects

of the gapping process relevant for topological classification: The composite left-
bottom map identifies the fibers of the valence bundle (after the gapping) over the
locus where the nodal gap closure had been, and the composite top-right map identifies
these with exactly the fibers that the mass term has produced by shifting away the
degenerate conduction band.
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This indicates that the classification of topological insulator phases which takes
into account their origin by gapping a given topological semimetal phase with a nodal
curve 𝜙, is given not just by plain Cohomotopy as in (3.28), but by its relative twisted
version 𝐻

(
𝜙, 𝑡C

)𝐺 from Fig. 2.6.
Note that the above dashed map (3.37) has codomain R𝑃3 ≃ 𝑆(C2)/Z2 instead of

𝑆(C2) itself because with the mass term (3.35) being a well defined function on 𝑆1,
the Bloch states (3.36) are in general only periodic up to sign inversion. Explicitly,
iff the winding number of the mass term (3.35) is even then the dashed map (3.37)
factors via 𝑆(C2) R𝑃3 (5.124) through the actual C-Hopf fibration

even mass term winding ⇒
𝑆1 𝑆(C2)

𝑇𝑑 C𝑃1 .

𝜙

𝑠 7!
©­­«
+𝑒+i

𝛼𝑠
2

−𝑒−i
𝛼𝑠
2

ª®®¬
𝑝C

𝐻(−)

(3.38)

In conclusion, we find that 2-band gapped topological phases together with the
gapping process that made room for it, of nodal curves 𝜙 in a parent semi-metal
phase, are jointly classified by the relative twisted generalization of the (equivariant)
Cohomotopy classification from Ex. 3.1.2 which is classified by the fibration 𝑡C (5.124)

𝐻𝐺
(
𝜙; 𝑡C

)
= 𝜋0


Σ1 R𝑃3

𝑇𝑑 C𝑃1

𝜙 𝑡C

𝐻(−)


𝐺

. (3.39)

This describes the (potentially) practically relevant physical situation where the topo-
logical insulator phase remains close enough to the parent nodal line semimetal phase
that its deformations cannot reach insulator phases that arise from topologically dis-
tinct gapping processes.

3.1.5 Stabilization to K-Theory
Still more popular in the current literature than unstable/fragile band topology (3.25)
is (cf. [nL-QK]) the coarser but stable classification of crystalline topological phases
in equivariant K-theory (5.83).

Our construction in § 5.2 now gives, first of all, the coarsening cohomology
operation from the fine-grained but fragile crystalline phases classified by equivariant
2-Cohomotopy (3.28) to coarse but stable classification by equivariant K-theory
(5.83):

Given a rank=2 unitary representation𝑈 (3.12) of the crystal point group 𝐺, and
hence the induced stable 𝐺-action on Fredgr as in Ntn. 5.2.27

𝐺 U(2) U(H) Aut
(
Fredgr

)
,

𝑈
⊕

N 𝛾 (3.40)

encoding the given band symmetry as per (3.13), composition with the map which is
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the tautological C𝑃1-parameterized Fredholm operator (as in Lem. 5.2.29) gives the
cohomology operation from fragile equivariant 2-Cohomotopy to stable equivariant
K-theory, shown at the bottom here:

C𝑃1 Fredgr

𝜋0 Map
(
𝑇𝑑 , C𝑃1)𝐺 𝜋0 Map

(
𝑇𝑑 , Fredgr

)𝐺
𝜋2
𝐺

(
𝑇𝑑

)
KU𝐺

(
𝑇𝑑

)
.

𝐺

𝐹 taut
C𝑃1 ⊖ 𝐹C1

triv

𝐺

(
𝐹 taut
C𝑃1 ⊖ 𝐹C1

triv

)
∗

ch𝜋/𝐾

(3.41)

Recalling the construction of this map from § 5.2, at 𝑃 ∈ C𝑃1 the tautological
Fredholm operator is 𝐹 taut

𝑃
= 𝐹𝑃 (5.144), which is the Fredholm operator incarnation

(5.55) of the projector 𝑃. Unwinding the definitions, this recovers the normalized
Bloch Hamiltonian in its Pauli matrix expansion (cf. [SS26c, §6.2.3]).

Secondly, we obtain the refinement of this stabilization construction to the relative
twisted classification (3.39) of 2-band insulator phases sensitive to the gapping pro-
cedure form their nodal line semimetal parent phase: The corresponding cohomology
operation is now given by forming the pasting composite according to Fig. 2.6 with
the R𝑃3-relative form of the homotopy ℎKU

1 from Prop. 5.2.30:

𝐻𝐺
(
𝜙; 𝑡C

)
𝐻𝐺

(
𝜙; 𝛾KU

1
)

©­­­­­­«
Σ1 R𝑃3

𝑇𝑑 C𝑃1

𝜙

𝑀(−)

𝑡C

𝐻(−)

ª®®®®®®¬
7−!

©­­­­­­­­«

Σ1 R𝑃3 R𝑃4

𝑇𝑑 C𝑃1 Fredgr

𝜙

𝑀(−)

𝑡C ( 𝑓 RC )∗𝛾KU
1

ℎ
KU
1

𝐻(−) 𝐹 tau
C𝑃1 ⊖𝐹

C1
triv

ª®®®®®®®®¬
.

(3.42)

3.2 M-Brane Charges
We here discuss (along the lines of Figs. 2.6 and 2.7) the measurement in topological
K-theory of the charges on M5-brane worldvolumes (such as sourced by the singular
self-dual string), which microscopically are in twisted relative Cohomotopy. This will
also give us occasion to make precise and complete an old suggestion of [Ho98, (3.7,
3.17)][Wi01, p. 6-8] (see Rem. 3.2.11 below) for how to exhibit D6-brane charge in
K-theory, namely for how to construct an explict map from 𝑆3 ≃ R3

∪{∞} to the space
of self-adjoint Fredholm operators which represents, under Prop. 5.1.18, a generator
of KU1 (𝑆3) ≃ Z.
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3.2.1 Recap of abelian (D-)brane charges
In order to make contact with traditional discussion, we briefly recall the gist of the
traditional idea of measuring (D-)brane charges in abelian cohomology (cf. [nL-DK]).
While “well known”, in its totality the following is not always easy to glean from
existing literature.

So let 𝐸 be an abelian cohomology theory (cf. Fig. 2.1) such as:
• 𝐸𝑛 (−) ≃ 𝐻𝑛 (−; 𝐴) — ordinary cohomology,
• 𝐸𝑛 (−) ≃ KU𝑛 (−) — complex topological K-theory.
Then:
• A singular magnetic brane is a substantial source of flux. In the absence of

twistings, the total flux through any sphere enclosing the brane is the same
(Gauß law), hence the flux density on the enclosing spheres scales with a
negative power of their radius and thus diverges at the would-be locus of the
brane, which hence is a singularity. Therefore, the charge/total flux of singular
branes is to be measured on the non-singular complement of their worldvolume.
For flat branes, this complement is homotopy equivalent to the enclosing sphere:

R𝑑 \ R𝑝 ≃ R𝑝 × R>0 × 𝑆𝑑−𝑝−1 ∼
hmtpy

𝑆𝑑−𝑝−1 . (3.43)

The original (theoretical) example is the Dirac magnetic monopole with 𝑑 = 3
and 𝑝 = 0, and with the magnetic flux that is sourced by the monopole measured
in ordinary integral 2-cohomology:

𝐻2 (R3 \ R0;Z
)
≃ 𝐻2 (𝑆2;Z) ≃ Z . (3.44)

TABLE 3.1: Topologies on which to measure the total charge associated with singular (middle
row) and probe D-branes branes (bottom row).

Type IIA Type IIB

D𝑝-brane species D0 D2 D4 D6 D8 D(-1) D1 D3 D5 D7 D9
Enclosing sphere
𝑆9−𝑝−1 ∼ R9 \ R𝑝 𝑆8 𝑆6 𝑆4 𝑆2 𝑆0 𝑆9 𝑆7 𝑆5 𝑆3 𝑆1 𝑆−1

Transverse space
𝑆9−𝑝 ∼ R9−𝑝

∪{∞} × R𝑝 𝑆9 𝑆7 𝑆5 𝑆3 𝑆1 𝑆10 𝑆8 𝑆6 𝑆4 𝑆2 𝑆0

Often overlooked is that the analogue remains true for singular type IIA/B D-
branes (cf. [SS23a, Rem. 4.5]), hence for 𝑑 = 9 and 𝑝 = 2𝑘 or 𝑝 = 2𝑘 + 1,
respectively, with the total RR-flux that they source measured in KU0 or KU1,
respectively (cf. the second row of Tab. 3.1):

KU0 (R9 \ R𝑝=2𝑘 ) ≃ KU0 (𝑆9−2𝑘−1) ≃ Z ,

KU1 (R9 \ R𝑝=2𝑘+1) ≃ KU1 (𝑆9−2𝑘 ) ≃ Z .
(3.45)

Instead, the traditional literature insists that D-brane charge in type IIA/B is
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measured in KU1/KU0, respectively (degrees reversed) — but this statement
refers to the charge not of substantial singular branes but of “probe branes”,
which is of different conceptual nature:

• An electric probe brane is like a fundamental particle in perturbation theory,
hence not “back-reacted”. The spacetime topology is hence unaffected by their
presence, and their charge/number is the integral, in 𝐸𝑑−𝑝 , of a density on the
compactified transverse space. For flat branes, this is homotopy equivalent to
another sphere:

R𝑝 ×
(
R𝑑−𝑝∪{∞}

)
≃ R𝑝 × ×𝑆𝑑−𝑝 ∼

hmtpy
𝑆𝑑−𝑝 . (3.46)

The archetypical example is electric fundamental particles (like electrons)
whose total charge/number is measured in ordinary integral cohomology:

𝐻3 (R0 × R3
∪{∞} ;Z

)
≃ 𝐻3 (𝑆3;Z

)
≃ Z . (3.47)

Applied to D-branes (cf. the bottom row in Tab. 3.1), this gives the formulas
found in the traditional literature [nL-DK] on “D-brane charge” :

KU9−2𝑘 (R2𝑘 × R9−2𝑘
∪{∞}

)
≃ KU1 (𝑆9−2𝑘 ) ≃ Z

KU9−2𝑘−1 (R2𝑘+1 × R9−2𝑘−1
∪{∞}

)
≃ KU0 (𝑆9−2𝑘−1) ≃ Z

(3.48)

It is, tacitly, this second set of formulas, for probe D-branes, which led to the
proposal [Ho98, (3.7, 3.17)][Wi01, pp. 6-8] for formulas for D6-brane charge
in KU1 (𝑆3) in terms of Fredholm operators parameterized over their transverse
space R3

∪{∞} .
Below in § 3.2.3 we complete these old arguments. But what actually motivates

us here is that (§ 3.2.2) the same mathematics also describes stable measurement of
charges on M5-branes (such as of the self-dual 1-brane there), along the lines of § 2.2.

3.2.2 Charge on M5 probes of flat space
Consider the simple but important case of Fig. 2.7 where an M5 brane worldvolume
Σ1,5 probes flat Minkowski spacetime.1

Since this ambient bulk spacetime is contractible, its microscopic bulk charge
is trivial and equivalently represented by a map constant on a point in 𝑆4, whence
the relative cohomology on the brane worldvolume is microscopically in the plain 3-
Cohomotopy of Σ5. Measuring this charge in relative KU0 is equivalent to measuring

1But the following depends only on the pullback of the bulk Cohomotopy charge to the M5-worldvolume
being trivial, 𝜙∗ (𝐹 𝜋4 , 𝐹

𝜋
7 ) ≃ 0, which is the case for instance also for holographic embeddings of M5-

branes into AdS7 × 𝑆4, cf. [GSS25b].
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it in ΩKU0 ≃ KU1 by pushforward along the unit Σ31KU : 𝑆3 KU1

Σ5 𝑆3 𝑆7 ∗

R10 ∗ 𝑆4 KU0

𝜙

⌟
𝑝H

ℎKU
3

∼
Σ41KU

≃

Σ5 𝑆3 ∗

KU1

R10 ∗ KU0 .

𝜙

Σ 31 KU

⌟

∼

(3.49)

Example 3.2.1. The primary singular brane (cf. § 3.2.1) on the M5-worldvolume is
the 1-brane known as the self-dual string or M-string [nL-MSt], which is the source of
the self-dual 𝐻3-flux (cf. [GSS25a, §3.3]): Its enclosing sphere (3.43) is the 3-sphere

Σ5 ≡ R5 \ R1 ≃ R1 × R 0 × 𝑆3 ∼
hmtpy

𝑆3 , (3.50)

so that its microscopic brane charge in Cohomotopy is

𝜋3 (Σ5) ≡ 𝜋0
{
Σ5 𝑆3} ≃ Z , (3.51)

as it should be. And, in fact, this is already equal to the stable brane charge as seen
in K-theory, in that the coarsening cohomology operation is an isomorphism, in this
case:

𝜋3 (Σ5) ≃ 𝜋0
{
Σ5 𝑆3} (Σ31KU )∗

∼ 𝜋0
{
Σ5 KU1} ≃ KU1 (𝑆3) . (3.52)

In order to understand this M5-worldvolume charge measurement in K-theory
more generally and more deeply, we proceed to construct an explicit model for Σ31KU

as a map to self-adjoint Fredjolm operators:

3.2.3 The 3-sphere of self-adjoint Fredholm operators
By Prop. 5.1.18 we have{

𝑆3 Fred+C
}
≃ 𝜋0 KU1 (𝑆3) ≃ Z . (3.53)

We ask now for an essentially explicit formula for the map on the left that
corresponds to 1 ∈ Z on the right. Basic as this question is, it does not seem to
have been discussed in the mathematical literature. But a partial suggestion for how
to go about this construction may be understood to have been proposed by [Ho98,
(3.7, 3.17)][Wi01, pp. 6-8], there with the aim of describing the K-theory charge of
D6-branes (whose transversal space is ≃ 𝑆3). We will now complete this suggestion
to a rigorous solution. The key to that is the following Prop. 3.2.9 (of which [Ho98,
(3.7)] may be have been an echo).

Before discussing this proposition and its consequences, first to recall some basic
operator algebraic background:

Definition 3.2.2 (Spectrum of self-adjoint operators). The spectrum spec(𝐴) ⊂ C of
a linear operator 𝐴 ∈ B(H) is the subset of 𝜆 ∈ C for which 𝐴 − 𝜆 · id does not have
a bounded linear inverse. For self-adjoint operators, where the spectrum is real

𝐴† = 𝐴 ⇒ spec(𝐴) ⊂ R , (3.54)
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this is (cf. [Mor17, Rem. 9.15 ]) the union of
(i) the discrete spectrum specdsc (𝐴) ⊂ spec(𝐴), consisting of those eigenvalues 𝜆

of 𝐴 which are

(a) isolated: there exists 𝜖 ∈ R>0 such that (𝜆 − 𝜖, 𝜆 + 𝜖) ⊂ R contains no
other point of spec(𝐴),

(b) of finite geometric multiplicity: the eigenspace ker(𝐴 − 𝜆 · id) is finite-
dimensional,

(ii) the essential spectrum which is remainder:
specess (𝐴) = spec(𝐴) \ specdsc (𝐴) . (3.55)

Definition 3.2.3. The unitary Fredholm group (cf. [nL-FG]) is the subgroup of
unitary operators on H (5.1) which differ from the identity by a compact operator:

U𝑐 (H) :=
{
𝑈 ∈ U(H)

�� 𝑈 − id ∈ K(H)
}
. (3.56)

We will also be interested in the space
−U𝑐 (H) :=

{
𝑈 ∈ U(H)

�� 𝑈 + id ∈ K(H)
}
, (3.57)

which is not a group, but as a space is homeomorphic to the unitary Fredholm group.

Lemma 3.2.4. The group homomorphism from the stable unitary group to the unitary
Fredholm group (3.56), given by stabilizing unitary matrices⋃

𝑛∈N U(C𝑛) U𝑐 (H)
(𝑈, 𝑛) 7−! 𝑈 ⊕

⊕
N>0

idC𝑛
(3.58)

is a weak homotopy equivalence, in that it induces isomorphisms on all homotopy
groups.

Notation 3.2.5. Recall from Rem. 5.1.19 that the non-contractible component of the
space self-adjoint complex Fredholm operators, Fred+C, is that where these have both
positive and negative essential spectrum (Def. 3.2.2). Denote the further subspaces
with essential spectrum concentrated on ±1 ([SSi69, below (2.5)]) and with actual
spectrum concentrated on ±1 as follows, respectively:

F0 :=
{
𝑓 ∈ Fred+C

�� spec( 𝑓 )
={+1,−1}

}
F :=

{
𝑓 ∈ Fred+C

�� specess ( 𝑓 )={+1,−1}
| 𝑓 |=1

}
Fred+C,∗ :=

{
𝑓 ∈ Fred+C

�� specess ( 𝑓 )∩R>0≠∅
specess ( 𝑓 )∩R<0≠∅

}
.

(3.59)

Remark 3.2.6. By functional calculus, the elements 𝑓 ∈ F0 (3.59) satisfy:
𝑓 ∈ F0 ⇒ 𝑓 2 = id . (3.60)

Example 3.2.7. Let 𝐷 (Him) ≃ 𝐷3 denote the closed unit ball in the space of imagi-
nary quaternions (Def. 5.2.1). Under the representation of such quaternions 𝑥 ∈ Him
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by Pauli matrices 𝛾𝑥 (Ex. 5.2.2) these give self-adjoint elements −i𝛾𝑥 ∈ B(C2) of
operator norm |𝛾𝑥 | = |𝑥 | ∈ [0, 1]. Therefore, stabilizing these matrices by forming
their direct sum with infinitely many copies of diag(+1,−1) ∈ B(C2), under (5.2),
they constitute elements of the space F (3.59). Precisely when 𝑥 ∈ 𝐷 (Him) is on the
boundary, hence if |𝑥 | = 1, then this stabilized element is actually in F0 ⊂ F . Hence,
we have a commuting diagram of maps of this form:

𝑥 −i𝛾𝑥 ⊕
⊕

N>0

(
+1 0
0 −1

)
𝐷3 ≃ 𝐷 (Him) F

𝑆2 ≃ 𝜕𝐷 (Him) F0 ,

stab (3.61)

and therefore a map of quotient spaces

𝑆3 ≃ 𝐷 (Him)/𝜕 F/F0 .
stab (3.62)

Our next goal is to show that this map represents the generator of KU1 (𝑆3) ≃ Z.

Lemma 3.2.8. The second inclusion in (3.59) is a homotopy equivalence, as is the
coprojection of the quotient by the first inclusion:

F/F0 F Fred+C,∗ .
∼

hmtpy
∼

hmtpy
(3.63)

Proof. The first statement (concerning the right map) is [SSi69, below (2.5)]. We
proceed to prove the second statement (concerning the left map). For that we invoke
some basic homotopy theory which we have not reviewed here, but which may be
found in standard textbooks, such as [AGP02].

Namely, we claim that the first inclusion in (3.59) is a Hurewicz cofibration
([AGP02, Def. 4.1.5]) including a contractible space:

∗ F0 F .
∼

hmtpy ∈Cof
(3.64)

To see that F0 is contractible, note with (3.60) that, under passage to eigenspaces,
the operators in this space correspond to choices of direct sum decompositions H ≃
H+ ⊕ H− . This shows that F0 is a Grassmannian homeomorphic to

F0 ≃ U(H)/
(
U(H) × U(H)

)
, (3.65)

and hence its contractibility is a consequence of Kuiper’s theorem (5.16).
To see that we have a cofibration: Since all spaces of operators in question are

metric spaces (as subspaces of bounded operators with the operator norm topol-
ogy) they are perfectly normal Hausdorff spaces (cf. [AGP02, Def. 4.1.13]). More-
over, F0 ⊂ F is a closed subspace (being the preimage of {0} under the map
F B(H) : 𝑓 7! 𝑓 2 − id). Therefore it is sufficient (by [AGP02, Thm. 4.1.14])

to see that the inclusion is a strong deformation retract of a neighborhood [AGP02,
Def. 4.1.11]. That neighborhood may be taken to be the invertible operators among
F , and the retraction may then be given by functional calculus, shifting all points in
the spectrum to their sign in {+1,−1}.
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This implies the claim by the general fact (by [AGP02, Thm. 4.2.1]) that the
quotient coprojection of a cofibrantly included contractible space is a homotopy
equivalence. □

Proposition 3.2.9 (The Atiyah-Singer exponential map). The following exponential
map from the self-adjoint Fredholm operators in F (3.59) to minus the unitary
Fredholm group −U𝑐 (H) (3.57) is a homotopy equivalence:

exp
(
i𝜋(−)

)
: F −U𝑐 (H) ,∼

hmtpy
(3.66)

which as such descends to the quotient by F0:

exp
(
i𝜋(−)

)
: F/F0 −U𝑐 (H) .∼

hmtpy
(3.67)

Proof. The first statement is [SSi69, Prop. 3.3]. To see that the map as such passes
to the quotient, as claimed in the second statement, recall that 𝑓 ∈ F0 implies that
𝑓 2 = id (3.60), whence Euler’s formula gives that:

𝑓 2 = id ⇒
{
exp

(
i𝜋 𝑓

)
= cos(𝜋) · id + sin(𝜋) · 𝑓
= −id . (3.68)

Therefore we have a commuting diagram

F −U𝑐 (H)

F /F0 ,

∼
hmtpy

∼

hm
tp

y

(3.69)

where the top map is a homotopy equivalence by (3.66) while the left map is a homo-
topy equivalence by (3.63). By the “2 out of 3”-property of homotopy equivalence,
this implies the claim that also the diagonal map is a homotopy equivalence. □

Now we are ready to prove:

Proposition 3.2.10. Under the equivalence of Prop. 5.1.18, the generator of KU1 (𝑆3)
is represented by forming stabilized Pauli matrices (3.62):

𝜋0

{
𝑆3 d F/F0

}
≃

(3.63)
𝜋0

{
𝑆3 d Fred+C

}
≃

(5.71)
KU1 (𝑆3) ≃ Z[

𝐷 (Him)
stab
d F

]
1 .

(3.70)

Proof. Since the exponential map (3.67) is a homotopy equivalence, it is sufficient to
see that the composite

𝑆3 ≃ 𝐷 (Him)/𝜕 F/F0 −U𝑐 (H)

𝑥 7−! −i𝛾𝑥 ⊕
⊕

N

(
+1 0
0 −1

)
7−! 𝑒𝜋𝛾𝑥 ⊕ (−id⊕

N C2 )

stab exp(i𝜋 (−) )

(3.71)

represents the generator of 𝜋3
(
U𝑐 (H)

)
≃ Z. But, as seen from its components shown

in the second row, this map is, up to stabilization, just the exponential map from
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the unit ball in the Lie algebra 𝔰𝔲(2) onto SU(2) ≃ 𝑆3 and as such represents the
generator of 𝜋0{𝑆3 d 𝑆3} ≃ Z, by Lem. 3.2.4. □

Remark 3.2.11. The terms −i𝛾𝑥 and 𝑒𝜋𝛾𝑥 in (3.71) clearly want to correspond with
the expressions in [Ho98, (3.7, 3.17)][(3.2)][Wi01], under the syntactic translation

−i𝛾𝑥 ↔
®𝜎 · ®𝑥
|𝑥 | .

In [Ho98], it had remained open in which spaces these expressions are meant to take
values and how they actually represent the claimed K-theory classes. In particular,
[Wi01] pointed out that some argument for trivialization of these expressions at |𝑥 | = 1
was missing, and suggested that the resolution has to do with Kuiper’s theorem. But
the spaces in which this would happen were still not declared, nor a reason given
for why the result represents a class in KU1 (𝑆3), and specifically the generator. We
suggest that Prop. 3.2.10 fills these gaps and thereby completes this old argument.
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4
Nonabelian Cohomology

We give a pedagogical and practical new account of a streamlined theory of topologi-
cal stacks (in § 4.1, as a faithful fragment of the smooth ∞-groupoids briefly recalled
in Thm. 9.1.19) neatly supporting a general notion of twisted orbifold cohomology
(in Def. 4.2.5 below).

Here “topological stacks” (cf. [Car12][SS26c, §4.2]) refers to the geometric ho-
motopy theory (cf. Thm. 9.1.19) of groupoids (cf. [IR21] and § 4.1.5) with topological
structure (topological groupoids, cf. [Mac87, §II][SS26c, §2.2.1]), subject to Morita
equivalences (discussed in § 4.1.6). This may be viewed as the first-stage enhance-
ment of classical general topology to include gauge transformations between points
of topological spaces: such as the isotropy group actions in orbifolds and the quantum
symmetry actions in spaces of Fredholm operators — which in fibered combination
makes for the twisted orbifold K-theory discussed in § 5.1.

For perspective, afterwards we briefly indicate (in Thm. 9.1.19) how this theory
of topological stacks is a full fragment of the more encompassing cohesive homotopy
theory of smooth ∞-groupoids ([SS26c, §4.3], going back to [SSS12, §3.1][Sc13])
which we discuss in more detail in § 9.1.1. This is in the general context of “geometric
homotopy theory” (∞-topos theory [TV05, Lu09a][FSS23, §1]) — see exposition for
mathematical physicists in [Sc25].

4.1 Topological Orbifolds
Discussion of topological stacks in traditional literature may tend to look mysteri-
ous to the newcomer and cumbersome to the expert. We spell out an approach (in
specialization of Thm. 9.1.19) which is transparent and practically useful.

4.1.1 Topological Spaces
To set up notation, first some quick paragraphs on topological spaces in general.
(Beware that from § 4.1.2 on we will be entirely concerned only with the special case
of D-topological spaces.)

For 𝑋 a topological space, we write
• 𝜋0𝑋 for its set of path-connected components,
• ♭𝑋 for its underlying set of points,

59
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both regarded as discrete topological spaces, if necessary. We write:
• “∗” for the singleton space (the point),
• “∅” for the empty set regarded as a topological space.
The archetypical topological spaces for our purposes (cf. the next § 4.1.2) are the

Cartesian spaces R𝑛 with their usual Euclidean topology. For a pair of topological
spaces (𝑋,𝑌 ), an arrow 𝑋 ! 𝑌 denotes a continuous function between them, called a
map, for short. On every space 𝑋 there is the identity map 𝑋 id

−! 𝑋 . A homeomorphism
is a map 𝑓 which has an inverse map 𝑓 −1, denoted 𝑓 : 𝑋 ∼

−! 𝑌 , hence such that
𝑓 −1 ◦ 𝑓 = id and 𝑓 ◦ 𝑓 −1 = id. A most basic but important example for our purpose
is the homeomorphy of Cartesian spaces with their own open balls of any radius
𝜖 ∈ R>0:

R𝑛 D𝑛𝜖 :=
{
𝑥 ∈ R𝑛

�� |𝑥 | < 𝜖}
𝑥 7−! 𝜖 𝑥

1+|𝑥 | .

∼

(4.1)

A diagram of maps is always meant/understood to commute in that all composite
maps between any pair of spaces in the diagram are equal. Notably a commuting
square is:

𝑌 𝐵

𝑋 𝐴

𝜙

𝑐

𝑝

𝑏

⇔ 𝑝 ◦ 𝑐 = 𝑏 ◦ 𝜙 . (4.2)

The following are some universal constructions on topological spaces (cf. [Sc17a,
§I.6]) that we need:

Definition 4.1.1. For 𝑋 𝐵 𝑌
𝑓1 𝑓2 a pair of coincident maps, their fiber product, or

pullback (pb) of one along the other, is 𝑋 ×
𝐵
𝑌 𝑋 × 𝑌(𝑝1 , 𝑝2 ) , unique up to compatible

homeomorphism, which makes the following bottom right square of maps commute
(4.2), and universally so in that it uniquely factors (shown by the dashed map) every
other completion to a commuting square:

𝑄

𝑋 ×
𝐵
𝑌 𝑌

𝑋 𝐵 .

∀

∀

∃!

⌟
𝑝1

𝑝2

𝑓2

𝑓1

(4.3)

Dually, for 𝑋 𝑇 𝑌
𝑓1 𝑓2 a pair of co-emanent maps, their cofiber product, or

pushout (po) of one along the other, is 𝑋
𝐵
⊔ 𝑌 𝑋 × 𝑌(𝑞1 ,𝑞2 ) , unique up to compatible

homeomorphism, which makes the following top left square of maps commute (4.2),
and universally so in that it uniquely factors (shown by the dashed map) every other
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completion to a commuting square:

𝑇 𝑌

𝑋 𝑋
𝑌
⊔ 𝑌

𝑄 .

⌜

𝑓2

𝑓1
𝑞2

∀

𝑞1

∀

∃!

(4.4)

Definition 4.1.2. For a pair of parallel maps 𝑇 𝑋
𝑓1
𝑓2

, their coequalizer is

𝑋 𝑋/𝑇𝑞 , unique up to compatible homeomorphism, which makes the follow-
ing horizontal composites agree, and universally so in that it uniquely factors (shown
by the dashed map) every other such coequalizing completion:

𝑇 𝑋 𝑋/𝑇 .

𝑄

𝑓
𝑔

∀

𝑞

∀ ∃! (4.5)

Concretely, 𝑋/𝑇 is the quotient space by the smallest equivalence relation ∼ on
𝑋 for which 𝑓1 (𝑥) ∼ 𝑓2 (𝑥) for all 𝑥 ∈ 𝑋 .

Example 4.1.3 (cf. [BT82, p. 217][AGP02, §3.1]). For 𝑛 ∈ N a pushout (4.4) along
the boundary inclusion of the closed 𝑛-dimensional unit ball, 𝑆𝑛−1 = 𝑆(R𝑛) ↩!
𝐷 (R𝑛) = 𝐷𝑛, is called an 𝑛-cell attachment

𝑆(R𝑛) 𝐷 (R𝑛)

𝑋 𝑋 ∪ 𝑓 𝐷𝑛
𝑓 ⌜ (4.6)

with attaching map 𝑓 . A topological space that arises from∅ via (possibly transfinite)
sequences of such 𝑛-cell attachments is called a cell complex and a CW-complex if
the cell dimension 𝑛 is increasing monotonically in the process.

Proposition 4.1.4 (Pasting law, cf. [nL-PL]). Given a “pasting” diagram of com-
muting squares, (4.2) then:

(i) If the right square is a pullback (4.3), then the left square is so iff the total
rectangle is.

(ii) If the left square is a pushout (4.4), then the right square is so iff the total
rectangle is.

4.1.2 D-Topological Spaces
The topological spaces that one actually cares about in geometry are probeable (cf.
[Sc25]) by Cartesian spaces R𝑛 (𝑛 ∈ N) with their standard Euclidean topology, in
that they are D-topological (cf. [nL-DT][SS26c, Ntn. 4.3.19]):



62 Geometric Orbifold Cohomology

Definition 4.1.5. A topological space 𝑋 is called D-topological (traditionally: Delta-
generated or numerically generated) if their subsets 𝑆 ⊂ 𝑋 are open iff their preimages
under all maps of the form R𝑛 ! 𝑋 are open in Cartesian space.

Basic classes of examples D-topological spaces include, in increasing generality:
• topological manifolds,
• cell complexes (Ex. 4.1.3),
• retracts of cell complexes,

and thereby all the cofibrant spaces of algebraic topology (cf. [nL-CM]).
More generally, all pushouts (4.4) (and generally: colimits) of D-topological

spaces are themselves D-topological.
Moreover, the topology of topological spaces 𝐴 may be refined to their induced

D-topology
𝑋𝐷 𝑋

𝑥 7! 𝑥 (4.7)
without changing the maps into it out of D-topological spaces:

𝑋 is D-topological ⇒
{
𝑋 𝐴

}
≃

{
𝑋 𝐴𝐷

}
. (4.8)

In particular this means that for the discussion of cohomology in terms of maps from
manifolds/CW-complexes into classifying spaces (as surveyed in § 2.1) the topology
on the classifying spaces may without restriction be taken to be refined to their
D-topology.

For some pairs (𝑋,𝑌 ) of exotic D-topological spaces, their fiber products 𝑋 ×𝐵 𝑌
(4.3) may fail to be D-topological — but the D-topologization (𝑋 ×𝐵 𝑌 )𝐷 (4.7) still
satisfies the universal property (4.3) among D-topological spaces, and hence is the
correct fiber product (generally: limit) in the category of D-topological spaces.

Finally, the central property of the category of D-topological spaces is its cartesian
closure, meaning that for (𝑋,𝑌 ) a pair of D-topological spaces, the set

Map(𝑋,𝑌 ) ≡
{
𝑋 𝑌

}
(4.9)

of all maps 𝑋 ! 𝑌 becomes a D-topological space (with the D-topologization of the
compact-open topology) such that there are natural homeomorphisms (cf. [SS26c,
Rem. 2.0.17])

Map
(
𝑍 × 𝑋,𝑌

)
Map

(
𝑍,Map(𝑋,𝑌 )

)
𝑓 (−,−) 7−! 𝑓 (−)(−) .

(̃−)
∼ (4.10)

In summary, this says that, in this technical sense, D-topological spaces form a
convenient category of topological spaces (cf. [nL-CS][§1.1.1]SS25-EBund). There-
fore we declare that:

Notation 4.1.6. From now on, by “topological spaces” we mean “D-topological
spaces” (Def. 4.1.5). In consequence, we say “topological group” (4.11) for “D-
topological group” and “topological groupoid” (in § 4.1.5) for “D-topological
groupoid”, etc.
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4.1.3 Spaces with group action
Definition 4.1.7 (cf. [SS26c, §2.1]). For 𝐺 a topological group, hence a topological
space equipped with maps of the form

𝐺 × 𝐺 𝐺 ,
(−) · (−) ∗ 𝐺 ,

e (4.11)
and for 𝑋 a topological space, a (left) topological 𝐺-action on 𝑋 is a map

𝐺 × 𝑋 𝑋

(𝑔, 𝑥) 7! 𝑔 · 𝑥 ,

𝐺 ↷ 𝑋

s.t. ∀𝑥∈𝑋

{
e · 𝑥 = 𝑥
∀𝑔1 ,𝑔2∈𝐺 : (𝑔2 · 𝑔1) · 𝑥 = 𝑔2 · (𝑔1 · 𝑥) .

(4.12)

One also says that 𝐺 ↷ 𝑋 is a 𝐺-space, for short. For a pair 𝐺 ↷ 𝑋 , 𝐺 ↷ 𝑌 of these,
an equivariant map 𝑓 between them is

𝑓 ∈ Map(𝑋,𝑌 ) s.t. ∀𝑥∈𝑋
𝑔∈𝐺

𝑓 (𝑔 · 𝑥) = 𝑔 · 𝑓 (𝑥) . (4.13)

We denote the subspace of the mapping space (4.9) on the 𝐺-equivariant maps as
follows: {

𝑋 𝑌

𝐺

𝑓

𝐺
}
≡ Map(𝑋,𝑌 )𝐺 ⊂ Map(𝑋,𝑌 ) . (4.14)

Here for 𝐺 ↷ 𝑋 a 𝐺-space, the notation
𝑋𝐺 :=

{
𝑥 ∈ 𝑋

��∀𝑔∈𝐺 𝑔 · 𝑥 = 𝑥} ⊂ 𝑋 (4.15)
indicates the 𝐺-fixed subspace.

For example, the plain mapping space between𝐺-spaces becomes itself a𝐺-space
by the conjugation action

𝐺 × Map(𝑋,𝑌 ) Map(𝑋,𝑌 )(
𝑔, 𝑓 (−)

)
7−! 𝑔−1 · 𝑓 (𝑔 · −) (4.16)

and its 𝐺-fixed points (4.15) are precisely the 𝐺-equivariant maps (4.14).
The most basic examples of 𝐺-spaces are the coset spaces for subgroups 𝐻 ⊂ 𝐺,

𝐺/𝐻 :=
{
𝑔 · 𝐻

�� 𝑔 ∈ 𝐺
}

(4.17)
equipped with their inherited 𝐺-action:

𝐺 × 𝐺/𝐻 𝐺/𝐻
(𝑔′, 𝑔 · 𝐻) 7! 𝑔′ · 𝑔 · 𝐻 . (4.18)

We come back to this in (4.67) below.

4.1.4 Homotopy
A homotopy (cf. [FF2016, §3]) between a pair of parallel maps 𝑓 , 𝑔 : 𝑋 ! 𝑌 is a
continuous deformation between them,

𝑋 𝑌

𝑓

𝑔

𝜂 : [0, 1] Map(𝑋,𝑌 ) , (4.19)
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namely a continuous path between the corresponding points ( 𝑓̃ , 𝑔̃) in the mapping
space (4.9), hence a map 𝜂 fitting into this commuting diagram of maps:

𝑋

𝑋 × [0, 1] 𝑌

𝑋

(id,0) 𝑓

𝜂

(id,1)
𝑔

⇔
(4.10)

{0}

[0, 1] Map(𝑋,𝑌 ) .

{1}

𝑓̃

𝜂

𝑔

(4.20)

When the spaces are equipped with𝐺-action (4.12), then an equivariant homotopy
between equivariant maps (4.13) is a homotopy (4.20) running inside the equivariant
mapping space (4.14):

{0}

[0, 1] Map(𝑋,𝑌 )𝐺 Map(𝑋,𝑌 ) .

{1}

𝑓̃

𝜂

𝑔

(4.21)

A map is a homotopy equivalence, to be denoted

𝑓 : 𝑋 𝑌
∼

hmtpy
(4.22)

if there exists a reverse map 𝑓 : 𝑌 𝑋 and homotopies (4.19) of this form:

𝑌 𝑌

𝑋 𝑋 .

𝑓

id

𝑓

id

𝑓 (4.23)

The vertical composition of a composable pair of homotopies (4.19) is the evident
concatenation of these paths of maps

𝑋 𝑌

𝑓

𝑔

ℎ

𝜂1

𝜂2

: (𝑥, 𝑠) 7!
{
𝜂1 (𝑥, 𝑠) if 𝑠 ∈ [0, 1

2 ]
𝜂2 (𝑥, 𝑠) if 𝑠 ∈ [ 1

2 , 1],
(4.24)

while horizontal composition of homotopies by maps is the evident actual composition
of component maps:

𝑋 ′ 𝑋 𝑌 𝑌 ′𝑙
𝑓

𝑔

𝜂
𝑟 : (𝑥′, 𝑠) 7! 𝑟 ◦ 𝜂(−, 𝑠) ◦ 𝑙 (𝑥′) . (4.25)

Combining this, one obtains horizontal composition of homotopies themselves, as

:= (4.26)

(or the other way around, which is different but higher-order homotopic), such as in
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the important special case of pasting composites of “square” homotopies:

:=

.

(4.27)

The higher homotopy theory of such 2- and higher-dimensional diagrams of maps
and homotopies is usefully captured by model category structure on topological
spaces (cf. [nL-CM], for review in our context see [FSS23, §1]). Here we proceed
with making explicit only the most minimum amount of technology necessary at this
point.

4.1.5 Topological Groupoids
A groupoid (cf. [We96][Sc17a, §2.1][IR21][Sc25, p. 6]) is a “set with gauge trans-
formations” between its elements. For example, the phase space of a gauge theory
is a groupoid, whose “objects” are the gauge field configurations and whose “mor-
phisms” are the actual gauge transformations between them. This example is actually
a Lie groupoid, hence with smooth structure on its sets of objects and morphism
(in physics this is best known for infinitesimal gauge transformations only, which
gives the underlying Lie algebroid whose Chevalley-Eilenberg algebra is known as
the BRST complex, cf. [Sc17b, §10].)

For the time being, we disregard smooth structure (we turn to this instead in
Thm. 9.1.19) and consider groupoids in the broad generality where they are equipped
with any topological structure (which here means: any D-topological structure, by
Ntn. 4.1.6, whence the following is about D-topological groupoids):

Definition 4.1.8. A topological groupoid X (cf. [Mac87, §II.1][SS26c, Ntn. 2.2.1])
is a topological space Mor(X) of “morphisms” and a subspace Obj(X) of “objects”
(identity morphisms) — equipped with continuous maps of this form:

Mor(X) ×𝑠 𝑡 Mor(X) Mor(X) Obj(X) ,(−)◦(−)
𝑖

𝑠

𝑡

e (4.28)

such that
(i) 𝑠 ◦ 𝑒 = 𝑡 ◦ 𝑒 = id, which means that the morphisms form a reflexive graph over

the subspace of objects,
(ii) the composition operation (−)◦(−) — of a morphism 𝑓 whose target object 𝑡 ( 𝑓 )

coincides with the source object 𝑠(𝑔) of another morphism 𝑔 — is associative,
and unital with respect to the identity morphisms e𝑥 on objects 𝑥, and has inverse
morphisms given by 𝑖.

For notational transparency, when identities and inverses are understood, it is
often useful to denote topological groupoids by the set of generic pairs of composable
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morphisms and their composites, like this:

X ≡


𝑦

𝑥 𝑧

𝑔

𝑔◦ 𝑓
𝑓

������ 𝑥, 𝑦, 𝑧 ∈ Obj
𝑓 , 𝑔 ∈ Mor

 . (4.29)

Given a topological groupoid X we say:
• The coequalizer (4.5) of the source and taget map is its space of isomorphism

classes:
[X]0 := Obj(X)

/
( ∼𝑠 𝑡 ) . (4.30)

• The fiber of the combined source/target map

Mor(X) Obj(X)2(𝑠,𝑡 ) (4.31)

over a single object 𝑥 := (𝑥, 𝑥) ∈ Obj(X)2 is the isotropy group (or automor-
phism group or stabilizer group) of 𝑥

X𝑥 :=
{
𝑥

𝑔
���� 𝑔 ∈ Mor(X)

}
, (4.32)

with topological group structure (4.11) inherited from the restriction of the
topological groupoid structure.

Remark 4.1.9. There are several natural variants and generalizations of the topolog-
ical groupoids of Def. 4.1.8:

(i) A Lie groupoid (cf. [Mac87][MM03]) is a topological groupoid whose spaces
of objects and morphisms are equipped with the structure of smooth manifolds,
whose structure maps are smooth maps, and whose source and target maps
are submersions, so that their fiber product (of composable morphisms) also
inherits the structure of a smooth manifold.
Most of the following examples and discussion apply to Lie groupoids just as
well. Exceptions are mapping objects, starting with Ex. 4.1.17, which may be
“too large” to be smooth manifolds (nor even Fréchet manifolds, for that matter).

(ii) More generally, one may consider diffeological groupoids, whose morphism
space is equipped with the structure of a diffeological space (cf. [IZ13][SS26c,
Ntn. 4.3.15] and our Def. 8.1.6) and whose structure maps are smooth maps
with respect to that diffeological structure. This class faitfully subsumes both
D-topological groupoids and Lie groupoids and is closed under all operations
discussed here.

(iii) Fully generally, as far as groupoids in differential topology are concerned, one
may consider smooth groupoids [Sc13, Def. 1.2.252][Egg14], whose space of
morphisms is equipped with the structure of a smooth set [Sc13, Def. 1.2.16,
1.3.58][GS25][Sc25][SS26c, Ntn. 4.3.15][IM25] and whose structure maps are
smooth with respect to that. This class faithfully subsumes all of the above but
also contains “non-concrete” groupoids, like the moduli stacks of BΓconn of Γ-
principal bundles with connection ([Sc13, Prop. 1.2.107][FSS14][BSS18, Ex.
2.11], in variation of the plain moduli stack BΓ discussed below in Exs. 4.1.12
and 4.1.33 and Thm. 4.1.13).
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(iv) From this point on it is natural to generalize, finally, to higher smooth groupoids,
namely to smooth ∞-groupoids [Sc13, §4.4][SS26c, §4.3], which is what we
indicate in Thm. 9.1.19 and discuss more comprehensively in § 9.1.1.

For the remainder of this section on topological groupoids we disregard all this further
generality just for pedagogy of the exposition. The inclined reader is invited to make
the evident substitutions.

Example 4.1.10. Given a topological space 𝑋 , it may be regarded as a topological
groupoid whose only morphisms are identities:(

𝑋 𝑋 𝑋
id

id
id
id

)
=

{
𝑥
�� 𝑥 ∈ 𝑋}

, (4.33)

and we denote this groupoid still by “𝑋”.

Example 4.1.11. The interval groupoid 𝐼 has two objects, Obj = {0, 1}, and a single
morphism and its inverse between these (hence, with the identity morphisms, a total
of four morphisms):

𝐼 =
{
0 1

}
. (4.34)

Example 4.1.12 (cf. [SS26c, Ex. 2.2.6]). For Γ a topological group, its delooping
groupoid is the topological groupoid with a single object, Γ worth of morphisms,
composition given by the group operation (−) · (−) : Γ × Γ! Γ and inversion given
by group inverses (−)−1 : Γ! Γ, hence:

B𝐺 :=

(
Γ × Γ Γ ∗(−) · (−)

(−)−1

e

)
=


•

• •
𝛾2𝛾1

𝛾2 ·𝛾1

������ 𝛾𝑖 ∈ Γ

 . (4.35)

When regarded as a topological stack, below in § 4.1.6, this simple delooping groupoid
is (a representation of) the moduli stack of principal Γ-bundles (cf. Thm. 4.1.13
and Ex. 4.1.33), in fact of equivariant principal Γ-bundles (cf. Ex. 4.1.37).

Example 4.1.13. For 𝑋 a topological space Γ a topological group (4.11), the groupoid

ΓPrnBdl(𝑋) ≡


𝑃2

𝑃1 𝑃3

𝛾′𝛾

𝛾′◦𝛾

 (4.36)

has as objects the (discrete set of) Γ-principal bundles 𝑃 over 𝑋 (cf. [Hus94,
§4.3][RS17, §1.1][Nak18, §9][SS26c, Ntn. 2.0.25]) and as morphisms their Γ-
equivariant bundle homomorphisms,

𝑃1 𝑃2

𝑋

Γ

𝛾

Γ

(4.37)

hence the gauge transformations if we think of these bundles as charge sectors of
gauge fields.

Over the point, this reduces to the delooping groupoid from Ex. 4.1.12:
ΓPrnBdl(∗) = BΓ . (4.38)
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Example 4.1.14 (cf. [SS26c, Ex. 2.2.6]). Given an action 𝐺 ↷ 𝑋 (Def. 4.1.7), its
action groupoid (or homotopy quotient) is:

𝐺\\𝑋 ≃
©­­«𝐺 × 𝐺 × 𝑋 𝐺 × 𝑋 𝑋

(𝑔2 ,𝑔1 ,𝑥 ) 7! (𝑔2 ·𝑔1 ,𝑥 )
(𝑔,𝑥 ) 7! 𝑥

(e,𝑥 ) [ 𝑥

(𝑔,𝑥 ) 7! 𝑔·𝑥

ª®®¬
=


𝑔1 · 𝑥

𝑥 𝑔2 · 𝑔1 · 𝑥
𝑔2𝑔1

𝑔2 ·𝑔1

������ 𝑥 ∈ 𝑋𝑔1, 𝑔2 ∈ 𝐺

 .
(4.39)

For an action 𝐺 ↷ ∗ on the point, the corresponding action groupoid (4.39) is the
delooping groupoid (4.35):

𝐺\\∗ = B𝐺 =

{
•
𝑔 ��� 𝑔 ∈ 𝐺

}
. (4.40)

Example 4.1.15. Given a topological groupoid X, its underlying topologically dis-
crete groupoid ♭X has the same objects, morphisms and structure maps as X, but for
the discrete topology:

♭X :=

(
♭Mor(X) ×𝑠 𝑡 ♭Mor(X) ♭Mor(X) ♭Obj(X)◦

𝑖
𝑠

e
𝑡

)
. (4.41)

Example 4.1.16. Given a topological space 𝑋 , its fundamental groupoid, S1𝑋 , is the
topological groupoid with objects the discrete set of points of 𝑋 , and morphisms the
homotopy classes of continuous paths between fixed endpoints, with composition by
concatenation (−) ★ (−) of paths:

∏
𝑥,𝑦,𝑧
∈𝑋

𝜋0

(
Map

(
[0,1],𝑋

) 𝑦
𝑥

)
×
𝜋0

(
Map

(
[0,1],𝑋

) 𝑧
𝑦

) ∏
𝑥,𝑦∈𝑋

𝜋0

(
Map

(
[0, 1], 𝑋

) 𝑦
𝑥

)
♭𝑋 ,

( [𝛾1 ], [𝛾2 ] )
7!

[𝛾1★𝛾2 ]

𝑥
[𝛾 ]
⇝𝑦 7! 𝑥

[cnst𝑥 ] [ 𝑥

𝑥
[𝛾 ]
⇝𝑦 7! 𝑦

(4.42)
where

Map
(
[0, 1], 𝑋

) 𝑦
𝑥

Map
(
[0, 1], 𝑋

)
∗ 𝑋 × 𝑋

⌟ (ev0 ,ev1 )

(𝑥,𝑦)

(4.43)

is the space of paths with endpoints (𝑥, 𝑦). Hence in the notation (4.29) a fundamental
groupoid looks like this:

S1𝑋 =


𝑦

𝑥 𝑧

𝑦 [𝛾2 ]⇝
𝑧𝑥

[𝛾 1]
⇝
𝑦

𝑥
[𝛾1★𝛾2 ]
⇝ 𝑦

 . (4.44)

The isomorphism classes (4.30) of a fundamental groupoid are the connected
components of the topological space[

S1𝑋
]

0 = 𝜋0𝑋 . (4.45)
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Example 4.1.17. For X a topological groupoid (4.28) and 𝑈 a space, then forming
mapping spaces (4.9) from𝑈 into the component spaces of X,

Map(𝑈,X) :=

©­­­­­«
Map

(
𝑈,Mor(X)

)
×𝑠∗ 𝑡∗Map

(
𝑈,Mor(X)

)
Map

(
𝑈,Mor(X)

)
Map

(
𝑈,Obj(X)

)◦∗
𝑠∗
e∗
𝑡∗

ª®®®®®¬
, (4.46)

gives a topological groupoid which may be thought of as the groupoid of 𝑈-
parameterized objects of X.

If here 𝑈 ≡ R𝑛 is a Cartesian space (4.1), we also call Map(R𝑛,X) the space of
𝑛-dimensional plots of X. Consider the quotient spaces

Map
(
G𝑛,−

)
:= Map

(
R𝑛,−

) /
∼𝑛 (4.47)

(where “G” is for “germ”, which is not an actual topological space itself, but defined
via the above formula) by the equivalence relation ∼𝑛 which identifies a pair of maps
𝜙, 𝜙′ : R𝑛 ! (−) if they agree on any open ball D𝑛𝜖 (4.1) around the origin:

𝜙 ∼𝑛 𝜙′ ⇔ ∃ 𝜖 ∈ R>0, 𝜙 |D𝑛𝜖 = 𝜙
′ |D𝑛𝜖 . (4.48)

This construction extends to topological groupoids X as in (4.46) to yield what we
may call the groupoid of stalks of 𝑛-dimensional plots of X:

Map(G𝑛,X) :=

©­­­­­«
Map

(
G𝑛,Mor(X)

)
×𝑠∗ 𝑡∗Map

(
G𝑛,Mor(X)

)
Map

(
G𝑛,Mor(X)

)
Map

(
G𝑛,Obj(X)

)◦∗
𝑠∗
e∗
𝑡∗

ª®®®®®¬
. (4.49)

Definition 4.1.18. Given a pair (X,Y) of topological groupoids (Def. 4.1.8), a
continuous functor (or topological functor) X 𝐹

−! Y between them is a map
Mor(X) 𝐹1−! Mor(𝑌 ) which homomorphically respect all the structure (4.28):

X Y
𝑥 𝐹0 (𝑥)

7!

𝑦 𝐹0 (𝑦)
7!

𝑧 𝐹0 (𝑧)

𝐹

𝑓

𝑔
◦𝑓

𝐹 ( 𝑓 )

𝐹
(𝑔

)◦
𝐹
(𝑓

)

𝑔 𝐹 (𝑔)

(4.50)

(Here 𝐹0 : Obj(X) ! Obj(Y) is the restriction of 𝐹 to identity morphisms identified
with objects.)

Definition 4.1.19. A continuous (“natural”) transformation between parallel contin-
uous functors (Def. 4.1.18) is a map

X Y
𝐹1

𝐹2

𝜂 : Obj(X) Mor(Y) (4.51)
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whose values make these diagrams commute:

𝑥1 𝐹1 (𝑥1) 𝐹2 (𝑥1)
:

𝑥2 𝐹1 (𝑋2) 𝐹2 (𝑥2) .
∀ 𝑓 𝐹1 ( 𝑓 )

𝜂 (𝑥1 )

𝐹2 ( 𝑓 )
𝜂 (𝑥2 )

(4.52)

The vertical composition of composable such transformations is by composition of
their component morphisms:

X Y

𝐹1

𝐹2

𝐹3

𝜂1

𝜂2
: 𝑥 7−! 𝐹1 (𝑥) 𝐹2 (𝑥) 𝐹3 (3) ,

𝜂1 (𝑥 ) 𝜂2 (𝑥 ) (4.53)

while the horizontal composition with functors is

X′ X Y Y′𝐿

𝐹1

𝐹2

𝜂 𝑅 : 𝑥′ 7−! 𝑅

(
𝜂
(
𝐿0 (𝑥′)

))
. (4.54)

Example 4.1.20. There is a close relation between homotopies between topological
spaces (4.19) and transformations between topological groupoids (4.51). Concretely,
any homotopy between topological spaces gives a transformation between their fun-
damental groupoids (Ex. 4.1.16).

Example 4.1.21. Between delooping groupoids (Ex. 4.1.12), continuous functors
(Def. 4.1.18) are continuous group homomorphisms, hence continuous linear repre-
sentations if the second group is linear:{

B𝐺 BU(H)B𝜌 }
≃

{
𝜌 ∈ Rep(𝐺,H)

}
. (4.55)

Transformations (Def. 4.1.19) between these are intertwiners of representations.

Definition 4.1.22. For a pair of topological groupoidsX,Y (Def. 4.1.8), their functor
groupoid, Func(X,Y), is the topological groupoid whose objects are the continuous
functors X ! Y (Def. 4.1.18), topologized as a subspace of Map

(
Mor(X),Mor(Y)

)
(4.9), and whose morphisms are the continuous transformations (4.51), topologized
as the product space of that with Map

(
Obj(X),Mor(Y)

)
. Composition and inversion

of transformations is given by composition of inversion of their component functions
(4.52). Hence in the notation (4.29):

Func(X,Y) =



Y

X

𝐹1

𝐹3
𝜂2◦𝜂1

𝐹2

𝜂1

𝜂2


. (4.56)
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4.1.6 Topological Stacks
If we think — as we may and should — of topological groupoids as topologized “sets
with gauge transformations between their elements”, then some of them ought to be
“the same up to gauge fixing” and yet no invertibe continuous functors exist between
them (Fig. 4.1 illustrates a simple example, a special case of Ex. 4.1.28 below).

FIGURE 4.1: Indicated on the left is a topological groupoid whose space of objects is the
disjoint union of two intervals, but whose morphisms uniquely connect — and thereby uniquely
identify — a subinterval of points in either component (a Čech groupoid, cf. Ex. 4.1.28).
Indicated on the right is the topological groupoid whose space of objects is the result of
gluing these two interval along this subinterval, and which has no non-identity morphisms.
The evident topological functor from the left to the right is an equivalence of topological
groupoids (Def. 4.1.23) but no continuous functor can serve as its inverse.{

· · · · · ·

} { }
∼

This means that topological functors by themselves are too rigid as a notion of
“maps” between topological groupoids, and that the actual maps (Def. 4.1.24 below)
must subsume inverses to those topological functors that ought to be equivalences of
topological groupoids:

Definition 4.1.23. A topological functor (Def. 4.1.18) is an equivalence, denoted

𝐹 : X Y ,
∼ (4.57)

if for all 𝑛 ∈ N the induced functor on stalks of 𝑛-dimensional plots (4.49),

𝐹∗ : ♭Map
(
G𝑛,X

)
♭Map

(
G𝑛,X

)
, (4.58)

is:
(i) surjective on isomorphism classes (4.30) of objects (“essentially surjective”):

∀
𝑛∈N

:
[
♭Map

(
G𝑛,X

) ]
0

[
♭Map

(
G𝑛,Y

) ]
0 ,

𝐹∗ (4.59)

(ii) bijective on morphisms between pairs of objects (“fully faithful”):

∀
𝑛∈N

∀
𝑥,𝑦∈

Obj(X)

: Mor
(
♭Map(G𝑛,X)

)y
x Mor

(
♭Map(G𝑛,Y)

)
𝐹∗ (y)
𝐹∗ (x)

,
𝐹∗
∼ (4.60)

where
Mor(−)𝑦𝑥 := ∗ ×𝑥 𝑠 Mor(−) ×𝑡 𝑦 ∗ . (4.61)

denotes the subspace of morphisms between a given pair of objects.

Definition 4.1.24. A (Morita) map between topological groupoids (as opposed to a
plain continuous functor, Def. 4.1.18) is a span of continuous functors (Def. 4.1.18),
with the left one an equivalence (Def. 4.1.23):

X X̂ Y .
∼ 𝐹 (4.62)
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In particular, a (Morita) equivalence between topological groupoids is a span of
continuous functors which are equivalences

X X̂ Y .
∼ ∼ (4.63)

When considered up to (Morita) equivalence, topological groupoids are also referred
to as topological stacks (which is terrible terminology, but completely standard),cf.
§9.1.19.

Remark 4.1.25. Equivalent topological groupoids (Def. 4.1.24) have homeomorphic
spaces [−]0 of isomorphism classes (4.30):

X Y∼ ⇒ [X]0 [Y]0 .
∼ (4.64)

Example 4.1.26. If a continuous functor𝐹 : X Y is a homotopy equivalence (bet-
ter terminology would be “transformation equivalence”, cf. Thm. 4.1.20 and (4.23))
in that there exists a reverse continuous functor 𝐹 : Y X and continuous trans-
formations (Def. 4.1.19) of this form:

Y Y

X X
𝐹

id

𝐹

id

𝐹 (4.65)

then it is an equivalence in the sense of Def. 4.1.23.

Proof. After passage to 𝑛-dimensional stalks of plots (4.49), this reduces to the basic
statement of category theory that essentially surjective and fully faithful functors are
equivalences (cf. [Mac98, p. 93]). □

Example 4.1.27. For 𝐻 𝐺
𝜄 a topological subgroup (4.11), consider the coset

space (4.17)
𝐺/𝐻 =

{
𝑔 · 𝐻

�� 𝑔 ∈ 𝐺
}
, (4.66)

with its canonical left 𝐺-action (4.18). Then the corresponding homotopy quotient
(4.39) is equivalent (Def. 4.1.23) to the delooping of 𝐻 (Ex. 4.1.12):

B𝐻 ∼
𝐺\\𝐺/𝐻

©­­«
•

•
ℎ

ª®®¬ 7−!
©­­­«
e · 𝐻

e · 𝐻
ℎ

ª®®®¬ .
(4.67)

A key class of examples of equivalences of topological groupoids (Def. 4.1.23)
which are not homotopy equivalences (Ex. 4.1.26) are projections out of Čech
groupoids (cf. Fig. 4.1 and Lem. 4.1.29):

Example 4.1.28 (Čech groupoids). For a topological manifold 𝑋 equipped with an
open cover

U :=
{
𝑈𝑖 𝑋

𝜄𝑖

open

}
𝑖∈𝐼 ,

⊔
𝑖

𝑈𝑖 𝑋 ,
( 𝜄𝑖 )𝑖∈𝑖 (4.68)
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FIGURE 4.2: Top row: The Čech groupoid (Ex. 4.1.28) of a (good, Def. 4.1.30) open cover
of the open disk D2

1+𝜖 . The space of objects is shown in light gray, the space of non-identity
morphisms is shown in dark gray (𝛼 denotes an angular coordinate function).
Bottom row: The original disk, as a groupoid with only identity morphisms (Ex. 4.1.10),
receiving the canonical projection functor (4.71) from the Čech groupoid.
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then the corresponding Čech groupoid (cf. Fig. 4.2) is the topological groupoid (4.28)
given by

𝑋U :=
©­­­­«

⊔
𝑖, 𝑗 ,𝑘

𝑈𝑖 𝑗𝑘
⊔
𝑖, 𝑗

𝑈𝑖 𝑗
⊔
𝑖

𝑈𝑖
(𝑥,𝑖, 𝑗 ,𝑘 ) 7! (𝑥,𝑖,𝑘 )

(𝑥,𝑖, 𝑗 ) 7!(𝑥, 𝑗,𝑖)

(𝑥,𝑖, 𝑗 ) 7! (𝑥,𝑖)

(𝑥,𝑖,𝑖) [ (𝑥,𝑖)

(𝑥,𝑖, 𝑗 ) 7! (𝑥, 𝑗 )

ª®®®®¬
, (4.69)

where we abbreviate 𝑈𝑖 𝑗 := 𝑈𝑖 ∩ 𝑈 𝑗 and 𝑈𝑖 𝑗𝑘 := 𝑈𝑖 ∩ 𝑈 𝑗 ∩ 𝑈𝑘 , and where (𝑥, 𝑖)
denotes a point 𝑥 ∈ 𝑋 but regarded as the corresponding point of 𝑈𝑖 , etc. Hence in
the notation (4.29), a Čech groupoid looks like this:

𝑋U =


(𝑥, 𝑗)

(𝑥, 𝑖) (𝑥, 𝑘)

(𝑥, 𝑗,𝑘 )(𝑥,𝑖,
𝑗 )

(𝑥,𝑖,𝑘 )

 . (4.70)

This comes with a continuous functor (Def. 4.1.18) to the original space (regarded as
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a groupoid per Ex. 4.1.10); which is (see Lem. 4.1.29) an equivalence (Def. 4.1.23):

𝑋U 𝑋

(𝑥, 𝑖) 𝑥

7−!

(𝑥, 𝑗) 𝑥 .

∼

(𝑥,𝑖, 𝑗 )
(4.71)

To appreciate the relevance of this fact, consider a topological groupΓ and observe that
there is a unique continuous functor 𝑋 BΓ to its delooping groupoid (Ex. 4.1.12),
and that unique functor is trivial (constant). But, due to the equivalence (4.71), maps
of this form, in the sense of Def. 4.1.24, subsume the continuous functors out of the
Čech groupoid (4.69) of any open cover, and these are identified with the cocycles,
relative to U, of nonabelian Čech cohomology 𝐻1 (𝑋; Γ) (for which cf. [Wed16,
§7][Al85, §4]):

𝑋 𝑋U BΓ

𝑥 (𝑥, 𝑖) •
 [ 7!

𝑥 (𝑥, 𝑗) •
 [ 7!

𝑥 (𝑥, 𝑘) •

∼ 𝛾

(𝑥
,𝑖
,𝑘
)

(𝑥,𝑖, 𝑗 ) 𝛾𝑖 𝑗 (𝑥 )

𝛾
𝑖
𝑘
(𝑥

)

(𝑥, 𝑗,𝑘 ) 𝛾 𝑗𝑘 (𝑥 )

(4.72)

while their transformations (Def. 4.1.19) are identified with Čech coboundaries:

𝑋U B𝐺

(𝑥, 𝑖) 7! • •

(𝑥, 𝑗) 7! • • .

𝑔

𝑔′

ℎ

(𝑥,𝑖, 𝑗 )

ℎ𝑖 (𝑥 )

𝛾𝑖 𝑗 (𝑥 ) 𝛾′
𝑖 𝑗
(𝑥 )

ℎ 𝑗 (𝑥 )

(4.73)

Below, we generalize this example further as Ex. 4.1.34. But first we make explicit the
argument we just used, since it is an instructive illustration of the general machinery
at play here:

Lemma 4.1.29. The above continuous functor (4.71) is indeed an equivalence of
topological groupoids (Def. 4.1.23).

Proof. First to see that the functor is essentially surjective (4.59) on 𝑛-dimensional
stalks: For x : R𝑛 ! 𝑋 a continuous map (a plot), the open cover property of U
(4.68) implies that there exists 𝑖 ∈ 𝐼 and an open neighborhood 𝑈𝑥 ⊂ 𝑋 of x(0)
such that𝑈𝑥 ⊂ 𝑈𝑖 . Therefore the preimage x−1 (𝑈𝑥) is an open neighborhood of 0 in
R𝑛, and by the Euclidean topology on R𝑛 this contains an open ball 𝐷𝑛𝜖 ⊂ x−1 (𝑈𝑥)
around 0, such that x|𝐷𝑛𝜖 factors through 𝑈𝑖 . Precomposed with any map R𝑛 ∼

−! D𝑛𝜖
which is the identity on a smaller open ball 𝐷𝑛

𝜖 ′ ⊂ 𝐷𝑛𝜖 , this is a plot (x, 𝑖) of objects
of the Čech groupoid whose germ maps to the germ of the given x.
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Then to see that the functor is fully faithful (4.60) on 𝑛-dimensional stalks: Given
a pair of plots of the Čech groupoid, x𝑖 : R𝑛 ! 𝑈𝑖 and x 𝑗 : R𝑛 ! 𝑈 𝑗 , there
are two cases: regarded as maps to 𝑋 their germs either coincide — in which case
there is a unique morphism between them in 𝑋 regarded as a groupoid (Ex. 4.1.10),
namely the identity — or their germs do not coincide, in which case the set of
morphisms between them in 𝑋 is empty. We need to see that the same two cases
hold for morphisms between the germs of these plots regarded in the Čech groupoid.
In the second case this is immediate from the definition, while in the first case it
follows from the open cover property that the germs of x𝑖 and x 𝑗 both factor through
𝑈𝑖 ∩𝑈 𝑗 , which constitutes the required unique morphism between them in the Čech
groupoid. □

4.1.7 Mapping Stacks and Nonabelian Cohomology

Definition 4.1.30 (Good open cover). An open cover
{
𝑈𝑖 𝑋

𝜄𝑖

open

}
𝑖∈𝐼 (4.68) of an

𝑛-dimensional manifold is good if all finite intersections of its patches are either
empty or homeomorphic to R𝑛:

∀𝑘∈N≥1 ∀𝑖𝑖 , · · · ,𝑖𝑘 ∈𝐼 : 𝑈𝑖1 ∩ · · · ∩𝑈𝑖𝑘 ≃
{
∅ or
R𝑛 .

(4.74)

We say that this is differentially good if these homeomorphisms (4.74) exist even as
diffeomorphisms.

For general topological manifolds the existence of good open covers is not known,
but we have:

Lemma 4.1.31 (cf. [BT82, Thm. 5.1][FStS12, Prop. A.1]). Every smooth manifold
admits a differentiably good open cover (Def. 4.1.30).

It turns out (in Thm. 9.1.19) that the Čech groupoids (Ex. 4.1.28) of good open
covers (Def. 4.1.30) are “fine enough” (technical term: cofibrant) to represent all
maps out of topological manifolds into delooping groupoids (Ex. 4.1.12). Therefore:

Definition 4.1.32. Let 𝑋 be a topological manifold which admits a good open cover
U (Def. 4.1.30, such as any smooth manifold does, by Lem. 4.1.31), and let Γ be a
topological group, then the mapping stack 1 from 𝑋 to the delooping groupoid BΓ
(4.35) is, up to equivalence, the functor groupoid Func(−,−) (Def. 4.1.22) into BΓ
out of the Čech groupoid 𝑋U (Ex. 4.1.28) of the good open cover U:

Map
(
𝑋, BΓ

)
:= Func

(
𝑋U , BΓ

)
=

{
𝑋 BΓ

}
,

(4.75)

where in the second line we are showing a more suggestive notation which highlights
again that this is to be thought of as maps out of 𝑋 itself, in the sense of Def. 4.1.24.

1In the literature, the mapping stack (4.75) may also be called the derived internal hom, or similar.
We are tacitly using here that 𝑋U is cofibrant ([SS26c, Ex. 4.3.42]) and that BΓ is fibrant ([SS26c, Lem
4.3.30]) in the local projective model structure of simplicial presheaves over the site of Cartesian spaces.
This is is discussed in Thm. 9.1.19 below.
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The underlying topologically discrete groupoid (4.41) we denote by a boldface
H(−,−):

H(𝑋,BΓ) := ♭Map(𝑋,BΓ) , (4.76)
since this is (cf. [Jar09]) the cocycle groupoid (objects are Čech cocycles, morphisms
are coboundaries) whose isomorphism classes (4.30) are the nonabelian cohomology
sets 𝐻 (−,−), as discussed in Ex. 4.1.33.

Example 4.1.33 (Ordinary nonabelian cohomology). We have seen in Ex. 4.1.28
(4.72) and (4.73) that (4.75) is the groupoid whose objects are 1-cocycles and whose
morphisms are coboundaries in nonabelian Čech cohomology 𝐻1 (𝑋; Γ), relative to
the cover U (for which cf. [Wed16, §7][Al85, §4]). In general, for these sets of
cocycles modulo coboundaries to give the full cohomology set 𝐻1 (𝑋; Γ) one has to
take their colimit over cover refinements. But in the presence of a good open cover
it is sufficient to evaluate there! (For the case of abelian groups Γ this is [Bre97,
§4.18], in general it follows immediately from the cofibrancy of the Čech groupoid.)
Therefore we have:

𝐻1 (𝑋; Γ) ≃
[
H(𝑋,BΓ)

]
0 ≡

[
♭Map(𝑋,BΓ)

]
0 . (4.77)

In words: The isomorphism classes of the mapping stack from a space 𝑋 to BΓ
is identified with the nonabelian 1-cohomology of 𝑋 with coefficients in Γ, and in
components this identification incarnates as Čech cohomology.

These classes are equivalently the isomorphism classes of Γ-principal bundles
over 𝑋 . In fact, before passing to isomorphism classes,

ΓPrnBdl(𝑋) ≃ H(𝑋,BΓ) (4.78)
is equivalent (cf. Ex. 4.1.45 and [SS26c, §5.1.2]) to the groupoid of Γ-principal
bundles (Thm. 4.1.13).

This means that the delooping groupoid BΓ serves not just as a coefficient object
for nonabelian cohomology, in (4.77), but as the moduli stack of Γ-principal bundles
(cf. [NSS12a][FSS14][SS26c]).

On the other hand, there is also the classifying space of Γ ([Mil67], cf. [SS26c,
Prop. 3.3.4]), the “bar construction” or “topological realization” |−| of BΓ (cf. [SS26c,
Ntn. 2.2.28]), traditionally denoted:

𝐵Γ := |BΓ | . (4.79)
Over paracompact topological spaces 𝑋 (such as manifolds and CW complexes,
Ex. 4.1.3) we have that homotopy classes of maps into 𝐵𝐺 coincide with transforma-
tion classes of maps into B𝐺 and hence give the same nonabelian cohomology (cf.
[RS17, Thm. 3.5.1][SS26c, Thm. 5.1.13]):

𝜋0Map
(
𝑋, 𝐵𝐺

)
=

(4.45)

[
SMap(𝑋, 𝐵𝐺)

]
0 ≃

[
♭Map(𝑋,B𝐺)

]
0 =

(4.77)
𝐻1 (𝑋, 𝐺) . (4.80)

To note here the two kind of classifying objects that appear:
• BΓ is a topological groupoid with trivial space of objects,
• 𝐵Γ is, as a topological space, a topological groupoid with only identity mor-

phisms.
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Hence, general topological groupoids, regarded as classifying objects for cohomology,
unify these two extremes. We will see this in action from § 4.1.8 on.

FIGURE 4.3: In equivariant generalization of Fig. 4.2:
Top row: The equivariant Čech groupoid (Ex. 4.1.34) of a (good, Def. 4.1.30) equivariant open
cover of the open disk D2

1+𝜖 equipped with rigid Z3-rotation action. The space of objects is
shown in light gray, the space of non-identity morphisms is shown in darker shades of gray.
Bottom row: The Z3-action groupoid (4.39) of the disk, receiving the canonical projection
functor (4.84) from the equivariant Čech groupoid.
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In equivariant generalization of Ex. 4.1.28, we have:

Example 4.1.34 (Equivariant Čech groupoids). For𝐺 ↷ 𝑋 a topological group action
(Def. 4.1.7), consider an open coverU :=

{
𝑈𝑖 𝑋

𝜄𝑖 }
𝑖∈𝐼 (4.68) which is equivariant

in that the disjoint union of its patches is equipped with an action 𝐺 ↷

⊔
𝑖𝑈𝑖 , and

compatibly so in that the covering map is equivariant (4.13):

⊔
𝑖

𝑈𝑖 𝑋

𝐺

( 𝜄𝑖 )𝑖∈𝑖
𝐺

(4.81)
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then the corresponding equivariant Čech groupoid is

(𝐺\\𝑋)U =


(𝑔1 · 𝑥, 𝑔1 · 𝑗)

(𝑥, 𝑖) (𝑔2 · 𝑔1 · 𝑥, 𝑔2 · 𝑔1 · 𝑘)

( (𝑔1 ·𝑥, 𝑔1 · 𝑗 , 𝑔1 ·𝑘 ) , 𝑔2 )
( (𝑥,𝑖, 𝑗 ) , 𝑔2 ·𝑔1 )

( (𝑥,
𝑖, 𝑗

) , 𝑔1)

, (4.82)

where the general morphisms may usefully be thought of as composites of pure Čech
morphisms and pure gauge morphisms, in either order:

(𝑥, 𝑗)

(𝑥, 𝑖) (𝑔 · 𝑥, 𝑔 · 𝑗) .

(𝑔 · 𝑥, 𝑔 · 𝑖)

( (𝑥, 𝑗, 𝑗 ) ,𝑔)

( (𝑥,𝑖,𝑖) ,𝑔)

( (𝑥,𝑖, 𝑗 ) ,
e) (

(𝑥,𝑖, 𝑗 ) ,𝑔
)

( (𝑔·𝑥,𝑔·𝑖
,𝑔· 𝑗 ) ,e)

(4.83)

In equivariant generalization of (4.71), the canonical functor from the equivariant
Čech groupoid to the original action groupoid is an equivalence (Def. 4.1.23, cf.
[SS26c, Ex. 4.3.45])

(𝐺\\𝑋)U 𝐺\\𝑋
(𝑥, 𝑖) 𝑥

7−!(
(𝑔 · 𝑥, 𝑔 · 𝑗)

)
𝑔 · 𝑥 ,

∼

( (𝑥,𝑖, 𝑗 ) ,𝑔) 𝑔
(4.84)

so that, in generalization of (4.72), a Morita map now is a cocycle in nonabelian
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equivariant Čech cohomology (cf. [SS26c, Rem. 4.3.46]):
𝑥 𝑔 · 𝑥

𝐺\\𝑋 𝑥 𝑔 · 𝑥

𝑥 𝑔 · 𝑥

7!

(𝑥, 𝑗) (𝑔 · 𝑥, 𝑔 · 𝑗)

(𝐺\\𝑋)U (𝑥, 𝑘) (𝑔 · 𝑥, 𝑔 · 𝑘)

(𝑥, 𝑖) (𝑔 · 𝑥, 𝑔 · 𝑖)

7!

• •

BΓ • •

• •

𝑔

∼

𝑔

𝑔

( (𝑥, 𝑗,𝑘 ) ,e)

( (𝑥, 𝑗, 𝑗 ) ,𝑔)
( (𝑔·𝑥,𝑔· 𝑗 ,𝑔·𝑘 ) ,e)

𝛾

( (𝑥,𝑘,𝑘 ) ,𝑔)

( (
𝑥
,𝑖
, 𝑗
) ,e

)

( (𝑥,𝑖,
𝑘 ) ,e)

( (𝑥,𝑖,𝑖) ,𝑔)
((
𝑔
·𝑥
,𝑔
·𝑖,
𝑔
· 𝑗
) ,e

)

( (𝑔·𝑥
,𝑔·𝑖,𝑔

·𝑘 ) ,e)

𝛾
𝑗𝑘 (𝑥 )

𝜌
𝑔

𝑗
(𝑥 )

𝛾
𝑔· 𝑗 𝑔·𝑘 (𝑔·𝑥 )

𝜌
𝑔

𝑘
(𝑥 )

𝛾 𝑖
𝑗
(𝑥
)

𝛾𝑖𝑘
(𝑥 )

𝜌
𝑔

𝑖
(𝑥 )

𝛾 𝑔
·𝑖
𝑔
· 𝑗
(𝑔
·𝑥
)

𝛾𝑔·𝑖 𝑔
·𝑘 (𝑔

·𝑥 )

(4.85)

In equivariant generalization of Lem. 4.1.31, we have:

Lemma 4.1.35 ([Ya14] 2 ). For 𝐺 a finite group, 𝑋 a smooth manifold and 𝐺 ↷ 𝑋
smooth action (Def. 4.1.7) there exists a good open cover of 𝑋 (Def. 4.1.30) which is
equivariant (4.81).

In equivariant generalization of Def. 4.1.32, we have:

Definition 4.1.36. For 𝐺 ↷ 𝑋 a topological 𝐺-space (Def. 4.1.7) that admits a good
open cover U (Def. 4.1.30) which is 𝐺-equivariant (4.81) (such as is the case for 𝐺
a finite group acting smoothly on a smooth manifold 𝐺, by Lem. 4.1.35), and for Γ a

2In fact, [Ya14] proves something much stronger than Lem. 4.1.35, namely that good equivariant
regular covers exist (cf. also [SS26c, Def. 2.1.24]). This is needed when expressing equivariance in terms
of systems of 𝐻-fixed loci for subgroups 𝐻 ⊂ 𝐺, cf. [SS26c, §6.2.1].
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topological group, we say that
Map

(
𝐺\\𝑋, BΓ

)
:= Func

(
(𝐺 � 𝑋)U , BΓ

)
≡

{
𝐺\\𝑋 BΓ

} (4.86)

is the (up to equivalence) mapping stack out of the homotopy quotient 𝐺\\𝑋 (4.39)
into the delooping BΓ (Ex. 4.1.12), where (𝐺\\𝑋)U is the equivariant Čech groupoid
from Ex. 4.1.34.

The underlying topologically discrete groupoid (4.41) we denote again by boldface
H(−,−) (4.76):

H
(
𝐺\\𝑋, BΓ

)
:= ♭Map

(
𝐺\\𝑋, BΓ

)
, (4.87)

since this is now the cocycle groupoid of ordinary nonabelian equivariant Čech
cohomology, see Ex. 4.1.37.

In generalization of Ex. 4.1.33 we have:

Example 4.1.37 (Equivariant nonabelian cohomology and equivariant bundles
[SS26c]). In the situation of Def. 4.1.36, we have that

𝐺EquΓPrnBdl(𝑋) ≃ H
(
𝐺\\𝑋, BΓ

)
(4.88)

is equivalently the groupoid of 𝐺-equivariant Γ-principal bundles on 𝑋 (see
Ex. 4.1.45 for the construction), and its connected components (hence equivalently
the isomorphism classes of these bundles) is the equivariant nonabelian Čech coho-
mology of 𝑋:

𝐻1
𝐺

(
𝑋; Γ

)
≃

[
H(𝐺\\𝑋, BΓ)

]
0 (4.89)

These constructions of mapping stacks (4.75) and (4.86) do not actually depend,
up to equivalence, on the use of good Čech groupoids, these are just a particularly
nice choice (when they exist) of general cofibrant resolutions, of which a larger class
is the following:

Definition 4.1.38 (cf. [SS26c, Prop. 4.2.37]). A Dugger-cofibrant resolution of a
topological groupoid X is an equivalence (Def. 4.1.23)

X̂ X∼ (4.90)

with a topological groupoid X̂ for which:
• all three component spaces Obj(X̂), Mor(X̂), Mor(X̂) ×𝑠 𝑡 Mor(X̂) are home-

omorphic to disjoint unions of Cartesian spaces (4.1),

• the identity-morphisms including maps maps like Obj(X̂) Mor(X̂)e and

Mor(X̂) ×𝑠 𝑡 Obj(X̂) Mor(X̂) ×𝑠 𝑡 Mor(X̂)
id ×𝑠 𝑡 e , etc., are the inclusions of

disjoint summands.

Therefore, in further generalization of Def. 4.1.36, we set:

Definition 4.1.39. For X̂ X∼ a Dugger-cofibrant resolution (Def. 4.1.38) of a
topological groupoid and Γ a topological group, then the mapping stack from X to
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the delooping BΓ is
Map

(
X, BΓ

)
:= Func

(
X̂, BΓ

)
≡

{
X BΓ

}
.

(4.91)

Lemma 4.1.40. The mapping stack Map(X,BΓ) in Def. 4.1.39 is well-defined in that
it depends, up to Morita equivalence (Def. 4.1.24), only on the equivalence class of
X:

X′ X𝐹
∼ ⇒ Map

(
X,BΓ

)
Map

(
X′,BΓ

)
.

𝐹∗

∼ (4.92)

Proof. Discussed below in Fact 8.1.17 of Thm. 9.1.19. □

4.1.8 Slice mapping stacks and Twisted cohomology
Definition 4.1.41. Say that a continuous functor 𝐹 (Def. 4.1.18) between topological
groupoids is a global fibration, to be denoted as on the left here:

X ∀ 𝑥 𝑡 ( 𝑓̂ )

⇔

Y 𝑠( 𝑓 ) 𝑡 ( 𝑓 )

𝐹 ∈Fib

∃ 𝑓̂

∀ 𝑓

(4.93)

if, as indicated on the right, for all
• 𝑛 ∈ N, 𝑓 : R𝑛 ! Mor(Y), a plot of morphisms in Y,
• 𝑥 : R𝑛 ! Obj(Y), a plot of objects of Y such that 𝐹 (𝑥) = 𝑠( 𝑓 ),

there exists 𝑓̂ : R𝑛 X such that 𝐹 ( 𝑓̂ ) = 𝑓 and 𝑠( 𝑓̂ ) = 𝑥 (a “lift”).

Example 4.1.42. For an actionΓ ↷ 𝑋 (Def. 4.1.7), its homotopy quotient (Def. 4.1.14)
comes with a canonical functor to BΓ (4.40), which is a global fibration (4.93):

Γ\\𝑋 𝑥 𝛾 · 𝑥

BΓ • • .

𝑝
Γ ↷ 𝑋
univ ∈Fib

𝛾

𝛾

(4.94)

Here the subscript notation indicates that this simple fibration is in fact is the (stacky)
universal Γ-associated 𝑋-fiber bundle and even the universal globally equivariant
such: see Ex. 4.1.45.

Definition 4.1.43 (Homotopy fiber product of topological groupoids). Given a pair
of coincident continuous functors, X B Y𝐹1 𝐹2 , the corresponding fiber prod-
uct (Def. 4.1.1) of their morphisms spaces canonically inherits the structure of a
topological groupoid, the fiber product of topological groupoids:

X ×
B
Y Y

X B ,

⌟
𝐹2

𝐹1

(4.95)
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hence
Mor

(
X ×B Y

)
= Mor(X̂) ×

Mor( B̂)
Mor(Ŷ) ,

Obj
(
X ×B Y

)
= Obj(X̂) ×

Obj( B̂)
Obj(Ŷ) ,

(4.96)

etc., and the structure maps on X ×B Y are induced entry-wise from the given ones
on X, Y and B.

If here 𝐹1 or 𝐹2 are global fibrations (Def. 4.1.41) then this is a representation
of the (up to equivalence) homotopy fiber product of the corresponding topological
stacks, or the homotopy pullback of one either along the other. 3

Example 4.1.44. The homotopy fiber (Def. 4.1.43) of𝐺\\𝑋 B𝐺 (4.94) is 𝑋 (via
Ex. 4.1.10):

𝑋 𝐺\\𝑋

∗ B𝐺

⌟
∈Fib

∃!

(4.97)

Conversely ([SS26c, Prop. 4.2.77]), every fibration over B𝐺 with fiber 𝑋 exhibits a
𝐺-action on 𝑋 this way! More generally (cf. [SS26c, Prop. 4.2.79]), for 𝜙 : 𝐺′ 𝐺

a homomorphism of topological groups, and noting that this induces from the 𝐺
action on 𝑋 also 𝐺′-action on 𝑋 , via

𝐺′ × 𝑋 𝑋

(𝑔′, 𝑥) 7−! 𝜙(𝑔′ ) · 𝑥 , (4.98)

then the homotopy quotient by 𝐺′ is the following homotopy pullback of that by 𝐺:

𝐺′\\𝑋 𝐺\\𝑋

B𝐺′ B𝐺 .

⌟
𝑝 ∈Fib

B𝜙
(4.99)

Example 4.1.45 (Stacky universal fiber bundles). For 𝐺 ↷ 𝑋 a finite group action
on a smooth manifold, and for (𝐺\\𝑋)U 𝐺\\𝐺∼ the Čech groupoid resolution
(Ex. 4.1.34) of an equivariant good open cover (Lem. 4.1.35), and given a map
𝐺\\𝑋 BΓ𝛾 to the delooping of a topological group Γ, hence an equivariant Čech

cocycle (4.85), then the homotopy pullback (Def. 4.1.43) along 𝛾 of the homotopy
quotientΓ\\Γ (4.94) is, up to equivalence (homotopy𝐺-quotient of), the𝐺-equivariant
Γ-principal bundle 4 P 𝑋

𝑝 corresponding to 𝛾 under the Čech theory of Exs. 4.1.33

3We are tacitly using here that stackification preserves finite homotopy limits, so that a representative
for the homotopy fiber product in topological stacks is given already by a homotopy fiber product of
topological groupoids, hence already by a fiber product with a global fibration, not necessarily a local
fibration.

4With the conventions used here, the principal bundle P in (4.100) carries a right Γ-action.
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and 4.1.37:
𝐺\\P 𝐺\\P̂ Γ\\Γ

𝐺\\𝑋 (𝐺\\𝑋)U BΓ .

𝐺\\𝑝

∼

⌟
𝑝Γ ↷ Γ

univ ∈Fib
∼ 𝛾

(4.100)

It is straightforward but instructive to unwind the definitions to see that this dia-
gram reduces in components exactly to the traditional constructions relating principal
bundles to their Čech data. A comprehensive discussion is in [SS26c, §5.1].

In fact this situation is universal in the following way: Given a Γ-principal bundle
P and any action Γ ↷ 𝐹 then there is classically the P-associated 𝐹-fiber bundle

P⊗Γ𝐹 :=
{
(𝜋, 𝜙) ∈ P × 𝐹

}/ (
∀𝛾∈Γ (𝜋 · 𝛾, 𝜙) ∼ (𝜋, 𝛾 · 𝜙)

)
, (4.101)

and this is equivalently just the pullback of Γ\\𝐹 (4.94) along the cocycle 𝛾 for P (cf.
[SS26c, §5.2.2]):

𝐺\\
(
P⊗Γ𝐹

)
𝐺\\ �(P⊗Γ𝐹

)
Γ\\𝐹

𝐺\\𝑋 (𝐺\\𝑋)U BΓ .

𝐺\\𝑝 ∈Fib

∼

⌟
𝑝Γ ↷ 𝐹

univ ∈Fib

∼ 𝛾

(4.102)

In variation of Def. 4.1.32, we set:

Definition 4.1.46 (Slice mapping stack, cf [SS26c, 4.2.66]). Given
• Γ ↷ 𝑌 a topological group action (Def. 4.1.7),

• X̂ X∼ a cofibrant resolution (Def. 4.1.38),

• X̂ BΓ𝜏 a continuous functor (the twist),
then the slice mapping stack from X to the homotopy quotient Γ\\𝑌 over BΓ (4.94) is
this fiber product (4.95):

Map
(
X, Γ\\𝑌

)
BΓ := Func

(
X̂, Γ\\𝑌

)
×
𝑝∗ 𝜏̃

∗ Func
(
X̂, Γ\\𝑌

)
∗ Func

(
X̂,BΓ

)
.

⌟
𝑝∗

𝜏̃

(4.103)

Following (4.75), we will more suggestively denote this also as follows:

Map
(
X, Γ\\𝑌

)
BΓ ≡


Γ\\𝑌

X BΓ
𝑝

𝜏

 . (4.104)

Remark 4.1.47. A slice mapping stack of the form Def. 4.1.46 is just a topological
space, in that it is a topological groupoid with only identity morphisms (Ex. 4.1.10).
This is because the fiber product (4.103) enforces the horizontal composition (4.54)
of the transformations between slice maps with the projection map to be the identity
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on 𝜏:

Γ\\𝑌

X̂ BΓ

𝑝

𝑓

𝑓 ′

𝜂
= X̂ BΓ .

𝜏

𝜏
(4.105)

This means that the component morphisms of 𝑝 · 𝜂 all have to be the identity • •e ,
which here means (4.94) that already the components maps of 𝜂 have to be identities,
𝑥 𝑥

e .

Example 4.1.48. Given a 𝐺-equivariant Γ-associated 𝐹-fiber bundle according to
(4.102) in Ex. 4.1.45, then the slice mapping stack into it is equivalently its space
Γ𝑋 (−)𝐺 of equivariant sections of this bundle:

Γ𝑋
(
P⊗Γ𝐹

)𝐺 ≃


𝐺\\

(
P⊗Γ𝐹

)
𝐺\\𝑋 𝐺\\𝑋

𝐺\\𝑝


≃


Γ\\𝐹

𝐺\\𝑋 BΓ

𝑝Γ ↷ 𝐹
univ

𝛾

 .
(4.106)

Here the first equivalence follows because, by the slicing, dashed functors out of
any (Čech) resolution actually have to factor through 𝐺\\𝑋 , while the second follows
either by direct inspection or abstractly by the universal property of the homotopy
pullback in (4.102).

Example 4.1.49 (cf. [SS26c, Prop. 4.2.77]). For a pair of𝐺-spaces𝐺 ↷ 𝑋 and𝐺 ↷ 𝑌 ,
the slice mapping stack (Def. 4.1.46) between their homotopy quotients over B𝐺 (via
Ex. 4.1.44), which a topological space by Rem. 4.1.47, is naturally homeomorphic to
the equivariant mapping space (4.14) between 𝑋 and 𝑌 :

Map(𝑋,𝑌 )𝐺 ∼ Map
(
𝐺\\𝑋, 𝐺\\𝑌

)
B𝐺(

𝑋 𝑌

𝐺

𝑓

𝐺
)
7−!

(
𝐺\\𝑋 𝐺\\𝑌

B𝐺

𝐺\\ 𝑓 )
.

(4.107)

This follows because the slicing over B𝐺 entails that all Čech morphism in any
resolution �𝐺\\𝑋 of 𝐺\\𝑋 have to map to identity morphisms in 𝐺\\𝑌 , whence all
Morita maps come from plain functors𝐺\\𝑋 𝐺\\𝑌.

In particular:
• An equivariant homotopy (4.21) is equivalently a homotopy taking values in
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the slice mapping stack on the right of (4.107).

{0}

[0, 1] Map(𝑋,𝑌 )𝐺

{1}

𝑓̃

𝜂

𝑔

⇔

{0}

[0, 1] Map
(
𝐺\\𝑋, 𝐺\\𝑌

)
B𝐺 .

{1}

�𝐺\\ 𝑓

𝜂

�𝐺\\𝑔

(4.108)
• For

𝐺 ↷ 𝑋 a trivial action ⇔ 𝐺\\𝑋 = 𝑋 × B𝐺 , (4.109)
so that 𝐺-equivariant maps from 𝑋 to 𝑌 are equivalently (cf. [SS26c, Ex. 1.8])
maps from 𝑋 into the fixed locus 𝑌𝐺 ⊂ 𝑌 (4.15), it follows that

𝐺\\𝑌

𝑋 × B𝐺 B𝐺
pr2

 ≃
{
𝑋 𝑌𝐺

}
. (4.110)

In mild but crucial generalization of Ex. 4.1.49, we also have:

Example 4.1.50. Given a homomorphism of topological groups 𝜙 : 𝐺′ 𝐺, and
actions 𝐺′ ↷ 𝑋 and 𝐺 ↷ 𝑌 , then the slice mapping stack (Def. 4.1.46) between
their homotopy quotients sliced over B𝐺 (as in Ex. 4.1.44, for 𝐺′\\𝑋 via B𝜙) is a
topological space naturally homeomorphic to the 𝐺′-equivariant maps from 𝑋 to 𝑌 ,
the latter with its 𝐺′-action induced via 𝜙 (4.99):

𝐺′\\𝑋 𝐺\\𝑋

B𝐺′ B𝐺B𝜙

 ≃


𝐺′\\𝑋 𝐺′\\𝑌 𝐺\\𝑋

B𝐺′ B𝐺

⌟

B𝜙

 . (4.111)

As indicated on the right, this follows from Ex. 4.1.49 by the universal property (4.3)
of the pullback.

In view of (4.80), we thereby obtain a natural re-formulation of equivariant
cohomology as a form of twisted cohomology of topological stacks (and it is this
reformulation which naturally generalizes to a notion of orbifold cohomology, see
Thm. 4.2.6 below in Def. 4.2.5):

Proposition 4.1.51. For a pair of topological 𝐺-actions 𝐺 ↷ 𝑋 and 𝐺 ↷ 𝐴, the
𝐺-equivariant cohomology of 𝑋 with coefficients in 𝐴 — in the style as on the left
hand side of (4.80) —, is:

𝐻𝐺 (𝑋, 𝐴) := 𝜋0


𝐺\\𝐴

𝐺\\𝑋 B𝐺

 ≃ 𝜋0

{
𝑋 𝐴

𝐺 𝐺
}
. (4.112)

Proof. By Ex. 4.1.49. □

More generally, in twisted generalization of (4.80) in Ex. 4.1.33, we have:
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Definition 4.1.52. In the situation of Def. 4.1.46, we say that the connected compo-
nents of the space which is, by Rem. 4.1.47, the slice mapping stack of Def. 4.1.46,
is the 𝜏-twisted cohomology of X with coefficients in 𝑌 :

𝐻𝜏
(
X; 𝑌

)
:=

[
SMap

(
X, Γ\\𝑌

)
BΓ

]
0

=
(4.45)

𝜋0


Γ\\𝑌

X BΓ
𝑝

𝜏

 . (4.113)

Remark 4.1.53. When the twist 𝜏 in (4.113) is trivial, in that it factors through the
point, then this twisted cohomology (4.113) reduces, via (4.97) and (4.111), to the
ordinary nonabelian cohomology as on the left of (4.80):

Γ\\𝑌

X ∗ BΓ
𝑝

𝜏


≃


𝑌 Γ\\𝑌

X ∗ BΓ

⌟
𝑝

𝜏


≃

{
X 𝑌

}
. (4.114)

In contrast, to obtain the twisted generalization of the right hand side of (4.80)
requires considerably more structure, namely passage, via a twisted Elmendorf theo-
rem ([SS26c, Thm. 6.2.3]), to a perspective (cf. [SS26c, §6.2.1]) where topological
groupoids are probed not just by Cartesian plots (as indicated in Ex. 4.1.17) but also
by deloopings B𝐾 of all finite groups 𝐾 . We discuss this in § 9.2.

Lemma 4.1.54. A (Morita) equivalence (4.63) of topological groupoids, induces
• a bijection between their equivalence classes of twists (Def. 4.1.46),
• an isomorphism in the correspondingly twisted twisted cohomology

(Def. 4.1.52):

X′ X
BΓ𝜏′

𝐹
∼

𝜏
⇒ 𝐻𝜏

′ (X′; 𝑌
)

𝐻𝜏
(
X; 𝑌

)
.

∼ (4.115)

Proof. The first statement follows by Lem. 4.1.40. With this, the second follows on
general abstract grounds discussed in Thm. 9.1.19, along the following lines: In this
commuting diagram,

Map
(
X, Γ\\𝑌

)
BΓ Map

(
X, Γ\\𝑌

)
Map

(
X′, Γ\\𝑌

)
∗ Map

(
X,BΓ

)
Map

(
X′,BΓ

)
,

⌟
𝑝∗

∼
𝐹∗

𝑝∗

𝜏̃

𝜏′

∼
𝐹∗

(4.116)

the left square is a homotopy pullback by definition (4.103), and the right square
is because both its horizontal maps are equivalences, by Lem. 4.1.40. Therefore the
total rectangle is a homotopy pullback by the homotopy pasting law. This implies
an equivalence between Map

(
X, Γ\\𝑌

)
BΓ and Map

(
X′, Γ\\𝑌

)
BΓ, and that implies the

claim by (4.64). □
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4.2 Orbifold Cohomology
We have seen in § 4.1.8 that — when seen from the perspective of the geometric homo-
topy theory of topological groupoids — 𝐺-equivariant cohomology (Prop. 4.1.51) is
a form of twisted cohomology (Def. 4.1.52), namely with coefficient fibration a homo-
topy quotient projection𝐺\\𝑌 B𝐺 and twist also such a projection,𝐺\\𝑋 B𝐺.
If we here just allow the twist to be a more general map of topological groupoids

X̂ B𝐺𝜏 , then we immediately have a notion of twisted cohomology on topolog-
ical groupoids, which restricts (by Ex. 4.1.50) to 𝐺′-equivariant cohomology on all
subgroupoids of X that look like global homotopy quotients!

In particular, this immediately gives a good notion of twisted cohomology of
orbifolds (see Def. 4.2.1), namely of topological groupoids that admit an open cover
by Cartesian homotopy quotients 𝐺′ � R𝑛, for varying finite groups 𝐺′.

4.2.1 Orbifolds as Groupoids
With the language of topological and Lie groupoids (Def. 4.1.8 and Rem. 4.1.9) in
hand (§ 4.1), there is a beautifully transparent and powerful definition of orbifolds
(recall Fig. 1.1): These are the proper étale groupoids (cf. Def. 4.2.1), meaning
essentially that orbifolds are those groupoids that locally look like homotopy quotients
𝐺\\D𝑛 (Def. 4.1.14) of finite groups 𝐺 acting continuously/smoothly on open disks
D𝑛, in generalization of how a manifold locally looks like a plain open disk D𝑛. This
observation is due to [MP97, pp. 15][MP99, §4][Mo02] with further details spelled
out in [Le08][Am12][CPRST14].

Definition 4.2.1. A (topological/smooth) orbifold is a topological/Lie groupoid X
(Def. 4.1.8 and Rem. 4.1.9) such that:

• Étale:
– the spaces of Objects and morphisms are equipped with the structure of

topological/smooth manifolds,
– the source or target map, and with it necessarily all the structure maps

(4.28), are local homeomorphisms/diffeomorphisms.
• Proper: the combined source/target map (4.31) is proper, which with the previ-

ous item means that this map preserves closed subsets and has compact fibers.
The space [X]0 of isomorphism classes (4.30) of the groupoid X is called the
underlying coarse space of the orbifold. Conversely, given a (paracompact Hausdorff)
topological space 𝑋 then an orbifold structure on 𝑋 is a choice of proper étale groupoid
X and of a homeomorphism [X]0 𝑋

∼ . Proper étale groupoids which are equivalent
(Def. 4.1.23) have homeomorphic coarse spaces (4.64) and are regarded as presenting
the same orbifold structure.

Remark 4.2.2. Given an orbifold X (Def. 4.2.1) then for all 𝑥 ∈ Obj(X) the isotropy
groups X𝑥(4.32) are discrete by étaleness and compact by properness of (𝑠, 𝑡), hence
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are finite groups. Furthermore, properness of (𝑠, 𝑡) together with the manifoldness of
Obj(X) implies that the space of isomorphism classes [X]0 (4.30) is paracompact
and Hausdorff.

Example 4.2.3 (Global homotopy quotient orbifolds). Consider 𝑋 a topologi-
cal/smooth manifold, 𝐺 a Lie group and 𝐺 ↷ 𝑋 a continuous/smooth action
(Def. 4.1.7). Then the homotopy quotient 𝐺\\𝑋 (4.39) is an orbifold (Def. 4.2.1)
under the following conditions of increasing generality:

• 𝐺 is finite:
in this case 𝐺\\𝑋 is called a very good orbifold,

• 𝐺 is discrete acting properly discontinuously with finite stabilizers:
in this case 𝐺\\𝑋 is called a good orbifold,

• 𝐺 is compact Lie, acting properly with finite stabilizers:
𝐺\\𝑋 of this form but not of the previous forms are called bad orbifolds.

Example 4.2.4 (Spindle orbifold). For 𝑛+, 𝑛1 ∈ N≥1 a pair of positive integers which
are coprime, gcd(𝑛+, 𝑛−) = 1, then the (𝑛+, 𝑛−)-spindle orbifold (cf. Ex. 4.2.4) is the
result of gluing the conical global quotients Z𝑛±\\D2

1 (Ex. 4.2.3), with respect to 𝑛±-
fold rotation action on the disc, along a joint open annulus at their smooth ends. When
𝑛∓ = 1 but 𝑛± > 1 then the spindle reduces to what is called the teardrop orbifold.
When 𝑛+ = 1 = 𝑛𝑖 then the spindle orbifold reduces to the 2-sphere manifold.

We indicate two explicit proper étale groupoids representing the spindle orbifold:
• A minimal model for the (𝑛+, 𝑛−)-spindle has

Obj :=C+ ⊔ C−

Mor :=
(
C+ × Z𝑛+ ⊔ C+ × Z𝑛+

)
⊔

( (
C×
+− × Z𝑛+ × Z𝑛−

)
⊔

(
C×
−+ × Z𝑛− × Z𝑛+

) ) (4.117)

(where C× := C \ {0}, and the subscripts on C are just to index the disjoint
summands) and, with the abbreviation

𝑞± := 𝑒2𝜋i/𝑛± (4.118)
the source/target maps for the internal and for the weightless gluing morphisms
are

Mor Obj2(
(𝑧,±), [𝑘±]

)
7−!

(
(𝑧,±), (𝑧𝑞𝑘±± ,±)

)(
(𝑣,±∓), [0], [0]

)
7−!

(
(𝑣𝑛± ,±), (𝑣−𝑛∓ ,∓)

)
.

(𝑠,𝑡 )

(4.119)

Finally, the general gluing morphism is the unique composite(
(𝑣,±∓), [𝑘±], [𝑘∓]

)
≡

(
(𝑣−𝑛∓ ,∓), [𝑘∓])

)
◦

(
(𝑣,±,∓), [0], [0]

)
◦

(
(𝑣𝑛± · 𝑞−𝑘± ,±), [𝑘±]

)
,

(4.120)

which defines either side by the other (meaning that the gluing morphisms
are a groupoid torsor from either side over these action groupoids) and its
source/target map is:
(𝑠, 𝑡) :

(
(𝑣,±∓), [𝑘±], [𝑘∓]

)
7!

(
(𝑣−𝑛∓ · 𝑞+𝑘∓ ,±), (𝑣𝑛± · 𝑞−𝑘± ,∓)

)
. (4.121)



Nonabelian Cohomology 89

In the special case of 𝑛± = 1 this definition reduces to the Čech groupoid
(Ex. 4.1.28) corresponding to the standard open cover of the Riemann sphere
by two copies C± with double overlap C× ⊂ C+ identified inside the second
copy via 𝑧 7! 𝑧−1.

• For the purpose of computing mapping stacks (§ 4.1.7) out of the spindle
orbifold, we want a presentation by a Dugger-cofibrant groupoid (Def. 4.1.38).
But the above minimal model fails to be Dugger-cofibrant since the factor C× of
the space of gluing morphisms is (not contractible and hence) not diffeomorphic
to R2.
One obtains a Dugger-cofibrant spindle by considering the disjoint union of the
Dugger-cofibrant Čech groupoids for the two cones Z𝑛±\\D2

1+𝜖 from Fig. 4.3
and glueing the collars of all their segments to each other by a summand-wise
contractible space of gluing morphisms.
This construction is indicated in Fig. 4.4 for the case (𝑛+, 𝑛−) = (3, 2).

4.2.2 Twisted Orbifold Cohomology
We saw in § 4.1.8 a fairly general definition of (nonabelian) twisted cohomology of
topological groupoids, and in § 4.2.1 that orbifolds are a special case of topological
groupoids. Therefore we immediately obtain a notion of twisted orbifold cohomology,
inheriting all the good properties that we saw hold in general for twisted nonabelian
cohomolgy formulated via mapping stacks.

Therefore, in discussing twisted orbifold cohomology here we are essentially
reduced to summarizing previous statements on the twisted nonabelian cohomolgy of
general topological groupoids — which may serve as a concise review of the above
discussion and to highlight how phenomena discussed in the literature by other means
are elegantly reproduced by our general approach to cohomology via mapping stacks.

This also means that, at this level of plain (twisted nonabelian) cohomology, the
actual geometry of orbifolds — their smooth structure and possibly further geometric
structure such as Riemannian, holomorphic, conformal structure, ... — plays no
role. The refinement to geometric orbifold cohomology which is sensitive to further
geometric structure is discussed in chapter 10.

First, in specialization of Def. 4.1.52 we have:

Definition 4.2.5 (Twisted orbifold cohomology). For Γ ↷ 𝑌 a topological group
action (Def. 4.1.7) on a topological space 𝑌 (to play the role of the classifying space
for the orbifold cohomology theory), then the twisted orbifold cohomology with
coeffcients in 𝑌 , of an orbifold X equipped with a map (the twist) X BΓ𝜏 , is the
𝜏-twisted cohomology of the orbifold groupoid X according to Def. 4.1.52, hence
is the connected components of the slice mapping stack (Def. 4.1.46, which is an
ordinary space, by Rem. 4.1.47):

𝐻𝜏 (X;𝑌 ) :=
[
S Map

(
𝑋, Γ\\𝑌

)
BΓ

]
0
= 𝜋0


Γ\\𝑌

X BΓ
𝑝

𝜏

 . (4.122)
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Theorem 4.2.6. Twisted orbifold cohomology (Def. 4.2.5) has the following proper-
ties:

(i) It is an invariant of the (Morita) equivalence class of the orbifold.
In particular, if 𝐺\\𝑋 and 𝐺′\\𝑋 ′ are two global quotient presentations
(Ex. 4.2.3) of the same orbifold class, then their orbifold cohomology agrees,
and their twisted cohomology agrees for corresponding twists.

(ii) If on a global quotient presentation (Ex. 4.2.3) the twist is just the canonical
projection 𝐺\\𝑋 BΓ𝑝 , then twisted orbifold cohomology reduces to the 𝐺-
equivariant cohomology of 𝑋 .

Proof. The first statement is Lem. 4.1.54, the second is Prop. 4.1.51. □

Remark 4.2.7. The basic properties in Thm. 4.2.6 have a somewhat more convoluted
history in the literature on orbifold cohomology by other means (reviewed in § 1.1.4)
than the mapping stack approach used here, for more discussion of which see also
[SS26c, Rem. 6.2.4].
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FIGURE 4.4: Indicated is a proper étale Lie groupoid which represents the (2, 3)-spindle
orbifold (Ex. 4.2.4) and is Dugger-cofibrant (Def. 4.1.38). Shown in light gray is the space
of objects, while the darker shades of gray are summands of the space of non-invertible
morphisms.
On the bottom we have the equivariant Čech groupoid resolution (Ex. 4.1.34) of the action
groupoid Z3\\D2

1+𝜖 (from Fig. 4.3), and on the top the analogous equivariant Čech groupoid
for Z2\\D2

1+𝜖 . Indicated in the middle are (the component spaces of) further gluing morphisms
which identify all the outer strips with each other and thereby glue the bottom conical orbifold
of order 3 to the top conical orbifold of order 2, to form the (2, 3)-spindle. To note that the
composition of any two composable such gluing morphisms gives a translation morphism by
either group action.
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5
Orbifold K-Theory

We describe, in § 5.1, an elegant model of twisted orbifold K-theory based on
the general geometric homotopy formulation of twisted orbifold cohomology (from
Def. 4.2.5) via mapping stacks between topological groupoids.

Then we explicitly construct (§ 5.2) in this model the low-dimensional equivariant
orientation character map, in specialization of the general discussion in § 2.2. Here
for orbifold K-theory, this turns out to be a glorified incarnation of the equivariant
trivialization of the pullback of the tautological line bundle along the Hopf fibration,
which we review in § 5.1.5.

5.1 Orbi K-Cohomology
We recall and expand on the elegant model of twisted orbifold K-theory from
[SS23b, §2.2][SS26c, Ex. 6.2.5], complementing traditionally more component-
based definitions in the literature (cf. [AR03][LU04a][TXLG04][JKK05][ALR07,
Ch 3][FHT11][Gom17]). Our model is based on the picture (surveyed in chapter 2
and Fig. 2.1, reviewed in §§ 4.1.7 and 4.1.8) of generalized cohomology as being
about homotopy classes of classifying maps: in the present case between topologi-
cal groupoids/stacks (reviewed in § 4.1) from the domain orbifold X to the universal
PU(H)-structured Fredholm space bundle that classifies twisted equivariant K-theory
according to [ASe04], but:

(i) with the domain X regarded as the étale groupoid incarnation of orbifolds, cf.
Def. 4.2.1,

(ii) with the classifying fibration promoted (5.77) from a topological bundle over
the ordinary classifying space 𝐵PU(H) to a stacky universal fiber bundle
(Ex. 4.1.45) over the topological moduli stack BPU(H) ≃ ∗ � PU(H) (cf.
Exs. 4.1.12 and 4.1.34), in fact over its further extension by PCT symmetries
(§5.1.2) to the moduli stack BQS of quantum symmetries (§ 5.1.2).

This construction utilizes that, as homotopy types, the space of Fredholm operators
is a classifying space of complex K-theory (Prop. 5.1.16) but as an actual topological
space, it moreover carries a strict topological group action of quantum symmetries
QS PU(H) QS ↷ Fredgr, which implements (Prop. 5.1.20, following [SS23b,

93
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§2.2] inspired by [FM13]) the grading and the flavors of topological K-theory (KU,
KO, KR).

We see in § 5.2 how the model lends itself neatly to the construction of the four/ten-
dimensional equivariant C/H-orientations of KU (Fig. 2.6), where we obtain the
relevant Fredholm operators and unitary operators essentially “tautologically” from
the C/H-operator algebraic construction of the C/H-Hopf fibration (Def. 5.2.15).

5.1.1 Hilbert Space and PCT
Notation 5.1.1 (The Hilbert space). In all of the following, we consider:

(i) A countably infinite-dimensional complex Hilbert space
H ∈ HilbC , (5.1)

as such unique up to isomorphism; in particular, isomorphic to the direct sum,
as Hilbert spaces, of countably many copies of the standard 𝑘-dimensional
complex vector space:

∀𝑘 ∈ N≥0 : H ≃
⊕
𝑛∈N

C𝑘 . (5.2)

(ii) A real structure on H (5.1), hence a complex anti-linear involution and as such
self-adjoint (cf. [Uhl16, Def. 3.1])

H H ,

𝜓 7! 𝑇𝜓

i𝜓 7! −i𝑇𝜓

𝑇

𝑇2 = id

⟨−, 𝑇−⟩ = ⟨𝑇−, −⟩ ,
(5.3)

which under any of the above identifications (5.2) we may take to be given by
ordinary complex conjugation on the C summands.

(iii) A quaternionic structure on H (5.1), hence a complex anti-linear endomor-
phism, and as such self-adjoint (cf. [Uhl16, Def. 3.1]) and squaring to minus
the identity:

H H ,

𝜓 7! 𝐽𝜓

i𝜓 7! −i𝐽𝜓

𝐽

𝐽2 = −id

⟨−, 𝐽−⟩ = −⟨𝐽−, −⟩ ,
(5.4)

which under any of the above identifications (5.2) for even 𝑘 we may take to be
given on the C2 summands by

C2 C2(
𝑧1
𝑧2

)
7!

(
−𝑧∗2
𝑧∗1

)
.

(5.5)

(iv) The group generated by 𝑇 (5.3), to be denoted

Z(𝑡 )
2 :=

{
id, 𝑇

}
. (5.6)

(v) The fixed locus of this involution (5.3) and (5.6), which is the countably infinite-
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dimensional real Hilbert space, to be denoted

HZ(𝑡 )
2 ∈ HilbR . (5.7)

(vi) The Z2-graded Hilbert space whose homogeneous summands are both (5.1), to
be denoted

Hgr := H ⊖ H , (5.8)
which inherits a real structure via (5.3).

(vii) The grading involution on Hgr (5.8), to be denoted:

Hgr Hgr(
𝜓+
𝜓−

)
7!

(
𝜓−
𝜓+

)
,

𝑃

(5.9)

which satisfies
𝑃2 = id, 𝑃† = 𝑃, 𝑃 ◦ 𝑇 = 𝑇 ◦ 𝑃 . (5.10)

(viii) The group generated by
𝐶 := 𝑇𝑃 , (5.11)

to be denoted
Z(𝑐)

2 :=
{
id, 𝐶

}
. (5.12)

(ix) The diagonal subgroup

Z(𝑝)
2 :=

{
id, 𝑃

}
Z𝑇2 × Z𝐶2

𝑃 7! 𝑇𝐶 ,
(5.13)

(x) so that we have these two isomorphic incarnations of the PCT-group:

Z(𝑡 )
2 × Z(𝑝)

2 Z(𝑡 )
2 × Z(𝑝)

2
𝑇 7! 𝑇

𝑃 7! 𝐶𝑇 .

∼

(5.14)

Definition 5.1.2 (Projective unitary groups).
(i) We write

U(H) ∈ Grp(Top) (5.15)
for the topological group of unitary linear operators on H (5.1), equipped with
the norm topology.1 This is famously contractible, by Kuiper’s theorem (cf.
[nL-Ku]):

U(H) ≃
hmtpy

∗ . (5.16)

(ii) We write
PU(H) := U(H)/U(1) ∈ Grp(Top) (5.17)

for the topological quotient group of (5.15) by its subgroup of operators acting by
multiplication with a complex number of unit norm. The quotient coprojection

1 More ambitiously (cf. [ASe04]), one equips U(H) (5.15) with the strong/weak operator topology or
compact-open topology, which are all equal here but strictly coarser than the norm topology, see [SS26c,
Ex. 2.3.19] for further pointers.
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is a locally trivial U(1)-principal bundle [Sim70, Thm. 1]:

U(1) U(H)

PU(H) .
(5.18)

(iii) The group Z(𝑡 )
2 (5.6) acts compatibly on these groups:

U(1) U(H) PU(H) .
Z(𝑡 )

2 Z(𝑡 )
2 Z(𝑡 )

2

(5.19)

(iv) The fixed locus of this action is the group of orthogonal operators, equipped
with its operator topology, on the real Hilbert space HZ(𝑡 )

2 (5.7):

O
(
HZ(𝑡 )

2
)
≃

(
U(H)

)Z(𝑡 )
2 . (5.20)

(v) In turn, the quotient of the latter by the subgroup of operators acting by multipli-
cation with real units is the infinite projective orthogonal group [Ro89, MMS03,
§3]:

PO
(
HZ(𝑡 )

2
)
=

(
PU(H)

)Z(𝑡 )
2 = O

(
HZ(𝑡 )

2
)
/{±1} ∈ Grp(Top) . (5.21)

5.1.2 Quantum Symmetries
Remark 5.1.3. We have an isomorphism

U(H) ⋊ Z(𝑡 )
2 U(H) ⊔ Uanti (H)(

𝑈, id
)

7! 𝑈(
𝑈,𝑇

)
7! 𝑈 ◦ 𝑇

∼

(5.22)

between the semidirect product of the unitary group (5.15) with Z(𝑡 )
2 (5.6) and the

group of unitary or anti-unitary maps (cf. [Uhl16, p. 29-30]); and analogously for
the projective group (5.17):

PU(H) ⋊ Z(𝑡 )
2 PU(H) ⊔ PUanti (H)(

[𝑈], id
)

7! [𝑈](
[𝑈], 𝑇

)
7! [𝑈 ◦ 𝑇] .

∼

(5.23)

This is the group of quantum symmetries according to Wigner’s theorem (cf.
[nL-WT]), in which context the operator 𝑇 (5.3) is interpreted as time-reversal sym-
metry.

We next enlarge this group by what one may think of as particle/anti-particle
symmetry (cf. [SS23b, Fact 2.3]) or “charge conjugation”.
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Definition 5.1.4 (Graded projective unitary group).
(i) We write

U(H)gr :=
(
U(H) × U(H)

)
⋊ Z(𝑝)

2

=

{ (
𝑈++ 0
0 𝑈−−

)
,

(
0 𝑈+−
𝑈−+ 0

) �����𝑈•,• ∈ U(H)
}
⊂ U

(
Hgr

) (5.24)

for the graded unitary group acting in homogeneous degrees on the graded
Hilbert space Hgr (5.8).

(ii) The graded projective unitary group PU(H)gr (cf. [MP88, Prop. 2.2][CW08, p.
5]) is the quotient of this graded unitary group (5.24) by the diagonal subgroup
U(1) ↩−! U(H) ↩−! U(H)gr, and the Z(𝑡 )

2 -action (5.19) evidently extends to an
automorphism action on all these graded groups:

U(1) U(H)gr PU(H)gr .

Z(𝑡 )
2 Z(𝑡 )

2 Z(𝑡 )
2

(5.25)

Notation 5.1.5 (Graded quantum symmetries). The further semidirect product
PU(H)gr ⋊ Z(𝑡 )

2 of the graded projective unitary group (5.25) with Z(𝑡 )
2 (5.6) plays

a key role in the following, to be called the group of quantum symmetries (cf.
[nL-WT][(15)]SS23-ATO):

QS :=
U(H)2

U(1) ⋊
(
Z(𝑡 )

2 × Z(𝑐)
2

)
, (5.26)

where on the right we used (5.14).

Remark 5.1.6. The group QS (5.26) sits in this system of (split) short exact sequences
of topological groups:

U(1) U(1) 1

U(H)2 U(H)gr ⋊ Z(𝑡 )
2 Z(𝑐)

2 × Z(𝑡 )
2

U(H)2/U(1) QS Z(𝑐)
2 × Z(𝑡 )

2 .
𝑝ct

𝜄ct

(5.27)

With the bottom row we also have the diagonal inclusion of the ordinary projective
group:

PU(H) ≡ U(H)
U(1)

U(H)2

U(1) QS

𝑖pu

diag
U(1) (5.28)

Definition 5.1.7. A PCT quantum symmetry is
(i) a subgroup

𝐺 ⊂ Z(𝑡 )
2 × Z(𝑐)

2
of the PCT group (5.14),

(ii) equipped with a lift
[
(̂−)

]
to the group QS of graded quantum symmetries
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(Ntn. 5.1.5), hence with a dashed homomorphism making this diagram com-
mute:

𝐺 QS .

Z(𝑡 )
2 × Z(𝑐)

2

[
(̂−)

]
(5.29)

In other words, this is a graded or ungraded and unitary or anti-unitary projective
representation of 𝐺 where the grading and anti-unitarity is fixed by the embedding
of 𝐺 into the PCT group.

Here the notation for the homomorphism (5.29) means that [−] is the U(1)-
equivalence class of a representative (̂−):

𝐺 QS ≃
(
U(H)2 ⋊

(
Z(𝑡 )

2 × Z(𝑐)
2

) )
/U(1)

𝑔 7−! [ 𝑔̂ ] for 𝑔̂ ∈ U(H)2 ⋊
(
Z(𝑡 )

2 × Z(𝑐)
2

)
.

[
(̂−)

]
(5.30)

TABLE 5.1: Rows 1-3: The possible cases of PCT quantum symmetries (Def. 5.1.7) according
to Prop. 5.1.8.
Row 4: The spaces of Fredholm operators commuting with the given PCT quantum symmetries
are classifying spaces for the 10 flavors of topological K-theory (cf. § 5.1.4).
Row 5: Traditional labels of these 10 cases in the context of the 10-fold way classification of
topological phases of matter (going back to [SRFL08, Tbl. 1], review in [CTSR16, Tbl. 1]).

PCT subgroup 𝐺 = {e} {e, 𝑃} Z(𝑡 )
2 :={e, 𝑇} Z(𝑐)

2 :={e, 𝐶}
{
e, 𝑇, 𝐶, 𝑃=𝐶𝑇

}
Quantum symmetry
𝐺 QS

Z(𝑡 )
2 × Z(𝑐)

2

[
(̂−)

] 𝑇2 = +1 −1 +1 +1 −1 −1

𝐶2 = +1 −1 +1 −1 +1 −1

Fred. operators
commuting with 𝐺 Fred𝐺gr ≃ 𝐾U0 𝐾U1 𝐾O0 𝐾O4 𝐾O2 𝐾O6 𝐾O1 𝐾O7 𝐾O5 𝐾O3

10-fold way
class label A AIII AI AII D C BDI CI CII DIII

Proposition 5.1.8. The PCT quantum symmetries (Def. 5.1.7) satisfy:
(i) If 𝐺 = {id, 𝑃=𝑇𝐶}, then [𝑃] has a representative 𝑃 (5.30) satisfying

𝑃2 = id . (5.31)

(ii) If 𝑇 ∈ 𝐺, then [𝑇] has a representative 𝑇 (5.30) satisfying
𝑇2 ∈ {±id} . (5.32)

(iii) If 𝐶 ∈ 𝐺, then [𝐶] has a representative 𝐶 (5.30) satisfying
𝐶2 ∈ {±id} , (5.33)

and all these cases occur. In consequence, PCT quantum symmetries fall into 10
classes as shown in Tab. 5.1.
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Proof. (i) The condition that
[
(̂−)

]
be a group homorphism is equivalently that[

𝑃
]2

= [id] ⇔ 𝑃2 = 𝜔 id , for some 𝜔 ∈ U(1). (5.34)

But then for any choice of square root
√
𝜔 ∈ U(1) we have[

𝑃
]
=

[
1√
𝜔
𝑃

]
, (5.35)

and since 𝑃 is unitary (5.22) and hence in particular complex-linear, this rescaled
operator has the claimed property:(

1√
𝜔
𝑃

)2
= 1√

𝜔
𝑃 1√

𝜔
𝑃 = 1√

𝜔

1√
𝜔
𝑃𝑃 = 1 . (5.36)

(ii) As in the previous case, homomorphy requires that[
𝑇

]2
= [id] ⇔ 𝑇2 = 𝜔 id , for some 𝜔 ∈ U(1),

but since now 𝑇 is anti-unitary (5.22) and hence complex anti-linear, there is a
constraint forcing 𝜔 to be real:

𝑇𝑇2 = 𝑇2𝑇

= =

𝜔∗𝑇 = 𝜔𝑇

⇔ 𝜔 ∈ U(1) ∩ R = {±1} .

Moreover, the one remaining non-trivial value, 𝜔 = −1, can not be scaled away
as in (5.35) and (5.36), since anti-linearity of 𝑇 implies that(

± i𝑇
)2

= (±i)𝑇 (±i)𝑇 = (±i) (∓i)𝑇𝑇 = 𝑇2.

(iii) This case works verbatim like the previous case. □

5.1.3 Fredholm Operators
Our construction of twisted orbifold K-theory (in § 5.1.5) is based on the fact that
classifying spaces for topological K-theory are given by space of Fredholm operators
(the Atiyah-Jänich theorem, Prop. 5.1.16 below). Here we compile some basics on
Fredholm operators that we will refer to for this discussion.

For standard review of Fredholm operators see [Mur90, §1.4][Arv02, §3.3]
[DSBW23, §3]. As has become common, we will consider the space of graded
self-adjoint Fredholm operators in the following Def. 5.1.9, since this is what lends
itself naturally to the classification of the different “quantum symmetry protected” fla-
vors of K-theory (in § 5.1.4) and to the construction of twisted equivariant K-theory
(as observed by [ASe04]), and therefore eventually to the construction of twisted
orbifold K-theory (in § 5.1.5).

Definition 5.1.9. (i) A Fredholm operator onH (5.1) is a bounded operator whose
kernel and cokernel are of finite dimension:

Fred(H) :=
{
𝑓 ∈ B(H)

���� dim
(
ker( 𝑓 )

)
< ∞

dim
(
coker( 𝑓 )

)
< ∞

}
. (5.37)
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We consider this space of Fredholm operators as equipped with the operator
norm topology. 2

(ii) Homeomorphically, we regard this space as that of odd graded but self-adjoint
Fredholm operators on Hgr (5.8):

Fredgr (Hgr) :=
{
𝐹 =

(
0 𝑓

𝑓 † 0

)
∈ B

(
Hgr

) ���� 𝑓 ∈ Fred(H)
}
. (5.38)

(iii) We take this space to be pointed by:

𝐹0 :=
(

0 id
id 0

)
. (5.39)

(iv) The kernel of a graded Fredholm operatorator 𝐹 (5.38) is hence a finite-
dimensional, virtual C-vector space:

ker(𝐹) =
ker( 𝑓 )

⊖
ker( 𝑓 †)

=

ker( 𝑓 )
⊖

coker( 𝑓 ) ,
(5.40)

whose virtual dimension is the Fredholm index of 𝑓 :
dim

(
ker(𝐹)

)
= ind( 𝑓 ) := dimC

(
ker( 𝑓 )

)
− dimC

(
coker( 𝑓 )

)
. (5.41)

(v) In this graded form (5.38), the graded quantum symmetries (Ntn. 5.1.5)( [
𝑈++ 𝑈+−
𝑈−+ 𝑈−−

]
, 𝜎

)
∈ PU(H)gr ⋊ Z(𝑡 )

2 ≡ QS(H) (5.42)

have a canonical topological group action Def. 4.1.7 by conjugation:

Fredgr Fredgr(
0 𝑓+−
𝑓 †+− 0

)
7−!

(
𝑈++ 𝑈+−
𝑈−+ 𝑈−−

)
◦

(
0 𝑓 𝜎+−
𝑓 †𝜎+− 0

)
◦

(
𝑈++ 𝑈+−
𝑈−+ 𝑈−−

)−1
.

(5.43)

(Here either 𝑈+− ,𝑈−+ = 0 or 𝑈++ ,𝑈−− = 0; the square bracket denotes the
diag(U(1))-equivalence class of the matrix; and 𝐹𝜎 equals 𝐹 when 𝜎 = e and
equals its complex conjugate (5.19) otherwise, cf. [Mat71b, §5.B].)

Proposition 5.1.10 (Atkinson’s theorem (cf. [Mur90, Thm. 1.4.16])). A bounded
operator is Fredholm (5.37) iff there exists another bounded operator (a parametrix)
such that their composites differ from the identity by a compact operator:

𝑓 ∈ B(H) is Fredholm ⇔ ∃ 𝑓 ∈ B(H) :
{
𝑓 ◦ 𝑓 − id ∈ K(H) ,
𝑓 ◦ 𝑓 − id ∈ K(H) .

(5.44)

Remark 5.1.11 (Arithmetic on Fredholm operators). Given a graded Fredholm op-
erator 𝐹 as in (5.38), its charge reversal

⊖𝐹 :=
(
0 𝑓 †

𝑓 0

)
∈ Fredgr (5.45)

2More ambitiously, one modifies the space of graded Fredholm operators in (5.37) up to homotopy
equivalence ([ASe04, §4]) such that the PU(H)-action (5.43) on it becomes continuous also in the latter’s
strong/weak operator topology. Here we disregard this, for simplicity.



Orbifold K-Theory 101

is also graded Fredholm, with negative virtual kernel:
ker

(
⊖𝐹𝑃

)
= ⊖ ker

(
𝐹𝑃

)
. (5.46)

Given a pair 𝐹1, 𝐹2 ∈ Fredgr, their direct sum is

𝐹1 ⊕ 𝐹2 =

(
0 𝑓1 ⊕ 𝑓2

𝑓
†
1 ⊕ 𝑓

†
2 0

)
(5.47)

acting on H ⊕H ≃ H , with virtual kernel the direct sum of those of the summands:
ker

(
𝐹1 ⊕ 𝐹2

)
= ker(𝐹1) ⊕ ker(𝐹2) . (5.48)

In particular, the virtual difference between a pair of Fredholm operators is the direct
sum of the first with the charge reversal of the second:

𝐹1 ⊖ 𝐹2 := 𝐹1 ⊕
(
⊖ 𝐹2

)
. (5.49)

Proposition 5.1.12 ([Jän65, Lem 4]). For 𝑋 a topological space and 𝐹(−) : 𝑋 !
Fredgr a continuous map, this Fredholm index (5.41) is continuous and hence a locally
constant function ind

(
𝐹(−)

)
: 𝑋 ! Z. The graded contributions dimC

(
ker( 𝑓𝑋)

)
and

dimC
(
coker( 𝑓𝑋)

)
need not be locally constant, but if they are then the virtual kernel

bundle is a virtual topological vector bundle over 𝑋:

𝐹𝑋 : 𝑋 Fredgr
cntns

dimC
(
ker( 𝑓𝑋)

)
: 𝑋 Ncntns

 ⇒ ker
(
𝐹𝑋

)
∈ CVecgr

𝑋
. (5.50)

Example 5.1.13. For 𝑘 ∈ N and identifying H ≃
⊕

N C𝑘 , the following graded
Fredholm operator (a “left shift operator”)

𝐹C𝑘 :=

(
0 𝑓 C

𝑘

( 𝑓 C𝑘 )† 0

)
, 𝑓 C

𝑘

:=
©­­­«
0 id 0 0 · · ·
0 0 id 0 · · ·
0 0 0 id · · ·
...

...
...

...
. . .

ª®®®¬ ,
H H≃ ≃

C𝑘 C𝑘
⊕ ⊕
C𝑘 C𝑘
⊕ ⊕
C𝑘 C𝑘
⊕ ⊕
...

... ,

𝑓 C
𝑘

id

id

(5.51)

has virtual kernel (5.40) isomorphic to C𝑘 :

ker
(
𝐹C𝑘 ) = C𝑘 ⊖ 0 . (5.52)

Hence a map constant on 𝐹C𝑘 represents, under (5.50) the trivial rank=𝑘 vector
bundle: (

𝑋 ∗ Fredgr
𝐹C𝑘

) ker𝑋 C𝑘𝑋 ⊖ 0 ∈ CVecgr
𝑋
. (5.53)

We also observe the following example, which will be crucial in § 5.2
(Lem. 5.2.25).

Example 5.1.14. For 𝑘 ∈ N and

𝑃 : C𝑘 C𝑘 , 𝑃† = 𝑃 , 𝑃 ◦ 𝑃 = 𝑃 , (5.54)
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a hermitian projection operator, then we obtain a graded Fredholm operator (5.37)

𝐹𝑃 :=
(

0 𝑓𝑃

𝑓
†
𝑃

0

)
∈ Fredgr (5.55)

by setting

𝑓𝑃 :=
©­­­«
𝑃 1−𝑃 0 0 0 · · ·
0 𝑃 1−𝑃 0 0 · · ·
0 0 𝑃 1−𝑃 0 · · ·
...

...
...

...
...

. . .

ª®®®¬ ,
H H≃ ≃

C𝑘 C𝑘
⊕ ⊕
C𝑘 C𝑘
⊕ ⊕
C𝑘 C𝑘
⊕ ⊕
...

... ,

𝑓𝑃

𝑃

1−𝑃
𝑃

1−𝑃
𝑃

(5.56)

whose virtual kernel (5.40) reproduces the kernel of 𝑃:
ker

(
𝐹𝑃

)
= ker(𝑃) ⊖ 0 . (5.57)

This construction constitutes a continuous map from hermitian projectors to
graded Fredholm operators

𝐹(−) :
{
𝑃 ∈ B(C𝑘)

��� 𝑃†=𝑃
𝑃◦𝑃=𝑃

}
Fredgr . (5.58)

Proof. That the virtual kernel is as claimed in (5.57) follows by direct inspection,
crucially using that 𝑃 is a projector, so that 𝑃 and 1− 𝑃 have complementary kernels
and images in C𝑘 .

Incidentally, 𝑓 †
𝑃

is a parametrix (5.44) for 𝑓𝑃 (5.56): From

𝑓
†
𝑃
=

©­­­­­«
𝑃 0 0 0 · · ·

1−𝑃 𝑃 0 0 · · ·
0 1−𝑃 𝑃 0 · · ·
0 0 1−𝑃 𝑃 · · ·
...

...
...

...
. . .

ª®®®®®¬
,

H H≃ ≃

C𝑘 C𝑘
⊕ ⊕
C𝑘 C𝑘
⊕ ⊕
C𝑘 C𝑘
⊕ ⊕
...

... ,

𝑓
†
𝑃

1−𝑃
𝑃

𝑃

1−𝑃
𝑃

(5.59)

we find
𝑓𝑃 ◦ 𝑓 †

𝑃
− id = 0

𝑓
†
𝑃
◦ 𝑓𝑃 − id =

©­­­«
𝑃−1 0 0 · · ·

0 0 0 · · ·
0 0 0 · · ·
...

...
...

. . .

ª®®®¬


∈ K(H) . (5.60)

This completes the proof. □



Orbifold K-Theory 103

Example 5.1.15. In further specialization of Ex. 5.1.14, consider the projector

𝑃0 :=
(
0 0
0 id𝑏

)
: C2

𝑎 ⊕ C2
𝑏

C2
𝑎 ⊕ C2

𝑏
, (5.61)

where the subscripts are just to name these two subspaces of C4, both isomorphic
to C2. Then, under the unitary transformation which “unshuffles” the copies of these
two subspaces in the infinite direct sum Hilbert space

H :=
⊕
N

(
C2
𝑎 ⊕ C2

𝑏

) 𝑈
−−−−!

∼

(⊕
N C2

𝑎

)
︸      ︷︷      ︸

H𝑎

⊕
(⊕

N C2
𝑏

)
︸      ︷︷      ︸

H𝑏

, (5.62)

the corresponding Fredholm operator (5.56)

𝑓𝑃0 =

©­­­­­«
0 0 id𝑎 0 0 0 · · ·
0 id𝑏 0 0 0 0 · · ·
0 0 0 0 id𝑎 0 · · ·
0 0 0 id𝑏 0 0 · · ·
...

...
...

...
...

...
. . .

ª®®®®®¬
,

H H≃ ≃

C4 C4

⊕ ⊕
C4 C4

⊕ ⊕
C4 C4

⊕ ⊕
...

...

𝑓𝑃0

𝑃0

𝑃0

1−𝑃0

𝑃0

1−𝑃0
(5.63)

transforms into the direct sum of the left shift operator (5.51) and the identity:

𝑈 ◦ 𝑓𝑃0 ◦𝑈−1 =

©­­­­­«
0 id𝑎 0 0 0 · · ·
0 0 id𝑎 0 0 · · ·
0 0 0 id𝑎 0 · · ·
0 0 0 0 id𝑎 · · ·
...

...
...

...

ª®®®®®¬
⊕

©­­­­­«
id𝑏 0 0 0 0 · · ·
0 id𝑏 0 0 0 · · ·
0 0 id𝑏 0 0 · · ·
0 0 0 id𝑏 0 · · ·
...

...
...

...
. . .

ª®®®®®¬
= 𝑓 C

2 ⊕ id : H𝑎 ⊕ H𝑏 H𝑎 ⊕ H𝑏 .

(5.64)
This simple transformation is going to be useful in the proof of Prop. 5.2.30, via
Rem. 5.2.28.

5.1.4 Classifying K-Theory
The space of Fredholm operators (5.37) and its subspaces compatible with PCT
quantum symmetries (Prop. 5.1.8) turn out to the classifying spaces (cf. Fig. 2.1)
for the flavors of the generalized cohomology theory called topological K-theory
(cf. [nL-K]). As such, one may take the following statements to be the definition of
topological K-theory in its various flavors and degrees.

Proposition 5.1.16 (Atiyah-Jänich theorem [Jän65][Thm. A1]Atiyah1967).
(i) The space of Fredholm operators (5.37) is a classifying space for complex

K-theory in degree=0,

𝜋0
{
𝑋 Fred

}
≃ KU0 (𝑋) . (5.65)
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(ii) Over compact Hausdorff spaces 𝑋 , where
KU0 (𝑋) ≃ 𝐾

[
CVec𝑋

]
(5.66)

is the Grothendieck group of complex vector bundles, this equivalence is given
by passing to virtual kernel bundles (5.50) of good representative maps 𝐹gd

𝑋

in the homotopy class (meaning that dim
(
ker( 𝑓 gd

𝑋
)
)

is locally constant, see
Prop. 5.1.12):

𝜋0
{
𝑋 d Fred

}
𝐾

[
CVec𝑋

]
[𝐹𝑋] 7−!

[
ker

(
𝐹

gd
𝑋

) ]
.

(5.67)

(iii) In particular, the connected components of Fred,

𝜋0 Fred ≃ 𝜋0
{
∗ Fredgr

}
, (5.68)

are indexed by the integer Fredholm index (5.41):

𝜋0 Fredgr Z[
𝐹 =

(
0 𝑓

𝑓 † 0

)]
7−!

dim
(
ker(𝐹)

)
= ind( 𝑓 ) .

∼

(5.69)

Notation 5.1.17 (Subspaces of Fredholm operators). For
(i) K ∈

{
R,C,C,H

}
(ii) 𝜎 ∈ {±1},

consider the following subspaces of that of Fredholm operators (Def. 5.1.9):

Fred𝜎K FredK Fred(H)
:= :={

𝑓 ∈ FredK
�� 𝑓 † = 𝜎 · 𝑓

}
⊂

{
𝑓 ∈ Fred(H)

�� 𝑓 is K-linear
}
,

(5.70)

where 𝑓 being R-linear/H-linear means that it commutes with a fixed real structure
(5.3) or quaternionic structure (5.4) on H , respectively, and where by it being “C-
linear” we mean that it is C-anti-linear (while it being C-linear is no additional
condition, of course).

Proposition 5.1.18 ([SSi69][Kar70, Thm. 1.16]). The subspaces of Fredholm oper-
ators from Ntn. 5.1.17 are classifying spaces for flavors of topological K-theory as
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follows:
𝜋0

{
𝑋 d FredC

}
≃ KU0 (𝑋) (5.71a)

𝜋0
{
𝑋 d Fred+C

}
≃ KU1 (𝑋) ⊔ {+,−} (5.71b)

𝜋0
{
𝑋 d FredR

}
≃ KO0 (𝑋) (5.71c)

𝜋0
{
𝑋 d Fred+R

}
≃ KO1 (𝑋) ⊔ {+,−} (5.71d)

𝜋0
{
𝑋 d Fred−

R

}
≃ KO7 (𝑋) (5.71e)

𝜋0
{
𝑋 d Fred+

C

}
≃ KO2 (𝑋) (5.71f)

𝜋0
{
𝑋 d Fred−

C

}
≃ KO6 (𝑋) (5.71g)

𝜋0
{
𝑋 d FredH

}
≃ KO4 (𝑋) (5.71h)

𝜋0
{
𝑋 d Fred+H

}
≃ KO5 (𝑋) ⊔ {+,−} (5.71i)

𝜋0
{
𝑋 d Fred−

H

}
≃ KO3 (𝑋) . (5.71j)

Remark 5.1.19. (i) The disjoint sets {+,−} in (5.71) witness pairs of contractible
components present in each of the spaces of self-adjoint R/C/H-linear Fred-
holm operators, corresponding to such operators whose essential spectrum
(Def. 3.2.2) is purely positive or purely negative, respectively [SSi69, Thm.
B][Kar70, §I].

(ii) When the self-adjoint C-linear Fredholm operators are interpreted as tachyon
field values of open strings stretching between coincident D9/𝐷9-branes (cf.
[Sza02, §3.1][GH10, §8]) then those with a mixed essential spectrum are in-
terpreted as witnessing solitonic pair annihilation in a background where both
D9/𝐷9-branes appear with infinite multiplicity (cf. [Ho98, (3.11)][Wi01, p. 7]
and § 3.2). Accordingly, the components ± ∈ {+,−} would have to be inter-
preted as backgrounds where an infinite number of D9-branes is compensated
only by a finite number of 𝐷9-branes or vice versa, respectively.

(iii) For the purpose of K-theory classification these components are to be disre-
garded, but if we regard the full spaces of Fredholm operators as classifying a
(slightly) non-abelian cohomology theory (cf. Fig. 2.1) variant in its own right,
then ± ∈ {+,−} are valid classes in the cohomology set of any space 𝑋 which
reflect a pair of “collapsed” cases that one may keep track of.

We now reformulate the classical result Prop. 5.1.18 in the guise of the “10-
fold way” (cf. [nL-TS]) of topological phases protected by PCT quantum symmetry
(Def. 5.1.7), following [SS23b, Fact 2.12], as shown in Tab. 5.1:

Proposition 5.1.20. The 10 subspaces of Fredholm operators (Ntn. 5.1.17) appearing
in (5.71), when regarded as subspaces of Fredgr (Hgr) (5.38) are homeomorphic to
the fixed subspaces (4.15)

Fred𝐺gr ⊂ Fredgr (Hgr) (5.72)
for the conjugation action (5.43) of the 10 PCT quantum symmetries (Prop. 5.1.8
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and Tab. 5.1), respectively:
Fredgr ≃ FredC (5.73a)

Fred⟨𝑃⟩
gr ≃ Fred±C for 𝑃2 = ±id (5.73b)

Fred⟨𝑇 ⟩
gr ≃ FredR for 𝑇2 = +id (5.73c)

Fred⟨𝑇,𝐶 ⟩
gr ≃ Fred+R for 𝑇2 = +id, 𝐶2 = +id, (5.73d)

Fred⟨𝑇,𝐶 ⟩
gr ≃ Fred−

R for 𝑇2 = +id, 𝐶2 = −id, (5.73e)

Fred⟨𝐶 ⟩
gr ≃ Fred+

C
for 𝐶2 = +id, (5.73f)

Fred⟨𝐶 ⟩
gr ≃ Fred−

C
for 𝐶2 = −id, (5.73g)

Fred⟨𝑇 ⟩
gr ≃ FredH for 𝑇2 = −id, (5.73h)

Fred⟨𝑇,𝐶 ⟩
gr ≃ Fred+H for 𝑇2 = −id, 𝐶2 = +id, (5.73i)

Fred⟨𝑇,𝐶 ⟩
gr ≃ Fred−

H for 𝑇2 = −id, 𝐶2 = −id. (5.73j)

Proof. The quantum symmetry 𝑃 with 𝑃2 = ±id (5.31) is represented by swapping
graded summands (5.9), possibly up to a sign, so that a graded Fredholm operator
𝐹 of the form (5.38) commutes with 𝑃 iff its component Fredholm operator 𝑓 is
(anti-)self-adjoint:(

0 𝑓

𝑓 † 0

)
·
(
0 ±1
1 0

)
=

(
0 ±1
1 0

)
·
(

0 𝑓

𝑓 † 0

)
⇔ 𝑓 † = ± 𝑓 . (5.74)

This gives the homeomorphy (5.73b).
The quantum symmetry 𝑇 with 𝑇2 = ±id (5.32) is manifestly a real/quaternionic

structure on H , (5.3) and (5.4), whence operators commuting with it are manifestly
R/C-linear. This gives the homeomorphisms (5.73c) and (5.73h).

Combining these two cases, if the quantum symmetries involve 𝑇 and 𝐶 = 𝑇𝑃

then the fixed locus is equivalently that of 𝑇 and 𝑃 and is hence given by R/C-linear
(anti-)self-adjoint operators. This gives the homeomorphisms (5.73d), (5.73e), (5.73i)
and (5.73j).

Finally, if there is only 𝐶 then the condition on a Fredholm operator 𝐹 to be fixed
is that (

0 𝑓

𝑓 † 0

)
·
(
0 𝑇

𝑇 0

)
=

(
0 𝑇

𝑇 0

)
·
(

0 𝑓

𝑓 † 0

)
⇔ 𝑓 ◦ 𝑇 = 𝑇 ◦ 𝑓 † . (5.75)

Now to observe that 𝑓 satisfying this condition is equivalent to the anti-linear Fred-
holm operator 𝑓 ◦ 𝑇 being (anti-)self-adjoint(

𝑓 ◦ 𝑇
)†

= 𝑇† ◦ 𝑓 † = (±)𝑇 ◦ 𝑓 † =
(5.75)

± 𝑓 ◦ 𝑇 , (5.76)

where in the second step we used that real structures are self-adjoint (5.3) while
quaternionic structures are anti-self-adjoint (5.4). Therefore the remaining homeo-
morphisms (5.73f) and (5.73g) are given by 𝑓 7! 𝑓 ◦ 𝑇 . □
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5.1.5 Twisted Orbifold K-Theory
We have in hand now:

(i) a general definition of (generalized nonabelian) twisted orbifold cohomology
(§ 4.2.2) with coefficients in any space 𝑌 equipped with a topological group
action Γ ↷ 𝑌 ,

(ii) a classifying space𝑌 = Fredgr (Hgr) for topological K-theory (§ 5.1.4) equipped
with a topological action QS ↷ Fredgr (5.43) by “graded quantum symmetries”
QS (Ntn. 5.1.5), combining the graded projective unitary group with “PCT
symmetries”: QS =

(
U(H)2/U(1)

)
⋊
(
Z(𝑡 )

2 ×Z(𝑐)
2

)
, and hence the corresponding

stacky incarnation of the universal globally equivariant QS-associated Fredgr-
fiber bundle (according to Ex. 4.1.45):

QS\\Fredgr

BQS

𝑝
QS ↷ Fredgr

univ ∈Fib (5.77)

Therefore, we now immediately obtain a good definition of twisted orbifold K-
theory (Def. 5.1.22 below).

In fact, we obtain a highly structured version of such: Since the fixed loci by
the PCT quantum symmetries inside the classifying space Fredgr are the classifying
spaces of topological K-theory in all its flavors and degrees (Prop. 5.1.20 and Tab. 5.1),
the orbifolding of the cohomology theory represented by Fredgr not only imposes
equivariance conditions on any given flavor of topological K-theory, but it also serves
to “dial” which flavor and degree of K-theory is in effect where on the orbifold. Since
for the 𝑇- and 𝐶-symmetries one wants (in applications to quantum physics) the
corresponding orbifolding to be by orientation-reversing isotropy actions, one also
speaks of orbi-orientifolds (or just: orientifolds, for short):

Definition 5.1.21. (i) An orbi-orientifold (or Real parity orbifold, with capital
“R”) is an orbifold X (Def. 4.2.1) equipped with a map to the delooping
(Ex. 4.1.12) of the PCT group (5.14):

𝜎 : X B
(
Z(𝑡 )

2 × Z(𝑐)
2

)
. (5.78)

(ii) A geometric K-theory twist, or just twist for short, on such an orbi-orientifold is
map 𝜏 to the delooping of the group of graded quantum symmetries (Ntn. 5.1.5)
which lifts the PCT grading (5.78), hence a dashed map making this diagram
commute:

𝜏 : X BQS .

B
(
Z(𝑡 )

2 × Z(𝑐)
2

)𝜎 B𝑃ct (5.79)

Of course, such 𝜏 fully determines 𝜎.

Now recall that for a topological group Γ acting continuously on a topological
space 𝑋 , we obtain the topological homotopy quotient groupoid Γ\\𝑋 (Def. 4.1.14),
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canonically 𝑋-fibered over BΓ ≡ ∗�𝐺 (4.97). Using this for the action QS ↷ Fredgr
from Def. 5.1.9, we obtain the following concise and transparent definition, in spe-
cialization of Def. 4.2.5:

Definition 5.1.22 (Twisted orbi-orientifold K-theory [SS26c, Ex. 6.2.5][SS23b,
§2.2]). Given an orbi-orientifold (X, 𝜎) with a K-theory twist 𝜏 (Def. 5.1.21)
then its 𝜏-twisted K-cohomology is the connected components of dashed slice maps
(Def. 4.1.46) from 𝜏 into the universal stacky QS-associated Fredgr-fiber bundle
(5.77), as shown on the right here:

K𝜏
(
X

)
:= 𝜋0


QS\\Fredgr

X BQS𝜏

 . (5.80)

Example 5.1.23 (Reduction to equivariant KU). Def. 5.1.22 is a “globally equivari-
ant” orbifold cohomology theory (in specialization of Thm. 4.2.6) in that the definition
does not refer to any particular equivariance/isotropy group, and yet the construction
automatically reduces to equivariant KU-theory KU𝐺 (−) [AS69, p 10][ASe04, §6]
— when:

(i) the domain X is presented as a global quotient X ≃ 𝐺\\𝑋 (Ex. 4.2.3),
(ii) the twist 𝜏 factors as a (stable, cf. [SS26c, Lem. 5.1.45]) projective 𝐺-

representation 𝜌
𝐺 PU(H) QS𝜌 𝑖pu

(5.28)
(5.81)

in that

𝐺\\𝑋 B𝐺 BPU(H) BQS

∗ B
(
Z(𝑡 )

2 × Z(𝑐)
2

)
𝜏𝜌

𝜎

B𝜌 B𝑖pu

B𝑝ct

(5.82)

then
K𝜏𝜌 (𝐺\\𝑋) ≃ KU𝐺 (𝑋) . (5.83)

In particular, this shows that the orbifold K-theory is independent of the choice of
global quotient presentation, a key property that is less manifest otherwise (cf. [PS10,
Prop. 4.1]).

Proof. Using the general results on orbifold cohomology from chapter 4, we straight-
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forwardly obtain that:

K𝜏𝜌 (𝐺\\𝑋) ≡ 𝜋0


QS\\Fredgr

𝐺\\𝑋 B𝐺 BQSB𝜌


≃

(4.99)
𝜋0


𝐺\\𝜌Fred QS\\Fredgr

𝐺\\𝑋 B𝐺 BQS

⌟

B𝜌


≃

(4.107)
𝜋0

{
𝑋 Fred
𝐺 𝐺𝜌

}
.

(5.84)

But the last line is the traditional definition of KU𝐺 (cf. [AS69, p 10]). □

We saw around Prop. 4.1.51 that equivariance is just a special case of twisting,
and indeed, in direct generalization of Ex. 5.1.23:

Example 5.1.24 (Reduction to twisted equivariant KU). When:
(i) the domain X is presented as a global quotient X ≃ 𝐺\\𝑋 (Ex. 4.2.3),

(ii) the twist 𝜏 classifies a 𝐺-equivariant PU(H)-principal bundle P 𝑋
𝑝 in that

it factors through a corresponding equivariant Čech cocycle (cf. Ex. 4.1.45, the
arrows below denote maps of stacks, hence notationally suppressing the inverse
equivalences seen on the left of (4.100))

𝐺\\P PU(H)\\PU(H)

𝐺\\𝑋 BPU(H)

⌟
𝑝univ

𝛾

(5.85)

as

𝐺\\𝑋 BPU(H) BQS

∗ B
(
Z(𝑡 )

2 × Z(𝑐)
2

)
𝜏P

𝛾

𝜎

B𝑖pu

B𝑝ct
(5.86)

then the twisted orbi-K-theory (Def. 5.1.22) reduces to the corresponding P-twisted
equivariant K-theory KU[P]

𝐺
(𝑋) of [ASe04, §6]:

K𝜏P
(
𝐺\\𝑋

)
≃ KU[𝑃 ]

𝐺
(𝑋) . (5.87)
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Proof. As before, by the universal property of the pullback:

K𝜏P (𝐺\\𝑋) ≡ 𝜋0


QS\\Fredgr

𝐺\\𝑋 BPU(H) BQS𝛾
B𝑖pu


≃

(4.99)
𝜋0


PU(H)\\Fredgr QS\\Fredgr

𝐺\\𝑋 BPU(H) BQS

⌟

𝛾
B𝑖pu


≃

(4.102)
𝜋0


𝐺\\(P ×Γ Fredgr) PU(H)\\Fredgr QS\\Fredgr

𝐺\\𝑋 BPU(H) BQS

⌟ ⌟

𝛾
B𝑖pu


≃

(4.106)
𝜋0 Γ𝑋

(
P⊗ΓFred

)𝐺
.

(5.88)

But the last expression is just the traditional definition ([ASe04, Def. 6.1]) of twisted
equivariant KU0. (The equivariant local triviality condition on P which is required
by [ASe04] is actually implied by our stacky construction, see [SS26c, §5.2 & Ex.
6.1.2].) □

Example 5.1.25 (Reduction to KR in any degree). When:
(i) the grading 𝜎 is globally constant over X, in that there is a PCT-subgroup 𝐺 of

which X is a global quotient orbifold (Ex. 4.2.3) of a manifold 𝑋 fixed by the
action:

𝐺 Z(𝑡 )
2 × Z(𝑐)

2 ,
𝜄 X ≃ 𝐺\\𝑋 ≃ 𝑋 × B𝐺 , (5.89)

(ii) and there is no further twist besides a PCT quantum symmetry
[
(̂−)

]
X′ × B𝐺 B𝐺 BQS

B
(
Z𝑇2 × Z𝐶2

)
,

𝜎

pr2

𝜏
𝐺

B 𝜄

[
(̂−)

]
B𝑝ct

then the 𝜏
𝐺

-twisted orbi K-cohomology according to Def. 5.1.22 reduces to the flavor
and degree of K-theory corresponding to the PCT quantum symmetry as shown in
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Tab. 5.1:

K𝜏
𝐺 (𝑋 × B𝐺) ≃



KU0 (𝑋)
�� 𝐺 = A

KU1 (𝑋) ⊔ {+,−}
�� 𝐺 = AIII

KO0 (𝑋)
�� 𝐺 = AI

KO1 (𝑋) ⊔ {+,−}
�� 𝐺 = BDI

KO2 (𝑋)
�� 𝐺 = D

KO3 (𝑋)
�� 𝐺 = BDI

KO4 (𝑋)
�� 𝐺 = AII

KO5 (𝑋) ⊔ {+,−}
�� 𝐺 = CII

KO6 (𝑋)
�� 𝐺 = C

KO7 (𝑋)
�� 𝐺 = CI .

Proof. Using the general results from chapter 4 , we obtain straightforwardly:

K𝜏
𝐺 (𝑋 × B𝐺) ≡ 𝜋0


QS\\Fredgr

𝑋 × B𝐺 B𝐺 BQS[ −̂ ]


≃

(4.99)
𝜋0


𝐺\\Fredgr QS\\Fredgr

𝑋 × B𝐺 B𝐺 BQS[ −̂ ]


≃

(4.110)
𝜋0

{
𝑋 Fred𝐺gr

}
.

(5.90)

But the last line implies the claim by Prop. 5.1.20. □

These examples show that the twisted orbi-orientifold K-theory of Def. 5.1.22
unifies and mixes these aspects of K-theory: R/C/H-flavors, degrees, twisting and
equivariance. Along the same lines the reader can find the sectors of twisted orbi KU1

and KO𝑛, etc.
In the following subsections we focus on the KU0-sector, twisted/orbifolded by

Γ ∈ {U(2), Sp(2)}.

5.2 Unstable Orientation
In preparation of constructing the four/ten-dimensional U(2)/Sp(2)-equivariant ori-
entation of orbi-KU0, below § 5.2, here we discuss the canonical U(2)/Sp(2)-
equivariant C/H-line bundle on C𝑃1/H𝑃1, and the equivariant trivialization of its
pullback along the C/H-Hopf fibration. We use quaternionic 2-component spinor cal-
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culus (following [FSS22, §2.1]) in a way that lends itself to constructing the required
Fredholm operator families.

This subsection uses well-known constructions in quaternionic algebra, and the
result will not be surprising to experts. But since it does not seem properly citable, and
in order to establish notation needed in § 5.2, we spell out the pleasant construction
explicitly.

5.2.1 Quaternion algebra
Definition 5.2.1 (cf. [Zha97][MGS14, §1]). We write:

• H for the real vector space of quaternions,
• with their real associative product (−) · (−),
• which is a real star-algebra via conjugation (−)∗,
• and equipped with a norm | − | given by |𝑞 |2 = 𝑞𝑞∗.
• Hin ⊂ H for the real subspace of imaginary quaternions, 𝑞∗ = −𝑞,
• for which we choose, as usual, an orthonormal linear basis i, j, k ∈ Him such

that
i · j = k , (5.91)

• which in fact generates H subject to the further relations
i j = −j i, i2 = j2 = −1 , (5.92)

• and exhibits a star-algebra inclusion of the complex numbers:

C H
i 7−! i . (5.93)

• B(H2) for the real algebra of 2 × 2 matrices with quaternion entries,
• with star-operation (

𝑎 𝑏

𝑐 𝑑

)†
:=

(
𝑎∗ 𝑐∗

𝑏∗ 𝑑∗

)
. (5.94)

• Sp(1) = 𝑆(H) for the unit norm quaternions, with their group structure under
quaternion multiplication.

Example 5.2.2 (cf. [MGS14, §1.27]). The Pauli matrices define a homomorphism
of real star-algebras from the quaternions (Def. 5.2.1) to the linear operators on C2:

H B(C2) ,𝛾 (5.95)

given by

1 7−!
[

1 0
0 1

]
, i 7−! i

[
1 0
0 −1

]
, j 7−! i

[
0 1
1 0

]
, k 7−! i

[
0 i
−i 0

]
.

One immediately checks that for a general quaternion 𝑥 := 𝑥0 + 𝑥1i + 𝑥2j + 𝑥3k ∈ H,
with (𝑥𝑖 ∈ R)3

𝑖=0, one has det(𝛾𝑥) =
∑3
𝑖=0 (𝑥𝑖)2 = 𝛾𝑥𝛾

†
𝑥 . This implies that under the

matrix representation (5.95) the unit norm quaternions are identified with the special
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unitary 2 × 2 matrices:

𝑆(H) = Sp(1) SU(2) ⊂ B(C2) .𝛾

∼ (5.96)

Definition 5.2.3 (cf. [CDL00, p 11][VB20, (2.4)]). The group of unimodular quater-
nionic 2 × 2 matrices is

SL(H2) :=
{
𝐴 ∈ B(H2)

�� det𝐷 (𝐴) = 1
}
, (5.97)

where

det𝐷
(
𝑎 𝑏

𝑐 𝑑

)
=



0 if 𝑏 = 𝑐 = 𝑑 = 0��𝑎𝑑 − 𝑎𝑐𝑎−1𝑏
�� if 𝑎 ≠ 0��𝑑𝑎 − 𝑑𝑏𝑑−1𝑐
�� if 𝑑 ≠ 0��𝑏𝑑𝑏−1𝑎 − 𝑏𝑐
�� if 𝑏 ≠ 0��𝑐𝑎𝑐−1𝑑 − 𝑐𝑏
�� if 𝑐 ≠ 0 .

(5.98)

Definition 5.2.4 (cf. [Zha97, p. 28]). The group of unitary quaternionic 2×2 matrices
(also: compact symplectic group) is:

Sp(2) ≡ U(H2) :=
{
𝑈 ∈ B(H2)

�� 𝑈 ·𝑈† = 1
}
. (5.99)

Remark 5.2.5. The condition in (5.99) is indeed sufficient, because for 𝐵 ∈ B(H2)
we have (cf. [Zha97, Prop. 4.1]):

𝐵 · 𝐵† = 1 ⇔ 𝐵† · 𝐵 = 1 . (5.100)

Remark 5.2.6. Applying the star-algebra homomorphism 𝛾 (5.95) entrywise yields
a star-algebra homomorphism

B(H2) B(C4)(
𝑎 𝑏

𝑐 𝑑

)
7−!

(
𝛾𝑎 𝛾𝑏
𝛾𝑐 𝛾𝑑

)
,

𝛾

(5.101)

where on the right the 2x2 matrix of complex 2x2 matrices is canonically regarded
as a 4x4 matrix. In particular, (5.101) gives a complex-unitary representation of the
quaternionic unitary group (5.99):

C4

Sp(2)

: Sp(2) SU(4) .𝛾 (5.102)

Lemma 5.2.7 (cf. [CDL00, Cor. 6.4]). Every unitary matrix according to (5.99) is
unimodular according to (5.97):

Sp(2) ⊂ SL(H2) . (5.103)

Proof. The characteristic properties of det𝐷 (5.98) are (cf. [CDL00, Thm. 5.1, &
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Cor. 6.4]), for all 𝐴, 𝐵, ∈ Mat2×2 (H)
det𝐷 (𝐴) ∈ R≥0

det𝐷 (1) = 1
det𝐷 (𝐴 · 𝐵) = det𝐷 (𝐴) · det𝐷 (𝐵)

det𝐷
(
𝐴†) = det𝐷 (𝐴) .

(5.104)

Thereby,𝑈 ·𝑈† = 1 implies
1 = det𝐷

(
𝑈 ·𝑈†)

= det𝐷 (𝑈) · det𝐷
(
𝑈†)

=
(
det𝐷 (𝑈)

)2
,

(5.105)

and the only solution to that in R≥0 is det𝐷 (𝑈) = 1. □

Remark 5.2.8. Lem. 5.2.7 entails that the quaternionic unitary group (5.99) plays the
role of a special unitary group, certainly in its following appearance in Prop. 5.2.9.
In view of this, the notation “Sp(2)” is more suggestive than “U(2,H)”, with its
(coincidental but fortunate) alliteration to “SU(2)”.

5.2.2 The Tautological Line Bundle
What drives the following construction is this fact:

Proposition 5.2.9 ([KT82], streamlined review in [BH09][VB20][FSS21c, §3.2]).
The following isomorphism of quadratic real vector spaces, from 6D Minkowski
spacetime with signature 𝜂 := diag(−1, +1, · · · , +1), to the space of hermitian 2 × 2
quaternionic matrices with quadratic form being minus the ordinary determinant, in-
tertwines the canonical Spin(1, 5) −! SO(1, 5)-action on the left with the conjugation
action

SL(H2) AutR
({
𝐴 ∈ B(H2)

�� 𝐴† = 𝐴
})

𝐴 7−! 𝐴 · (−) · 𝐴†

conj

(5.106)

of SL(H2) (Def. 5.2.3) on the right:

Spin(1, 5) ↷ can
(
R1,5, 𝜂

)
SL(H2) ↷ (5.106)

({
𝐴 ∈ B(H2) | 𝐴† = 𝐴

}
,−det

)

𝑥0

𝑥1

...

𝑥5


7−!

(
𝑥0 − 𝑥1 𝑥2 + i𝑥3 + j𝑥4 + k𝑥5

𝑥2 − i𝑥3 − j𝑥4 − k𝑥5 𝑥0 + 𝑥1

)
,

∼

(5.107)

and analogously so for 4D Minkowski spacetime and complex matrices, by restriction
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along the inclusion C ↩! H (5.93):

Spin(1, 3) ↷ can
(
R1,3, 𝜂

)
SL(C2) ↷

({
𝐴 ∈ B(C2)

�� 𝐴† = 𝐴
}
,−det

)

𝑥0

𝑥1

...

𝑥3


7−!

(
𝑥0 − 𝑥1 𝑥2 + i𝑥3

𝑥2 − i𝑥3 𝑥0 + 𝑥1

)
.

∼

(5.108)

Corollary 5.2.10. Under the identification of Prop. 5.2.9, the subspace R5 ⊂ R1,5

with its Euclidean norm 𝑔, and furthermore the (pointed) subspace 𝑆4 ⊂ R5, are
identified with those Hermitian matrices that are traceless and traceless unitary,
respectively; and the corresponding subgroups Spin(4) ⊂ Spin(5) ⊂ Spin(1, 5) are
identified with Sp(1) × Sp(1) ⊂ Sp(2) ⊂ SL(H2) (5.103), as follows:

Spin(1, 5) ↷ can
(
R1,5, 𝜂

)
SL(H2) ↷ conj

({
𝐴 ∈ B(H2) | 𝐴†=𝐴

}
,−det

)
Spin(5) ↷ can

(
R5, 𝑔

)
Sp(2) ↷ conj

({
𝐴 ∈ B(H2)

��� 𝐴†=𝐴tr(𝐴)=0

}
,−det

)
Spin(5) ↷ can𝑆

4, Sp(2) ↷ conj

{
𝐴 ∈ B(H2)

���� 𝐴†=𝐴tr(𝐴)=0
𝐴·𝐴†=1

}
Spin(4) ↷ can𝑆

4
nth, Sp(1)2 ↷ conj

{
𝐴 ∈ B(H2)

���� 𝐴†=𝐴tr(𝐴)=0
𝐴·𝐴†=1

}(
1 0
0 −1

)
.

∼

∼

∼

∼

(5.109)

Proof. From the component expression in (5.107) it is manifest that the condition
𝑥0 = 0, characterizing the subset R5 ⊂ R1,5, corresponds to vanishing trace on the
Hermitian matrices. To see that its is precisely Sp(2) = U(H2) ⊂ SL(H2) which
preserves this tracelessness condition, we note that this is equivalent to this subgroup
preserving the orthogonal complement of the traceless Hermitian matrices. Again
by the component expression in (5.107), this orthogonal complement is spanned by
the identity matrix 1. Therefore 𝐺 ∈ SL(H2) preserves the traceless matrices iff
𝐺 · 1 · 𝐺† = 1, hence iff 𝐺 is unitary (5.99).

Further from the component expression in (5.107) one sees that
𝐴†=𝐴

tr(𝐴)=0

}
⇒ 𝐴𝐴† = −det(𝐴) , (5.110)

which shows that the unitary traceless Hermitian matrices form the unit sphere inside
R5. Finally, it is readily seen that the subgroup of Sp(2) whose conjugation action
fixes the base point

(
1 0
0 −1

)
among these matrices is the diagonal

Sp(1) × Sp(1) ≃
(
Sp(1) 0

0 Sp(1)

)
.

This concludes the proof. □
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Remark 5.2.11. The direct analogue of Cor. 5.2.10 over the complex numbers gives

Spin(3) ↷ can𝑆
2 SU(2) ↷ conj

{
𝐴 ∈ B(C2)

���� 𝐴†=𝐴tr(𝐴)=0
𝐴·𝐴†=1

}
.

∼ (5.111)

However — in line with the fact that Sp(2) = U(H2) is actually the quaternionic
unitary group (5.99) and since unity of the determinant no longer plays a role when
we conjugating matrices 𝐴 constrained to have det(𝐴) = −1 — the SU(2)-action on
the right of (5.111) evidently extends to a U(2) ≃ Spin𝑐 (3)-action:

Spin𝑐 (3) ↷ can𝑆
2 U(2) ↷ conj

{
𝐴 ∈ B(C2)

���� 𝐴†=𝐴tr(𝐴)=0
𝐴·𝐴†=1

}
.

∼ (5.112)

Definition 5.2.12 (cf. [Bro, §5.3]). For K ∈ {R,C,H}, The K-projective space of
dimension 𝑛 ∈ N is the space of right K-lines in K𝑛+1,

K𝑃𝑛 =
{
𝑣 · K ⊂ K𝑛+1 �� 𝑣 ∈ K𝑛+1 \ {0}

}
, (5.113)

traditionally denoted[
𝑣1 : 𝑣2 : · · · : 𝑣𝑛+1

]
:= 𝑣 · K , for 𝑣 = (𝑣1, · · · , 𝑣𝑛+1) ∈ K𝑛+1 \ {0} , (5.114)

with standard injections

K𝑃𝑛 K𝑃𝑛+1[
𝑣1 : · · · : 𝑣𝑛+1

]
7!

[
𝑣1 : · · · : 𝑣𝑛+1 : 0

]
,

(5.115)

canonical fibrations

R𝑃2𝑛+1 C𝑃𝑛

𝑣 · R 7! 𝑣 · C ,
C𝑃2𝑛+1 H𝑃𝑛

𝑣 · C 7! 𝑣 · H ,
(5.116)

and their composites

R𝑃2𝑛 R𝑃2𝑛+1 C𝑃𝑛 ,

𝑓 RC

C𝑃2𝑛 C𝑃2𝑛+1 H𝑃𝑛.

𝑓 CH

(5.117)

These spaces carry a canonical action of the unitary group U(𝑛 + 1,K) (5.99) by left
multiplication:

O(𝑛 + 1) × R𝑃𝑛 R𝑃𝑛

U(𝑛 + 1) × C𝑃𝑛 C𝑃𝑛

Sp(𝑛 + 1) × H𝑃𝑛 H𝑃𝑛(
𝐺, 𝑣 · K

)
7−! 𝐺 · 𝑣 · K .

mult

mult

mult (5.118)

Corollary 5.2.13. We have an identification of the two/four-sphere with the C/H-
projective line (5.113) which intertwines the canonical Spin𝑐 (3)/ Spin(5)-action on
𝑆2/𝑆4 with the multiplication action (5.118) of U(2)/ Sp(2) on C𝑃1/H𝑃1 (5.113):

Spin𝑐 (3) ↷ can𝑆
2 U(2) ↷ multC𝑃1,

Spin(5) ↷ can𝑆
4 Sp(2) ↷ multH𝑃1.

∼

∼ (5.119)
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Proof. We spell out the argument over H: By Cor. 5.2.10, the 4-sphere is identified
with traceless unitary hermitian matrices. These are furthermore identified, first with
rank=1 projection operators on H2, and then with lines in H2, like this:

𝑆4
{
𝐴 ∈ B(H2)

���� 𝐴†=𝐴tr(𝐴)=0
𝐴·𝐴=1

} {
𝑃 ∈ B(H2)

���� 𝑃†=𝑃
tr(𝑃)=1
𝑃 ·𝑃=𝑃

}
H𝑃1

𝐴 7! 𝑃𝐴 := 1
2 (1 − 𝐴) 7! ker(𝑃𝐴)

𝐴𝑃 := (1 − 2𝑃)  [ 𝑃, 𝑃𝑣 := 1 − 𝑣 ·𝑣†
|𝑣 |2  [ 𝑣 · H .

∼
(5.109)

∼ ∼

(5.120)

Now, Cor. 5.2.10 also shows that the Spin(5)-action on 𝑆4 becomes the Sp(2)-
conjugation action (5.106) on the matrices 𝐴. Under the above bijection (5.120), this
translates first to the same kind of conjugation action on projection operators 𝑃, and
then to left multiplication on H-lines, as claimed, since:

ker
(
𝐺 · 𝑃 · 𝐺†) ≃ 𝐺 · ker(𝑃) . (5.121)

□
The argument over C is verbatim the same, now using the U(2)-action from

(5.112).

Definition 5.2.14. The kernel bundle of the family of the C𝑃1/H𝑃1-parameterized
projection operators (5.120) is the tautological C/H-line bundle over C𝑃1/H𝑃1:

Ltaut
K𝑃1 :=

{
(𝑃, 𝑣)

��� 𝑃∈K𝑃1
𝑣∈ker(𝑃)

}
K𝑃1 × K2 .

H𝑃1
(5.122)

Next we are after the canonical trivialization of this tautological line bundle after
pullback along the Hopf fibration.

5.2.3 The Hopf Fibration
Definition 5.2.15. The R/C/H-Hopf fibration is the map which sends unit norm
elements in R2/C2/H2 (Def. 5.2.1) to the R/C/H-lines which they span (5.113):

𝑆1 ≃ 𝑆
(
R2) ∋ 𝑣

𝑆1 ≃ R𝑃1 ∋ 𝑣 · R ,

𝑝R

𝑆3 ≃ 𝑆
(
C2) ∋ 𝑣

𝑆2 ≃ C𝑃1 ∋ 𝑣 · C ,

𝑝C

𝑆7 ≃ 𝑆
(
H2) ∋ 𝑣

𝑆4 ≃
(5.119)

H𝑃1 ∋ 𝑣 · H .

𝑝H (5.123)

Remark 5.2.16. By incrementally forming lines along the sequence of inclusions
R ⊂ C ⊂ H, the C/H-Hopf fibration (5.123) canonically factors through further
relevant fibrations:

𝑆(C2) R𝑃3 C𝑃1

𝑣 7−! 𝑣 · R 7−! 𝑣 · C ,

𝑝C

𝑡C (5.124)
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and

𝑆(H2) R𝑃7 C𝑃3 H𝑃1

𝑣 7−! 𝑣 · R 7−! 𝑣 · C 7−! 𝑣 · H .

𝑝H

𝑡H (5.125)

The map 𝑡C : R𝑃3 C𝑃1 (5.124) plays a key role below in § 3.1.4, while 𝑡H :

C𝑃3 H𝑃1 (5.125), also known as the twistor fibration (cf. [FSS22, §2]), plays
a key role in more refined variants of flux quantization on M5-branes, discussed
elsewhere (cf. [SS25e][SS25f][FSS23, §12][SS25g]).

Lemma 5.2.17. The C/H-Hopf fibration (5.123) is equivariant with respect to
(i) the canonical U(2)/ Sp(2)-action on 𝑆(C2)/𝑆(H2);
(ii) the multiplication action (5.118) on C𝑃1/H𝑃1:

𝑆3 ≃ 𝑆(C2)

𝑆2 ≃ C𝑃1

Spin𝑐 (3)

𝑝C

U(2)

𝑣7!
𝑣 ·C

Spin𝑐 (3) U(2)

𝑆7 ≃ 𝑆(H2)

𝑆4 ≃ H𝑃1

Spin(5)

𝑝H

Sp(2)

𝑣7!

𝑣 ·H

Spin(5) Sp(2) .

(5.126)

This equivariance extends canonically to the factorizations of Rem. 5.2.16.

Proof. Evidently, for 𝑣 ∈ H2 and 𝐺 ∈ Sp(2), the assignments

𝑣 𝐺 · 𝑣

𝑣 · H 𝐺 · 𝑣 · H
(5.127)

commute. Analogously so over C. □

Lemma 5.2.18. The cell attachments (Ex. 4.1.3) along the Hopf fibrations
(Def. 5.2.15) and their factorizations (Rem. 5.2.16) are projective spaces (Def. 5.2.12)
as follows:

𝑆
(
R2) 𝐷

(
R2)

R𝑃1 R𝑃2 ,

𝑝R

(po)

𝑆
(
C2) 𝐷

(
C2)

R𝑃3 R𝑃4

C𝑃1 C𝑃2 ,

𝑝C

(po)

(po)
𝑓 RC

𝑆
(
H2) 𝐷

(
H2)

R𝑃7 R𝑃8

C𝑃3 C𝑃4

H𝑃1 H𝑃2 ,

𝑝H

(po)

(po)
𝑓 RC

(po)
𝑓 CH

(5.128)
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where the top right maps are given by

𝐷 (R𝑛) R𝑃𝑛

(𝑣1, · · · , 𝑣𝑛) 7!
[
𝑣1 : · · · : 𝑣𝑛 :

√︁
1 − |®𝑣 |2

]
.

(5.129)

Proof. By the pasting law (Prop. 4.1.4), the claim follows from the general and
standard statement (cf. [Mas91, §IX.3.6]) that the following is a pushout for all 𝑛 ∈ N
and K ∈ {R,C,H}:

𝑆(K𝑛+1) 𝐷 (K𝑛+1)
[
𝑣1 : · · · : 𝑣𝑛+1

]
K𝑃𝑛 K𝑃𝑛+1

[
𝑣1 : · · · : 𝑣𝑛+1 :

√︁
1 − |®𝑣 |2

]
.

(po) (5.130)

Namely this expresses the fact that an element [𝑣1 : · · · : 𝑣𝑛+1 : 𝑣𝑛+2] ∈ K𝑃𝑛+1:
• either has 𝑣𝑛+2 = 0, in which case it is in the image of K𝑃𝑛 K𝑃𝑛+1 and

equivalently in the image of 𝑆(K𝑛+1) 𝐷 (K𝑛+1) K𝑃𝑛+1,
• or else it equals, (setting 𝑣′𝑛 := 𝑣𝑛/𝑣𝑛+2 for 𝑛 ∈ {1, · · · , 𝑛 + 1}):[

𝑣′1 : · · · : 𝑣′𝑛+1 : 1
]
=

[
𝑣′1√

| ®𝑣′ |2+1
: · · · : 𝑣′

𝑛+1√
| ®𝑣′ |2+1

: 1√
| ®𝑣′ |2+1

=

√︄
1 −

���� ®𝑣′√
| ®𝑣′ |2+1

����2
]

and hence is in the image of 𝐷 (K𝑛+1) K𝑃𝑛+1. □

Lemma 5.2.19. The R/C/H-Hopf fibrations (Def. 5.2.15) are equivalently the fol-
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lowing coset coprojections:

𝑆1 ≃ 𝑆(R2) ≃ O(2)
O(1)stb

:= O(2)
/ (

1 0
0 O(1)

)

𝑆1 ≃ R𝑃1 ≃ O(2)
O(1)2 := O(2)

/ (
O(1) 0

0 O(1)

)
,

𝑝R

𝑣7!

𝑣 ·R
(5.131a)

𝑆3 ≃ 𝑆(C2) ≃ U(2)
U(1)stb

:= U(2)
/ (

1 0
0 U(1)

)

𝑆2 ≃ C𝑃1 ≃ Sp(2)
U(1)2 := U(2)

/ (
U(1) 0

0 U(1)

)
,

𝑝C

𝑣7!

𝑣 ·C
(5.131b)

𝑆7 ≃ 𝑆(H2) ≃ Sp(2)
Sp(1)stb

:= Sp(2)
/ (

1 0
0 Sp(1)

)

𝑆4 ≃ H𝑃1 ≃ Sp(2)
Sp(1)2 := Sp(2)

/ (
Sp(1) 0

0 Sp(1)

)
.

𝑝H

𝑣7!

𝑣 ·H
(5.131c)

Proof. We indicate the argument over H, the other two cases are directly analogous:
By Lem. 5.2.17, we have a transitive Sp(2)-action, exhibiting the 7-sphere as the
Sp(2)-translations of its base point

Sp(2) ·
(
1
0

)
≃ 𝑆(H2) . (5.132)

Now the stabilizer group of the base point is manifestly

StabSp(2)

(
1
0

)
=

(
0 0
0 Sp(1)

)
=: Sp(1)stb ⊂ Sp(2) , (5.133)

while the fiber of the base point [1 : 0] ∈ H𝑃1 is manifestly

fib(𝑝H ) =
(
Sp(1)

0

)
=

(
1
0

)
·
(
Sp(1) 0

0 1

)
. (5.134)

This implies the claim by the orbit-stabilizer theorem for Lie group actions (cf.
[War83, Thm. 3.62][Lee12, Thm. 21.18]). □

Over C we obtain from this yet another incarnation of the Hopf fibration, which
is useful to make explicit (cf. [Lyo03, (3)]):

Corollary 5.2.20. The C-Hopf fibration is equivalently given by the conjugation
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action of SU(2) on the matrix representing the basepoint of 𝑆2 (5.109):

𝑆3 SU(2)

𝑆2
{
𝐴 ∈ B(C2)

���� 𝐴†=𝐴tr(𝐴)=0
𝐴·𝐴=1

}
.

∼

𝑝C

𝑔7!

𝑔·
(
+1 0
0 −1

)
·𝑔−1

∼

(5.135)

Proof. First to observe that we have a homeomorphism of underlying spaces:
U(2)

U(1)stb
SU(2)

𝑔 · U(1)stb  − [ 𝑔 ,

∼

(5.136)

conversely reflecting the fact that every coset in U(2)/U(1)stb contains precisely one
special unitary matrix.

Next to note that under the isomorphisms of (5.120), one incarnation of the
C-Hopf fibration is as shown on the left and middle of the following diagram:

𝑆(C2) 𝑈 · 𝑣 𝑔 ·
(
1
0

)
{
𝐴 ∈ B(C2)

���� 𝐴†=𝐴tr(𝐴)=0
𝐴·𝐴=1

}
𝑈 ·

(
2𝑣 · 𝑣† − 1

)
·𝑈† 𝑔 ·

(
+1 0
0 −1

)
· 𝑔−1 .

(5.137)

Combining these two statements gives that 𝑔 ∈ SU(2) maps as shown on the right,
which is the claim to be proven. □

In § 5.2 we will crucially use the following curious incarnation of the Hopf
fibration in geometric homotopy theory, which may be less widely appreciated:

Corollary 5.2.21. After passage to homotopy Sp(2)-quotients, the quaternionic Hopf
fibration is equivalent to the delooping of the inclusion of the stabilizer subgroup
Sp(1)stb into its product with the active Sp(1), as shown on the right here:

Spin(5)\\𝑆7 ≃ Sp(2)\\𝑆(H2) ≃ Sp(2)\\ Sp(2)
Sp(1)stb

≃ Sp(1)stb\\∗

Spin(5)\\𝑆4 ≃ Sp(2)\\H𝑃1 ≃ Sp(2)\\ Sp(2)
Sp(1)2 ≃ Sp(1)2\\ ∗ .

Spin(5)\\𝑝H (5.138)

Proof. By the general equivalence B𝐻 ≃ 𝐺\\𝐺/𝐻 (4.67), for subgroups 𝐻 ⊂ 𝐺. □

5.2.4 Trivialization along Hopf Fibration
For completeness, we close this discussion by highlighting the traditional trivialization
of the pullback of the tautological line bundle along the Hopf fibration (but below in
§ 5.2 we instead use Cor. 5.2.21 for a more powerful argument):
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Proposition 5.2.22. The unit sphere bundle of the tautological line bundle (5.122)
on C𝑃1/H𝑃1 is isomorphic to the Hopf fibration (5.123):

𝑆
(
Ltaut

H𝑃1

)
𝑆7

H𝑃1 𝑆4.

∼

𝑝H

∼
(5.139)

Proof. Unwinding the definitions, this is again essentially a tautology:

𝑆
(
HH𝑃1

)
𝑆(H2)

(𝑃, 𝑣) 𝑣

𝑃 1 − 𝑣𝑣†

|𝑣 |2

H𝑃1 H𝑃1,

∼

(5.140)

using here that every 𝑣 ∈ H2 is in the kernel of a unique self-adjoint rank=1 projector
(5.120), and observing that the condition |𝑣 | = 1 is the same on both sides. □

Proposition 5.2.23. The pullback of the tautological H-line bundle (5.122) along the
H-Hopf fibration (5.123) trivializes Sp(2)-equivariantly:

𝑆7 × H 𝑝∗
H
Ltaut

H𝑃1 .

𝑆7

Sp(2)

∼

Sp(2)

(5.141)

Proof. In components, the bundle isomorphism may be given as

𝑆 (H2 )×H︷            ︸︸            ︷{
(𝑢, 𝑞)

��� 𝑢∈H2
𝑞∈H
|𝑢 |=1

} 𝑝∗
H
𝔏H𝑃1︷                       ︸︸                       ︷{

(𝑢, 𝑃, 𝑣)
���� 𝑃∈H𝑃1
𝑢,𝑣∈ker(𝑃)

|𝑢 |=1

}
(𝑢, 𝑞) 7−!

(
𝑢, 1 − 𝑢𝑢†, 𝑢 · 𝑞

)(
𝑢, 𝑣/𝑢

)
 − [ (𝑢, 𝑃, 𝑣) ,

∼
(5.142)

whose equivariance is manifest. □

Remark 5.2.24. In terms of classifying maps, the trivialization of Thm. 5.2.22 is a
homotopy of this form

𝑆7 ∗

H𝑃1 H𝑃∞.

𝑝C
∼

⊢LH𝑃1

(5.143)

This shows that postcomposition with a quaternion orientation of complex K-theory,
H𝑃∞ ! KU, gives a homotopy ℎKU

3 according to Fig. 2.6.
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Next we turn to constructing this in detail and equivariantly (cf. Prop. 5.2.30
below).

Based on the above construction of the Sp(2)-equivariant tautological quater-
nionic line bundle Ltaut

H𝑃1 (Def. 5.2.14) over 𝑆4 ≃ H𝑃1, we now explicitly construct its
incarnation in the orbifold K-theory of Def. 5.1.22 for trivial PCT symmetry (hence in
the KU0-sector, by Ex. 5.1.25), and exhibit the trivialization of its pullback along the
quaternionic Hopf fibration. This explicitly exhibits the four/ten-dimensional equiv-
ariant orientation of KU0 in the manner explained around Fig. 2.6.

5.2.5 The equivariant unit
In fact, the tautological realization of Ltaut

H𝑃1 as the kernel bundle of the projectors
which are the points of H𝑃1 (Def. 5.2.14) induces a similarly tautological incarnation
of its reduced K-theory class as the virtual kernel of parameterized Fredholm operators
(5.67), by use of Ex. 5.1.14:

Lemma 5.2.25. The complex vector bundle underlying the tautologicalH-line bundle
over H𝑃1 (Def. 5.2.14) is the virtual kernel bundle (5.50) of the following H𝑃1-
parameterized graded Fredholm operator:

H𝑃1
{
𝑃 ∈ B(H2)

��� 𝑃†=𝑃
𝑃◦𝑃=𝑃

trH (𝑃)=1

} {
𝑃 ∈ B(C4)

��� 𝑃†=𝑃
𝑃◦𝑃=𝑃

}
Fredgr

𝑃 7! 𝑃 7! 𝛾(𝑃) 7! 𝐹𝛾 (𝑃) ,

𝐹 taut
H𝑃1

∼
(5.120)

𝛾

(5.101)

𝐹(−)

(5.58)
(5.144)

in that
ker

(
𝐹 taut
H𝑃1

)
= 𝛾(Ltaut

H𝑃1 ) ⊖ 0 . (5.145)

Proof. By Ex. 5.1.14, the virtual kernel of 𝐹 taut
𝑃

≡ 𝐹𝛾 (𝑃) is that of 𝛾(𝑃), by Rem. 5.2.6
this is the underlying complex vector space of the kernel of 𝑃, and that, by Def. 5.2.14,
is the fiber of the tautological H-line bundle over 𝑃. □

Example 5.2.26. The virtual difference (5.49) of the above (5.144) and the constant
H𝑃1-parametrized Fredholm operator 𝑃 7! 𝐹C2 (5.53)

H𝑃1 Fredgr
𝐹 taut
H𝑃1 ⊖𝐹

C2
H𝑃1

(5.146)

has as virtual kernel bundle the “reduced” version of (the underlying complex vector
bundle of) the tautological H-line bundle,

ker
(
𝐹 taut
H𝑃1 ⊖ 𝐹C2

H𝑃1

)
= 𝛾(Ltaut

H𝑃1 ) ⊖ C2
H𝑃1 , (5.147)

of vanishing virtual dimension, dim
(
ker

(
𝐹 taut
H𝑃1 ⊖ 𝐹C2

H𝑃1

) )
= 0 .

Notation 5.2.27. Let

Sp(2) U(H) PU(H) PU(H)gr Aut
(
Fredgr

)⊕N 𝛾 (5.148)

be (the projective image of) N direct summands of the 4-dimensional irrep (5.102),
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realizing the Hilbert space H (5.1) as the unitary Sp(2)-representation which is the
N-indexed direct sum of these irreps (5.102): 3

H :=
⊕

N C4 .

Sp(2) Sp(2)

(5.149)

Remark 5.2.28. Below we will be concerned with the restriction of this Sp(2)-
representation (5.149) to a representation of the stabilizer subgroup (5.133),

Sp(1)stb Sp(2) ,𝜄stb (5.150)

in which form it becomes equivariantly unitarily equivalent, as in (5.62), to the direct
sum of an infinite-dimensional trivial representation with anN-indexed sum of copies
of the defining representation C2

def of Sp(1) ≃ SU(2) (5.96):

H

Sp(1)stb

=
⊕

N

(
C4

Sp(1)stb)
=

⊕
N

(
C2

triv ⊕C2
def

Sp(1)stb)
𝑈

−−−−!
∼

(⊕
NC

2
triv

)
︸       ︷︷       ︸

Htriv

⊕
(⊕

NC
2
def

Sp(1)stb)
︸      ︷︷      ︸

Hdef

.

(5.151)

Under this transformation, the Fredholm operator 𝐹𝑃0 transforms into (5.64)

𝑈 ◦ 𝐹𝑃0 ◦𝑈−1 = 𝐹C2
triv ⊕ 𝐹0·C2

def . (5.152)

Lemma 5.2.29. The tautological H𝑃1-parameterized Fredholm operator (5.144) is
Sp(2)-equivariant with respect to the canonical action on H𝑃1 (5.126) and the action
on Fredgr from (5.148):

H𝑃1 Fredgr ,

Sp(2)
𝐹 taut
H𝑃1

Sp(2)

(5.153)

and hence descends to a map of homotopy quotient stacks (4.107) of this form:

Sp(2)\\H𝑃1 Sp(2)\\Fredgr .

BSp(2)

Sp(2)\\𝐹 taut
H𝑃1

(5.154)

Proof. The first two maps in (5.144) are tautologically equivariant, as around (5.121).
The third map in (5.144) is clearly equivariant by the block matrix form (5.56) of 𝐹𝑃

3Generally one would take H to be a stable representation of Sp(2) , namely the N-fold direct sum of
the direct sum of all the complex irreducible representations of Sp(2) . But for the present purpose, and
not to overburden the notation unnecessarily, we may stick with (5.148).
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being compatible with the direct sum of representations (5.149):

(
⊕N 𝛾(𝐺)

) ©­­­­­«
𝑃 0 0 · · ·

1−𝑃 𝑃 0 · · ·
0 1−𝑃 𝑃 · · ·
0 0 1−𝑃 · · ·
...

...
...

. . .

ª®®®®®¬
(
⊕N 𝛾(𝐺)−1)

=

©­­­­­«
𝛾(𝐺)𝑃 𝛾(𝐺)−1 0 0 · · ·

1−𝛾(𝐺)𝑃 𝛾(𝐺)−1 𝛾(𝐺)𝑃 𝛾(𝐺)−1 0 · · ·
0 1−𝛾(𝐺)𝑃 𝛾(𝐺)−1 𝛾(𝐺)𝑃𝛾(𝐺)−1 · · ·
0 0 1−𝛾(𝐺)𝑃 𝛾(𝐺)−1 · · ·
...

...
...

. . .

ª®®®®®¬
.

(5.155)

This establishes the claim. □

5.2.6 The orienting homotopy
With this in hand, we have the following Fredholm operator analogue of Prop. 5.2.23,
cf. Rem. 5.2.24, which realizes the phenomenon of Figs. 2.6 and 2.7 for 𝐸 = KU:

Proposition 5.2.30. The pullback of the reduced version (5.146) of the tautological
C𝑃1/H𝑃1-parameterized Fredholm operator (5.144) along the C/H-Hopf fibration
(5.123) trivializes U(2)/Sp(2)-equivariantly, in that we have an equivariant homo-
topy (4.21) of this form:

𝑆(C2) ∗

C𝑃1 Fredgr

U(2)

𝑣7!

𝑣 ·C

U(2)

𝐹0ℎKU
1

U(2)
𝐹 taut
C𝑃1 ⊖𝐹

C1
triv

C𝑃1

U(2) ,

𝑆(H2) ∗

H𝑃1 Fredgr

Sp(2)

𝑣7!

𝑣 ·H

Sp(2)

𝐹0ℎKU
3

Sp(2)
𝐹 taut
H𝑃1 ⊖𝐹

C2
triv

H𝑃1

Sp(2) .

(5.156)

Proof. We spell out the proof over H; for C it is verbatim the same up to the evident
substitutions.

After equivalent passage to Sp(2)-homotopy quotients (4.107), and under the
equivalence of Cor. 5.2.21, we are reduced to exhibiting BSp(2)-sliced homotopy
(4.21) as indicated by the dashed arrow in this diagram:

Sp(1)stb\\∗ Sp(1)stb\\∗ Sp(2)\\∗

Sp(1)2\\∗ Sp(1)stb\\Fredgr Sp(2)\\Fredgr .

𝜄stb\\∗ Sp(1)stb\\𝐹0
𝜂

𝜄stb\\∗

Sp(2)\\𝐹0

Sp(1)2\\
(
𝐹𝑃0 ⊖𝐹

C2
triv

)
𝜄stb\\Fredgr

(5.157)

Here, in identifying the bottom map as shown, we have used that restriction along
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the equivalence Sp(1)1\\∗ Sp(2)\\Sp(2)/Sp(1)1 ≃ Sp(2)\\H𝑃1∼ means (4.67) to

(restrict the isotropy action along Sp(1)2 Sp(2) and) evaluate on the neutral coset
e · Sp(1)2 ∈ Sp(2)/Sp(1)2, hence equivalently (by Lem. 5.2.19) on the base point
𝑃0 ∈ H𝑃1.

However, precisely because the left map comes from inclusion of the stabilizer
subgroup, its composite with the bottom map produces the situation (5.152) discussed
in Rem. 5.2.28, whence the above diagram is equivalently of this form:

Sp(1)stb\\∗ Sp(1)stb\\∗

Sp(1)2\\∗ Sp(1)stb\\Fredgr .

Sp(1)\\
(
𝐹 C2

triv ⊖ 𝐹 C2
triv

) Sp(1)stb\\𝐹0

Sp(1)2\\
(
𝐹𝑃0 ⊖𝐹

C2
triv

)
(5.158)

But now the maps of the top right triangle both pick Fredholm operators that are
nontrivial only on the first summand of H ≃ Htriv ⊕Hdef (5.151), hence on which the
group action is trivial. Therefore, the remaining dashed homotopy is obtained from
any plain homotopy (no equivariance constraint) in

∗ ∗

Fredgr .

𝐹 C2
⊖𝐹 C2 𝐹0 (5.159)

This does exist, by (5.69), since both these Fredholm operators have vanishing index.
□

Remark 5.2.31. In summary, by Prop. 5.2.30, we have constructed a homotopy of
topological groupoids:

Sp(2)\\𝑆7 Sp(2) � ∗

Sp(2)\\𝑆4 Sp(2)\\Fredgr .

Sp(2)�𝑝H Sp(2)\\𝐹0Sp(2)�ℎKU
3

Sp(2)�
(
𝐹 taut
H𝑃1 ⊖𝐹

C2
triv
𝑆4

)
(5.160)

This is the announced unstable equivariant quaternionic orientation in topological
K-theory, according to Fig. 2.7 (bottom row).

The construction for the complex orientation is obtained essentially verbatim the
same way by restricting all of the above discussion along the inclusion C ↩! H.

5.2.6.1 Full Equivariance

We note here that the equivariance group of the quaternionic Hopf fibration is larger
than the group Sp(2) from Lem. 5.2.17. We discuss to which extent the above re-



Orbifold K-Theory 127

sults generalize accordingly — the trivialization of the tautological K-class does not
generalize (Rem. 5.2.39).

Definition 5.2.32 (Central product groups [Gr69][FSS20, Def. 2.11]). For 𝑛 ∈ N,
write

Sp(𝑛).Sp(1) :=
(
Sp(𝑛) × Sp(1)

) /{(
diag(𝑞, 𝑞), 𝑞

) �� 𝑞 ∈ 𝑍
(
Sp(1)

)}
≃

(
Sp(𝑛) × Sp(1)

) /
(−𝐼𝑛,−1) .

(5.161)

Remark 5.2.33. Since U(1) and O(1) are abelian, the analogous central product
groups in these cases are isomorphic to the plain orthogonal/unitary groups:

O(𝑛).O(1) ≃ O(𝑛)
U(𝑛).U(1) ≃ U(𝑛) ,

which is the reason why the following equivariance enhancement occurs for the H-
but not for the R/C-Hopf fibrations.

In enhancement of Lem. 5.2.17 we have:

Lemma 5.2.34 (Full equivariance of H-Hopf fibration ([GWZ86, Prop. 4.1], cf.
[FSS20, Prop. 2.20])). The H-Hopf fibration (5.123) is equivariant with respect to
the central product group Sp(2).Sp(1) (5.161) acting:
on 𝑆7 by:

Sp(2).Sp(1) × 𝑆
(
H2) 𝑆

(
H2)(

[𝐺, 𝑞], 𝑣
)

7! 𝐺 · 𝑣 · 𝑞 ,
(5.162)

on 𝑆4 by:
Sp(2).Sp(1) × H𝑃1 H𝑃1(

[𝐺, 𝑞], [𝑣]
)

7! [𝐺 · 𝑣 · 𝑞] = [𝐺 · 𝑣] ,
(5.163)

in that:

𝑆7 ≃ 𝑆(H2)

𝑆4 ≃ H𝑃1

Spin(5) .Spin(3)

𝑝H

Sp(2) .Sp(1)

𝑣7!

𝑣 ·H

Spin(5) .Spin(3) Sp(2) .Sp(1) .

(5.164)

This larger equivariance no longer extends to the factorizations of Rem. 5.2.16.

Proof. For 𝑣 ∈ H2 and 𝐺 ∈ Sp(2) and 𝑞 ∈ Sp(1) ⊂ H, the assignments

𝑣 𝐺 · 𝑣 · 𝑞

𝐺 · 𝑣 · 𝑞 · H

𝑣 · H 𝐺 · 𝑣 · H · 𝑞

(5.165)
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still commute. □

Thus, in enhancement of Lem. 5.2.19 we have:

Lemma 5.2.35. The quaternionic Hopf fibration is equivalently the following coset
coprojection:

𝑆
(
H2) ≃ Sp(2) .Sp(1)

Sp(1)stb.Sp(1)stb′
:= Sp(2) .Sp(1){[(

𝑞′ 0
0 𝑞

)
,𝑞′

] ���� 𝑞,𝑞′∈Sp(1)

}

H𝑃1 ≃ Sp(2) .Sp(1)(
Sp(1)stb×Sp(1)act

)
.Sp(1)stb′

:= Sp(2) .Sp(1){[(
𝑝 0
0 𝑞

)
,𝑞′

] ���� 𝑞,𝑞′ , 𝑝∈Sp(1)

}
.

𝑝H
(5.166)

Proof. The action (5.162) of Sp(2).Sp(1) on 𝑆7 is still transitive

Sp(2).Sp(1) ·
(
1
0

)
≃ 𝑆

(
H2)

and the stabilizer of the base point is evidently the subgroup Sp(1)stb.Sp(1)stb′ given
in (5.166), whence the claim for the top row again follows by the orbit-stabilizer
theorem. □

Hence in enhancement of Cor. 5.2.21 we have:

Corollary 5.2.36 ([FSS20, Prop. 2.22]). After passage to homotopy Sp(2).Sp(1)-
quotients, the quaternionic Hopf fibration is equivalently identified as shown on the
right here:

Sp(2).Sp(1)\\𝑆
(
H2) ≃ B

(
Sp(1)stb.Sp(1)stb′

)

Sp(2).Sp(1)\\H𝑃1 ≃ B
( (

Sp(1)stb × Sp(1)act
)
.Sp(1)stb′

)
.

Sp(2) .Sp(1)\\𝑝H B
(
[𝑞,𝑞′ ] 7![𝑞,𝑞′ ,𝑞′ ]

)
(5.167)

Now in generalization of Ntn. 5.2.27 we set:

Notation 5.2.37. We have an action of Sp(2).Sp(1) on graded Fredholm operators
given by

Sp(2).Sp(1) PU(H) PU(H)gr Aut
(
Fredgr

)
[𝐺, 𝑞] 7!

[
⊕N 𝛾(𝐺)

]
,

(5.168)

which is well-defined since the sign ambiguity in the representative 𝐺 is absorbed by
the equivalence relation (5.17) for the projective unitary group.
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This way we may enhance Lem. 5.2.29 to:

Lemma 5.2.38. The tautological H𝑃1-parameterized Fredholm operator (5.144) is
Sp(2).Sp(1)-equivariant with respect to the action (5.163) on H𝑃1 and the action on
Fredgr from (5.168):

H𝑃1 Fredgr ,

Sp(2) .Sp(1)
𝐹 taut
H𝑃1

Sp(2) .Sp(1)

(5.169)

and hence descends to a map of homotopy quotient stacks (4.107) of this form:

Sp(2).Sp(1)\\H𝑃1 Sp(2).Sp(1)\\Fredgr .

B
(
Sp(2).Sp(1)

)Sp(2) .Sp(1)\\𝐹 taut
H𝑃1

(5.170)

Proof. By the nature of the action (5.168), where the extra datum 𝑞 just drops out,
the proof of Lem. 5.2.29 still goes through essentially verbatim. □

Remark 5.2.39. While all these generalizations so far have been straightforward, the
generalization of Prop. 5.2.30 fails: The tautological H𝑃1-parameterized Fredholm
operator, which trivializes Sp(2)-equivariantly according to Prop. 5.2.30, does not
trivialize Sp(2).Sp(1)-equivariantly. This is clear from the proof of Prop. 5.2.30,
which relies on the absence in (5.158) of the second factor, Sp(1)stb′ , appearing now
in (5.167).
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In passing from the previous part II to the following part IV we will shift gears
and pass from ordinary topology (and be it the “higher topology” of topological
groupoids) to higher topos theory, specifically to (∞, 1)-topos theory in the sense of
Grothendieck-Rezk-Lurie, hence to geometric homotopy theory.

Even though higher topos theory has matured in the last decade as a topic in
itself, there is arguably still room left in motivating it as and connecting it to what it
naturally wants to be (like all category theory): Not an end in itself but a backdrop on
which to develop (geometric) theory: A 𝜏𝑜𝜋𝑜𝜍 (Greek: “place”) is where geometry
may take place.

Similarly, higher topoi provide a substrate for higher geometry, such as of
groupoids, orbifolds and higher étale stacks. While this is well understood by ex-
perts, in generality, in this brief intermediate part of the book we will informally
motivate the approach of the following parts to the non-expert reader, and maybe
highlight a point or two that also the expert may find noteworthy.

For similar exposition see also [Sc25].





6
Geometric Homotopy

6.1 Generalized Spaces
6.1.1 Convenient categories of spaces
From the point of view of geometry, a topos is a “really convenient” category of
geometric spaces, in the technical sense going back to [St67]:

Here a convenient category of spaces is one where many universal constructions
exist, meaning that one can conveniently proceed making intended constructions of
geometric spaces without worrying whether the result may fail to actually exist, while
being guaranteed that it enjoys all the intended defining universal property.

For example, in the category of plain topological spaces, the mapping spaces
Map(𝑋,−) in general do not exist with their universal property of being right adjoint
to the product spaces 𝑋×(−) (4.10), while in the category of D-topological spaces
(Def. 4.1.5) they do. In this sense, D-topological spaces form a more convenient
category, namely here: a Cartesian closed category.

This issue of Cartesian closure becomes much more pronounced as richer geomet-
ric structure is considered. Notably, as we now want to pass from topological spaces
to smooth manifolds, even though these have underlying D-topological spaces, so that
mapping spaces Map(𝑋,𝑌 ) between smooth manifolds 𝑋,𝑌 exist as D-topological
spaces, these mapping spaces may still not admit the structure of smooth manifolds
themselves: Namely only when 𝑋 is compact does Map(𝑋,𝑌 ) admits the structure of
a (generally infinite-dimensional) Fréchet smooth manifold.

Similarly, while categories of (D-)topological spaces are closed under forming
general limits and colimits of diagrams of spaces, this is far from true for the cate-
gory of smooth manifolds (even if we are admitting for infinite-dimensional Fréchet
smooth manifolds). For example, already the fiber product of a pair of smooth maps
between smooth manifolds exists as a smooth manifold only when these two maps
are “transverse” to each other.

These problems are resolved when regarding smooth manifolds among more
general smooth spaces forming more convenient ambient categories: topoi:

6.1.2 Gros Topoi of Probeable Spaces
Smooth manifolds, of course, are a globalization of the idea of Cartesian spaces R𝑛
(for 𝑛 ∈ N) with smooth functions between them: A smooth manifold is defined to

135
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be a topological space covered by open subsets identified with Cartesian spaces, such
that on overlaps these are glued together via smooth functions between Cartesian
spaces.1 We may recognize that there are two stages in this classical definition: First
the idea that Cartesian spaces are what serves to “chart out” smooth manifolds, and
second that these charts are actually open subsets.

The idea of the topos-theoretic generalization of the notion of smooth manifolds
follows essentially by dropping the second of these two conditions:

6.1.2.1 The Topos of Smooth Sets

We want to say that a smooth set 𝑋 is anything that can be determined by charting out
Cartesian spaces inside it. But to avoid the usual connotation that these charts need
to be open subsets, we will speak of “plots” instead of “charts”: A smooth set 𝑋 is to
be anything that can be determined by probing it with Cartesian spaces R𝑛, namely
by considering the system of would-be smooth maps from R𝑛 to 𝑋 , to be called the
plots of 𝑋 by the probe space R𝑛. We may naturally make this precise as follows:

To identify a smooth set 𝑋 we demand:
• for each Cartesian space R𝑛 a set Plt(R𝑛, 𝑋), to be thought of as the set of ways

of smoothly mapping R𝑛 into the space 𝑋 (which is going to be bootstrapped
into existence thereby),

• for each smooth function 𝜙 between Cartesian spaces a map of sets of plots
reflecting the precomposition 𝜙∗ of plots with 𝜙:

R𝑛1 7! Plt(R𝑛1 , 𝑋)

7!

R𝑛2 7! Plt(R𝑛2 , 𝑋) ,

𝜙∗𝜙 (6.1)

such that composition and identity maps are respected.
So far, this makes the system Plt(−, 𝑋) of plots (and hence the space 𝑋 to be defined
thereby) a presheaf on the category CrtSp of Cartesian spaces.

There is just one more natural demand, expressing the “cohesion” among elements
of 𝑋 , namely that plots from larger probes may be obtained by gluing plots from
smaller probes; we demand:

• for each differentially good open cover{
𝑈𝑖 ≃ R𝑛

𝜄𝑖
↩−! R𝑛

}
𝑖∈𝐼 (6.2)

a bijection between global plots and systems of plots glued from the patches:

Plt(R𝑛, 𝑋)
{(
𝜙𝑖 ∈ Plt(𝑈𝑖 , 𝑋)

)
𝑖∈𝐼

��� ∀
𝑈𝑖∩𝑈 𝑗

(
𝜄∗
𝑖 𝑗
𝜙𝑖 = 𝜄

∗
𝑖 𝑗
𝜙 𝑗

)}
𝜙 7!

(
𝜄∗
𝑖
𝜙
)
𝑖∈𝐼

∼

(6.3)

1This informal description refers to differentiably good open covers of smooth manifolds, which one
may assume without restriction, by Lem. 4.1.31.
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This last condition makes the system Plt(−, 𝑋), and hence the smooth set 𝑋 defined
thereby, a sheaf on the site CrtSp.

Proceeding in this vein of understanding generalized spaces via the systems of
their sets of probes, a smooth map 𝑓 : 𝑋 −! 𝑌 between such smooth sets should be
reflected for each probe space R𝑛 by the rule 𝑓∗ for how it turns the plots of 𝑋 into
plots of 𝑌 by postcomposition, compatible with the precomposition operation (6.1)
by maps of plots:

𝑋 𝑌

R𝑛1 Plt
(
R𝑛1 , 𝑋

)
Plt

(
R𝑛1 , 𝑌

)
R𝑛2 Plt

(
R𝑛2 , 𝑋

)
Plt

(
R𝑛2 , 𝑌

)
.

𝑓

𝑓∗

𝜙∗ 𝜙∗𝜙

𝑓∗

(6.4)

But this just means that maps of smooth sets are reflected in natural transformations
between their systems of sets of plots, which are just the morphisms between these
sheaves of sets.

Hence we conclude that generalized smooth spaces in the guise of smooth sets,
determined by how they may be probed by Cartesian space, form the category of
sheaves over the latter:

SmthSet := Sh(CrtSp) . (6.5)
Such categories of sheaves are (Grothendieck-)topoi, hence here we have the topos

of smooth sets. (Identified in this form in [Sc13, §1.2.2, Def. 1.2.16, 1.3.58][KS17,
Def. 2.1], earlier discussion includes [MW07, §A.1], review with application to field
theory in [Sc17b][GS25][IM25].)

For example, ordinary smooth manifolds are faithfully regarded as smooth sets
by taking their sets of plots to be the usual sets 𝐶∞ (−,−) of smooth maps into them:

SmthMfd SmthSet
𝑋 7! 𝐶∞ (−, 𝑋) . (6.6)

This applies actually in the generality of infinite-dimensional Fréchet smooth mani-
folds.

In particular, the Cartesian probe spaces R𝑛, that the whole construction is boot-
strapped from, become smooth sets this way. This raises a potential conceptual incon-
sistency: Because now there are two different notions of smooth maps from R𝑛 into
any 𝑋 ∈ SmthSet: On the one hand there are the predefined plots in Plt(R𝑛, 𝑋), and on
the other hand there are now the resulting maps of smooth sets in HomSmthSet (R𝑛, 𝑋).
Remarkably, that these two notions coincide and hence that the bootstrap definition
of smooth sets is consistent and thereby complete, is the statement of the notorious
Yoneda lemma, asserting that these two notions of maps are in natural bijection:

HomSmthSet (R𝑛, 𝑋) ≃ Plt(R𝑛, 𝑋) . (6.7)
The construction of more general smooth sets is typically straightforward. For

example the product 𝑋 × 𝑌 of a pair of smooth sets should clearly have as plots just
the pairs of individual plots of 𝑋 and 𝑌 , and this already defines it:

Plt
(
−, 𝑋 × 𝑌

)
≃ Plt(−, 𝑋) × Plt(−, 𝑌 ) . (6.8)
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Similarly, their mapping space Map(𝑋,𝑌 ) should clearly be such that its R𝑛-plots are
just the smoothly R𝑛-parameterized smooth maps, and again this already defines it as
a smooth set:

Plt
(
R𝑛,Map(𝑋,𝑌 )

)
≃ HomSmthSet

(
R𝑛 × 𝑋,𝑌

)
(6.9)

and entails the desired universal property,
Map

(
𝑍,Map(𝑋,𝑌 )

)
≃ Map

(
𝑍 × 𝑋,𝑌

)
, (6.10)

naturally in 𝑋,𝑌, 𝑍 ∈ SmthSet.
Remarkably, when Map(𝑋,𝑌 ) exists as a traditional Fréchet smooth manifold

(namely when 𝑋 and 𝑌 are smooth manifolds with 𝑋 compact), then it matches this
simple construction as a smooth set, under the embedding (6.6).

Beyond such examples at the boundary of what can be described by infinite-
dimensional smooth manifolds, there are very natural smooth sets that are substan-
tially not like smooth manifolds. For example, for each 𝑝 ≥ 1 there is the smooth
moduli space for smooth 𝑝-forms 𝛀𝑝

dR ∈ SmthSet, and again its construction is
straightforward: The characteristic universal property of such a moduli space is that
maps into it are in natural bijection to differential 𝑝-form on the domain space,

HomSmthSet
(
𝑋,𝛀𝑝

dR
)
≃ Ω

𝑝

dR (𝑋) , (6.11)
and so this already defines its plots and thereby the space itself:

Plt
(
R𝑛,𝛀𝑝

dR
)

:= Ω
𝑝

dR
(
R𝑛

)
. (6.12)

In fact, this defines conversely also what we mean by a differential 𝑝-form 𝜔𝑝 on a
general smooth set 𝑋 , namely equivalently a map ⊢𝜔𝑝 : 𝑋 𝛀𝑝

dR. In particular,
there is a universal 𝑝-form on the moduli space itself, given by the identity map, and
any other 𝑝-form is uniquely the pullback of that universal one, as befits a moduli
space.

Such statements are formidable to approximate with traditional tools of smooth
manifolds, while here among smooth sets they reduce to tautologies.

In the following we incrementally pass from Cartesian spaces to more general
probe spaces (cf. Tab. 6.1), and with these to more general generalized geometric
spaces probeable by these probes.

TABLE 6.1: A sequence of increasingly rich generalized abstract coordinate charts are to serve
as “probes” which witness the structure of generalized global geometric spaces. The theory of
(higher, gros) topoi may be understood as making this precise: Probes form a (higher) site and
global spaces form the (higher) sheaf topos on such a site. (Table adapted from [Sc25].)

Cartesian
space

infinitesimal
halo

super
space

higher
morphism

orbi-
singularity

neg-dim
sphere

probe R𝑛 D𝑚
𝑘

R0 |𝑞 Δ𝑟 ≺

𝐺 S−𝑑

geometry differential
topology

differential
geometry

super
geometry

homotopy
theory

proper
equivariance

stable
homotopy

physics fields variations fermions gauge
symmetry

orbi-
singularities quantum

× × × × ×
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6.1.2.2 Cohesion of Smooth Sets

The category (6.5) of smooth sets is a gros topos (namely a cohesive topos, as we will
discuss, due to [Sc13] following [La07]):

First so in the informal sense that it is to be regarded as a category of spaces —
in contrast to the petits topoi that most expositions of the subject focus on, such as
the categories Sh(𝑋) of sheaves on (the open subsets of) a fixed topological space 𝑋 ,
which are in themselves nothing but re-incarnations of that single space 𝑋 .

More formally, gros topoi of the kind we are concerned with are characterized
as being local and strongly and locally connected when regarded as spaces, meaning
that their “petit aspect” is essentially trivial in that as petit topoi they are essentially
point-like. What this means is the following, for the example of smooth sets:

As every topos, SmthSet is connected to the base topos Set of plain sets by an
essentially unique pair of adjoint functors

SmthSet Set
Disc
⊥

Pnts (6.13)
such that Disc preserves finite limits (whence Pnts is called a geometric morphism).
Here:

• the right adjoint takes a smooth set to its set of points, namely the set of plots
by the point probe R0:

Pnts : 𝑋 Plt(R0, 𝑋) , (6.14)

• the left adjoint regards a set as equipped with the discrete smooth structure, all
whose plots are constant maps:

Disc : 𝑆 7! Plt
(
−,Disc(𝑆)

)
:= 𝑆 . (6.15)

But in fact there is more structure along these lines:
• First, Disc (besides preserving all colimits as every left adjoint does) evidently

preserves not only finite limits but all limits and as such has itself a left adjoint,
to be called Shp: This is given by forming sets of what should be regarded as
connected components 𝜋0 (−) of a smooth set (those parts whose substructure
cannot be resolved by maps to a discrete space):

Shp : 𝑋 7! 𝜋0 (𝑋) . (6.16)
While there is no further left adjoint in that Shp does not preserve all limits, it
does preserve all products:

Shp(𝑋 × 𝑌 ) ≃ 𝜋0 (𝑋) × 𝜋0 (𝑌 ) . (6.17)

• Secondly, also Pnts clearly preserves all limits, as every right adjoint does, but
also all colimits and as such has a further right adjoint, to be called Chtc. This
functor regards a set as equipped with its chaotic or codiscrete smooth structure,
which regards every map of points as being smooth:

Chtc : 𝑆 7! Plt
(
−; Chtc(𝑆)

)
:= HomSet (−, 𝑆) . (6.18)

• Moreover, Disc is fully faithful, clearly, whence equivalently so is Chtc.
In summary, the default geometric morphism (6.13) extends to the following highly
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structured situation:

SmthSet Set

× Shp
⊥

⊥
Pnts
⊥

Disc

Chtc

(6.19)

A topos carrying such a system of adjoint functors is called a cohesive topos since,
as we just saw in this example of smooth sets, the adjoints reflect how the elements
of the spaces in the topos do or do not hang together (“cohere”, like molecules in a
fluid).

6.1.2.3 The Quasitopos of Diffeological Spaces

More attention in the past has been devoted to the subcategory of concrete smooth
sets 𝑋 ∈ SmthSet, namely those that are supported on their plain set of points (6.14),

Pnts(𝑋) := Plt(R0, 𝑋) ∈ Set
in that their smooth plots are all among the maps of sets of points to this underlying
set, in that there are natural injections

Plt
(
R𝑛, 𝑋

)
HomSet

(
R𝑛, Pnts(𝑋)

)
. (6.20)

These concrete smooth sets are known as diffeological spaces (due to [Ch77][So80],
developed in [IZ13]).

For instance, ordinary manifolds are concrete as smooth sets, and the products
(6.8) and mapping spaces (6.9) of concrete smooth sets are themselves concrete.

Also D-topological spaces (cf. § 4.1.2) become diffeological spaces, simply by
taking their would-be smooth plots to be all continuous maps from the Cartesian
probe spaces into them

TopSpc DfflSpc

𝑋 7! Plt(−, 𝑋) := 𝐶0 (−, 𝑋) .
(6.21)

In contrast, the moduli spaces of 𝑝 ≥ 1-forms (6.12) are not concrete: They have
a single underlying point (the 0-form),

Pnts
(
𝛀𝑝≥1

dR

)
≃ ∗ ,

and yet have an infinitude of plots over probes R𝑛 from dimension 𝑛 ≥ 𝑝 on.
Accordingly, diffeological spaces form the proper full subcategory of smooth sets

on the concrete ones. This subcategory is not quite a topos but it is close (being Carte-
sian closed and bicomplete), called a quasitopos. This “fairly convenient” quasitopos
of diffeological spaces (cf. [BH08]) is hence intermediate between the traditional cat-
egories of (D-)topological spaces/smooth manifolds and the more convenient topos
of smooth sets:

TopSpc
DfflSpc SmthSet .

SmthMfd
(6.22)
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6.1.2.4 The Topos of Haloed Smooth Sets

We have seen above, for the example of Cartesian probe spaces, that topos theory
serves as a tool that produces for a given small category of geometric probe spaces
(a site) a good large category of generalized geometric spaces that are characterized
by the system of ways in which these probe spaces may be plotted out inside them.
Therefore it is now straightforward to produce good notions of yet further generalized
geometric spaces simply by defining more general probe spaces.

For the purpose of differential geometry it will be most useful to consider probe
spaces that are Cartesian spaces but possibly with further infinitesimal extension.

Indeed, it is a truism that many traditional definitions in contemporary rigorous
differential geometry aim to capture a notion of infinitesimals without explicitly
saying so. For instance, the concept of a tangent vector 𝑣 ∈ 𝑇𝑥𝑋 , formulated in terms
of equivalence classes of smooth curves through a given point 𝑥 of a manifold 𝑋 ,
clearly tries to indirectly describe the infinitesimal curves through that point, without
however having a primitive way of saying this.

More concretely, where a smooth curve through 𝑋 is a smooth map 𝛾 : R1 𝑋

taking 0 to 𝑥, one envisions that the tangent vector it describes is the restriction of 𝛾
to a neighbourhood D1

1 ⊂ R1 of 0 ∈ R1 which is “so tiny” that the numbers 𝜖 ∈ D1
1

it contains are “so small” that their square (which must be far smaller still) is in
fact literally indistinguishable from zero: 𝜖2 = 0. If that existed, then the algebra of
smooth functions on D1

1 would be the polynomial algebra generated by the coordinate
function 𝜖 quotiented by the ideal generated by 𝜖2, as follows: 2

𝐶∞ (D1
1) ≃ R[𝜖]/(𝜖2) ≃R

{
𝑓 = 𝑓 (0) + 𝑓 ′ (0) · 𝜖

��� 𝑓 (0), 𝑓 ′ (0) ∈ R
}

(6.23)

hence with product operation given by
𝑓 · 𝑔 =

(
𝑓 (0) + 𝑓 ′ (0) · 𝜖

)
·
(
𝑔(0) + 𝑔′ (0) · 𝜖

)
= 𝑓 (0) · 𝑔(0) +

(
𝑓 (0) · 𝑔′ (0) + 𝑓 ′ (0) · 𝑔(0)

)
· 𝜖 .

(6.24)

Such algebraic manipulations with would-be infinitesimal quantities go back to P.
de Fermat in the 1630s, were popularized by G. W. Leibniz’s development of modern
calculus in the 1680s, and are said to have tacitly been used by S. Lie when laying
the foundations of modern differential geometry (cf. [Mer15, §3.3]).

But of course, in the category of smooth manifolds (and even in that of smooth
sets) this infinitesimal subobject D1

1 ⊂ R1 does not exist, as the only real number
which squares to zero is zero itself.

Historically this was a stumbling block for a long time, but with our understanding
of topos theory as producing generalized spaces it becomes a triviality to solve: If
we want a theory of generalized smooth spaces that includes infinitesimal neighbour-
hoods, then we simply need to write down a small site with of probe spaces inluding
the archetypical examples of infinitesimals as in (6.23)!

It becomes obvious how to do that once we note that the functor which sends
smooth manifolds to their commutative real algebras of smooth functions is fully

2The elements of (6.23) were called “dual numbers” by W. Clifford (1873), which however is clearly
not a useful terminology.
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faithful (“Milnor’s exercise”, cf. [KMS93, §35]):

SmthMfd CAlgop
R

𝑋 7! 𝐶∞ (𝑋) .
(6.25)

In particular, also the subcategory of Cartesian spaces is equivalently a full subcate-
gory of formal duals of commutative real algebras:

CartSp CAlgop
R

R𝑛 7! 𝐶∞ (R𝑛) .
(6.26)

But seen in this dual algebraic incarnation, we may readily implement the desired
infinitesimal neighbourhoods simply by adjoining their would-be algebras of smooth
functions (6.23). We may say that D1

1 is the object of CAlgop
R corresponding to its

algebra of functions (6.23).
Generally, we may declare that haloed (or infinitesimally thickened) Cartesian

spaces R𝑛 × D are the objects of CAlgop
R which correspond to their intended algebra

of smooth functions, being the R-tensor product of smooth functions on R𝑛 with any
R-algebra with a maximal and nilpotent ideal𝑊 , thus defining the full category

CrtSp HldCrtSp Calgop
R

R𝑛 × D 7! 𝐶∞ (R𝑛) ⊗R 𝐶
∞ (D)

𝑖 𝐶∞ (−)

(6.27)

on all commutative R-algebras as on the right, for which there exists 𝑛, 𝑘 ∈ N and
linear isomorphisms

𝐶∞ (D) ≃R

(
R ⊕𝑊

)
with dim(𝑊) < 0 and 𝑊 𝑘+1 = 0 . (6.28)

One says that the minimal such 𝑘 in each case is the order of infinitesimality of the
infinitesimal space D.

For example, the infinitesimal disk of dimension 𝑚 and order 𝑘 , D𝑚
𝑘

, corresponds
to the polynomial ring on 𝑚 generators quotiented by the ideal generated by the
monomials of any 𝑘 + 1 of these generators:

𝐶∞ (D𝑚𝑘 ) := R
[
𝜖1, · · · , 𝜖𝑚

] / (
(𝜖𝑖1 · · · 𝜖𝑖𝑘+1 )𝑖∈{1, · · · ,𝑚}𝑘+1

)
. (6.29)

Now, to pass from these simple local coordinate expressions for haloed Cartesian
spaces to a full-blown theory of generalized smooth spaces with infinitesimals, we
simply need to declare how to glue these probe spaces and then pass to the sheaf
topos over their site.

But there is no room for nontrivial gluing in infinitesimal directions, so that the
covering families in HldCrtSpc should be of the simple form{

𝑈𝑖 × D ≃ R𝑛 × D R𝑛 × D
𝜄𝑖×idD

}
𝑖∈𝐼

(6.30)

for (𝜄𝑖)𝑖∈𝐼 a differentiably good open cover of the finitely extended parts as previously
in (6.2).

With respect to this notion of gluing and in evident generalization of the topos of
smooth sets (6.5), we thus obtain the topos of haloed (or infinitesimally thickened)
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smooth sets:
HldSmthSet := Sh(HldCrtSp) . (6.31)

The canonical inclusion of sites 𝑖 (6.27) induces (by left Kan extension) a full inclusion
of the topos of smooth sets and hence also of quasitopos of diffeological spaces and
of the ordinary category of smooth manifolds (6.22):

SmthMfd DfflSpc SmthSet HldSmthSet (6.32)

This topos (6.31) is equivalently (cf. [GS26, §4.1]) known as the “Cahiers topos”
due E. Dubuc [Du79a], originally introduced as a well-adapted model for the axioms
of synthetic differential geometry due to W. Lawvere (cf. [La96]).

As such, the origins of the discussion of the topos of haloed smooth sets is about
as old as that of the mere quasi-topos of diffeological spaces, while already subsuming
and improving on it. That diffeological spaces have received broader public acclaim
as a convenient category for differential geometry in the past is a quirk of scholarly
history, probably owing less to a difference in the complexity of definitions (which
is negligible) than to the subconscious prejudice of mathematicians that spaces need
to be defined as underlying sets of points equipped with extra structure, instead of
operationally as entities chartable by probe spaces more general than points. This
deserves to change.

6.1.2.5 The Topos of Super Haloed Smooth Sets

Continuing in this vein, it is now a pleasantly small step to proceed further to general-
ized superspaces. Despite the conceptually awkward (but long and entirely standard)
terminology of super-geometry alluding to the physics concept of “supersymmetry”
(cf. [CCF11]), it is an open secret that this is really the fermionic geometry that in field
theory is needed to describe configuration spaces of any physical system containing
fermions (like electrons and quarks, cf. [Sc17b]). The key characteristic of these
fermionic fields is that as maps 𝜃 (sections) on spacetime, they are skew-commuting
among each other:

𝜃𝑖 · 𝜃 𝑗 = −𝜃 𝑗 · 𝜃𝑖 . (6.33)
Incidentally, this means that such fermionic elements are first-order infinitesimals in
the sense of § 6.1.2.4, in that

𝜃2
𝑖 = 0 . (6.34)

But due to the sign rule (6.33), fermionic fields do not exist in the topos of haloed
smooth sets, and certainly not in traditional differential geometry.

Of course, the success of the physics literature in dealing with a notion of geometry
that does not (or did not) even exist in the textbooks, rests on the willingness to
disregard an elusive globally defined notion of generalized space in favor of focusing
on algebraic manipulations with objects that look like coordinate functions on charts.
After all, it is straightforward to recognize a proper algebraic home for the sign rule
(6.33): This just defines the Grassmann algebras (cf. [Ber87, §1]) introduced way
back in [Gr1844]:

𝐶∞ (
D0 |𝑞 ) := ∧• (R𝑞)∗ ∈ AlgR . (6.35)

On the left we are notationally indicating that these are to be thought of as the smooth
functions on a first order infinitesimal disk like (6.29), but whose 𝑞 infinitesimal
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directions are “odd graded” (or just odd, for short), meaning that their coordinate
functions (𝜃𝑖)𝑞𝑖=1 skew-commute among each other (6.33).

While historically it was a challenge to understand how to formulate a differential
geometry of supermanifolds whose local coordinate functions contain such Grass-
mann algebras (6.35), in our picture of topoi of probebable space it is immediate to go
much further even and define the topos of super smooth sets that subsumes not only
supermanifolds, but also previously unheard-of generalizations to super-diffeological
spaces and super-moduli spaces of differential super-forms etc.

Namely, in evident generalization of the previous discussion, we declare super
haloed Cartesian spaces to form the full subcategory of formal duals of real algebras
on the tensor products of the following form:

HldCrtSp SprHldCrtSp Algop
R

R𝑛 × D × D0 |𝑞 7! 𝐶∞ (
R𝑛) ⊗R 𝐶

∞ (D) ⊗R 𝐶
∞ (R0 |𝑞) ,

(6.36)

where on the right we are using the notation introduced above in (6.35) and (6.28).
Since this only further generalizes the infinitesimal extension of these probe

spaces, the gluing of such super haloed Cartesian spaces is still governed by the
gluing of their underlying Cartesian spaces, so that in direct generalization of (6.30)
we take the covering families in their category to be{

𝑈𝑖 × D × D0 |𝑞 ≃ R𝑛 × D × D0 |𝑞 R𝑛 × D × D0 |𝑞𝜄𝑖×idD×idD0|𝑞
}
𝑖∈𝐼

(6.37)

for (𝜄𝑖)𝑖∈𝐼 a differentiably good open cover of the underlying ordinary Cartesian space.
With this in hand, we right away find the topos of super haloed smooth sets, being

a convenient category for differential supergeometry:
SprHldSmthSet := Sh(SprHldCrtSp) , (6.38)

and faithfully subsuming all the previous categories discussed:

· · · SmthSet HldSmthSet SprHldSmthSet . (6.39)

6.1.2.6 The 2-Topos of Smooth Groupoids

Besides fermionic fields (matter fields) with their curious supergeometric nature
(§ 6.1.2.5), the universe consists of bosonic gauge fields (force fields). Remarkably,
their peculiar nature is a notion of identity more subtle than observed for other fields.
Namely, gauge fields 𝐴, 𝐴′ may be nominally different while still being (physically)
equivalent, witnessed by gauge transformations 𝜆 relating them

𝐴 𝐴′ .𝜆
∼

These gauge transformations compose in an associative, unital and invertible way.
For example, electromagnetic field configurations on a Cartesian space R𝑛 are

represented by differential 1-forms 𝐴 ∈ Ω1
dR (R

𝑛), but their moduli space is not just the
moduli space 𝛀1

dR (6.12) of these plain 1-forms, since there are gauge equivalences
between these 1-forms witnessed by de Rham coboundaries.

This means that the plots of the correct moduli space of electromagnetic fields —



Geometric Homotopy 145

to be denoted BU(1)conn — do not form plain sets but form groupoids (topologically
discrete groupoids, cf. Def. 4.1.8) whose morphisms are the gauge transformations,
namely form the action groupoid of the set of 1-forms acted on by the set of U(1)-
valued smooth functions acting by abelian gauge transformations:

Plt
(
R𝑛,BU(1)conn

)
:= Ω1

dR (R
𝑛) � 𝐶∞ (

R𝑛,U(1)
)

=


𝐴1

𝐴0 𝐴2

𝜆12

𝜆02

=𝜆12◦𝜆01

𝜆01

���������
𝐴𝑖 ∈ Ω1

dR (R
𝑛)

𝜆𝑖 𝑗 ∈ Ω0
dR (R

𝑛)
𝐴 𝑗 = 𝐴𝑖 + d ln𝜆𝑖 𝑗


.

(6.40)

As the probe space varies, pullback of differential forms makes the system of these
groupoids of plots form again a presheaf on the category of Cartesian probe spaces,
but now with values not in sets but in (topologically discrete) groupoids:

Plt(−; BU(1)conn) : CrtSpcop Grpd . (6.41)

In the spirit of the previous discussion of generalized spaces characterized by systems
of ways that probe spaces chart them out, we think of this as the system of plots of a
single smooth groupoid BU(1)conn as it is being probed by Cartesian spaces.

Such smooth groupoids generalize (D-)topological groupoids (§ 4.1.5) in higher
generalization of how smooth sets generalize (D-)topological spaces (6.22): Given a
(D-)topological groupoid X (Def. 4.1.8) its groupoids of plots probed by R𝑛 is the
underlying discrete groupoid of maps𝑈 X, from (4.47).

For such systems of higher plots there is again a notion of gluing, generalizing
(6.3), where the equalities over double intersection of plots, appearing on the right
of (6.3), are replaced by gauge transformations 𝜆𝑖 𝑗 , the equation 𝜆𝑖𝑘 = 𝜆 𝑗𝑘 ◦ 𝜆𝑖 𝑗 is
required on triple intersection of plots, and the bijection of sets in (6.3) is generalized
to an equivalence of groupoids (Def. 4.1.23).

Presheaves of groupoids satisfying this higher gluing condition are traditionally
called stacks (for better or worse), but may also be called (2, 1)-sheaves or 2-sheaves,
for short.

Accordingly, we find that (systems of plots of) smooth groupoids — generalizing
the smooth sets from § 6.1.2.1 by admitting gauge transformations between their plots
by the Cartesian probe spaces — should form the 2-category of 2-sheaves on CrtSp.

Now, just as we saw for topological groupoids in Def. 4.1.24, the correct maps
between such smooth groupoids are not just the plain morphisms of presheaves of
groupoids, but are Morita morphisms: We say that

(i) A natural transformation X′ X∼ between (systems of groupoids of plots of)
smooth groupoids is an equivalence if on all stalks — as in (4.47) — it is an
equivalence of groupoids of germs of plots.

(ii) A Morita morphism between smooth groupoids is a span of natural transforma-
tions (of groupoids of plots) where the left leg is such an equivalence:

X 𝑋 Y .
∼ 𝐹 (6.42)

The groupoid-enriched category formed by sheaves of groupoids with such Morita
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morphisms between them — a (2, 1)-category — is accordingly a (2,1)-topos Sh2 (−)
or 2-topos, for short. 3

Accordingly we find that smooth groupoids — generalizing the smooth sets from
§ 6.1.2.1 by admitting gauge transformations between their plots by the Cartesian
probe spaces — are to form the 2-topos

SmthGrpd := Sh2 (CrtSp) . (6.43)
Since regarding sets as groupoids with trivial morphisms is fully faithful, this 2-

topos faithfully contains the topos of smooth sets (§ 6.1.2.1) and with it the quasi-topos
of diffeological spaces (§ 6.1.2.3), etc.:

TopSpc
DfflSpc SmthSet SmthGrpd .

SmthMfd
(6.44)

In the directly analogous manner, we similarly obtain 2-topoi of haloed smooth
groupoids in higher generalization of § 6.1.2.4 and super haloed smooth groupoids
in generalization of § 6.1.2.5.

6.1.2.7 The ∞-Topos of Smooth ∞-Groupoids

But the notion of gauge equivalence goes further, applying not just to field configu-
rations themselves, but also to the gauge transformations between them: For higher
gauge field configurations 𝐵, 𝐵′, a pair of gauge transformations 𝜆, 𝜆′𝐵 𝐵′ be-
tween them may in turn itself be nominally different and yet equivalent as witnessed
by higher gauge transformations:

𝐵 𝐵”

𝜆

𝜆′

𝜇 (6.45)

In particular, the composition of ordinary gauge transformations is thus determined
only up to such higher gauge transformations 𝜇, in general,

𝐵1

𝐵0 𝐵2 ,

𝜆12
𝜇012

𝜆01

𝜆02

(6.46)

3More general 2-topoi specifically called (2, 2)-topoi are 2-categories of sheaves of small categories
(instead of just of groupoids), but these we will not (need to) consider here.
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whence the associativity law for this composition in general only holds up to yet
higher gauge transformations 𝜈:

𝐵1 𝐵2

𝐵0 𝐵3

𝜆12

𝜇012

𝜆23

𝜇023

𝜆01

𝜆03

𝜆02
𝜈0123
⇛

𝐵1 𝐵2

𝐵0 𝐵3 ,

𝜆12

𝜆13 𝜆23

𝜇123

𝜇013

𝜆01

𝜆03

(6.47)

which may be thought of as filling a tetrahedral diagram:

(Δ0) 𝐵

(Δ1) 𝐵0 𝐵1

𝐵1

𝐵0 𝐵2

𝜆01

𝜇12(Δ2 ) 𝜇01

𝜆02

𝜇012

𝐵1

𝐵0 𝐵3 ,

𝐵2

(Δ3 )

(6.48)

The shapes of these diagrams are known as cellular simplices Δ𝑛, higher dimensional
generalizations of the cellular triangle Δ2. With the evident cellular maps between
them (sending vertices to vertices, edges to edges and generally 𝑘-cells to 𝑘-cells),
these abstract shape diagrams form a category known as the simplex category, cleverly
denoted Δ. The simplex category hence serves as a good category of probes detecting
higher gauge transformations:

The higher groupoid (∞-groupoid) G of configurations of a given higher gauge
field species, with its system of higher gauge transformations, is for each 𝑘 ∈ N, hence
for each 𝑘-simplex Δ𝑛 ∈ Δ, a set of order=𝑘 higher gauge transformations (which for

𝑘 = 0 we understand to be the fields themselves), and for each cellular mapΔ𝑘 Δ𝑘
′𝑓

a converse map between the corresponding sets of gauge transformations:

Δ𝑘 7! Plt(Δ𝑘 ,G)
7!

Δ𝑘
′
7! Plt(Δ𝑘′ ,G) .

𝑓 ∗𝑓 (6.49)

In particular:
(i) when 𝑓 is injective on vertices, then it is the inclusion of a part of the boundary

of the 𝑛-simplex and hence 𝑓 ∗ is the map that sends 𝑛-fold gauge transformations
to the corresponding piece of the lower rank gauge transformations that they act
between;

(ii) when 𝑓 is surjective on vertices, then it collapses some of the cells and hence 𝑓 ∗
is the map that regards 𝑘-fold gauge transformations as correspondingly trivial
higher 𝑘 ′-fold gauge transformations on them.

These assignments (6.49) clearly ought to respect composition and identity maps,
whence we find that higher groupoids of higher gauge transformations are encoded by
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(pre)sheaves on Δ of sets of 𝑛-fold transformations which they form, called simplicial
sets (cf. Fig. 6.1):

sSet := Sh(Δ) . (6.50)

FIGURE 6.1: Simplicial sets (6.50) are encodings of structures consisting of 𝑘 + 1-cells
(𝑘 + 1-fold transformations) between 𝑘-cells for all 𝑘 ∈ N.
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(
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For example, groupoids G are re-incarnated as simplicial sets called their sim-
plicial nerves

𝑁G : Δ𝑘 7!
{

sequences of 𝑘 composable
morphism in G

}
, (6.51)

where the probes Δ0 and Δ1 detect the objects and the morphisms of the groupoid,
the probe Δ2 detects the composition law and all higher probes Δ≥3 witness the
associativity of this composition.

For another example: For 𝑋 a topological space, there is the simplicial set S𝑋 (its
singular simplicial complex) whose 𝑛-fold transformations are the continuous images
of the topological simplices

Δ𝑘Top :=
{
®𝑥 ∈ R𝑘+1

≥0

��� ∑𝑖𝑥𝑖 = 1
}
⊂ R𝑘+1 (6.52)

in 𝑋 , hence:
S𝑋 : Δ𝑘 7! HomTop

(
Δ𝑘Top, 𝑋

)
. (6.53)

This is known as the fundamental or path ∞-groupoid of 𝑋 , which we shall also call
the shape of 𝑋 .

Conversely, given a simplicial set S ∈ sSet, one recovers a topological space by
regarding each of its abstract 𝑘 + 1 simplices as a topological 𝑘 + 1-simplex (6.52),
glued along common face 𝑘-simplices, called the topological realization of S and
denoted by the following coend formula

|S| :=
∫ Δ𝑘 ∈Δ

S𝑘 × Δ𝑘Top ∈ TopSpc . (6.54)

These operations come with a canonical comparison map

|S𝑋 | 𝑋
∼ (6.55)

which is a weakly homotopy equivalence (in that it induces isomorphisms on all
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homotopy groups), reflecting the fact that every simplicial set S may be understood
as presenting the ∞-groupoid S |S| whose higher transformations are those of S with
all inverses adjoined that may have been missing.

This simplicial way of describing higher groupoids of higher transformations
is the same kind of idea of charting out a complex object (here: an ∞-groupoid)
by simple probe spaces (here: the cellular simplices) that we have seen above for
generalized geometric spaces, and hence it seamlessly combines with the previous
logic:

A smooth ∞-groupoid X is represented by, equivalently:
(i) a simplicial set of higher gauge transformations for each Cartesian probe space

R𝑛, hence by a simplicial presheaf in
sPSh(CrtSpc) := Func(CrtSpcop, sSet)

(ii) a smooth set of 𝑘-fold transformations for each Δ𝑘-probe,
(iii) a set of plots for each formal product of a Cartesian space with a cellular

simplex:
(CrtSpc × Δ)op Set

R𝑛 × Δ𝑘 7! Plt(R𝑛 × Δ𝑘 , X) .
(6.56)

For example, the smooth groupoid BU(1)conn has a set of probes by R𝑛 × Δ𝑘 the
set of 𝑘-simplices in the nerve (6.51) of the groupoid of U(1)-gauge fields on R𝑛

(6.40):
Plt

(
R𝑛 × Δ𝑘 ,BU(1)conn

)
= 𝑁

(
Ω1

dR (R
𝑛) � 𝐶∞ (

R𝑛,U(1)
) )
𝑘
. (6.57)

In conclusion, this shows that in order to describe spaces whose elements may
be related by higher gauge transformations, we adjoin formal products with cellular
simplices to whatever probe spaces that we already have for detecting the geometric
structure. The cellular simplices are the probe spaces for higher transformations.

For instance, in order to describe super haloed smooth ∞-groupoids we take the
probe spaces to have all of: a Cartesian space factor R𝑛, a bosonic infinitesimal factor
D, a super-infinitesimal factor D0 |𝑞 and a cellular simplex factor Δ𝑘 , with the systems
of plots hence being presheaves of the form

(SprHldCrtSp × Δ)op Set

R𝑛 × D × D0 |𝑞 × Δ𝑘 7! Plt
(
R𝑛 × D × D0 |𝑞 × Δ𝑘 ,X

) (6.58)

hence equivalently (singling out the higher transformation aspect) simplicial
presheaves of the form

SprHldCrtSpop sSet

R𝑛 × D × D0 |𝑞 7!
(
Δ𝑘 7! Plt

(
R𝑛 × D × D0 |𝑞 × Δ𝑘 ,X

) ) (6.59)

forming the category
sPhv(SprHldCrtSp) := Func

(
SprHldCrtSpop, sSet

)
What remains is just to think again about the correct notion of equivalence between
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these systems of probes. This now needs to combine the local geometric notion of
equivalence which previously we captured by passage to germs of plots, with the
global notion of homotopical equivalence of systems of higher gauge transformations.

In view of (6.55) one says that a map between simplicial presheaves is an equiv-
alence

𝐹 : X Y∼ (6.60)
if it is a local weak homotopy equivalence, meaning that on all simplicial sets of germs
G𝑛 of Cartesian probe spaces (Ex. 4.1.17) it induces a weak homotopy equivalence
(isomorphism on all homotopy groups) under topological realization:��Plt

(
G𝑛 × D × D0 |𝑞 ,X

) �� ��Plt
(
G𝑛 × D × D0 |𝑞 ,Y

) ��∼
𝐹∗

(6.61)

This expresses exactly the idea that 𝐹 witnesses the ∞-groupoids of plots of X and Y
by small probes to be equivalent, and hence witnesses X to be operationally equivalent
to Y.

Then the ∞-topos of (super haloed) smooth ∞-groupoids ([Sc13][SS26c]), de-
noted Grpd∞ := Sh∞ (∗)

SmthGrpd∞ := Sh∞ (CrtSpc)
HldSmthGrpd∞ := Sh∞ (HldCrtSp)

SprHldSmthGrpd∞ := Sh∞ (SprHldCrtSp) ,

(6.62)

is the category of simplicial presheaves, regarded (via simplicial localization) with a
simplicial set of morphisms between any pair of objects, such that the equivalences
(6.60) universally become actual homotopy equivalences. One way to make precise
what this means is model category theory cf. § 8.1.5 below (see also [FSS23, §1]).

6.2 Geometric Modalities
While convenient categories of spaces, as established above, are indeed convenient in
that they contain very general spaces realizing all desired universal constructions, in
practice one needs to identify among these generalized spaces their more specialized
versions (such as actual manifolds among haloed smooth spaces) and then one needs
to generalize traditional geometric constructions (such as the definition of Riemannian
metrics, etc.) from these standard spaces to all of the generalized spaces.

To accomplish such vast generalization, one needs to extract the conceptual
essence of classical structures, independent of their traditional concrete implementa-
tion, in a way that may be formulated for all generalized spaces of which we only know
that they have certain qualitative aspects (“synthetic mathematics”, cf. [Bau21]).

The formalism for speaking about quality in mathematics is that of modal opera-
tors (cf. § 1.1.9), originating in the modal logic that goes back to the ancients, where
they express modes of being true (for instance being possibly true or being necessarily
true, cf. [SS25c, §2.2]).
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Beyond mere logic, in category/type theory, modal operators express modes of
being, such as (as we will see, following [Sc13]) being discrete, being reduced or
being bosonic.

We set up these modal operators in chapter 9 and then use them to formulate
Cartan geometry internal to (super) haloed smooth ∞-groupoids, in § 10.2.





7
Equivariant Homotopy

The basic idea of equivariant homotopy theory is simple, but its phenomenology is
rich and its theoretical development surprisingly subtle. We first survey the basic ideas
(in § 7.1) and then explain the need for the perspective of “orbi-singular cohesion”
(in § 7.2).

7.1 Equivariance & Orbits
After geometric and higher homotopy structure on generalized spaces, we now turn
to the idea of equivariant and orbi-singular structure.

At first sight it appears obvious: For 𝐺 a topological group and 𝐺 ↷ 𝑋 , 𝐺 ↷𝑌 a
pair of its continuous actions on topological spaces 𝑋 , 𝑌 (as in § 4.1.3), we are to
consider as maps the equivariant maps

𝑋 𝑌

𝐺

𝑓

𝐺

and as homotopies the equivariant homotopies, namely the𝐺-equivariant continuous
maps of the form shown on the right here:

𝑋 𝑌

𝐺 𝑓

𝑔

𝜇

𝐺

⇔

𝑋

𝑋 × [0, 1] 𝑌 ,

𝑋

𝐺

(id,{0}) 𝑓

𝐺 𝜇

𝐺

𝐺

(id,{1})
𝑔

(7.1)

where the 𝐺-action on the interval [0, 1] is taken to be trivial.
But this situation becomes more subtle as we next turn to regarding these topo-

logical𝐺-spaces as mere stand-ins for their fundamental ∞-groupoids S𝑋(6.53). This
transition to equivariant homotopy theory is hence fundamentally a topic of cohesive
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homotopy theory: The cohesive structure of topological spaces is used to present,
under the shape modality, a notion of equivariant homotopy types.

The key question then concerns the identification of these equivariant homotopy
types, hence the question when the shape of 𝑋 with its 𝐺-action is equivalent to the
shape of 𝑌 with its 𝐺-action. Technically this is the question for the generalization of
the notion of weak homotopy equivalence between topological spaces to the generality
of 𝐺-spaces.

Namely, in the non-equivariant base case, when 𝑋 and 𝑌 admit the structure of
CW-complexes, then Whitehead’s theorem says that a continuous map between them
is a homotopy equivalence (4.22) iff it is a weak homotopy equivalence in that it
induces isomorphisms on all homotopy groups. Since, moreover, every topological
space is weak homotopy equivalent to a CW-complex, by (6.55), this shows that the
identification of the shapes of topological spaces is equivalently given by regarding
these spaces up to weak homotopy equivalence.

In order to generalize this situation to the equivariant case, one hence needs
to ask for the analogous notion of equivariant weak homotopy equivalence which
makes the analogous statement true for 𝐺-spaces. The answer to this is given by
Elmendorf’s theorem (recalled as Prop. 8.1.27 below): This says that a map between
𝐺-CW complexes is a 𝐺-homotopy equivalence in the sense of (7.1) iff it is an
ordinary weak homotopy equivalence on all 𝐻-fixed loci for all closed subgroups
𝐻 ⊂ 𝐺.

Focusing now on finite equivariance groups 𝐺, for simplicity, this leads to the
following picture of equivariant homotopy types: First, for each subgroup 𝐻 ⊂ 𝐺

we have the 𝐻-fixed subspace 𝑋𝐻 ⊂ 𝑋 , which we may think of as the space of
𝐺-equivariant maps from the coset 𝐺-space 𝐺/𝐻 to 𝑋:

Map
(
𝐺/𝐻, 𝑋

)𝐺 ≃ 𝑋𝐻 ≃
{
𝑥 ∈ 𝑋

��∀ℎ∈𝐻 : ℎ · 𝑥 = 𝑥
}

(7.2)
and for each 𝐺-equivariant map between such coset spaces, we have the induced
converse map of fixed loci

𝐺/𝐻 7! 𝑋𝐻

7!

𝐺/𝐻′ 7! 𝑋𝐻
′
.

𝐺

𝜙∗

𝐺

𝜙 (7.3)

This construction of systems of fixed loci exhibits the𝐺-space𝐺 ↷𝑋 as a presheaf
of topological spaces on the sub-category of 𝐺-spaces of the form 𝐺/𝐻 for 𝐻 ⊂ 𝐺.
But, up to isomorphism, these𝐺-spaces are exactly the possible orbits of points under
any 𝐺-action, whence one speaks of the category of 𝐺-orbits or just of the 𝐺-orbit
category, for short:

𝐺Orb :=
{
𝐺/𝐻 𝐺/𝐻′

𝐺 𝐺 ����𝐻 ⊂ 𝐺
}
. (7.4)

Curiously, Elmendorf’s theorem hence indicates that 𝐺-orbits 𝐺/𝐻 play the role
of probe spaces that detect the equivariant or orbi-singular nature of 𝐺-spaces (in
analogy to how we have seen that Cartesian spacesR𝑛 probe any smooth structure that
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may be present additionally), in that the fixed loci 𝑋𝐻 play the role of the (topological
spaces of) plots of 𝑋 by the probe space 𝐺/𝐻:

𝐺TopSp PSh
(
𝐺Orb,TopSp

)
𝐺 ↷𝑋 7!

(
𝐺/𝐻 7! Map(𝐺/𝐻, 𝑋)𝐺 ≃ 𝑋𝐻

)
.

(7.5)

Namely, Elmendorf’s theorem says that under this perspective the 𝐺-equivariant
homotopy equivalences (between 𝐺-CW-complexes) on the left correspond to the
canonical equivalences in the presheaf category on the right, namely to the probe-
wise weak homotopy equivalences.

But from § 6.1.2.7 we know that topological spaces regarded up to weak homotopy
equivalence are a presentation of the ∞-topos of (their fundamental) ∞-groupoids,
whence one sees that the ∞-topos of 𝐺-equivariant ∞-groupoids is just the corre-
sponding ∞-presheaf category:

𝐺Grpd∞ := PSh∞ (𝐺Orb) . (7.6)
This remarkable insight of Elmendorf’s theorem, that, in our perspective, 𝐺-

equivariant ∞-groupoids are generalized ∞-groupoids probeable by 𝐺-orbits, thus
ties in neatly with the above discussion of geometric ∞-groupoids as those chartable
by suitable geometric probe spaces. This allows for an immediate combination of
these notions:

An ∞-groupoid that is equipped both with geometric structure as well as with
𝐺-orbi-singular structure will hence be probeable by formal products of geometric
probes and𝐺-orbits, witnessing that each𝐻-fixed locus exhibits the given generalized
geometric structure. This way we obtain the ∞-topoi of 𝐺-orbi singular cohesive
generalized spaces, in 𝐺-equivariant generalization of (6.62):

𝐺Grpd∞ := Sh∞
(
𝐺Orb

)
𝐺SmthGrpd∞ := Sh∞

(
CrtSpc × 𝐺Orb

)
𝐺HldSmthGrpd∞ := Sh∞

(
HldCrtSp × 𝐺Orb

)
𝐺SprHldSmthGrpd∞ := Sh∞

(
SprHldCrtSp × 𝐺Orb

)
.

(7.7)

These are hence very convenient categories for generalized orbi-singular cohesive
geometry over a fixed equivariance group𝐺. However, in applications one often does
not want to fix the equivariance group𝐺, but work “globally” by allowing all possible
equivariance groups (from a given class, say finite groups).

To this end consider the full sub ∞-category of ∞-groupoids

Snglrt
{
B𝐾

���𝐾 ∈ Grpfin
}

Grpd∞

≺

𝐾 7! B𝐾

∼

(7.8)

(cf. Def. 9.2.1) whose objects are the delooping groupoids (4.35) of finite groups
and whose hom-groupoids consist of the functors and their natural transformations
between these. Recalling that such a delooping groupoid is a point with 𝐺 worth of
automorphisms:

≺

𝐾 ≃
{

•
𝐾

}
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we may understand it as the archetype of a 𝐾-orbi singularity (which is what the
new notation “ ≺

𝐾” is trying to visualize), hence as the probe space detecting concrete
𝐾-orbi singularities, whence we regard Snglrt (7.8) as the category of abstract orbi-
singularities.

Elsewhere, this category (7.8) is called the global orbit category. That term is less
suggestive, but is justified by the remarkable fact that the actual 𝐺-orbit categories
𝐺Orb(7.4) are close to being “local slices” of Snglrt: they are 0-truncations 𝜏0 (−)
(hence the full subcategories on the faithful functors) of the slice over B𝐺:

Snglrt/B𝐺 𝜏0
(
Snglrt/B𝐺

)
≃ 𝐺Orb

[−]0

⊥ (7.9)

But this means that the generalized spaces probeable by abstract orbi-singularities,
namely the ∞-topos over Snglrt is a good category of generalized orbi-singular
∞-groupoids, whose slices over the abstract singularities B𝐺 are cohesive over the
𝐺-singular∞-topos (7.7) (this observation is due to [Re14], cf. [SS26c, Prop. 4.3.38]).

In conclusion, this shows that Snglrt (7.8) serves as a good category of probe
spaces for the definition of generalized singular-geometric spaces (geometric spaces
which may exhibit orbi-singularities). And hence in “globally equivariant” gener-
alization of (7.7) we finally arrive at the singular-cohesive ∞-topoi that will be of
concern in the following:

SnglrGrpd∞ := Sh∞
(
Snglrt

)
SnglrSmthGrpd∞ := Sh∞

(
CrtSpc × Snglrt

)
SnglrHldSmthGrpd∞ := Sh∞

(
HldCrtSp × Snglrt

)
SnglrSprHldSmthGrpd∞ := Sh∞

(
SprHldCrtSp × Snglrt

)
.

(7.10)

7.2 Differential Equivariance
Above, in seeing how to bring (differential) geometry into the discussion of orbifold
cohomology via topological groupoids, and thus in order to promote the latter to
a theory of geometric orbifold cohomology, we have produced ever larger and ever
more “convenient” higher categories of generalized spaces characterized as being
probeable by a whole sequence of kinds of test spaces, first a hierarchy of geometric
test spaces and then a class of abstract orbi-singularities (cf. Tab. 6.1).

It remains to highlight the deeper reason for bringing in these orbi-singular probes.
Namely, orbifolds in their incarnation as Lie groupoids (Def. 4.2.1) and hence as
smooth groupoids (§ 6.1.2.6) do faithfully exist already in the cohesive ∞-topos
SmthGrpd∞ and its super haloed siblings (6.62), but now they are“re-incarnated”,
also faithfully, in their alternative orbi-singular incarnation in SnglrSmoothGrpd∞
and its super haloed siblings (6.62).

Here, in this last section of the transitional part, we indicate why this alternative
orbi-singular incarnation of orbifolds is necessary for the definition of their (gener-
alized) differential cohomology, hence for the definition of (generalized) differential
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orbi-cohomology and hence in particular also for (generalized) equivariant differen-
tial cohomology. (See also analogous comments in [SS26c, §6.2.1].)

The point is simply that given an∞-topos H we may and want to think of its Hom-
∞-groupoids H(𝑋, 𝐴) ∈ Grpd∞ (for 𝑋, 𝐴 ∈ H) as the cocycle ∞-groupoids, and
hence of their 0-truncation 𝜏0 (cf. § 8.1.15) as the intrinsic (generalized nonabelian)
cohomology of 𝑋 with coefficients in 𝐴 (cf. § 1.1.11):

𝐻0 (𝑋; 𝐴) := 𝜏0H(𝑋, 𝐴) . (7.11)
This extremely simple-looking definition is extremely powerful, witnessing (cf.
[NSS12a, p. 4]) ∞-topoi as ∞-categorifications of (nonabelian) cohomology sets
(cf. [SS25g]).

But note that it is the geometrically discrete hom ∞-groupoids that appear here,
the underlying point ∞-groupoid of the internal mapping stack Map(𝑋, 𝐴) ∈ H,
where all notion of coboundary is encoded by the 1-morphisms:

H(𝑋, 𝐴) ≃ PntsMap(𝑋, 𝐴) ,
hence

𝐻0 (𝑋; 𝐴) ≃ 𝜏0PntsMap(𝑋, 𝐴) . (7.12)
But when H is cohesive, there is another canonical way to extract a geometrically

discrete ∞-groupoid from the mapping stack, namely by forming its shape S(−).
The 0-truncation of the shape of a cohesive ∞-groupoid is a generalization of the
geometric notion of the set of path-connected components 𝜋0:

𝜋0Map(𝑋, 𝐴) := 𝜏0ShpMap(𝑋, 𝐴) (7.13)
This is analogous to but crucially different from (7.12), in general, hence (7.13) is not
actually a notion of cohomology sets intrinsic to an ∞-topos, or at least not generally
and not manifestly so.

But it is this latter form (7.13) in which (twisted) orbifold cohomology appeared
(4.122) in § 4.2.2! Therefore, Def. 4.2.5 there is not yet a definition of orbifold
cohomology which is manifestly intrinsic to an ambient ∞-topos, in the sense of
(7.11).

It is this issue which is solved (via [SS26c, Thm. 6.2.3]) by generalizing from
the cohesive ∞-topos SmthGrpd∞ (and its siblings) to the singular cohesive ∞-topos
SnglrSmthGrpd∞ (and its siblings), where orbifolds X are re-incarnated in their
orbi-singular version ≺X (discussed in § 9.2)!

In short, the answer to “Of which class of ∞-topoi is geometric orbifold co-
homology the intrinsic notion of cohomology?” is: singular-cohesive ∞-topoi. And
that is the reason why we develop geometric orbifold cohomology in this abstractly
appropriate context, in this book.

Finally, a key use case where it matters to be dealing with the intrinsic cohomology
of ∞-topoi is differential cohomology. While here we will not further dwell on this
point but be content with laying foundations for it, the basic idea is this:

Differential (generalized nonabelian) cohomology arises by pulling back the
character map on geometrically discrete cocycle ∞-groupoids, Grpd∞ (S𝑋,A), to
𝐿∞-algebra valued differential forms (this is the content of [FSS23]). In order to
equivariantize this one needs to be able to apply this same construction probe-wise,
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pulling back to probe-wise defined systems of 𝐿∞-algebra valued differential forms
(see [SS25g]). But this is exactly what works in singular cohesive ∞-topoi with
respect to its abstract orbi-singularity probes discussed in § 7.1.



Part IV

Cohesive Homotopy Theory





8
Higher Geometry

We recall basics of higher geometry in the form of geometric homotopy theory,
namely higher topos theory, in §8.1 and lay out in §8.2 the internal formulation, in
∞-toposes, of group actions and the classification of fiber bundles (more on which in
[SS26c]).

8.1 Topos theory
Here we briefly record basics of ∞-topos theory [TV05][Lu09a][Re10] (review is
in [Re19], exposition with an eye towards applications in differential geometry and
physics is in [FSS14][Sc25]). This is to set up our notation and to highlight some less
widely used aspects that we need further below.

8.1.1 Categories
We make free use of the language and the basic facts of category theory and ho-
motopy theory (see [GJ99][Rie14][Ri20]) as well as of ∞-category theory (see
[Joy08a][Joy08a][Lu09a][Rie14][Ci19]).

(i) We write Cat∞ for the (“very large”) ∞-category of (large) ∞-categories
[Re98][Be05][Lu09a, Ch. 3], though we only use this for declaring ∞-
categories. Inside Cat∞, there is the sequence of full sub-∞-categories (Def.
8.1.1) of 𝑛-categories (i.e.: (𝑛, 1)-categories) as well as of 𝑛-groupoids (see Def.
8.1.28) for all 𝑛 ∈ N, denoted thus:

Sets �
� // Cat1 �

� // Cat2 �
� // · · · �

� // Cat∞

Sets �
� // Grpd1

� � //?�
OO

Grpd2
� � //?�

OO

· · · �
� // Grpd∞

?�
⊣
OO
�� Core

(8.1)

(ii) Here Core(C) denotes the maximal ∞-groupoid inside an ∞-category C.
(iii) For C ∈ Cat∞ and for 𝑋,𝑌 ∈ C a pair of objects, we write

C(𝑋,𝑌 ) := HomC (𝑋,𝑌 ) ∈ Grpd∞ (8.2)
for the hom-∞-groupoid, i.e. the ∞-groupoid of morphisms between them,

and higher homotopies between these (see [Lu09a, 1.2.2][DS09]). This is well-
defined, up to equivalence of ∞-groupoids, independently of which model for
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∞-categories is used, since these are all equivalent to each other [Be06][Be14].
We have no need to specify any particular model for ∞-categories (except for
the construction of examples, in §8.1.5).

Definition 8.1.1 (Fully faithful functor [Lu09a, 1.2.10]). For C,D ∈ Cat∞ (8.1), a
functor 𝐹 : C // D is called fully faithful, to be denoted

C �
� 𝐹 // D , (8.3)

if it is an equivalence on all hom-∞-groupoids (8.2):

∀
𝑋,𝑌 ∈C

C(𝑋 , 𝑌 )
𝐹𝑋,𝑌

≃
// D

(
𝐹 (𝑋) , 𝐹 (𝑌 )

)
. (8.4)

In this case we also say that (8.3) exhibits a full sub-∞-category inclusion.

8.1.2 Topology
The category of Δ-generated or D-topological spaces (Rem. 8.1.3) is both: a conve-
nient foundation for homotopy theory (Prop. 8.1.4) and pivotal for our key example
context (Example 9.1.19):

Definition 8.1.2 (Topological spaces). We write
CWCmplx �

� // DTopSpc �
� // TopSpc ∈ Cat1 (8.5)

for (from right to left):
(i) the category of all topological spaces with continuous functions between them;
(ii) the full subcategory of D-topological spaces (§ 4.1.2),
(iii) the further full subcategory on those that admit the structure of a CW-cell

complex (Ex. 4.1.3).

Remark 8.1.3 (D-topological is Δ-generated).
(i) Since the topological 𝑛-simplex Δ𝑛top is a retract of the Euclidean space R𝑛,

the condition on 𝑋 ∈ TopSpc of being D-topological (Def. 4.1.2) is equivalent
to being Δ-generated, in that the open subsets of 𝑋 are precisely those whose
pre-images under all continuous functions of the form Δ𝑛top ! 𝑋 are open.

(ii) The concept of Δ-generated spaces is due to [Sm][Dug03]; and independently
due to [SYH10], where they are called numerically generated.

(iii) We say D-topological to better bring out their conceptual role, in view of Prop.
8.1.7 below.

Proposition 8.1.4 (D-topological spaces are convenient). The category of DTopSpc
(Def. 4.1.2) is a convenient category of topological spaces in the sense of [St67] in
that it:

(i) contains all CW-complexes (8.5) [SYH10, Cor. 4.4];
(ii) has all small limits and colimits [SYH10, Prop. 3.4];
(iii) is locally presentable [FR07, Cor. 3.7];
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(iv) is Cartesian closed [SYH10, Cor. 4.6]: the mapping space between 𝑋,𝑌 ∈
DTopSpc is the reflection (8.12) of the internal mapping space Map (8.82) of
DiffSp [SYH10, Prop. 4.7]:

Map(𝑋,𝑌 ) = Dtplg
(
Map

(
Cdfflg(𝑋), Cdfflg(𝑌 )

) )
. (8.6)

8.1.3 Differential topology
D-topological spaces lend themselves to differential topology via their joint (co-
)reflection (Prop. 8.1.7) both into all topological spaces and into diffeological spaces
(Def. 8.1.6):

Definition 8.1.5 (Cartesian spaces). We write
CrtSpc �

� // SmthMfd ∈ Cat1 (8.7)
for the category whose objects are the natural numbers 𝑛 ∈ N, thought of as rep-
resenting the Cartesian spaces R𝑛, and whose morphisms are the smooth functions
between these. We regard this category as equipped with the coverage (Grothendieck
pre-topology) whose covers are the differentially good open covers (i.e., such that
all non-empty finite intersections of patches are diffeomorphic to a Cartesian space
[FStS12, 6.3.9]).

Definition 8.1.6 (Diffeological spaces).
(i) The category of diffeological spaces ([So80][So84][IZ85], see [BH08] [IZ13])

is the full subcategory of sheaves on CrtSpc (Def. 8.1.5)

DiffSp �
� // Shv(CrtSpc) (8.8)

on those 𝑋 ∈ Shv(CrtSpc) which are concrete sheaves [Du79b] supported on
their underlying set

𝑋𝑠 := Shv(SmthMfd) (∗, 𝑋) (8.9)
in that the canonical function

𝑋 (𝑈) �
� // (𝑈𝑠 , 𝑋𝑠) (8.10)

is an injection, for all𝑈 ∈ CrtSpc, with𝑈𝑠 denoting their underlying set𝑈.
(ii) We call

𝑋 (𝑈) ≃
Prop. 8.1.54

DiffSp(𝑈, 𝑋) ∈ (8.11)

the set of𝑈-plots of the diffeological space 𝑋 .

Proposition 8.1.7 (Topological/diffeological adjunction).
(i) There is an adjunction [SYH10, Prop. 3.1]

TopSpc
oo Dtplg

Cdfflg
⊥ // DiffSp (8.12)

between the categories of topological spaces (Def. 8.1.2) and of diffeological
spaces (Def. 8.1.6), where
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– the right adjoint Cdfflg sends a topological space to the same underly-
ing set equipped with the topological diffeology whose plots (8.11) are
precisely the continuous functions;

– the left adjoint Dtplg sends a diffeological space to the same underly-
ing set equipped with the diffeological topology (“D-topology” [IZ13,
2.38][CSW13]), which is the final topology with respect to all plots (8.11),
hence such that a subset is open precisely if its pre-image under all plots
is open.

• (ii) The fixed points 𝑋 ∈ TopSpc of this adjunction are the D-topological spaces
(Remark 8.1.3)

𝑋 is D-topological ⇔ Dtplg
(
Cdfflg(𝑋)

) 𝜖𝑋

≃
// 𝑋 . (8.13)

• (iii) The adjunction is idempotent [SYH10, Lemma 3.3], hence factors through
the category of D-topological spaces, exhibiting them as a co-reflective subcat-
egory of TopSpc and a reflective subcategory of DiffSp:

TopSpc
oo ? _

Cdfflg
⊥ // DTopSpc

oo Dtplg

� � ⊥ // DiffSp . (8.14)

The following Prop. 8.1.8 is due to [Har13, Thm. 3.3].

Proposition 8.1.8 (Model structure on D-topological spaces).
(i) The standard cell inclusions define a cofibrantly generated model category

structure on DTopSpc (Def. 4.1.2).
(ii) With respect to this model structure and the standard model structure on TopSpc,

the co-reflection (8.12) becomes a Quillen equivalence:

TopSpc
oo _?

Cdfflg

≃Quillen // DTopSpc . (8.15)

8.1.4 Differential geometry
Definition 8.1.9 (Smooth Manifolds). We write

SmthMfd ∈ Cat (8.16)
for the category of finite-dimensional paracompact smooth manifolds with smooth
functions between them. We regard this as a site with the Grothendieck topology of
open covers.

Proposition 8.1.10 (Cartesian spaces are dense in the site of manifolds). With respect
to the coverages in Def. 8.1.9 and Def. 8.1.5, the inclusion CrtSpc

𝑖
↩! SmthMfd is a

dense sub-site, in that it induces an equivalence of categories of sheaves

Shv(CrtSpc)
oo 𝑖∗

𝑖∗

≃ // Shv(SmthMfd) . (8.17)
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Proposition 8.1.11 (Smooth manifolds inside diffeological spaces). Every 𝑋 ∈
SmthMfd (8.16) becomes a diffeological space (Def. 8.1.6) on its underlying set
by taking its plots (8.11) of shape𝑈 ∈ CrtSpc to be the ordinary smooth functions:

𝑋 (𝑈) := SmthMfd(𝑈, 𝑋) . (8.18)
More generally, every possibly infinite-dimensional Fréchet manifold (e.g. [KS17,
2.2]) becomes a diffeological space this way. Moreover, this constitutes fully faithful
embeddings (Def. 8.1.1) into the category of Diffeological spaces [Lo94, Thm. 3.1.1]:

SmthMfd
finite-dimensional

� � // FréSmthMfd
possibly

infinite-dimensional

� � // DiffSp . (8.19)

8.1.5 Model toposes
We recall some basics of model categories (e.g. [GJ99, 2]) of simplicial presheaves
([Jar87][Jar96][Jar15]) as presentations of ∞-toposes ([Lu09a, A.2, A.3]).

Model categories of simplicial presheaves.

Definition 8.1.12 (Model category of simplicial presheaves).
Let C be a site. We write

(i)
sPShv(C)loc ∈ HomotopicalCategories (8.20)

for the category of simplicial presheaves on C, regarded as a homotopical
category with weak equivalences the local weak homotopy equivalences of
simplicial sets.

(ii)
sPShv(C)inj/

proj,loc
∈ ModelCategories (8.21)

for the same category regarded as either the corresponding injective or projective
model category.

(iii)
sPShv ℓ // 𝐿 lwhe sPShvloc =: H (8.22)

for the corresponding simplicial localization.

Lemma 8.1.13 (Cofibrancy in projective model structure [Du01, Cor. 9.4]). Let C
be a site. For a simplicial presheaf 𝑋• ∈ sPShv(C)proj,loc in the projective model
structure (8.21) to be cofibrant it is sufficient that 𝑋• is degreewise

(i) a coproduct of representables, such that
(ii) the degenerate cells split off as a direct summand.

Lemma 8.1.14 (Simplicial presheaf represents its own hocolim [DHI04, 2.1][Sc13,
2.3.21]). Let C be a site and 𝑋• ∈ sPShv(C) a simplicial presheaf (Def. 8.1.12). Then
its image under simplicial localization (8.22) is equivalently the simplicial homotopy
colimit over the images of its component presheaves:

ℓ(𝑋•) ≃ lim
−!

(ℓ𝑋)• ∈ H .
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8.1.6 Topological mapping stacks
Example 8.1.15 (Model category presentation of smooth ∞-groupoids). Let C =

CrtSpc (Def. 8.1.5). Then the simplicial localization (8.22) of sPShv(C)loc (8.21) is
SmthGrpd∞ (Ex. 9.1.19):

𝐿 lwhe sPShv(CrtSpc)loc ≃ SmthGrpd∞ .

Lemma 8.1.16 (Mapping stack from delooping of discrete group to topological stack).
In SmthGrpd∞ (Ex. 9.1.19) consider

• a finite group embedded via (9.154)

𝐺 ∈ Grp Disc // Grp
(
SmthGrpd∞

)
, (8.23)

• a topological groupoid, embedded via (9.53)

TopGrpd
Cdfflg // SmthGrpd∞

Xtop 7! X ⊂

(8.24)

Then the mapping stack (8.82) formed in SmthGrpd∞ is the degreewise image under
Cdfflg (8.12) of the topological groupoid representing the mapping stack of topolog-
ical groupoids (which exists by [No10] since 𝐺 is finite, hence compact):

Map
(
B𝐺 , X ⊂

)
≃ Cdfflg Map

(
B𝐺 , Xtop

)
. (8.25)

Proof. Since (by Ex. 9.1.19)

SmthGrpd∞ ≃ Shv∞ (CrtSpc)
oo 𝐿

� � ⊥ // PShv∞ (CrtSpc)
it is sufficient to show that we have an equivalence of ∞-presheaves of the form

R𝑛 � // PShv∞
(
CrtSpc

)
(R𝑛 × B𝐺 , X ⊂)

≃ PShv∞
(
CrtSpc

)
(R𝑛 , Cdfflg Map(B𝐺,Xtop) .)

(8.26)

By Ex. 8.1.15, we may model this in the global projective model structure on simplicial
presheaves over CrtSpc:

sPShv(CrtSpc) ℓ // 𝐿 lwhe sPShv(CrtSpc)proj ≃ Shv∞ (CrtSpc) (8.27)

by the following models (Lemma 8.1.14):
(a) A model under ℓ (8.27) of the Cartesian product R𝑛 × B𝐺 with the delooping

B𝐺 ≃ lim
−!

𝐺×• (8.154), is given by the simplicial presheaf

R𝑛 × 𝐺×• ∈ sPShv(CrtSpc)proj . (8.28)

(b) A model under ℓ (8.27) for the image (8.24) of a topological groupoid Xtop is
given by its nerve regarded as a simplicial presheaf, componentwise via (9.52)

𝑁• (Xtop) ∈ sPShv(CrtSpc)proj . (8.29)

Moreover:
• The object (8.28) is projectively cofibrant, by Lemma 8.1.13, as is its Cartesian

product with a 𝑘 simplex Δ[𝑘].
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• The object (8.29) is projectively fibrant (objectwise a Kan complex) by the
groupoid property of Xtop.

Therefore, to get (8.26) it is, in turn, sufficient to exhibit for R𝑛 ∈ CrtSpc a natural
isomorphism of simplicial sets of the form∫

[𝑘 ]∈Δ PShv
(
R𝑛 ×

(
𝐺×𝑘 × Δ(𝑘, •)

)
, Cdfflg(𝑁𝑘 (Xtop))

)
≃ PShv

(
R𝑛 , Cdfflg

(∫
[𝑘 ]∈Δ 𝑁𝑘 (Xtop) (𝐺

×𝑘 ×Δ(𝑘,•) )
))
,

(8.30)

where the end
∫
[𝑘 ]∈Δ (−) expresses the limit that computes the morphism of simplicial

sets as a subset of the product of the function spaces of components. We obtain this
as the following composite of natural isomorphisms:∫

[𝑘 ]∈Δ PShv
(
R𝑛 ×

(
𝐺×𝑘 × Δ(𝑘, •)

)
, Cdfflg

(
𝑁𝑘 (Xtop)

) )
≃

∫
[𝑘 ]∈Δ PShv

(
R𝑛 ,

(
Cdfflg(𝑁𝑘 (Xtop))

) (𝐺×𝑘 ×Δ(𝑘,•) )
)

≃
∫
[𝑘 ]∈Δ PShv

(
R𝑛 , Cdfflg

( (
𝑁𝑘 (Xtop)

) (𝐺×𝑘 ×Δ(𝑘,•) )
))

≃ PShv
(
R𝑛 ,

∫
[𝑘 ]∈Δ Cdfflg

( (
𝑁𝑘 (Xtop)

) (𝐺×𝑘 ×Δ(𝑘,•) )
))

≃ PShv
(
R𝑛 , Cdfflg

(∫
[𝑘 ]∈Δ

(
𝑁𝑘 (Xtop)

) (𝐺×𝑘 ×Δ(𝑘,•) )
))
.

Here the first step is the definition of function spaces (−) (−) , the second step uses that
Cdfflg, being a right adjoint, preserves products (Prop. 8.1.42). The third step uses
that the Hom-functor preserves limits (hence ends) in its second argument, while the
fourth step uses that Cdfflg, being a right adjoint, preserves limits (hence ends), again
by Prop. 8.1.42. □

8.1.7 Smooth ∞-Groupoids
We write

CartSp =

{
R𝑛1

R𝑛0 R𝑛2

𝑔𝑓

𝑔◦ 𝑓

}
(8.31)

for the category whose objects are the Cartesian spaces R𝑛, 𝑛 ∈ N (4.1), and whose
morphisms are the smooth functions between these. We regard this as a site with
respect to the coverage (Grothendieck pre-topology) of differentially good open covers
(Def. 4.1.30). The sheaves on this site we call smooth sets ([Sc13, §1.2.2][KS17, Def.
2.1][SS26c, Ntn. 4.3.15]); these faithfully subsume (cf. [SS26c, Prop. 4.3.19]) smooth
manifolds, D-topological spaces (Def. 4.1.5), and diffeological spaces:

DTopSp
DiflSp SmthSet := Sh(CartSp) .

SmthMfd
(8.32)
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The higher groupoidal/homotopy theoretic version of this sheaf topos is the (hy-
percomplete) ∞-sheaf topos over CartSp, whose objects we call smooth ∞-groupoids
([Sc13, §4.4][SS26c, Ntn. 4.3.27], or smooth ∞-stacks) and which faithfully subsume
the Morita (stack) theory of D-topological groupoids (Def. 4.1.7), Lie groupoids and
diffeological groupoids (Rem. 4.1.9):

DTopGrpd
DiflGrpd SmthGrpd∞ := Sh∞ (CartSp) .

LieGrpd
(8.33)

More concretely, SmthGrpd∞ is equivalently the ∞-category presented by the
projective model structure on simplicial presheaves [nL-MSP] over CartSp (8.31),
left Bousfield-localized at the class𝑊 of stalkwise simplicial weak equivalences (cf.
[FSS23, Ex. 1.20]):

SmthGrpd∞ ≃ 𝐿𝑊PSh(CartSp × Δ) . (8.34)
A D-topological groupoid is represented here by (cf. [SS26c, Ntn. 2.2.24]) the

simplicial presheaf which to R𝑛 assigns the simplicial nerve of its underlying discrete
groupoid ♭Map(R𝑛,X) of R𝑛-plots (Exs. 4.1.15 and 4.1.17), hence to R𝑛 × Δ𝑘 the
set of R𝑛-plots of its space of 𝑘-tuples of sequentially composable morphisms:

DTopGrpd PSh(CartSp × Δ)

X 7−!
(
R𝑛 × Δ𝑘 7! ♭Map

(
R𝑛,Mor(X) ×𝑘𝑠 𝑡

) )
,

𝑁

(8.35)

and this constitutes a fully faithful embedding of 1-categories with naive (not Morita)
morphisms on both sides. Under this embedding (8.35):

• The internal hom is given by the topological functor groupoid Def. 4.1.22.
• The weak equivalences in 𝑊 (8.34) are just the equivalences of topological

groupoids according to Def. 4.1.23.
• The global fibrations are just the global fibrations of topological groupoids

according to Def. 4.1.41.
Moreover, the key point for our purpose then is that:

Fact 8.1.17. With topological groupoids regarded among simplicial presheaves via
(8.35):

• Their (correctly “derived”) mapping stack is computed (by general model cat-
egory theory, cf. [FSS23, Ex. 1.10]) as the functor groupoid

– out of a global projective cofibrant resolution,
– into a local projective fibrant resolution.

• The nerves of

– Dugger-cofibrant topological groupoids according to Def. 4.1.38 are
global projective cofibrant (cf. [Du01, Cor. 9.4][FSS23, Prop. 1.23]),

– delooping groupoids BΓ and with them the action groupoids 𝐺\\Γ
(Def. 4.1.14) are local projective fibrant (by [Pav22, Prop. 4.13][SS26c,
Lem. 4.3.30])
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over CartSp.

Together, these imply that the (sliced) mapping stacks according to Defs. 4.1.39
and 4.1.46 represent, under (8.35), the derived internal hom — which proves
Lems. 4.1.40 and 4.1.54 and thereby ultimately the final Thm. 4.2.6 about Morita
invariance of twisted orbifold cohomology.

8.1.8 Equivariant homotopy
For reference, we recall some basics of unstable equivariant homotopy theory (see
[May96][Blu17]). We focus here on finite groups, for simplicity and since this is what
we need in the main text (Remark 9.2.20), but all statements in the following, notably
Elmendorf’s theorem (Prop. 8.1.27 below) generalize to compact Lie groups.

Definition 8.1.18 (Topological 𝐺-spaces). Let 𝐺 ∈ Grpfin be a finite group.
(i) We write

𝐺DTopSpc �
� // 𝐺TopSpc ∈ Cat (8.36)

for the categories whose objects

𝐺 ↷ 𝑋 :=
(
𝑋, 𝐺 × 𝑋 𝜌

−! 𝑋
)

(8.37)
are topological spaces 𝑋 (as in Def. 8.1.2) or specifically D-topological spaces
(as in Def. 4.1.2), respectively, equipped with continuous left 𝐺-actions 𝜌, and
whose morphisms are the 𝐺-equivariant continuous functions:

𝐺TopSpc
(
𝐺 ↷ 𝑋1, 𝐺 ↷ 𝑋2

)
:=

 𝑋1 continuous

𝑓 // 𝑋2

��������
𝐺 × 𝑋1
𝑓 ��

𝜌1 // 𝑋1
𝑓 ��

𝐺 × 𝑋2 𝜌2
// 𝑋2

 .
(8.38)

(ii) For 𝐺 ↷ 𝑋1 a (D-)topological 𝐺-space and 𝐻
𝜄
↩! 𝐺 a subgroup, we write

𝑋𝐻 :=
{
𝑥 ∈ 𝑋 | ∀

ℎ∈𝐻⊂𝐺
𝜌(ℎ, 𝑥) = 𝑥

}
(8.39)

for the topological subspace of 𝐻-fixed points (which, if 𝑋 is D-topological, is
itself again D-topological, by Prop. 8.1.4).

(iii) For 𝐺 ↷ 𝑋1 and 𝐺 ↷ 𝑋2 two (D-)topological 𝐺-spaces, the mapping space
(8.6) between their underlying (D-)topological spaces canonically becomes a
𝐺-space via the conjugation action and the corresponding fixed point space
(8.39)

Map(𝑋1, 𝑋2)𝐺 �
� // Map(𝑋1, 𝑋2) (8.40)

is the subspace on the 𝐺-equivariant functions (8.38).

Example 8.1.19 (𝐺-cells). For 𝐺 ∈ Grpfin, 𝐻 ⊂ 𝐺 a subgroup and 𝑛 ∈ N we have
the 𝐺-spaces (Def. 8.1.18)(

𝐺/𝐻
)
× 𝐷𝑛 ,

(
𝐺/𝐻

)
× 𝑆𝑛−1 ∈ 𝐺DTopSpc
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being the product spaces of the discrete orbit spaces with the standard topological
unit disk and unit circle, respectively, the latter equipped with the trivial 𝐺-action.
The boundary inclusions 𝜕𝐷𝑛 = 𝑆𝑛−1 𝜄𝑛

↩! 𝐷𝑛 induce 𝐺-equivariant maps

𝜄𝑛,𝐻 :
(
𝐺/𝐻

)
× 𝑆𝑛−1 � � (id, 𝜄𝑛 ) // (𝐺/𝐻)

× 𝐷𝑛 (8.41)

for all 𝑛 ∈ N, 𝐻 ⊂ 𝐺.

Definition 8.1.20 (𝐺-CW-complexes).
(i) A𝐺-CW-complex 𝑋 is a D-topological𝐺-space (Def. 8.1.18) which is equipped

with the realization as a colimit
𝑋 ≃ lim

−!𝑛

𝑋𝑛 ∈ 𝐺DTopSpc

over a sequence
𝑋−1 −! 𝑋0 −! 𝑋1 −! 𝑋2 −! · · · ∈ 𝐺DTopSpc ,

where 𝑋−1 = ∅ and where each 𝑋𝑛 ! 𝑋𝑛−1 is given by a set of attachments of
𝐺-cells along (8.41), hence by a pushout of the form:∏

𝐻⊂𝐺
𝑖∈𝐼𝑛

𝐺/𝐻 × 𝑆𝑛−1
� _

( 𝜄𝑛,𝐻 )𝑛,𝐻

��

//

(po)

𝑋𝑛−1� _

��∏
𝐻⊂𝐺
𝑖∈𝐼𝑛

𝐺/𝐻 × 𝐷𝑛 // 𝑋𝑛

(ii) Write
𝐺Sets �

� // 𝐺CWCmplx �
� // 𝐺DTopSpc (8.42)

for the full subcategories on those D-topological 𝐺-spaces which admit the
structure of 𝐺-CW-complexes.

Definition 8.1.21 (Homotopy theory of D-topological 𝐺-spaces). The homotopy
theory of topological 𝐺-spaces is the ∞-category

𝐺Grpd∞ ∈ Cat∞ (8.43)
which has the same objects as 𝐺CWCmplx (Def. 8.1.20), and with ∞-groupoids the
topological shapes (Def. 8.1.29) of the mapping spaces (8.40) of𝐺-equivariant maps:

𝐺Grpd∞
(
𝐺 ↷ 𝑋1, 𝐺 ↷ 𝑋2

)
:= ShpTop

(
Map

(
𝑋1, 𝑋2

)𝐺)
. (8.44)

Definition 8.1.22 (Shape of 𝐺-topological spaces). (i) We write
Shp𝐺Top : 𝐺CWCmplx // 𝐺Grpd∞ (8.45)

for the canonical∞-functor (topologically enriched functor) from the 1-category
of 𝐺-CW-complexes (Def. 8.1.20) to the ∞-category of 𝐺-∞-groupoids (Def.
8.1.21), which is the identity on objects and which on Hom-spaces is the
continuous map given by the identity function from the discrete set of 𝐺-
equivariant maps (8.38) to the topological space of 𝐺-equivariant maps (8.44).
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(ii) For any choice of 𝐺-CW-approximation functor

𝐺TopSpc
(−)cof // 𝐺CWComplex

we get the corresponding shape functor on all of 𝐺TopSpc (Def. 8.1.18) and
hence on 𝐺DTopSpc, which we denote by the same symbol:

Shp𝐺Top : 𝐺TopSpc
(−)cof // 𝐺CWCmplx

Shp𝐺top // 𝐺Grpd∞ . (8.46)

Definition 8.1.23 (Proper 𝐺-equivariant generalized cohomology of topological
𝐺-spaces). For 𝐺 ∈ Grpfin, we say that the proper 𝐺-equivariant cohomology of
a topological 𝐺-space (Def. 8.1.18) 𝑋 ∈ 𝐺TopSpc with coefficients in a (pointed)
𝐺-∞-groupoid (Def. 8.1.21), 𝐴 ∈ 𝐺Grpd∞, is

𝐻−𝑛
𝐺 (𝑋, 𝐴) := 𝜋𝑛

(
𝐺Grpd

(
Shp𝐺Top (𝑋) , 𝐴

) )
,

where on the right we have the 𝑛th homotopy group (at the given basepoint) of the
hom-∞-groupoid (8.44) from the 𝐺-topological shape of 𝑋 (8.46) to 𝐴.

8.1.9 Elmendorf’s theorem
Definition 8.1.24 (Orbit of action of a finite group). Let𝐺 be a finite group. If𝐺 ↷ 𝑆
is a set equipped with an action by 𝐺, then an orbit of 𝐺 in 𝑆 is a subset of points
{𝑔(𝑠) |𝑔 ∈ 𝐺} ⊂ 𝑆 obtained from any single point 𝑠 ∈ 𝑆 by acting on it with all
elements of 𝐺.

Definition 8.1.25 (Orbit category of a finite group). The category of 𝐺-orbits or
orbit category of 𝐺

𝐺Orb ↩−! 𝐺Sets ∈ Cat
is the category whose objects correspond to subgroup inclusions𝐻

𝜄
↩−! 𝐺 and whose

morphisms are 𝐺-equivariant functions, hence morphisms of 𝐺-sets (8.42), between
the corresponding coset spaces 𝐺/𝐻1 −! 𝐺/𝐻2.

Example 8.1.26 (Systems of fixed point spaces). Consider a topological space
equipped with a 𝐺-action 𝐺 ↷ 𝑋 ∈ 𝐺DTopSpc (Def. 8.1.18) and 𝐻 ⊂ 𝐺 a
subgroup. Then a 𝐺-equivariant function 𝐺/𝐻 𝑓

−! 𝑋 from the corresponding 𝐺-
orbit (Def. 8.1.25) is determined by its image 𝑓

(
[𝑒]

)
∈ 𝑋 of the class of the neutral

element, and that image has to be fixed by the action of 𝐻 ⊂ 𝐺 of 𝑋 . Therefore, the
corresponding 𝐺-equivariant mapping spaces (8.40)

Map
(
𝐺/𝐻, 𝑋

)𝐺 ≃ 𝑋𝐻 :=
{
𝑥 ∈ 𝑋 | ∀

ℎ∈𝐻⊂𝐺
(ℎ(𝑥) = 𝑥)

}
⊂ 𝑋

are the topological subspaces of 𝐻-fixed points inside 𝑋 (8.39). By functoriality of
the mapping space construction, these fixed point spaces are exhibited as arranging
into a topological presheaf on the 𝐺-orbit category (Def. 8.1.25):

𝑋 (−) : 𝐺Orbop Map(−, 𝑋)𝐺 // TopSpc
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Proposition 8.1.27 (Elmendorf’s theorem [El83][DwKa84, §1.2, 1.7 & Thm. 3.1],
see [Blu17, Thm. 1.3.6 and 1.3.8]). Let 𝐺 be a finite group. The functor which sends
a 𝐺-space 𝐺 ↷ 𝑋 (Def. 8.1.18) to its system of 𝐻-fixed point spaces (Ex. 8.1.26)
constitutes an equivalence of ∞-categories

𝐺Grpd∞
≃ // Shv∞

(
𝐺Orb

)
𝐺 ↷ 𝑋

� // 𝑋 (−) = Map
(
−, 𝑋

)𝐺
.

(8.47)

8.1.10 Homotopy theory
Definition 8.1.28 (∞-Groupoids).

(i) We write
Grpd∞ ∈ Cat∞ (8.48)

for the ∞-category which is presented by the topologically enriched category
whose objects are the CW-complexes (8.5) and whose hom-spaces are the
mapping spaces (8.6).

(ii) The full sub-∞-category (Def. 8.1.1) on the homotopy 𝑛-types is that of 𝑛-
groupoids

Grpd𝑛
� � // Grpd∞ . (8.49)

Definition 8.1.29 (Topological shape).
(i) We write

ShpTop : CWCmplx // Grpd∞ (8.50)
for the∞-functor from the 1-category of CW-complexes (8.5) to the∞-category
of ∞-groupoids (Def. 8.1.28) which, as a topologically enriched functor, is the
identity on objects, and is on hom-spaces the continuous map given by the
identity function from the discrete set of continuous maps to the mapping space
(8.6).

(ii) For any choice of CW-approximation functor

TopSpc
(−)cof // CWCmplx (8.51)

we get the corresponding functor on all topological spaces (Def. 8.1.2), hence
on D-topological spaces (Def. 4.1.2) which we denote by the same symbol:

ShpTop : TopSpc
(−)cof // CWCmplx

ShpTop // Grpd∞ . (8.52)

Example 8.1.30 (Delooping groupoids). For 𝐺 ∈ Grpfin, consider the groupoid with
a single object ∗, and with 𝐺 as its set of morphisms, whose composition is given by
the product in the group:

∗ 𝑔2
))∗

𝑔1 55

𝑔2 ·𝑔1
// ∗

(8.53)

This groupoid is the topological shape (8.1.29) of the Eilenberg-MacLane space
𝐾 (𝐺, 1) as well as (since 𝐺 is assumed to be finite) the classifying space 𝐵𝐺. More
intrinsically, this groupoid is, equivalently, the homotopy quotient of the point by the
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trivial 𝐺-action:
∗�𝐺 ∈ Grpd1

� � // Grpd∞ . (8.54)

More generally:

Example 8.1.31 (Action groupoids). For 𝐺 ∈ Grpfin a finite group and for 𝐺 ↷ 𝑋 a
set equipped with a 𝐺-action

𝐺 × 𝑋
𝜌 // 𝑋

(𝑔, 𝑥) � // 𝑔 · 𝑥 ,
(8.55)

the corresponding action groupoid has as objects the elements of 𝑋 and its morphisms
and their composition are given as follows:

𝑔1 · 𝑥 𝑔2
++

𝑥

𝑔1 55

𝑔2 ·𝑔1
// 𝑔2 · 𝑔1 · 𝑥

(8.56)

This action groupoid is a model for the homotopy quotient of 𝑋 by its 𝐺-action
𝑋�𝐺 ∈ Grpd1

� � // Grpd∞ . (8.57)

The following elementary example plays a pivotal role in later constructions (Lem
10.1.7):

Example 8.1.32 (Hom-groupoid into action groupoid). Let𝐺 ∈ Grpfin, 𝑋 ∈ equipped
with a𝐺-action (8.55), hence with action groupoid/homotopy quotient 𝑋�𝐺 ∈ Grpd1
(Example 8.1.31). Let 𝐾 ∈ Grpfin be any finite group, with ∗�𝐾 ∈ Grpd1 its
delooping groupoid (Example 8.1.30). Then the hom-groupoid (functor groupoid) of
morphisms (functors) ∗�𝐾 −! 𝑋�𝐺 is, equivalently, the action groupoid of𝐺 acting
on the set of pairs consisting of a group homomorphism 𝜙 : 𝐾 ! 𝐺 and a point in 𝑋
fixed by the image of 𝜙:

Grpd1
(
∗�𝐾 , 𝑋�𝐺

)
≃

( ⊔
𝜙∈Grp(𝐾,𝐺)

𝑋 𝜙 (𝐾 )
)

� 𝐺 . (8.58)

Here
• 𝜙(𝐾) ⊂ 𝐺 denotes the subgroup of 𝐺 which is image of the group homomor-

phism 𝜙 : 𝐾 ! 𝐺;

• 𝑋 𝜙 (𝐾 ) =

{
𝑥 ∈ 𝑋

���� ∀
ℎ∈𝜙 (𝐾 )

ℎ · 𝑥 = 𝑥
}

denotes the 𝜙(𝐾)-fixed-point set in 𝑋;

• the 𝐺-action by which the homotopy quotient is taken is the conjugation action
on 𝜙, hence 𝑔 · 𝜙 := Ad𝑔 ◦ 𝜙, and the given 𝐺-action on 𝑥 ∈ 𝑋 .

This follows by direct unwinding of the definition of functors and of natural transfor-
mations between the groupoids (8.53) and (8.56).

Definition 8.1.33 (Simplicial-topological shape). Let

𝑋• : Δop // TopSpc (8.59)
be a simplicial topological space, for instance the nerve of a topological groupoid.
Then we say that its simplicial-topological shape is the homotopy colimit (Prop.
8.1.52) of its degreewise topological shape (Def. 8.1.29):

ShpsTop
(
𝑋•

)
:= lim
−!

(
ShpTop (𝑋)

)
• ∈ Grpd∞ . (8.60)
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The following Prop. 8.1.34 appears as [Wa18, 4.3,. 4.4]:

Proposition 8.1.34 (Simplicial-topological shape of degreewise cofibrant spaces is fat
geometric realization). If 𝑋• is a simplicial topological space (8.59) which degreewise
admits the structure of a retract of a cell complex (for instance: degreewise a CW-
complex (8.5)), then its simplicial topological shape (8.1.33) is equivalent to its fat
geometric realization ∥−∥ [Se74] (see [HG07, 2.3]):

𝑋•
Degreewise cofibrant

simplicial topological spaces

∈
(
TopSpccof

)Δop ⇒ ShpsTop
(
𝑋•

)
simplicial

topological shape

≃ ∥𝑋•∥
fat geometric
realization

. (8.61)

Definition 8.1.35 (Diffeological simplices).
(i) We write

Δ
Δ•

smth // DiffSp

[𝑛] � //
{
®𝑥 ∈ R𝑛+1 |∑

𝑖

𝑥𝑖 = 1
} (8.62)

for the diffeological extended simplices, hence for the simplicial object in dif-
feological spaces (Def. 8.1.6) (in fact in smooth manifolds, under Prop. 8.1.11)
which in degree 𝑛 is the extended 𝑛-simplex in R𝑛+1, regarded with its sub-
diffeology, and whose face and degeneracy maps are the standard ones (see
[CW14, Def. 4.3][BEBP19, p. 1]).

(ii) The induced nerve/realization construction is a pair of adjoint functors (Def.
8.1.40)

DiffSp
oo |− |diff

Singdiff

⊥ // SimplicialSets (8.63)

between the categories of simplicial sets and of diffeological spaces (Def.
8.1.6), where the right adjoint Singdiff sends 𝑋 ∈ DiffSp to its smooth singular
simplicial set

Singdiff (𝑋)• := DiffSp
(
Δ•

diff , 𝑋
)
. (8.64)

The following Prop. 8.1.36 is due to [CW14, Prop. 4.14]:

Proposition 8.1.36 (Diffeological singular simplicial set of continuous Diffeology).

(i) For all 𝑋top ∈ TopSpc there is a weak homotopy equivalence between the
diffeological singular simplicial set (Def. 8.1.35) of its continuous diffeology
(Def. 8.1.7) and its ordinary singular simplicial set:

Sing
(
𝑋top

)
≃whe Singdiff

(
Cdfflg(𝑋top)

)
. (8.65)

(ii) Equivalently this means, in the terminology to be introduced in a moment, that
the topological shape (8.1.29) of topological spaces is equivalent to the cohesive
shape (Def. 9.1.1) of their incarnation as continuous-diffeological spaces (see
Example 9.1.19 below):

ShpTop
(
𝑋top

)
≃ Shp

(
Cdfflg(𝑋top)

)
∈ Grpd∞ . (8.66)
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8.1.11 Universal constructions
All diagrams we consider now are homotopy-coherent, even if we do not nota-
tionally indicate the higher cells, unless some are to be highlighted. Similarly, all
universal constructions we consider now are ∞-categorical, even if this is not further
pronounced by the terminology. In particular, we say “colimit” lim

−!
for “homotopy

colimit”, “limit” lim
 −

for “homotopy limit” (see Prop. 8.1.52), “Cartesian square” for
“homotopy Cartesian square”, etc.:

Notation 8.1.37 (Cartesian squares). We say a square in an ∞-category is Cartesian,
to be denoted

𝑋 ×𝐵 𝑌
𝑓 ∗𝑔 ��

//

(pb)

𝑌
𝑔
��

𝑋 𝑓 // 𝐵

(8.67)

if it is a limit cone over the diagram consisting of 𝑓 and 𝑔. We also say this is the
pullback square of 𝑔 along 𝑓 .

Example 8.1.38 (Pullback of equivalence is equivalence). Let C ∈ Cat∞. Then
a square in C whose right vertical morphism is an equivalence is Cartesian (Ntn.
8.1.37) precisely if the left vertical morphism is also an equivalence:

𝐴

(pb)

//

��

𝐵

≃
��

𝐶 // 𝐷

⇔
𝐴

≃
��
𝐶

(8.68)

hence precisely if 𝐶 // 𝐷 is equivalent to 𝐴 // 𝐵 in CΔ1 .

Proposition 8.1.39 (Pasting law [Lu09a, Lemma 4.4.2.1]). In any ∞-category, con-
sider a diagram of the form

𝐴

��

//
⇓

𝐵

��

//
⇓

𝐶

��
𝐷 // 𝐸 // 𝐹

(8.69)

such that the right square is Cartesian (Ntn. 8.1.37). Then the left square is Cartesian
if and only if the total rectangle is Cartesian.

Definition 8.1.40 (Adjoint ∞-functors [Lu09a, 5.2.2.7, 5.2.2.8][RV13, 4.4.4]). Let
C,D ∈ Cat∞ (8.1) and 𝐿 : C oo // D : 𝑅 two functors between them, back and
forth. This is an adjoint pair with 𝐿 left adjoint and 𝑅 right adjoint, to be denoted
(𝐿 ⊣ 𝑅):

D
oo 𝐿

𝑅

⊥ // C (8.70)

if there is a natural equivalence of hom-∞-groupoids (8.2) of the form
D

(
𝐿 (−) , −

)
≃ C

(
− , 𝑅(−)

)
(8.71)

(This is unique when it exists [Lu09a, Prop. 5.2.1.3, 5.2.6.2]). In this case, one says:
(i) The adjunction unit is the natural transformation

𝑋
𝜂𝑋 // 𝑅 ◦ 𝐿 (𝑋) (8.72)
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which is the (pre-)image under (8.71) of the identity on 𝑅(𝑋).
(ii) The adjunction co-unit is the natural transformation

𝐿 ◦ 𝑅(𝑋) 𝜖𝑋 // 𝑋 (8.73)
which is the image under (8.71) of the identity on 𝐿 (𝑋).

As in the classical situation of 1-category theory, it follows that:

Proposition 8.1.41 (Triangle identities). Let D
oo 𝐿

𝑅
⊥ // C be a pair of adjoint ∞-

functors (Def. 8.1.40). Then their adjunction unit 𝜂 (8.72) and counit 𝜖 (8.73) satisfy
the following natural equivalences:
(i) for all 𝑐 ∈ C,

𝐿 ◦ 𝑅 ◦ 𝐿 (𝑐) 𝜖𝐿 (𝑐)
++

𝐿 (𝑐)
𝐿 (𝜂𝑐 ) 33

𝐿 (𝑐) ;

(8.74)

(ii) for all 𝑑 ∈ D,

𝑅 ◦ 𝐿 ◦ 𝑅(𝑑) 𝑅 (𝜖𝑑 )
++

𝑅(𝑑)
𝜂𝑅 (𝑑) 33

𝑅(𝑑) .
(8.75)

Proposition 8.1.42 (Right/left adjoints preserve limits/colimits [Lu09a, 5.2.3.5]).
Let D

oo 𝐿

𝑅
⊥ // C be a pair of adjoint ∞-functors (Def. 8.1.40) and let I ∈ Cat∞ .

(i) If 𝑋• : I // D is a diagram whose limit exists, then this limit is preserved by
the right adjoint 𝑅:

𝑅
(
lim
 −

𝑋•
)
≃ lim
 −

𝑅𝑋• . (8.76)

(ii) If 𝑋• : I // C is a diagram whose colimit exists, then this colimit is preserved
by the left adjoint 𝐿:

𝐿
(
lim
−!

𝑋•
)
≃ lim
−!

𝐿𝑋• . (8.77)

Conversely:

Proposition 8.1.43 (Adjoint ∞-functor theorem [Lu09a, 5.5.2.9]). Let C1,2 ∈ Cat∞
be presentable (e.g. ∞-toposes, Def. 8.1.46), then an ∞-functor C1 // C2 is a:

(i) right adjoint (i.e., has a left adjoint, Def. 8.1.40) precisely if it preserves limits
(8.76);

(ii) left adjoint (i.e., has a right adjoint, Def. 8.1.40) precisely if it preserves colimits
(8.77).

Proposition 8.1.44 (Fully faithful adjoints [Lu09a, 5.2.7.4]). For adjoint ∞-functors
(Def. 8.1.40) D

oo 𝐿

𝑅
⊥ // C ,

(i) 𝐿 is fully faithful D oo 𝐿 ? _ C (Def. 8.1.1) iff the adjunction unit 𝜂 (8.72) is an

equivalence: id
𝜂

≃
// 𝑅 ◦ 𝐿 ;
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(ii) 𝑅 is fully faithful D �
� 𝑅 // C (Def. 8.1.1) iff the adjunction counit 𝜖 (8.73) is

an equivalence 𝐿 ◦ 𝑅 𝜖

≃
// id .

Proposition 8.1.45 (Idempotent Monads and Comonads). For D
oo 𝐿

𝑅
⊥ // C a pair

of adjoint ∞-functors (Def. 8.1.40):
(i) If 𝑅 is fully faithful (Def. 8.1.1) then # := 𝑅 ◦ 𝐿 is idempotent, exhibited by the

#-image of the adjunction unit 𝜂 (8.72):

#(𝑐)
#(𝜂𝐿 (𝑐) )

≃
// # ◦#(𝑐) . (8.78)

(ii) If 𝐿 is fully faithful (Def. 8.1.1) then 2 := 𝐿 ◦ 𝑅 is idempotent, exhibited by the
2-image of the adjunction counit 𝜖 (8.73):

2 ◦2(𝑑)
2(𝜖𝑅 (𝑑) )

≃
// 2(𝑑) . (8.79)

Proof. Consider case (i), the other case is formally dual. Since 𝑅 is fully faithful,
by assumption, the condition that #(𝜂𝐿 (𝑐) ) := 𝑅 ◦ 𝐿 (𝜂𝐿 (𝑐) ) is an equivalence is
equivalent to 𝐿 (𝜂𝐿 (𝑐) ) being an equivalence. But, by the triangle identity (Prop.
8.1.41), we have that the composite 𝜖𝐿 (𝐿 (𝑐) ) ◦ 𝐿 (𝜂𝐿 (𝑐) ) is an equivalence, while by
Prop. 8.1.44 the counit 𝜖 is a natural equivalence. By cancellation, this implies that
𝐿 (𝜂𝐿 (𝑐) ) is an equivalence. □

8.1.12 ∞-Toposes
For our purposes, we take the following characterization to be the definition of ∞-
toposes. This is due to Rezk and Lurie [Lu09a, 6.1.6.8]; we follow the presentation
in [NSS12a, Prop. 2.2]:

Definition 8.1.46 (∞-Topos). An ∞-topos H is a presentable ∞-category with the
following properties:

(i) Universal colimits. For all morphisms 𝑓 : 𝑋 −! 𝐵 and all small diagrams
𝐴 : 𝐼 −! H/𝐵, there is an equivalence:

lim
−!
𝑖

𝑓 ∗𝐴𝑖 ≃ 𝑓 ∗
(
lim
−!
𝑖

𝐴𝑖
)

(8.80)

between the pullback (8.67) of the colimit and the colimit over the pullbacks of
its components.

(ii) Univalent universes. For every sufficiently large regular cardinal 𝜅, there exists
a morphism �Objects𝜅 −! Objects𝜅 in H, such that for every object 𝑋 ∈ H,
pullback (8.67) along morphisms 𝑋 −! Objects𝜅 constitutes an equivalence

Core
(
H/𝜅𝑋

)
≃ H

(
𝑋,Objects𝜅

)
𝐸 7−! ⊢ 𝐸

𝐸
(pb)

//

��

�Objects𝜅
��

𝑋
⊢𝐸
// Objects𝜅

(8.81)
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between the ∞-groupoid core (8.1) of bundles (Ntn. 8.1.61) which are 𝜅-small
over 𝑋 , and the hom-∞-groupoid (8.2) of morphisms from 𝑋 to the object
classifier Objects𝜅 .

Example 8.1.47 (Internal mapping space in an ∞-topos). Let H be an ∞-topos (Def.
8.1.46) and 𝑋 ∈ H an object. As a special case of universality of colimits (8.80),
we have that the functor 𝑋 × (−) of Cartesian product with 𝑋 preserves all colimits.
Hence, by the adjoint ∞-functor theorem (Prop. 8.1.43), this functor has a right
adjoint, to be denoted Map(𝑋,−), the internal hom- or internal mapping space- or
mapping stack-functor:

H
oo 𝑋×(−)

Map(𝑋,−)
internal mapping space

⊥ // H . (8.82)

By adjointness, the probes of the internal mapping space over any 𝑈 ∈ H are given
by

H
(
𝑈,Map(𝑋,𝑌 )

)
≃ H

(
𝑈 × 𝑋 , 𝑌

)
. (8.83)

Proposition 8.1.48 (Colimits and equifibered transformations [Lu09a, 6.1.3.9(4)][Re10,
6.5]). Let H be an ∞-topos (Def. 8.1.46), I a small ∞-category, 𝑋•, 𝑌• : I // H
two I-shaped diagrams.

(i) If 𝑋• 𝑓• +3 𝑌• is a natural transformation which is equifibered [Re10, p. 9],
in that its value on all morphisms 𝑖1 𝜙 // 𝑖2 in Y is a Cartesian square (Ntn.
8.1.37), then the value of lim

−!
𝑓• on all colimit component morphisms is also

Cartesian:

∀
𝑖1
𝜙
!𝑖2

𝑋𝑖1

𝑓𝑖1 //

𝑋𝜙 �� (pb)

𝑌𝑖1
𝑌𝜙��

𝑋𝑖2 𝑓𝑖2

// 𝑌𝑖2
⇒ ∀

𝑖

𝑋𝑖
𝑓𝑖 //

𝑞𝑋𝑖 ��
(pb)

𝑌𝑖1
𝑞𝑌𝑖��

lim
−!

𝑋• lim
−!

𝑓•
// lim
−!

𝑌• .
(8.84)

(ii) Let 𝑋�
• : I� // H be a cocone under 𝑋•, with tip X ∈ H, and let 𝑌�

• :

I� // H denote the colimiting cocone under𝑌• with tip lim
−!
𝑌•. If 𝑋�

•
𝑓�• +3 𝑌�

•

is a natural transformation of cocone diagrams which is equifibered, then 𝑋�
•

is a colimiting cocone:

∀
𝑖1
𝜙
!𝑖2

𝑋𝑖1

𝑓𝑖1 //

𝑋𝜙 ��
(pb)

𝑌𝑖1
𝑌𝜙��

𝑋𝑖2 𝑓𝑖2

// 𝑌𝑖2
and ∀

𝑖

𝑋𝑖
𝑓𝑖 //

𝑞𝑋𝑖 ��
(pb)

𝑌𝑖1
𝑞𝑌𝑖��

X
lim
−!

𝑓•
// lim
−!

𝑌•

⇒ X ≃ lim
−!

𝑋• .

(8.85)

Example 8.1.49 (Initial object in ∞-topos is empty object [Re19, p. 16]). Let H
be an ∞-topos (Def. 8.1.46). Applying the implication (8.85) in Prop. 8.1.48 to the
colimit over the empty diagram, which is the initial object, shows that any object with
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a morphism to the initial object is itself equivalent to the initial object. Hence if we
write

∅ ∈ H s.t. ∀
𝑋∈H

(
H(∅ , 𝑋) ≃ ∗

)
(8.86)

for the initial object, this means that

𝑋
∃ // ∅ ⇒ 𝑋 ≃ ∅ . (8.87)

Proposition 8.1.50 (Tensoring of ∞-toposes over ∞-groupoids). Let H be an ∞-
topos (Def. 8.1.46) with inverse base geometric morphism (Prop. 8.1.59) denoted
Δ : Grpd∞ −! H . Then, for 𝑆 ∈ Grpd∞ and 𝑋,𝑌 ∈ H, there is a natural equivalence
of ∞-groupoids

H
(
Δ(𝑆) × 𝑋 , 𝑌

)
≃ Grpd∞

(
𝑆 , H(𝑋,𝑌 )

)
. (8.88)

Proof. By [Lu09a, Cor. 4.4.4.9] we have, for 𝑆 ∈ Grpd∞ ↩! Cat∞ and 𝑋,𝑌 ∈ H,
natural equivalences

lim
−!
𝑆

const∗ ≃ 𝑆 and H
(
lim
−!
𝑆

const𝑋 , 𝑌
)
≃ Grpd∞

(
𝑆 , H(𝑋,𝑌 )

)
. (8.89)

This implies the statement in the form (8.88) by using (a) that Δ preserves all colimits
as well as finite limits (Prop. 8.1.59) and (b) that Cartesian products may be taken
inside colimits, as a special case of (8.80):

H
(
Δ(𝑆) × 𝑋 , 𝑌

)
≃ H

(
Δ
(
lim
−!
𝑆

∗
)
× 𝑋 , 𝑌

)
≃ H

( (
lim
−!
𝑆

Δ(∗)︸︷︷︸
≃ ∗

)
× 𝑋 , 𝑌

)
≃ H

( (
lim
−!
𝑆

(∗ × 𝑋)︸  ︷︷  ︸
≃𝑋

)
, 𝑌

)
≃ Grpd∞

(
𝑆 , H(𝑋,𝑌 )

)
.

(8.90)

The composite equivalence is (8.88). □

8.1.13 Sheaves
Notation 8.1.51 (∞-Presheaves). For C a small ∞-category, we write

PShv∞ (C) := Func∞
(
Cop , Grpd∞

)
(8.91)

for the ∞-category of ∞-presheaves on C. More generally, if H is any ∞-topos (Def.
8.1.46) we also write

PShv∞
(
C,H

)
:= Func∞

(
Cop , H

)
. (8.92)

Proposition 8.1.52 (Limits and colimits in an ∞-topos [Lu09a, Lem. 4.2.4.3]). Let
H be an ∞-topos (Def. 8.1.46) and C a small ∞-category. Then the ∞-functor which
sends an object in H to the H-valued presheaf (8.92) constant on this object has a
right- and a left-adjoint (Def. 8.1.40), given by the limit and colimit construction,
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respectively:

Func∞
(
C , H

) lim
−! //

oo const
⊥
⊥

lim
 −

//
H . (8.93)

Proposition 8.1.53 (∞-Yoneda embedding [Lu09a, Lemma 5.5.2.1]). Let C be an
∞-category. Then the ∞-functor from C to its ∞-presheaves (8.91) which assigns
representable presheaves

C �
� 𝑦 // PShv∞ (C)

𝑐
� // C(−, 𝑐)

(8.94)

is fully faithful (Def. 8.1.1).

Proposition 8.1.54 (∞-Yoneda lemma [Lu09a, Lemma 5.5.2.1]). Let C be an ∞-
category. Then for 𝑋 ∈ PShv∞ (C) (8.91) and 𝑐 ∈ C, there is a natural equivalence

PShv∞
(
𝑦(𝑐), 𝑋

)
≃ 𝑋 (𝑐) , (8.95)

where 𝑦 is the Yoneda embedding (8.94) from Prop. 8.1.53.

Proposition 8.1.55 ((Co-)Limits of presheaves are computed objectwise [Lu09a, Cor.
5.1.2.3]). Let H be an ∞-topos, let C and D be small ∞-categories, and let

𝐼 : D // PShv∞ (C,H) (8.96)
be a diagram of H-valued ∞-presheaves over C. Then the limit and colimit over 𝐼
exist and are given objectwise over 𝑐 ∈ C by the limit and colimit of the components
in Grpd∞: (

lim
−!

𝐼
)

: 𝑐 7−!
(
lim
−!

𝐼𝑐
)
,(

lim
 −

𝐼
)

: 𝑐 7−!
(
lim
 −

𝐼𝑐
)
.

Lemma 8.1.56 (Colimit of representable functor is contractible). Let C be a small
∞-category, and consider an ∞-functor 𝑦𝐶 : Cop −! Grpd∞ to the ∞-category of
∞-groupoids (8.48), which is representable, hence which is in the essential image of
the ∞-Yoneda embedding (8.94). Then the colimit of this functor is contractible:

lim
−!
C

(𝑦𝐶) ≃ ∗ . (8.97)

Proof. The terminal ∗ ∈ Grpd∞ is characterized by the fact that for 𝑆 ∈ Grpd∞ there
is a natural equivalence

𝑆 ≃ Grpd∞
(
∗ , 𝑆

)
. (8.98)

Hence it is sufficient to see that lim
−!

(𝑦𝐶) satisfies the same property. But we have the
following sequence of natural equivalences:

Grpd∞
(
lim
−!

(𝑦𝐶) , 𝑆
)
≃ Func∞

(
C𝑜𝑝

) (
𝑦𝐶 , const

)
≃ (const 𝑆) (𝐶) ≃ 𝑆 .

(8.99)

Here the first step is the adjunction (8.93), while the second step is the ∞-Yoneda
lemma (Prop. 8.1.54). □
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Proposition 8.1.57 (Topos is accessibly lex reflective in presheaves [Lu09a, 6.1.0.6]).
Let H be an ∞-topos (Def. 8.1.46).

(i) Then there exists an∞-site for H, namely a small C ∈ Cat∞ equipped with a pair
of adjoint ∞-functors (Def. 8.1.40) between H and PShv∞ (C) (Ntn. 8.1.51):

H
oo 𝐿

� � ⊥ // PShv∞
(
C
)

(8.100)

such that (a) the right adjoint is accessible and fully faithful (Def. 8.1.1) and
(b) the left adjoint preserves finite limits (in addition to preserving all colimits,
by Prop. 8.1.42).

(ii) Conversely, any such accessibly embedded lex reflective sub-∞-category of an
∞-category of ∞-presheaves is an ∞-topos.

Definition 8.1.58 (Sheaf ∞-topos [Lu09a, 6.2]). An ∞-topos H (Def. 8.1.46) is
called an ∞-category of ∞-sheaves or of ∞-stacks, or just a sheaf topos for short, to
be denoted

H ≃ Shv∞
(
C
)

(8.101)
if there exists a site C, namely a small C ∈ Cat∞ with a reflection (𝐿const ⊣ Γ)
(8.100) as in Prop. 8.1.57, such that 𝐿const exhibits localization at a set{

𝑈
� � // 𝑦(𝑐)
covering sieves

}
⊂ ⊔

𝑐∈C
SubObjects

(
𝑦(𝑐)

)
(8.102)

of monomorphisms (Def. 8.1.75) into representable presheaves (8.94).

Proposition 8.1.59 (Base geometric morphism [Lu09a, 6.3.4.1]). Let H be an ∞-
topos (Def. 8.1.46). There is an essentially unique pair of adjoint ∞-functors (Def.
8.1.40) between H and Grpd∞ (Def. 8.1.28)

H
oo 𝐿const

⊥
Γ

// Grpd∞ (8.103)

such that the left adjoint 𝐿const preserves finite limits (in addition to preserving all
colimits, by Prop. 8.1.42).

Example 8.1.60 (Base geometric morphism via site). Let H be an ∞-topos (Def.
8.1.46) and C a site (Prop. 8.1.57). Then the composite of pairs of adjoint ∞-functors
(Def. 8.1.40)

H
oo 𝐿

� � ⊥ // PShv∞
(
C
) oo const

lim
 −

⊥ // Grpd∞ (8.104)

of (a) the reflection into presheaves over the site (Prop. 8.1.57) with (b) the limit-
construction on presheaves (Prop. 8.1.52) is such that the composite left adjoint
𝐿const preserves finite limits (since 𝐿 does by Prop. 8.1.57 and const does by Prop.
8.1.42 with Prop. 8.1.52). Hence, by the essential uniqueness of Prop. 8.1.59, the
composite (8.104) is a factorization of the base geometric morphism of H.
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8.1.14 Bundles
Notation 8.1.61 (Bundles and slicing.). Let H an ∞-topos (Def. 8.1.46) and 𝑋 ∈ H
an object. We write:

(i) (𝑋, 𝑝) ∈ H/𝑋 for objects in the slice ∞-category of H over 𝑋 , corresponding
to morphisms 𝑝 to 𝑋 in H (bundles over 𝑋):

𝐸
𝑝��

𝑋

(8.105)

(ii) ( 𝑓 , 𝛼) ∈ H/𝑋
(
(𝐸1, 𝑝1) , (𝐸2, 𝑝2)

)
for morphisms in the slice ∞-category, cor-

responding to diagrams in H of the form

𝐸1

𝑝1 ''

𝑓 // 𝐸2 .

𝑝2ww
𝑋

𝛼
/7 (8.106)

Proposition 8.1.62 (Slice ∞-topos [Lu09a, Prop. 6.3.5.1 (1)]). Let H be an ∞-topos
(Def. 8.1.46) and 𝑋 ∈ H an object. Then the slice ∞-category H/𝑋 (Ntn. 8.1.61) is
also an ∞-topos.

Example 8.1.63 (Iterated slice ∞-topos). Let H be an ∞-topos (Def. 8.1.46), 𝑋 ∈ H
and (𝑌, 𝑝) ∈ H/𝑋 an object in the slice, hence (Ntn. 8.1.61) a morphism 𝑌 𝑝 // 𝑋 .
Then H/𝑋 is itself an ∞-topos, by Prop. 8.1.62, and we may slice again to obtain the
iterated slice ∞-topos (

H/𝑋
)
/(𝑌,𝑝) ∈ Cat∞ . (8.107)

(i) An object in (8.107) is a diagram in H of this form:
𝑍

$$
-- 𝑌 .

𝑝uu𝑋

*2
(8.108)

(ii) A morphism in (8.107) is a diagram in H of this form (which is furthermore
filled by a 3-morphism, that we Ntn.ally suppress, for readability):

𝑍1

��

--

// 𝑍2

  

��

𝑌 .

𝑋
ww

𝑝

7?

jr

"*
:B

(8.109)

Proposition 8.1.64 (Hom-∞-groupoids in slices [Lu09a, Prop. 5.5.5.12]). Let H be
an ∞-topos (Def. 8.1.46) and 𝐵 ∈ H an object. Then for (𝑋1, 𝑝1), (𝑋2, 𝑝2) ∈ H/𝐵
two objects in the slice over 𝐵 (Prop. 8.1.62) the hom-∞-groupoid between them is
given by the following homotopy fiber-product of hom-∞-groupoids of H:

H/𝐵
(
(𝑋1, 𝑝1) , (𝑋2, 𝑝2)

)
≃ {𝑝1} ×

H(𝑋1 ,𝐵)
H(𝑋1, 𝑋2) (8.110)
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hence by the ∞-groupoid given by the following Cartesian square (Ntn. 8.1.37):

H/𝐵
(
(𝑋1, 𝑝1) , (𝑋2, 𝑝2)

)
��

//

(pb)

H(𝑋1, 𝑋2)
𝑝2◦(−)��

∗ ⊢𝑝1
// H(𝑋1, 𝐵) .

(8.111)

Proposition 8.1.65 (Base change [Lu09a, HTT 6.3.5]). Let H be an ∞-topos (Def.
8.1.46). Then for every morphism 𝑋

𝑓
! 𝑌 in H there is an induced base change adjoint

triple (Def. 8.1.40) between the corresponding slice ∞-toposes (Prop. 8.1.62):

H/𝑋

𝑓! //
oo 𝑓 ∗

⊥

𝑓∗

⊥ //
H/𝑌 (8.112)

where, in H, 𝑓! is given by postcomposition with 𝑓 while 𝑓 ∗ is given by pullback along
𝑓 .

Example 8.1.66 (Bundle morphisms covering base morphisms). For H an ∞-topos
(Def. 8.1.46), the system of all its slice ∞-toposes (Prop. 8.1.62)

Hop H/(−) // Cat∞
𝑋 7−! H/𝑋

(8.113)

related via contravariant base change (8.112) arranges into the “arrow ∞-topos”
[Lu09a, 2.4.7.12]

Bundles(H) :=
∫
𝑋

H/𝑋 ≃ HΔ[1] , (8.114)

which, in view of Ntn. 8.1.61, may be thought of as the ∞-category of bundles in H,
but now with bundle morphisms allowed to cover non-trivial base morphisms.

Example 8.1.67 (Spectral bundles and tangent ∞-topos). Let H be an ∞-topos (Def.
8.1.46). Instead of the system (8.113) of its plain slices, consider the corresponding
system of stabilized slices (stabilized under the suspension/looping adjunction on
pointed objects, e.g. [Lu07, 1.4]):

Hop Stab(H/(−) ) // Cat∞
𝑋 7−! Stab

(
H/𝑋

)
.

(8.115)

The resulting total ∞-category

SpectralBundles(H) :=
∫
𝑋

Stab
(
H/𝑋

)
, (8.116)

is that of bundles of spectra in H (parametrized spectrum objects). Remarkably, this
is itself an ∞-topos [Joy08a, 35.5][Lu17, 6.1.1.11], also called the tangent ∞-topos
𝑇H of H (e.g. [Lu07][BM19]).

Example 8.1.68 (Base change along terminal morphism). Let H be an ∞-topos (Def.
8.1.46) and 𝑋 ∈ H any object. With H ≃ H/∗ regarded as its own slice (Prop. 8.1.62)
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over the terminal object, base change (Prop. 8.1.65) along the terminal morphism
𝑋 ! ∗ is of the form

H/𝑋

dom //
oo 𝑋×(−)

⊥

⊥ //
H (8.117)

where (a) the top functor sends a morphism 𝑌 ! 𝑋 to its domain object 𝑌 , and (b)
the middle functor is Cartesian product with 𝑋 . In particular, it follows that:

(i) The base geometric morphism (Prop. 8.1.40) of the slice ∞-topos H/𝑋 (Prop.
8.1.62) is given by (

Δ ⊣ Γ
)
≃

(
(𝑋 ! ∗)∗ ⊣ (𝑋 ! ∗)∗

)
(8.118)

(since (𝑋 ! ∗)∗ is a left adjoint that also preserves finite limits, as it is also a
right adjoint, Prop. 8.1.42).

(ii) The forgetful functor dom : H/𝑋 ! H is a left adjoint (𝑋 ! ∗)! and hence
preserves all colimits (Prop. 8.1.42).

While dom (8.117) does not preserve all limits, it does preserve fiber products:

Proposition 8.1.69 (Fiber products in slice ∞-toposes). Let H be an ∞-topos (Def.
8.1.46), 𝐵 ∈ H, H/𝐵 the slice ∞-topos (Prop. 8.1.62) and H/𝐵

dom // X its forgetful
functor (8.117) from Example 8.1.68.

(i) Given a cospan (𝑌, 𝜙𝑌 ) // (𝑋, 𝜙𝑋) oo (𝑍, 𝜙𝑍 ) in H/𝐵, the underlying object
of its fiber product is the fiber product of its underlying objects:

dom
(
(𝑌, 𝜙𝑌 ) ×

(𝑋,𝜙𝑋 )
(𝑍, 𝜙𝑍 )

)
≃ 𝑌 ×

𝑋
𝑍 . (8.119)

(ii) In particular, since (𝑋, id𝑋) is the terminal object in H/𝑋, so that the plain
product in the slice is

(𝑌, 𝜙𝑌 ) × (𝑍, 𝜙𝑍 ) = (𝑌, 𝜙𝑌 ) ×
(𝑋,id𝑋 )

(𝑍, 𝜙𝑍 ) , (8.120)

we have that the product in H/𝑋 is given by the fiber product over 𝑋 in H:

dom
(
(𝑌, 𝜙𝑌 ) × (𝑍, 𝜙𝑍 )

)
≃ 𝑌 ×

𝑋
𝑍 . (8.121)

Proof. Generally, limits in H/𝑋 are given by limits in H over the underlying co-cone
diagram. Specifically: for 𝑌 : I // H we have dom

(
lim
 −

𝑌•
)
≃ lim
 −

(
𝑌/𝑋

)
• . With

this, the claim follows via [Lu09a, Prop. 4.1.1.8] from the fact that the canonical
inclusion of diagram categories{

𝑦 // 𝑏 oo 𝑧
} � � //

{
𝑦 // 𝑏 oo 𝑧

𝑡
��(( vv

}
(8.122)

is an initial functor (i.e., under (−)op it is a final functor), as one finds by direct
inspection from [Lu09a, Prop. 4.1.3.1]. □

Proposition 8.1.70 (Terminal right base change of bare ∞-groupoids). In the base
∞-topos H = Grpd∞ (8.48), the right base change along the terminal morphism
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(Example 8.1.68) of an object 𝑋 ∈ Grpd∞ is given by the hom-∞-groupoid out of 𝑋 ,
regarded as the terminal object in the slice:

(𝑋 ! ∗)∗ ≃ H/𝑋
(
𝑋,−

)
:

(
Grpd∞

)
/𝑋

// Grpd∞ . (8.123)

Proof. We have the following chain of natural equivalences:
Grpd∞

(
𝐴, (Grpd∞)/𝑋 (𝑋, 𝐵)

)
≃ (Grpd∞)/𝑋

(
Δ(𝐴) ×𝑋 𝑋, 𝐵

)
≃ (Grpd∞)/𝑋

(
Δ(𝐴), 𝐵

)
≃ (Grpd∞)/𝑋

(
(𝑋 ! ∗)∗ (𝐴), 𝐵

)
.

(8.124)

Here the first step observes that the slice (Grpd∞)/𝑋 is itself an ∞-topos by Prop.
8.1.62, so that the tensoring equivalence of Prop. 8.1.50 applies. The second step
uses the fact that 𝑋 is regarded as the terminal object in its own slice, so that forming
Cartesian product with it is equivalently the identity operation. The last step observes
that for the slice ∞-topos Δ ≃ (𝑋 ! ∗)∗ (8.118) by Example 8.1.68. In summary, the
total equivalence of (8.124) is the hom-equivalence that characterizes H/𝑋 (𝑋,−) as
a right adjoint to (𝑋 ! ∗)∗. □

Proposition 8.1.71 (Conservative base change along effective epi [NSS12a, 3.15]).
Let H be an ∞-topos (Def. 8.1.46). For 𝑌 // // 𝑋 an effective epimorphism (Def.
8.1.80) in H, the induced base change (Prop. 8.1.65)

H/𝑋
𝑖∗ // H/𝑌 (8.125)

is a conservative ∞-functor, meaning that a morphism 𝑓 ∈ H/𝑋 is an equivalence if
its base change 𝑖∗ ( 𝑓 ) in H/𝑌 is an equivalence.

Proposition 8.1.72 (Colimits of classifying maps are classifying maps of colimits).
Let H be an ∞-topos (Def. 8.1.46), I a small ∞-category, 𝑋• : I ! H a diagram
and (⊢ 𝐸)• : 𝑋• ! constObjects𝜅 a transformation to the diagram constant on the
object classifier (8.81), thus classifying a diagram 𝐸• : I ! H of bundles over 𝑋•.
Then the colimit of (⊢ 𝐸)• formed in the slice H/Objects𝜅

(Prop. 8.1.62) is the colimit of
𝑋• equipped with the classifying map for the colimit of 𝐸•:

lim
−!

(⊢ 𝐸)• ≃ ⊢
(
lim
−!

𝐸•
)
. (8.126)

Proof. Since underlying the colimit lim
−!

(⊢ 𝐸)• in the slice ∞-topos H/Objects𝜅 is the
colimit lim

−!
𝑋• in H (by Example 8.1.68) we are dealing with a situation as shown

in the diagram on the right (where a simplicial diagram shape is shown just for
definiteness of illustration). We need to demonstrate that the front square in this
diagram is Cartesian. Observe that
(a) the vertical squares over each ⊢ 𝐸𝑖 are Cartesian by assumption, whence
(b) also the solid vertical squares over each 𝑋𝑖 // 𝑋 𝑗 are Cartesian, by the pasting

law (Prop. 8.1.39).
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��

CC

��

CC

��𝐸1

��

##

��

BB

��
𝐸0

��

,,

��

�Objects𝜅

��

lim
−!

𝐸•

��

22

𝑋1

⊢𝐸1

##

��

CC

��
𝑋0 ⊢𝐸0

,,

��

Objects𝜅

lim
−!

𝑋•
lim
−!

(⊢𝐸• )

22

(8.127)

This means that the assumption of Prop. 8.1.48 is satisfied for the left part of the
diagram (regarded as a transformation of diagrams from top to bottom) implying that
the dashed square is Cartesian.

This implies, together with (a), that the front square is Cartesian, again by the
pasting law (Prop. 8.1.39). □

8.1.15 𝑛-Truncation
Definition 8.1.73 (𝑛-truncated objects [Lu09a, Def. 5.5.6.1]).
Let 𝑛 ∈ {−2,−1, 0, 1, 2, · · · }.

(i) An ∞-groupoid is called 𝑛-truncated for 𝑛 ≥ 0 if all its homotopy groups
of degree > 𝑛 are trivial. It is called (−1)-truncated if it is either empty or
contractible, and (-2)-truncated if it is (non-empty and) contractible.

(ii) Let C be an ∞-category. Then an object 𝑋 ∈ C is 𝑛-truncated if for all objects
𝑈 ∈ C the hom-∞-groupoid C(𝑈, 𝑋) is 𝑛-truncated, in the above sense.

Definition 8.1.74 (𝑛-truncated morphisms [Lu09a, Def. 5.5.6.8]).
Let 𝑛 ∈ {−2,−1, 0, 1, 2, · · · }.

(i) A morphism of ∞-groupoids is called 𝑛-truncated if all its homotopy fibers are
𝑛-truncated ∞-groupoids according to Def. 8.1.73.

(ii) Let C be an ∞-category. A morphism 𝑋
𝑓
−! 𝑌 in C is called 𝑛-truncated

if for all objects 𝑈 ∈ C the induced morphism of hom-∞-groupoids
C(𝑈, 𝑋) C(𝑈, 𝑓 ) // C(𝑈,𝑌 ) is 𝑛-truncated in the above sense.
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Definition 8.1.75 (Monomorphisms). A (-1)-truncated morphism (Def. 8.1.74) is
also called a monomorphism, to be denoted

𝑋
� � // 𝑌 . (8.128)

Proposition 8.1.76 (Monomorphisms are preserved by pushout [Re19, p. 21]). Let
H be an ∞-topos (Def. 8.1.46). Then the class of monomorphisms in H (Def. 8.1.75)
is closed under (i) pullback and (ii) composition.

Definition 8.1.77 (Poset of subobjects). Let H be an ∞-topos and 𝑋 ∈ H any
object. Then the poset of subobjects of 𝑋 is the sub-∞-category (Def. 8.1.78) of
(−1)-truncated objects of the slice over 𝑋:

SubObjects(𝑋) �
� // H/𝑋 (8.129)

whose objects are equivalently the monomorphisms (Def. 8.1.75)𝑈 ↩! 𝑋 .

Proposition 8.1.78 (𝑛-Truncation modality [Lu09a, 5.5.6.18]). For H an ∞-topos
(Def. 8.1.46), and for 𝑛 ∈ {−1, 0, 1, 2, · · · }, its full sub-∞-category (Def. 8.1.1) of
𝑛-truncated objects (Def. 8.1.73) is reflective, in that the inclusion functor has a left
adjoint (Def. 8.1.40):

H
𝜏𝑛

⊥
//

oo
𝑖𝑛

? _ H≤𝑛

∞-topos sub-∞-category
of 𝑛-truncated objects

. (8.130)

We denote the induced 𝑛-truncation modality (1.18) by:
𝜏𝜏𝜏𝑛 := 𝑖𝑛 ◦ 𝜏𝑛

“𝑛-truncated”
: H −! H . (8.131)

Remark 8.1.79 (Reflection of 𝑛-truncated objects). The reflection (8.130) entails that
maps into an 𝑛-truncated object factor essentially uniquely through the 𝑛-truncation
of their domain:

𝑌 is 𝑛-truncated ⊢ H
(
𝜏𝜏𝜏𝑛𝑋, 𝑌

)
H

(
𝑋, 𝑌

)
.

(𝜂𝜏𝜏𝜏𝑛
𝑋

)∗
∼ (8.132)

Definition 8.1.80 (Effective epimorphisms [Lu09a, Cor. 6.2.3.5]). Let H be an ∞-
topos. A morphism in H is called an effective epimorphism, to be denoted

𝑌
𝑓 // // 𝑍 (8.133)

if, when regarded as an object of the slice over 𝑋 (Prop. 8.1.62), its (−1)-truncation
(Prop. 8.1.78) is the terminal object

𝜏(−1) ( 𝑓 ) ≃ ∗ ∈ H/𝑋 . (8.134)
We write

EffEpi(H) ⊂ H(0!1) ∈ Cat∞ (8.135)
for the full sub-∞-category (Def. 8.1.1) of the arrow-category of H on those that are
effective epimorphisms.

Definition 8.1.81 (𝑛-Connected morphisms [Lu09a, Prop. 6.5.1.12]). Let H be an
∞-topos (Def. 8.1.46) and 𝑛 ∈ {−1, 0, 1, 2 · · · }. Then a morphism 𝑋 𝑓 // 𝑌 in H
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is called 𝑛-connected if, regarded as an object in the slice over 𝑋 (Prop. 8.1.62), its
𝑛-truncation (Def. 8.1.78) is the terminal object:

𝑌
𝑓 // 𝑋 is 𝑛-truncated ⇔ 𝜏𝑛 ( 𝑓 ) ≃ ∗ ∈ H/𝑋 . (8.136)

Hence the (−1)-connected morphisms are equivalently the effective epimorphisms
(Def. 8.1.80).

Lemma 8.1.82 (Effective epimorphisms are preserved by pullback [Lu09a, 6.2.3.15]).
Let H be an ∞-topos (Def. 8.1.46). Then the class of effective epimorphisms in H
(Def. 8.1.80) is closed under (i) pullback and (ii) composition.

8.1.16 𝑛-Image factorization
Proposition 8.1.83 (Connected/truncated factorization system [Lu09a, Ex.
5.2.8.16][Re10, Prop. 5.8]). Let H be an ∞-topos. Then, for all 𝑛 ∈ {−1, 0, 1, 2, · · · },
the pair of classes of 𝑛-connected/𝑛-truncated morphisms (Def. 8.1.81, Def. 8.1.74)
forms an orthogonal factorization system, in that:

(i) every morphism 𝑓 in H factors essentially uniquely as

𝑋

𝑛-connected ))

𝑓 // 𝑌

im𝑛 ( 𝑓 )
𝑛-truncated

55 (8.137)

(ii) every commuting square as follows has an essentially unique dashed lift:
𝑋 //

𝑛-connected ��

𝐴

𝑛-truncated��
𝑌

∃!

66

// 𝐵 .
(8.138)

Remark 8.1.84 (Functoriality of 𝑛-image factorization). In consequence, the 𝑛-
factorization of Def. 8.137 is functorial in that for a homotopy-commuting square
there is an essentially unique compatible induced map (shown dashed below) between
the 𝑛-images of the vertical morphisms:

𝑋 𝐴

im𝑛 ( 𝑓 ) im𝑛 (𝑔)

𝑌 𝐵

𝑛-con

𝑓 𝑔

𝑛-con

𝑛-trnc

∃!

𝑛-trnc

(8.139)

Namely, the dashed map arises as the essentially unique lift (8.138) of the top left
map against the bottom right map.

Example 8.1.85 (Epi/mono factorization). For 𝑛 = −1, the connected/truncated
factorization system (Prop. 8.1.83) has as left class the effective epimorphisms (Def.
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8.1.80) and as right class the monomorphisms (Def. 8.1.75). Hence, with the Ntn.
from (8.133) and (8.128):

(i) The (-1)-image factorization (8.137) reads:

𝑋
** **

𝑓 // 𝑌 .

im−1 ( 𝑓 )
' �

44 (8.140)

(ii) The lifting property (8.138) for 𝑛 = −1 reads:

𝑋 //

����

𝐴� _

��
𝑌

77

// 𝐵 .
(8.141)

8.1.17 Groupoids and Stacks
Definition 8.1.86 (Groupoids internal to an ∞-topos [Lu09a, 6.1.2.7]). Let H be an
∞-topos (Def. 8.1.46).

(i) A groupoid in H is a simplicial diagram

𝑋• : Δop // H (8.142)
which satisfies the groupoidal Segal condition: For all 𝑛 ∈ N and for all partitions
of the set of 𝑛 + 1 elements by two subsets that share a unique element, the
corresponding image under 𝑋• is a Cartesian square (Ntn. 8.1.37):

{0, 1, · · · , 𝑛}
𝑆1
' �

44
𝑆2
7 W

jj

∗
kk 33(po) 𝑋•7−!

𝑋𝑛
tt **

(pb)𝑋 |𝑆1 |−1
**

𝑋 |𝑆2 |−1 .
tt

𝑋0

(8.143)

(ii) We write
Grpd(H) �

� // H(Δop ) ∈ Cat∞ (8.144)
for the full sub-∞-category of that of simplicial diagrams in H on those that are
groupoids.

Example 8.1.87 (Nerves). Let H be an ∞-topos (Def. 8.1.46) and 𝑋
𝑓 // X a

morphism in H. Its nerve is the simplicial diagram of its iterated homotopy fiber
products:

Nerve• ( 𝑓 ) : Δop // H
[𝑛] 7−! 𝑋 ×X 𝑋 ×X · · · ×X 𝑋 ,︸                    ︷︷                    ︸

𝑛 factors

(8.145)

with face maps the projections and degeneracy maps the diagonals. This is evidently
a groupoid object according to Def. 8.1.86:

Nerve• ( 𝑓 ) ∈ Grpd(H) . (8.146)
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Proposition 8.1.88 (Groupoids equivalent to stacks with atlases [Lu09a, 6.2.3.5]).
Let H be an ∞-topos (Def. 8.1.46). Then the ∞-functor sending 𝑋• ∈ Grpd(H) (Def.
8.1.86) to the 𝑋0-component of its colimiting cocone

(i) lands in effective epimorphisms (8.135) and
(ii) constitutes an equivalence of ∞-categories whose inverse is given by the con-

struction of nerves (Example 8.1.87):
Grpd(H) ≃ // EffEpi(H)

𝑋• 7−!
(
𝑋0 ↠ lim

−!
𝑋•

)
Nerve• (𝑎)  − [

(
𝑋

𝑎
↠ X

)
(8.147)

��

OO

��

OO

�� ��

OO

��

OO

��
𝑋0 ×X 𝑋0 ≃

pr1

��

OO

Δ pr2

��

𝑋1

𝑠

��

OO

𝑒 𝑡

��

“groupoid”

𝑋0

𝑎

����

𝑋0

����
“atlas”

X ≃ lim
−!

𝑋• “stack”

(8.148)

Remark 8.1.89 (Internal groupoids with prescribed properties). Often one considers
𝑋• ∈ Grpd(H) (Def. 8.1.86) whose simplicial component diagram (8.142) is inside a
chosen sub-∞-category of H. Key examples are étale groupoids (Def. 9.1.37 below)
and 𝑉-étale groupoids (Remark 10.2.3 below).

Remark 8.1.90 (Morita morphisms of groupoids). A morphism between stacks
X := lim

−!
𝑋• underlying groupoids 𝑋• (according to Prop. 8.1.88) without (i.e.,

disregarding) the corresponding atlas is also known as a Morita morphism (in partic-
ular, a Morita equivalence if it is an equivalence), or a Hilsum-Skandalis morphism
[HS87][Pr89], or a groupoid bibundle [Bl07][Nu13, Prop. 2.2.34] between the cor-
responding groupoids:

Grpd(H) ≃ // EffEpi(H) codom // H

groupoid 𝑋• 7−! (𝑋0 ↠ X) 7−! X “stack”

𝑓 morphism of underlying stacks =
“Morita morphism” of groupoids��

groupoid 𝑌• 7−! (𝑌0 ↠ Y) 7−! Y “stack”

(8.149)

Hence whether or not there is a conceptual distinction between “geometric groupoids”
and “stacks” depends on whether morphisms of groupoids are taken to be their plain
morphisms or their Morita morphisms. In practice, one is typically interested in
the latter case. Indeed, the groupoid atlas of a stack, whose preservation restricts
Morita morphisms to plain morphisms of groupoids, by Prop. 8.1.88, is, in practice,
typically required to exist with a certain property, but not required to be preserved
by morphisms (this is so notably for 𝑉-étale groupoids, Remark 10.2.3 below). In



Higher Geometry 191

particular, the SmthGrpd∞ of Example 9.1.19 and the JetsOfSmoothGroupoids∞ of
Example 9.1.26 below are ∞-groupoids with Morita morphisms understood, hence
could also be called (jets of ) smooth ∞-stacks.

Proposition 8.1.91 (Equifibered morphisms of groupoids). Let H be an ∞-topos
(Def. 8.1.46) and 𝑋•, 𝑌• ∈ Grpd(H) (Def. 8.1.86). Then, under the equivalence
(8.147) between groupoids and their stacks with atlases (Prop. 8.1.88), we have that
equifibered morphisms of groupoids correspond to Cartesian squares between their
atlases:

𝑋•
𝑓• +3 𝑌• such that ∀

[𝑛1 ]
𝜙
![𝑛2 ]

𝑋𝑛1

𝑓𝑛1 //

𝑋𝜙 ��
(pb)

𝑌𝑛1

𝑌𝜙��
𝑋𝑛2 𝑓𝑛2

// 𝑌𝑛2

⇔
𝑋0

𝑎𝑋 ����

𝑓0 //

(pb)

𝑌0
𝑎𝑌����

X
lim
−!

𝑓•
// Y .

(8.150)

Proof. From right to left this follows by the pasting law (Prop. 8.1.39), while from
left to right this is Prop. 8.1.48. □

8.2 Galois theory
We discuss here the internal formulation in ∞-toposes of the theory of groups, group
actions, and fiber bundles, following [NSS12a][SSS12] (see [FSS14] for exposition).
Externally, these concepts are known as grouplike 𝐴∞-algebras or equivalently: grou-
plike 𝐸1-algebras (here: in ∞-stacks) and as their 𝐴∞-modules etc., and are tradi-
tionally presented by simplicial techniques [May72][Lu17]. But internally the theory
becomes finitary and elementary, with all concepts emerging naturally from pastings
of a few Cartesian squares.

Accordingly, much of the following constructions may readily be expressed fully
formally in homotopy type theory [BvDR18] (see p. 10). Thus, the following elegant
characterizations of

◦ groups (Prop. 8.2.1),
◦ group actions (Prop. 8.2.6),
◦ principal bundles (Prop. 8.2.15),
◦ fiber bundles (Prop. 8.2.19),

in an ∞-topos H may be taken to be the definition of these notions for all purposes of
internal constructions.
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8.2.1 Groups
The following characterization of group ∞-stacks (Prop. 8.2.1) is the time-honored
May recognition theorem [May72] generalized from Grpd∞ to general ∞-toposes
[Lu09a, 7.2.2.11][Lu17, 6.2.6.15]:

Proposition 8.2.1 (𝐴∞-Group recognition theorem [NSS12a, Thm. 2.19]). Let H
be an ∞-topos (Def. 8.1.46). Then the operation of sending an ∞-group 𝐺 to the
homotopy quotient of its action on a point constitutes an equivalence of∞-categories:

Grp
(
H

) oo Ω

B
≃ // H

∗/
≥1

𝐺
� // ∗�𝐺

(8.151)

between the ∞-category of ∞-group objects and the ∞-category of pointed and
connected objects in H. The inverse equivalence is given by forming the loop space
object

𝐺 ≃ ΩB𝐺
��

//
(pb)

∗
��

∗ // B𝐺
(8.152)

Example 8.2.2 (Point in delooping is an effective epi). For 𝐺 ∈ Grp(H), the mor-
phism that exhibits its delooping as a pointed object (Prop. 8.2.1)

∗ // // B𝐺 , (8.153)
is an effective epimorphism (Def. 8.1.78). Thus, Prop. 8.1.88 says here that:

(i) Groups in H are, equivalently, the groupoids in H (Def. 8.1.86) that admit an
atlas by the point.

(ii) With (8.152), we have
B𝐺 ≃ lim

−!
𝐺×• ∈ H . (8.154)

Example 8.2.3 (Neutral element). Let H be an ∞-topos. Given a group 𝐺 ∈ Grp(H)
in the form of a pointed connected object ∗ ! B𝐺, according to Prop. 8.2.1, its
neutral element ∗ 𝑒

−! 𝐺 is the diagonal morphism into the defining homotopy fiber
product (8.152), hence the canonical morphism induced by the universal property of
the homotopy fiber product from the equivalence with itself of the point inclusion
into B𝐺 (8.153). ∗

𝑒��
𝐺

ss ++(pb)∗
++

∗
ssB𝐺

(8.155)

Example 8.2.4 (Group division/shear map). Let H be an ∞-topos. Given a group
𝐺 ∈ Grp(H) in the form of a pointed connected object ∗ −! B𝐺, according to Prop.
8.2.1, the group division operation

𝐺 × 𝐺 (−) · (−)−1
// 𝐺 (8.156)
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is exhibited by the universal morphism shown dashed in the following diagram:

𝐺 × 𝐺

�� ��

(−) · (−)−1
// 𝐺

�� ��
𝐺

��

// ∗

��
∗ // B𝐺

𝐺 × 𝐺

�� ��

(−) · (−)−1

,, 𝐺

�� ��
𝐺

  
,,

𝐺

~~
,,∗

��

∗

��
∗

,, B𝐺

�� qy
��

(8.157)

On the left, we are showing this as part of a morphism of Čech nerve augmented
simplicial diagrams. On the right, the situation is shown in more detail: Here the
right and the two bottom squares are all the looping relation (8.152), while the left
square exhibits the plain product of 𝐺 with itself. With this, the universal property
of the right square implies the essentially unique dashed morphism making the total
diagram homotopy-commute. Note the following:

(i) The two top squares are also Cartesian: This follows from the pasting law (Prop.
8.1.39) using, for the top front square, that the left and right and the bottom rear
squares are Cartesian; and similarly for the top rear square.

(ii) The total homotopy filling the top and the right faces in (8.157) is, by commuta-
tivity, equivalent to the total homotopy filling the left and the bottom faces. But,
in performing the composition this way, the direction of one of the two bottom
homotopies gets reversed. This is why this construction gives the division map
(−) · (−)−1 (shear map) instead of the plain group product.

Proposition 8.2.5 (Mayer-Vietoris sequence [Sc13, Prop. 3.6.142]). Let H be an ∞-
topos (Def. 8.1.46), 𝐺 ∈ Grp(H) (Prop. 8.2.1) and (𝑋, 𝑓 ), (𝑌, 𝑔) ∈ H/𝐺 two objects
in the slice (Prop. 8.1.62) over the underlying object of 𝐺. Then their homotopy fiber
product

𝑋 ×
𝐺
𝑌

pr𝑋 ��

pr𝑌 //

(pb)

𝑌

𝑔

��
𝑋

𝑓
// 𝐺

(8.158)

is equivalently exhibited by the following Mayer-Vietoris homotopy fiber sequence
𝑋 ×𝐺 𝑌

(pr𝑋 ,pr𝑌 ) ��
(pb)

// ∗

��
𝑋 × 𝑌

( 𝑓 ,𝑔) //

𝑓 ·𝑔−1

44𝐺 × 𝐺 (−) · (−)−1
// 𝐺 ,

(8.159)

where the morphism on the bottom right is the group division map (8.157).
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8.2.2 Group actions
Proposition 8.2.6 (Group actions [NSS12a, 4.1]). Let H an∞-topos and𝐺 ∈ Grp(H)
(Prop. 8.2.1).

(i) An action (𝑋, 𝜌) of 𝐺 is an object 𝑋 ∈ H and homotopy fiber sequence in H of
the form

𝑋
fib(𝜌) // 𝑋�𝐺

𝜌��
B𝐺 ,

(8.160)

where B𝐺 is the delooping of 𝐺 (8.2.1).
(ii) The object 𝑋�𝐺 appearing in (8.160) is, equivalently, the homotopy quotient

of the action of 𝐺 on 𝑋:

𝑋�𝐺 ≃ lim
−!

(
· · · 𝑋 × 𝐺 × 𝐺

//oo //oo // 𝑋 × 𝐺 //oo // 𝑋
)
. (8.161)

(iii) Hence the ∞-category of 𝐺-actions is, equivalently, the slice ∞-topos (Prop.
8.1.62) of H over B𝐺:

𝐺Act(H) ≃ H/B𝐺 ∈ Cat∞ . (8.162)

We record the following immediate but important aspect of this characterization:

Lemma 8.2.7 (Homotopy quotient maps are effective epimorphisms). Let H be
an ∞-topos, 𝐺 ∈ Grp(H) (Prop. 8.2.1), and (𝑋, 𝜌) ∈ 𝐺Act(H) (Prop. 8.2.6).
Then the quotient morphism from 𝑋 to its homotopy quotient (8.161) is an effective
epimorphism (Def. 8.1.80):

𝑋
fib(𝜌) // // 𝑋�𝐺 . (8.163)

Proof. By (8.160) in Prop. 8.2.6, the quotient map sits in a homotopy pullback square
of the form

𝑋

��

fib(𝜌) //

(pb)

𝑋�𝐺
𝜌��

∗ // B𝐺

(8.164)

The bottom morphism is an effective epimorphism (Example 8.2.2). Since these are
preserved by pullback (Lemma 8.1.82), the claim follows. □

Example 8.2.8 (Left multiplication action). Let H be an ∞-topos (Def. 8.1.46)
and 𝐺 ∈ Grp(H) (Prop. 8.2.1). The defining looping relation (8.152) exhibits, by
comparison with (8.160), an action of 𝐺 on itself:

𝐺
fib(𝜌ℓ ) // ∗

𝜌ℓ��
B𝐺 .

(8.165)

This is the left multiplication action with 𝐺 � 𝐺 ≃ ∗ .

Example 8.2.9 (Adjoint action). Let H be an ∞-topos (Def. 8.1.46) and𝐺 ∈ Grp(H)
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(Prop. 8.2.1). Then the free loop space object LB𝐺 of the delooping B𝐺 (8.151),
defined by the Cartesian square

LB𝐺 //

𝜌ad
��

(pb)

B𝐺
Δ
��

B𝐺
Δ

// B𝐺 × B𝐺

(8.166)

sits in a homotopy fiber sequence of the form

𝐺
fib(𝜌ad ) // LB𝐺

𝜌ad��
B𝐺 .

(8.167)

By comparison with (8.160), this exhibits an action of 𝐺 on itself. This is the adjoint
action with 𝐺�ad𝐺 ≃ LB𝐺.

Definition 8.2.10 (Equivariant maps). By the functoriality/universality of the ho-
motopy fiber construction in (8.160) and using the equivalence (8.162), we have the
∞-functor that assigns the underlying objects of the 𝐺-actions in Def. 8.2.6:

𝐺Act(H) ≃ H/B𝐺
fib // H . (8.168)

With two 𝐺-actions (𝑋𝑖 , 𝜌𝑖) given, we say that a morphism 𝑋1 ! 𝑋2 ∈ H between
their underlying objects is equivariant if it lifts through this functor, hence if it is the
image of a morphism (𝑋1, 𝜌1) ! (𝑋2, 𝜌2) ∈ GAct(H).

Example 8.2.11 (Group division is equivariant under diagonal left and adjoint action).
Let H be an ∞-topos (Def. 8.1.46) and 𝐺 ∈ Grp(H) (Prop. 8.2.1). Then the group
division operation (Example 8.2.4) is equivariant (Def. 8.2.10) with respect to the
diagonal left multiplication action 𝜌ℓ (Example 8.2.8) on its domain and the adjoint
action 𝜌ad (Example 8.2.9) on its codomain:

(𝐺, 𝜌ℓ) × (𝐺, 𝜌ℓ)
(−) · (−)−1

// (𝐺, 𝜌ad) ∈ 𝐺Act(H) . (8.169)

Proof. Observe the following pasting of Cartesian squares:

𝐺 × 𝐺 (−) · (−)−1
//

(−)−1 · (−)◦𝜎 ��

𝐺 //

��

∗

��
𝐺

��

// LB𝐺 //

��

B𝐺
Δ��

∗ // B𝐺 Δ // B𝐺 × B𝐺 .

(8.170)

The middle horizontal composite, regarded as a morphism in the slice over B𝐺 and
hence as a morphism of 𝐺-actions (8.160), gives (8.169). □

Proposition 8.2.12 (Restricted and induced group actions). Let H be an ∞-topos.
Then, for 𝜙 : 𝐻 ! 𝐺 a morphism in Grp(H) (Prop. 8.2.1), there is a triple of adjoint
∞-functors (Def. 8.1.40) between the corresponding ∞-categories of group actions
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(Prop. 8.2.6)

𝐻Act(H)

“left-induced”
B𝜙! //

oo B𝜙∗
⊥

⊥
B𝜙∗

“right-induced”

//
𝐺Act(H) (8.171)

such that B𝜙∗ preserves the object being acted on (“restricted action”).

Proof. By (8.162) in Prop. 8.2.6, an adjoint triple (Def. 8.1.40) of the form (8.171)
is given by base change (Prop. 8.1.65) of homotopy quotients (8.161) along the
delooped morphism B𝜙 (Prop. 8.2.1). This means that B𝜙∗ is given by sending
the homotopy fiber sequence (8.160) corresponding to a 𝐺-action to the following
homotopy pullback (Prop. 8.2.1):

𝑋
fib(𝜙∗𝜌)

//

fib(𝜙)

,,
𝑋�𝐻

(pb)𝜙∗𝜌

��

// 𝑋�𝐺

𝜌

��
B𝐻

B𝜙
// B𝐺 .

(8.172)

That this preserves the object 𝑋 being acted on, as indicated, follows by the pasting
law (Prop. 8.1.39). □

Definition 8.2.13 (Automorphism group). Let H be an∞-topos and 𝐹 ∈ H an object.
Then the automorphism group Aut(𝐹) ∈ Grp(H) of 𝐹 is the looping (Prop. 8.2.1) of
the (-1)-image (8.137) of the classifying map (8.81) of 𝐹:

∗ (-1)-conn. // //

⊢𝐹

33BAut(𝐹) �
� (-1)-trunc. // Objects𝜅 . (8.173)

The canonical action of this group (Prop. 8.2.6) on 𝐹 is exhibited, via (8.160), by the
left square of the following pasting composite of Cartesian squares:

𝐹

��

fib(𝜌Aut ) //

(pb)

𝐹�Aut(𝐹) //

𝜌Aut
��

(pb)

�Objects𝜅

��
∗

⊢𝐹

44
// // BAut(𝐹) �

� / Objects𝜅 ,
(8.174)

where we use the pasting law (Prop. 8.1.39) to identify 𝐹 as the homotopy fiber of
𝜌Aut.

Proposition 8.2.14 (Automorphism group is universal). Let H be an ∞-topos, 𝐺 ∈
Grp(H) (Prop. 8.2.1), and (𝑋, 𝜌) ∈ 𝐺Act(H) (Def. 8.2.6). Then there is a group
homomorphism from 𝐺 to the automorphism group (Def. 8.2.13)

𝐺
𝑖𝜌 // Aut(𝑋) , (8.175)



Higher Geometry 197

such that the action 𝜌 is the restricted action (Prop. 8.2.12) along 𝑖𝜌 of the canonical
automorphism action (8.174), i.e., such that there is a Cartesian square of this form:

𝑋�𝐺 //

(pb)𝜌

��

𝑋�Aut(𝑋)
𝜌Aut
��

B𝐺
B𝑖𝜌

// BAut(𝑋) .

(8.176)

Proof. Let 𝜅 be a regular cardinal such that 𝑋 is 𝜅-small, and consider the following
solid diagram of classifying maps (8.81) for 𝜌, 𝜌Aut and for 𝑋:

𝑋 //

''

��

𝑋�Aut(𝑋)

))

��

𝑋�𝐺

��

//

55 �Objects𝜅

��

∗
(-1)-connected

''

// BAut(𝑋) � w
(-1)-truncated **

B𝐺
B𝑖𝜌

55

⊢𝜌
// Objects𝜅

(8.177)

Here the bottom square homotopy-commutes by the essential uniqueness of the
classifying map ⊢ 𝑋 (8.81). Hence the dashed lift exists essentially uniquely (8.138),
by the connected/truncated factorization system (Prop. 8.1.83). □

8.2.3 Principal bundles
Proposition 8.2.15 (Principal bundles [NSS12a, Thm. 3.17]). Let H be an ∞-topos,
𝑋 ∈ H, and 𝐺 ∈ Grp(H) (Prop. 8.2.1). Then 𝐺-principal ∞-bundles 𝑃 ! 𝑋 over 𝑋
are, equivalently, given by classifying maps ⊢ 𝑃 : 𝑋 ! B𝐺. Forming their homotopy
fibers

𝑃

fib(⊢𝑃)
��
𝑋

⊢𝑃
// B𝐺

(8.178)

constitutes an equivalence of ∞-groupoids:

𝐺Bundles𝑋 (H) oo fib
≃ H(𝑋,B𝐺) .

𝑃 7−! ⊢ 𝑃
(8.179)

Remark 8.2.16 (Principal base spaces are homotopy quotients). Comparison of the
abstract characterization of (i) group actions (Prop. 8.2.6) and (ii) principal bundles
(Prop. 8.2.15), reveals that these are about one and the same abstract concept, just
viewed from two different perspectives: In an ∞-topos, every 𝐺-principal bundle is
a 𝐺-action whose homotopy quotient is the given base space; and, conversely, every
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𝐺-action is that of a principal bundle over its homotopy quotient:
Principal
G-bundle 𝑃

↷

𝐺

��

G-action

Base
space 𝑋 ≃ 𝑃�𝐺 Homotopy

quotient

(8.180)

Notice (see [NSS12a, 3.1] for exposition) that it is the higher geometry inside an
∞-topos that makes this work.

Definition 8.2.17 (Atiyah groupoid). Let H be an ∞-topos (Def. 8.1.46), 𝑋 ∈ H,
𝐺 ∈ Grp(H) (Prop. 8.2.1), and 𝑃 ∈ 𝐺Bundles𝑋 (Prop. 8.2.15). Then the Atiyah
groupoid of 𝑃 is the groupoid At• (𝑃) ∈ Grpd(H) (Def. 8.1.86) whose corresponding
stack with atlas (via Prop. 9.1.38) is the (-1)-image projection (Example 8.1.85) of
the bundle’s classifying map ⊢ 𝑃 (8.179):

𝑋 // //

⊢𝑃

44A𝑡 (𝑃) �
� // B𝐺 . (8.181)

8.2.4 Fiber bundles
Definition 8.2.18 (Fiber bundle). Let H be an ∞-topos (Def. 8.1.46).

(i) A morphism 𝑌
𝑝
−! 𝑋 in H is a fiber bundle with typical fiber 𝐹 ∈ H if

there exists an effective epimorphism 𝑈
𝑖 // // 𝑋 (Def. 8.1.80) and a Cartesian

square (Ntn. 8.1.37) of the form
𝑈 × 𝐹

��

//

(pb)

𝑌

𝑝
��

𝑈
𝑖

// // 𝑋 .

(8.182)

(ii) We write
𝐹FiberBundles𝑋 (H) ⊂ Core

(
H/𝑋

)
∈ Grpd∞ (8.183)

for the full ∞-groupoid of the core (8.1) of the slice H/𝑋 over 𝑋 (Prop. 8.1.62)
on the 𝐹-fiber bundles.

Proposition 8.2.19 (Classification of fiber bundles [NSS12a, Prop. 4.10]). Let H be
an ∞-topos (Def. 8.1.46) and 𝑋, 𝐹 ∈ H. Then fiber bundles over 𝑋 (Def. 8.2.18) with
typical fiber 𝐹 are equivalent to morphisms 𝑋 −! BAut(𝐹) from 𝑋 to the delooping
(Prop. 8.2.1) of the automorphism group (Def. 8.2.13) of 𝐹:

𝐹FiberBundles𝑋 (H) ≃ // H
(
𝑋 , BAut(𝐹)

)
.

𝐸 7−! ⊢ 𝐸

(8.184)

Proof. Let 𝜅 be a regular cardinal such that 𝐹 is 𝜅-small. Then, by assumption, we
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have the following solid diagram of classifying maps (8.81):

𝑈 × 𝐹

��

pr2 //

))

𝐹�Aut(𝐹)

��

**
𝐸

��

// �Objects𝜅

��
𝑈 //

(-1)-connected
)) ))

BAut(𝐹) � y
(-1)-truncated ++

𝑋 //
⊢𝐸 44

Objects𝜅 .

(8.185)

Now the (-1)-connected/(-1)-truncated factorization system (Prop. 8.1.83) implies
that the dashed morphism exists essentially uniquely (8.138).

It just remains to see that this assignment is independent of the choice of 𝑈: For
𝑈′ // // 𝑋 any other effective epimorphism with (⊢ 𝐸)′ the associated classifying
map as above, observe that the fiber product 𝑈 ×𝑋 𝑈′ // // 𝑋 is again an effective
epimorphism, since the class of effective epimorphisms is closed under pullbacks as
well as under composition (Lemma 8.1.82). Therefore ⊢ 𝐸 and (⊢ 𝐸)′ are jointly
lifts in a diagram as above but with 𝑈 ×𝑋 𝑈′ in the top left. Hence, by the essential
uniqueness of lifts in the connected/truncated orthogonal factorization system, they
are equivalent, (⊢ 𝐸) ≃ (⊢ 𝐸)′, in an essentially unique way. □

Notation 8.2.20 (Associated bundles). We say that
(i) the morphism ⊢ 𝐸 in (8.184) is the classifying map of 𝐸 and
(ii) that 𝐸 is associated to the Aut(𝐹)-principal bundle which is classified by ⊢ 𝐸

according to Prop. 8.2.15.

Remark 8.2.21 (Twisted cohomology in slice ∞-toposes). Prop. 8.2.19 implies (to-
gether with the universal property of the pullback) that sections 𝜎 of 𝐴-fiber bundles
𝐸 over some 𝑋 are, equivalently, lifts 𝑐 of the classifying map 𝑐 := ⊢ 𝐸 (8.184)
through 𝜌Aut (8.174):

𝐴�Aut(𝐴)

𝜌Aut

��
𝑋

𝜏 := ⊢𝐸
classifying map

//

lift of
classifying map

𝑐

66

BAut(𝐴)

≃

associated bundle
𝐸

𝑝

��

//

(pb)

𝐴�Aut(𝐴)

𝜌Aut

��
𝑋

section
𝜎

??

𝑋
𝜏
// BAut(𝐴)

(8.186)

(i) If 𝐴 is regarded here as a coefficient object for 𝐴-cohomology (1.21), then such
a section 𝜎 is a locally 𝐴-valued cocycle, which is “twisted” over 𝑋 according
to the classifying map 𝜏. Hence such a 𝜎 is a cocycle in (non-abelian) 𝜏-twisted
cohomology [NSS12a, 4.2]. But the left hand side of (8.186) is, equivalently, a
morphism (8.106) in the slice ∞-topos (Prop. 8.1.62) H/BAut(𝐴) . It follows that
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twisted cohomology is the intrinsic cohomology (1.21) of slice ∞-toposes:
𝜏-twisted

cohomology

𝐻𝜏
(
𝑋 , 𝐴

)
:= 𝜋0 H/BAut(𝐴)

(
(𝑋, 𝜏) , (𝐴�Aut(𝐴), 𝜌Aut)

)

≃


𝑋

𝜏 &&

cocycle
𝑐 // 𝐴�Aut(𝐴)

𝜌Autuu
BAut(𝐴)

mu

/∼

(8.187)

(ii) By the universality of Aut(𝐴) (Prop. 8.2.14), this holds for slicing over any
pointed connected object B𝐺 (8.151).

(iii) If the base object is not connected, the intrinsic cohomology of its slice may be
thought of as a mixture of twisted and parametrized cohomology. We encounter
an example of this in Def. 11.2.1 below.

Remark 8.2.22 (Twisted cohomology as global sections). The ∞-groupoid of sec-
tions of the associated bundle 𝐸 := 𝜏∗ (𝐴�𝐺) 𝑝 // 𝑋 in (8.186), is equivalently its
image Γ𝑋 (𝐸) under the base geometric morphism (Prop. 8.1.59)

H/𝑋
oo Δ𝑋

Γ𝑋

⊥ // Grpd∞ (8.188)

of the slice ∞-topos H𝑋 (Prop. 8.1.62), in that (by Prop. 8.1.50) Γ𝑋 (𝐸) ≃
H𝑋

(
id𝑋 , 𝑝

)
. Hence the 𝜏-twisted cohomology (8.187) of 𝑋 is equivalently the set

of connected components of the ∞-groupoid of global sections:
H𝜏

(
𝑋; 𝐴

)
≃ 𝜋0 Γ𝑋

(
𝜏∗ (𝐴�𝐺)

)
. (8.189)

Remark 8.2.23 (Twisted abelian cohomology in tangent ∞-toposes). Let H be an
∞-topos (Def. 8.1.46).

(i) Notice that the intrinsic cohomology (1.21) of Bundles(H) (Example 8.1.66) is
still twisted cohomology as in Remark 8.2.21, just up to a change in perspective:
now the twisting 𝜏 is encoded not in the domain object, but in the cocycles on
these (a morphism of the form id𝑋 // 𝜌Aut in Bundles(H) is still manifestly
given by the diagrams in (8.186)).

(ii) Therefore, similarly, the intrinsic cohomology (1.21) in the tangent ∞-topos
SpectralBundles(H) (Example 8.1.67) is twisted cohomology with local coeffi-
cients being spectra [Sc13, 4.1][ABGHR14][GS19a][GS19b], hence is twisted
abelian cohomology.

(iii) In the case that H = Grpd∞, the base tangent ∞-topos
𝑇Grpd∞ = SpectralBundles

(
Grpd∞

)
(8.190)

is the topic of traditional parametrized stable homotopy theory [Jam95][MSi06]
[ABGHR14, §2][BM19] and its intrinsic cohomology theory (1.21) is tradi-
tional twisted generalized cohomology [Do05][ABG10].
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8.2.5 Fixed points and fixed loci
Definition 8.2.24 (Fixed points and fixed loci). Let H be an ∞-topos, 𝐺 ∈ Grp(H)
(Prop. 8.2.1) and (𝑋, 𝜌) ∈ 𝐺Act(H) (Prop. 8.2.6).

(i) A fixed point of (𝑋, 𝜌) is an element ∗ 𝑥 // 𝑋 induced from a section 𝑥�𝐺 of
𝜌 in (8.160), as shown on the right (where we are using the pasting law, Prop.
8.1.39, and Example 8.1.38 to identify the top square as Cartesian).

∗ //

𝑥
��

(pb)

B𝐺
𝑥�𝐺
��

𝑋 fib(𝜌) //

��
(pb)

𝑋�𝐺
𝜌
��

∗ // B𝐺 .

(8.191)

(ii) The 𝐺-fixed locus of (𝑋, 𝜌) is the object
𝑋𝐺 := B(𝐺 ! ∗)∗

(
(𝑋, 𝜌)

)
∈ 1Action(H) ≃ H , (8.192)

that is right induced (Prop. 8.2.12) along the unique morphism to the trivial
group.

Example 8.2.25 (Global points of fixed loci are homotopy fixed points). The global
points of a homotopy-fixed locus 𝑋𝐺 (8.192) are indeed, equivalently, the fixed points
(8.191). By the adjunction (8.171), we have the hom-equivalence (8.71)(

∗ // 𝑋𝐺 = B(𝐺 ! 1)∗ (𝑋, 𝜌)
)
 !

(
B(𝐺 ! 1)∗ (∗) // (𝑋, 𝜌)

)
(8.193)

and, by Prop. 8.2.6, the latter morphisms are equivalent to homotopy-commuting
diagrams of the form

B𝐺

B(𝐺!1)∗ (∗)
≃
))

𝑥�𝐺 // 𝑋�𝐺 .

𝜌uuB𝐺

(8.194)

This is just the type of diagram characterizing homotopy fixed points. as seen vertically
on the right in (8.191).

Example 8.2.26 (Fixed loci in ∞-groupoids). Consider H := Grpd∞, 𝐺 ∈
Grp(Grpd∞) and (𝑋, 𝜌) ∈ 𝐺Act

(
Grpd∞

)
. Then the 𝐺-fixed locus (Def. 8.2.24)

is given (due to Prop. 8.1.70) by
𝑋𝐺 ≃ H/

∗�𝐺
(
∗�𝐺 , 𝑋�𝐺

)
∈ Grpd∞ . (8.195)

Definition 8.2.27 (Pointed-automorphism group). Let H be an ∞-topos and
(
𝑋
↙∗ ) ∈

H∗/ ↩−! HΔ[1] a pointed object in H, equivalently regarded as an object in the∞-topos
HΔ[1] of ∞-functors from Δ[1] := {0 −! 1} to H. Noticing the evaluation functors
(8.93)

HΔ[1] H
ev1
⊥
⊥

ev0

const (8.196)

and that these preserve all ∞-limits and ∞-colimits (by Prop. 8.1.55), hence all group
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objects and their deloopings (by (8.160) in Prop. 8.2.6) we say that the pointed-
automorphism group of 𝑋 is the image under ev0 of its automorphism group, accord-
ing to Def. 8.2.13, formed in the arrow ∞-topos HΔ[1] :

Aut∗ (𝑋) := ev0

(
Aut

(
𝑋
↙∗ ) ) ∈ Grp(H) . (8.197)

This pointed-automorphism group comes with a canonical pointed action on 𝑋 as
follows: From the defining factorization (8.173)

const(∗) BAut
(
𝑋
↙∗ ) Objects𝜅 (8.198)

(where now Objects𝜅 denotes the 𝜅-small object classifier (8.81) of HΔ [1]), and using
again that the evaluation functors (8.196) preserves ∞-limits, hence in particular
homotopy pullbacks, it follows that the front and rear faces of the following diagram
are Cartesian (Ntn. 8.1.37)

∗ B ev0

(
Aut

(
𝑋
↙∗ ) ) ev0

(�Objects𝜅
)

𝑋 𝑋�ev1

(
Aut

(
𝑋
↙∗ ) ) ev1

(�Objects𝜅
)

∗ B ev0

(
Aut

(
𝑋
↙∗ ) ) ev0

(
Objects𝜅

)
∗ B ev1

(
Aut

(
𝑋
↙∗ ) ) ev1

(
Objects𝜅

)
,

(8.199)

so that pullback along the bottom diagonal morphisms shows that the pointed auto-
morphism ∞-group (8.197) sits in a diagram in H of the following form:

∗ ∗�Aut∗ (𝑋)

𝑋 𝑋 � Aut∗ (𝑋)

∗ BAut∗ (𝑋)

∗ BAut∗ (𝑋) .

𝜌Aut

(8.200)

Here the Cartesian front face exhibits the action of the pointed-automorphism group
of 𝑋 on 𝑋 and the Cartesian rear face exhibits its trivial action on the base point.
With this and noticing that also the bottom face is Cartesian (by Example 8.1.38) the
pasting law (Prop. 8.1.39) implies that also the top square is Cartesian, exhibiting the
given base point as a homotopy fixed point (Def. 8.2.24) of the pointed-automorphism
action.

Definition 8.2.28 (Group-automorphism group). Let H be an ∞-topos and 𝐺 ∈
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Grp(H) (Prop. 8.2.1). Then the group of group-automorphisms of 𝐺 is the group of
pointed-automorphisms (Def. 8.2.27) of its delooping B𝐺 (8.151):

AutGrp (𝐺) := Aut∗ (B𝐺) ∈ Grp(H) . (8.201)

Proposition 8.2.29 (Canonical action of group-automorphism group). Let H be an
∞-topos and 𝐺 ∈ Grp(H) (Prop. 8.2.1). The group-automorphism group of 𝐺 (Def.
8.2.28) has a canonical action (Prop. 8.2.6)(

𝐺, 𝜌AutGrp

)
∈ AutGrp (𝐺)Act(H) (8.202)

on the underlying object 𝐺 ∈ H, which is such that

(i) The neutral element ∗ 𝑒 // 𝐺 (Example 8.2.3) is a fixed point of the action
(Def. 8.2.24).

(ii) The homotopy quotient 𝐺 � AutGrp (𝐺) carries the structure of a group object
(8.151) in the slice (8.162)

𝐺�AutGrp (𝐺) ∈ Grp
(
H/BAutGrp

)
, (8.203)

whose delooping (8.151) is the homotopy quotient of the defining action (8.201)
on the delooping B𝐺 of 𝐺:

B
(
𝐺�AutGrp (𝐺)

)
≃ (B𝐺) � AutGrp (𝐺) . (8.204)

Proof. First consider item (ii): Write 𝐺�AutGrp (𝐺) for the homotopy fiber product
in the following pullback square

𝐺�AutGrp (𝐺) //

��
(pb)

∗�AutGrp (𝐺)

��
∗�AutGrp (𝐺) // (B𝐺)�AutGrp (𝐺) .

(8.205)

Since this is the looping (8.152) in the slice (Prop. 8.1.62):
𝐺�AutGrp (𝐺) = Ω

(
(B𝐺)�AutGrp (𝐺)

)
∈ H/BAutGrp (𝐺) , (8.206)

the looping/delooping equivalence (8.151) implies the claim (8.204) as soon as we
show (in view of Prop. 8.2.6) that the homotopy fiber of the left morphism in (8.205)
is indeed 𝐺, in that it makes the total solid rear rectangle of the following diagram be
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Cartesian:
∗ //

𝑒

��

∗�AutGrp (𝐺)

(id, id)
��

𝐺

""

//

��

𝐺�AutGrp (𝐺)
**

��

∗ //

��

∗�AutGrp (𝐺)

��

∗
""

//

��

∗�AutGrp (𝐺)
**

B𝐺 //

��

(B𝐺)�AutGrp (𝐺)

𝜌∗

��

∗
""

// BAutGrp (𝐺)

∗ // BAutGrp (𝐺) .

(8.207)

Here:
• the bottom part is the diagram (8.200) (for 𝑋 = B𝐺) which exhibits the pointed-

automorphism action on B𝐺;
• the top front square is Cartesian and exhibits the base point being a homotopy-

fixed point, as in (8.200);
• the top left square is Cartesian and exhibits the looping/delooping relation

(8.152);
• the top right square is (8.205) and hence Cartesian by definition.
Hence the pasting law (Prop. 8.1.39) implies that also the solid top rear square is

Cartesian.
Finally to see item (i): Observe that there is the dashed morphism shown in the

top right of (8.207), this being the diagonal morphism induced from the Cartesian
property of the top right square, by the above. This means, by construction, that the
total vertical morphism on the right is an equivalence. Now define the dashed top
square to be a pullback square. Then, by the pasting law (Prop. 8.1.39), the pullback
object in the top left of the dashed square is equivalently the pullback of the total rear
diagram, hence the pullback of an equivalence to a point, hence is itself equivalent
to the point, as shown. Since the point is terminal, the top left dashed morphism is
thus a cone over the Cartesian square on the top left. By the universal property of
the homotopy fiber product, this means that the top left dashed morphism must be
the neutral element (Example 8.2.3). The top dashed square hence exhibits this as a
homotopy fixed point. □

Proposition 8.2.30 (Group division is equivariant under group-automorphisms). Let
H be an ∞-topos and 𝐺 ∈ Grp(H) (Prop. 8.2.1). Then the group division morphism
𝐺 × 𝐺 (−) · (−)−1 // 𝐺 (Example 8.2.4) is equivariant (Def. 8.2.10) with respect to

the canonical group-automorphism action (Prop. 8.2.29) of the group-automorphism
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group AutGrp (𝐺) (Def. 8.2.28) acting on all three copies of 𝐺:(
𝐺, 𝜌AutGrp

)
×

(
𝐺, 𝜌AutGrp

) (−) · (−)−1
// (𝐺, 𝜌AutGrp

)
∈ AutGrp (𝐺)Act(H) . (8.208)

Proof. By (8.157) the group division morphism is a universal morphism induced
from pasting of copies of the looping square (8.152). Thus the claim follows by Prop.
8.2.29. □





9
Singular Geometry

Here, we establish “synthetic” axiomatic foundations of a geometric homotopy theory
of orbifolds, unifying:

(i) §9.1 – the cohesive geometric homotopy theory due to [SSS12][Sc19], which
reflects the geometric aspects of orbifolds;

(ii) §9.2 – the cohesive global-equivariant homotopy theory due to [Re14], under-
stood as reflecting the singular aspects of orbifolds, as in Figure D.

This is to provide, in §10 below, a general abstract theory of geometric aspects of
orbi-singular spaces and of étale ∞-stacks.

The general idea of such synthetic modal higher geometry is that, first, the tra-
ditional geometric objects of interest (here: orbifolds) are regarded within ambient
∞-toposes where all universal constructions on these objects, that one may wish to
consider, are guaranteed to exist (in contrast to more traditional categories of these
geometric objects). But then, second, one needs novel formulations of traditional
geometric notions to apply in the larger generality of the objects of these ∞-topoi
— and these definitions are to be formulated in terms of the modal operators (here:
singular-cohesive modalities) on the ∞-topos.

9.1 Geometry
We discuss in turn:

§9.1.1: Synthetic Differential Topology via Cohesive Modality

§9.1.2: Synthetic Differential Geometry via Elastic Modality

§9.1.3: Synthetic Supergeometry via Solid Modality

For more introductory lecture notes along these lines see also [Sc18].

9.1.1 Differential Topology
We present a formulation of differential topology internal to ∞-toposes which we call
cohesive [Sc13]. In ∞-categorical generalization of [La94][La07], this involves an

207
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abstract shape operation S that relates higher geometric spaces to their bare underlying
homotopy type.

Definition 9.1.1 (Cohesive ∞-topos). (i) An ∞-topos H (Def. 8.1.46) is called
cohesive if its base geometric morphism (Prop. 8.1.59), to be denoted Pnts :
H // Grpd∞ , is part of an adjoint quadruple of ∞-functors (Def. 8.1.40)

H

×“shape” Shp
⊥

//

oo“discrete” Disc
⊥

? _

“points” Pnts
⊥

//

oo“chaotic” Chtc ? _
B

cohesive
∞-topos

discrete
sub-topos

(9.1)

such that (a) Disc and Chtc are fully faithful (Def. 8.1.1), and (b) such that Shp
preserves finite products.
(ii) We write (

S := Disc ◦ Shp
)

“shape”
⊥(

♭ := Disc ◦ Pnts
)

“discrete”
⊥(

♯ := Chtc ◦ Pnts
)

“continuous”

: H −! H (9.2)

for the induced adjoint triple (Def. 8.1.40) of modalities (1.18) (cohesive modalities).

The following direct consequence may serve to illustrate how these axioms are
put to work:

Proposition 9.1.2 (Composite cohesive modalities). The cohesive modalities (Def.
9.1.1) satisfy:

S ◦ ♭ ≃ ♭ and ♭ ◦ ♯ ≃ ♭ . (9.3)

Proof. That Disc and Chtc in (9.1) are fully faithful means, equivalently (Prop.
8.1.44), that the co-unit morphisms (8.73)

Shp ◦ Disc ≃ // id , Pnts ◦ Chtc ≃ // id (9.4)

are natural equivalences. Hence the image under Disc ◦ (−) ◦Pnts of the first of these
is a natural equivalence of the form

S ◦ ♭ = Disc ◦ Shp ◦ Disc ◦ Pnts ≃ // Disc ◦ Pnts = ♭ . (9.5)
while the image of the second is of the form

♭ ◦ ♯ = Disc ◦ Pnts ◦ Chtc ◦ Pnts ≃ // Disc ◦ Pnts = ♭ . (9.6)
□

Lemma 9.1.3 (Only the empty object has empty shape). Let H be a cohesive ∞-
topos (Def. 9.1.1). Then 𝑋 ∈ H is empty, i.e., equivalent to the initial object ∅ (8.86),
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precisely if its shape (9.2) is empty:
𝑋 ≃ ∅ ⇔ S 𝑋 ≃ ∅ . (9.7)

Proof. In one direction, assume that 𝑋 ≃ ∅. Noticing that ∅ is the initial colimit and
that colimits are preserved by S, this being a left adjoint (Prop. 8.1.42), it follows that
S(∅) ≃ ∅.

In the other direction, assume that the shape of 𝑋 is empty. Then the shape unit
(8.72) is a morphism of the form

𝑋
𝜂

S
𝑋 // S 𝑋 ≃ ∅ (9.8)

and thus 𝑋 ≃ ∅ follows as in (8.87), by universality of colimits (Ex. 8.1.49). □

9.1.1.1 Cohesive ∞-group actions

The condition that Shp preserves finite products implies the following properties.

Proposition 9.1.4 (Shape preserves groups, actions and their homotopy quotients).
Let H be a cohesive ∞-topos (Def. 9.1.1), 𝐺 ∈ Grp

(
H

)
(8.151) and and (𝑋, 𝜌) ∈

𝐺Actions(H) (Prop. 8.2.6).
(i) Then the shape S𝑋 (9.2) of 𝑋 is equipped with an induced S𝐺-action, such that the
shape of the homotopy quotient (8.161) is the homotopy quotient of the shapes. The
analogous statement holds for ♭ (9.2):

S
(
𝑋�𝐺

)
≃

(
S 𝑋

)
�

(
S𝐺

)
and ♭

(
𝑋�𝐺

)
≃

(
♭ 𝑋

)
�

(
♭ 𝐺

)
. (9.9)

(ii) In particular, both S and ♭ preserve group objects and their deloopings (Prop.
8.2.1):

S B𝐺 ≃ B S𝐺 and ♭B𝐺 ≃ B ♭ 𝐺 . (9.10)

Proof. The homotopy quotient of 𝑋 by 𝐺 is, equivalently, a colimit over a simplicial
diagram of finite Cartesian products of copies of 𝑋 and𝐺 (8.161). Hence the statement
follows for every ∞-functor that commutes with simplicial colimits and with finite
products. But, since S is a left adjoint, it commutes with all colimits (Prop. 8.1.42)
and also with finite products, by assumption on Shp and since Disc is a right adjoint.
Similarly, ♭ is both left and right adjoint, and hence preserves all colimits and all limits
(again Prop. 8.1.42). That preservation of homotopy quotients implies preservation
of ∞-groups follows by the delooping theorem (Prop. 8.2.1). □

Lemma 9.1.5 (Cohesive shape preserves some homotopy fiber products). In a co-
hesive ∞-topos H (Def. 9.1.1), the shape functor Shp (9.1) preserves homotopy
fiber products over cohesively discrete objects. That is, for 𝐵 ∈ B �

� Disc // H and
𝑋,𝑌 ∈ H/𝐵, we have a natural equivalence

Shp
(
𝑋 ×
𝐵
𝑌
)
≃ Shp(𝑋) ×

𝐵
Shp(𝑌 ) . (9.11)

Proof. This is proven in [Sc13, Thm. 3.8.19] under the assumption that H admits
an ∞-cohesive site of definition. This assumption was shown to be unnecessary in
[BP22, Lemma 3.10]. □



210 Geometric Orbifold Cohomology

Lemma 9.1.6 (Shape of 𝜂S-induced action). Let H be a cohesive∞-topos (Def. 9.1.1),
𝐺 ∈ Grp(H) (Prop. 8.2.1) and (𝑋, 𝜌) ∈ 𝐺Actions(H) (Prop. 8.2.6).

(i) The left-induced action (Prop. 8.2.12)(
𝑋, 𝜌̃

)
:= B

(
𝜂

S
𝐺

)
! (𝑋, 𝜌) ∈

(
S𝐺

)
Actions(H) (9.12)

along the shape unit morphism (8.72) 𝐺 𝜂
S
𝐺
// S𝐺 acts on an object whose

shape (9.2) is that of 𝑋:
S 𝑋 ≃ S 𝑋 , (9.13)

whence (
S𝑋 , S𝜌

)
∈

(
S𝐺

)
Actions(H) . (9.14)

(ii) Similarly, the restricted-induced action (Prop. 8.2.12)(
𝑋, 𝜌̃

)
:= B

(
S𝜖♭

)∗ ◦ B
(
𝜂

S
𝐺

)
! (𝑋, 𝜌) ∈ (♭𝐺)Actions(H) (9.15)

along the pair of group homomorphisms (using Prop. 9.1.4)

𝐺 𝜂
S
𝐺

// S𝐺 oo S 𝜖♭
𝐺 ♭ 𝐺 (9.16)

acts on an object whose shape (9.2) is that of 𝑋:
S 𝑋 ≃ S 𝑋 . (9.17)

Proof. By Prop. 8.2.6 and Prop. 8.2.12, the object 𝑋 sits in a diagram of Cartesian
squares (Notation 8.1.37) as shown on the left in the following (the full square in case
(i), the pasting decomposition for case (ii)):

𝑋

��

//

(pb)

𝑋�♭𝐺

��

//

(pb)

𝑋�𝐺

𝜌

��

S 𝑋

��

(pb)

// (S 𝑋 )
�

(
♭𝐺

) //

��

(pb)

(
S 𝑋

)
�

(
S𝐺

)
S 𝜌

��

B𝐺
B 𝜂S

𝐺��

S
7−!

∗ // B ♭ 𝐺
B S 𝜖♭

𝐺 // B S𝐺 ∗ // B ♭ 𝐺
B S 𝜖♭

𝐺 // B S𝐺

(9.18)

But, since the objects in the bottom row B S𝐺 ≃ S B𝐺 and B ♭ 𝐺 ≃ ♭B𝐺 (equivalences
by Prop. 9.1.4) are both cohesively discrete, Lemma 9.1.5 says that the image of these
squares under shape are still Cartesian. This is shown on the right in (9.18), where we
have identified the shape of the various objects by using Prop. 9.1.4 and idempotency
of the modality (Prop. 8.1.45). With this, the pasting law (Prop. 8.1.39) implies that
the outer right square in (9.18) is itself Cartesian, hence that S𝑋 is the homotopy fiber
of S𝜌. This implies the claim, by Prop. 8.2.6. □

Proposition 9.1.7 (Automorphisms along shape-unit). Let H be a cohesive ∞-topos
(Def. 9.1.1), 𝐺 ∈ Grp(H) (Prop. 8.2.1) and (𝑋, 𝜌) ∈ 𝐺Actions(H) (Prop. 8.2.6).
There is a canonical homomorphism

Aut(𝑋)
Aut

(
𝜂

S
𝑋

)
// Aut(S𝑋) (9.19)

from the automorphism group (Def. 8.2.13) of 𝑋 to that of the shape (9.2) of 𝑋 , which
is such that the shape unit 𝜂S

𝑋
(8.72) is equivariant (Def. 8.2.10) with respect to the

canonical automorphism action (8.174) on 𝑋 and the restriction (Prop. 8.2.12) along
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this morphism (9.1.7) of the canonical automorphism action on S𝑋:

(𝑋, 𝜌Aut(𝑋) )
𝜂

S
𝑋 // Aut

(
𝜂

S
𝑋

)∗ ( S𝑋, 𝜌Aut(S𝑋)
)

∈ Aut(𝑋)Actions(H) . (9.20)

Proof. Take the morphism (9.1.7) to be the composite

Aut(𝑋) Aut
(
𝜂

S
𝑋

) //

𝜂
S
Aut(𝑋)

**

Aut
(
S𝑋

)
S
(
Aut(𝑋)

) Ω ⊢ S𝜌Aut

44 (9.21)

where (a) the left morphism is the shape unit (8.72), using Prop. 9.1.4, while (b)
the right morphism is that which exhibits, via Prop. 8.2.14, the SAut(𝑋)-action S𝜌Aut
(9.14) on S𝑋 from Lemma 9.1.6. Then consider the following diagram of homotopy
fiber sequences:

S𝑋 // (S𝑋)�Aut
(
S𝑋

)
𝜌Aut(S(𝑋))

��

S𝑋 // (S𝑋)�
(
SAut(𝑋)

)
S𝜌Aut(𝑋)

��

44

(pb)

𝑋 //
𝜂

S
𝑋

99

𝑋�Aut(𝑋)

𝜌Aut(𝑋)

��

𝜂
S
𝑋�Aut(𝑋)

44

BAut
(
S𝑋

)
BSAut(𝑋)

⊢ S𝜌Aut

44

BAut(𝑋)
𝜂

S
BAut(𝑋)

44

Aut
(
𝜂

S
𝑋

)
>>

(9.22)

Here (i) the fiber squence in the middle is that from the right of (9.18), (ii) the right
part is the defining pullback from Prop. 8.2.14, while (iii) the left part exists by the
naturality of 𝜂S. By the commutativity of the total front square, it factors through the
coresponding pullback square, thus implying the claim. □

9.1.1.2 Concrete cohesive objects

Definition 9.1.8 (Concrete objects). Let H be a cohesive ∞-topos (Def. 9.1.1).
(i) We say that an object 𝑋 ∈ H is concrete if

(a) it is 0-truncated, 𝑋 ∈ H0 ↩! H (Def. 8.1.73),
(b) its unit 𝜂♯

𝑋
(8.72) of the ♯-modality (9.2) is (-1)-truncated (Def. 8.1.74),

hence a monomorphism. By the −1-image factorization (8.137),

𝑋
(-1)-conn. // //

𝜂
♯

𝑋

unit of ♯-modality

33
image factorization

♯−1𝑋
� � (-1)-trunc. // ♯𝑋 , (9.23)

this means equivalently that 𝑋 is equivalent to its -1-image under the
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♯-unit (8.72):

𝑋 ∈ H0 ⊢
{
𝑋 is concrete ⇔ 𝑋

� � 𝜂
♯

𝑋 // ♯𝑋

⇔ ♯−1𝑋 ≃ 𝑋 .

(9.24)

(ii) We write
H0,♯−1 ↩−! H0 ↩−! H (9.25)

for the full subcategory of the 0-truncated objects on those which are concrete.
(iii) For any object, we call the (−1)-image (9.23) of the sharp unit on its 0-truncation

(8.131) its concretification:

𝑋 ∈ H ⊢ ♯−1
(
𝜏𝜏𝜏0𝑋

)
∈ H0,♯−1 . (9.26)

Proposition 9.1.9 (Reflection of concrete objects). A morphism 𝑓 : 𝑋 𝑌 out
of any object 𝑋 into a concrete object 𝑌 (Def. 8.1.84) factors uniquely through the
concretification (9.26) of 𝑋 , in that we have a natural bijection of hom-sets of this
form:

𝑌 concrete ⊢ H
(
♯−1𝜏0𝑋, 𝑌

)
H

(
𝜏0𝑋, 𝑌

)
H

(
𝑋, 𝑌

)
.

(
𝑋↠♯−1𝜏0𝑋

)∗
∼

(𝜂𝜏0
𝑋

)∗
∼ (9.27)

Proof. The second isomorphism in (9.27) is the reflectivity (8.132) of 0-truncated
objects. We need to discuss the first isomorphism. For ease of notation and without
restriction of generality, we assume now that 𝑋 is already 0-truncated.

Then by naturality of the ♯-unit, the following outer square commutes, which
implies the unique dashed arrow and hence the claim by the functoriality of the image
factorization (Rem. 8.1.84):

𝑋 𝑌

♯−1𝑋 ♯−1𝑌

♯𝑋 ♯𝑌

𝜂
♯

𝑋

𝑓

𝜂
♯

𝑌

∃!

♯ 𝑓

(9.28)

□

9.1.1.3 Cohesive charts

Definition 9.1.10 (Charts). Let H be a cohesive ∞-topos (Def. 9.1.1). We say that an
∞-category of cohesive charts for H is an ∞-site Charts for H (Prop. 8.1.57)

H
oo 𝐿

� � ⊥ // PreSheaves∞ (Charts)
all of whose objects (under the ∞-Yoneda embedding 𝑦, Prop. 8.1.53) have con-
tractible shape (9.2):

Charts �
� 𝑦 // H

Shp // Groupoids∞
𝑈

� // 𝑈 � // Shp(𝑈) ≃ ∗
⇔ Charts �

� 𝑦 // H
S // H

𝑈
� // 𝑈 � // S(𝑈) ≃ ∗ .

(9.29)
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Lemma 9.1.11 (Charts are cohesively connected). Let H be a cohesive ∞-topos
(Def. 9.1.1) with a site of Chrt (Def. 9.1.10). Then, for𝑈 ∈ Chrt and

{
𝑋𝑖 ∈ H

}
𝑖∈𝐼 an

indexed set of objects of H, we have that every morphism from 𝑈 into the coproduct
of the 𝑋𝑖 factors through one of the 𝑋𝑖:

𝑈
𝑓 // ⊔

𝑖∈𝐼
𝑋𝑖 ⇔ ∃

𝑖0∈𝐼
𝑈

𝑓

44// 𝑋𝑖0
𝑞𝑋𝑖0 // ⊔

𝑖∈𝐼
𝑋𝑖 . (9.30)

Proof. Consider the pullbacks 𝑈𝑖
𝑞𝑈𝑖 // 𝑈 along 𝑓 of the canonical inclusions of the

𝑋𝑖 into their coproduct, given by these Cartesian squares (Notation 8.1.37):
𝑈𝑖

𝑞𝑈𝑖 ��

//

(pb)

𝑋𝑖

𝑞𝑋𝑖��
𝑈

𝑓
// ⊔
𝑖∈𝐼

𝑋𝑖

(9.31)

By Prop. 8.1.48, this is such that

𝑈 ≃
⊔
𝑖∈𝐼

𝑈𝑖 . (9.32)

The image of (9.32) under shape (9.2) is

∗ ≃ S𝑈 ≃
⊔
𝑖∈𝐼

S𝑈𝑖 ∈ Grpd∞
� � Disc // H , (9.33)

where on the left we used the defining property (9.29) of charts and on the right
we used that the shape operation, being a left adjoint, preserves coproducts (Prop.
8.1.42). But, since ∗ ∈ Grpd∞ is connected, this implies that there is 𝑖0 ∈ 𝐼 with

S𝑈𝑖 ≃
{
∅ | 𝑖 ≠ 𝑖0
∗ | 𝑖 = 𝑖0 .

(9.34)

From this, Lemma 9.1.3 implies that𝑈𝑖 ≃ ∅ for 𝑖 ≠ 𝑖0 and, with (9.32), this implies

𝑈𝑖0 ≃

𝑞𝑈𝑖0 // 𝑈 . (9.35)

Using this in (9.31) gives the desired factorization. □

Lemma 9.1.12 (Quotient by cohesively discrete ∞-group). Let H be a cohesive
∞-topos (Def. 9.1.1) which admits a site of Chrt (Def. 9.1.10). Then, for

𝐺 ∈ Grp(Grpd∞)
� � Disc // Grp(H) (9.36)

a cohesively discrete ∞-group (8.151) and𝑈 ∈ Chrt, we have an equivalence
H(𝑈, ∗ � 𝐺) ≃ ∗ � 𝐺 ∈ Grpd∞ . (9.37)

Proof. Since Disc is both a left and a right adjoint, it preserves (Prop. 8.1.42) the
homotopy quotient that corresponds to the effective epimorphism ∗ // // ∗�𝐺
(Prop. 8.1.88) so that

∗�𝐺 ∈ Grpd∞
� � Disc // H (9.38)
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is a cohesively discrete object. With this, we have the following sequence of natural
equivalences:

H
(
𝑈, ∗�𝐺

)
≃ H

(
𝑈, Disc(∗�𝐺)

)
≃ Grpd∞

(
Shp(𝑈), ∗�𝐺

)
≃ Grpd∞

(
∗, ∗�𝐺

)
≃ ∗�𝐺 , (9.39)

where the second step is the hom-equivalence (8.71) of the Shp ⊣ Disc-adjunction
and the third step is the condition that the chart𝑈 has contractible shape. □

Lemma 9.1.13 (Homming Charts into quotients by discrete groups). Let H be a
cohesive ∞-topos (Def. 9.1.1) which admits Chrt (Def. 9.1.10). Then, for 𝑋 ∈ H an
object equipped with an ∞-action (Prop. 8.160) by a geometrically discrete ∞-group
𝐺 (9.36), the homotopy quotient 𝑋�𝐺 (8.161) is given as an ∞-sheaf on Chrt, by
assigning to𝑈 ∈ Chrt the homotopy quotient of the ∞-groupoid of𝑈-shapes plots of
𝑋:

𝑋�𝐺 : 𝑈 7−! H(𝑈, 𝑋)�𝐺 . (9.40)

Proof. Consider the image of the homotopy fiber sequence that characterizes the
given ∞-action (Prop. 8.2.6) under homming the chart𝑈 into it:

𝑋
fib(𝑝) // 𝑋�𝐺

𝑝��
∗�𝐺

H(𝑈,−)
7−!

H(𝑈, 𝑋) fib(H(𝑈,𝑝) ) // H(𝑈, 𝑋)�𝐺 ≃ H
(
𝑈, 𝑋�𝐺

)
H(𝑈,𝑝)
��

∗�𝐺 ≃ H(𝑈, ∗�𝐺) .

(9.41)

Since the hom-functor H(𝑈,−) preserves limits, the result is again a homotopy
fiber sequence, as shown on the right of (9.41). Moreover, by the assumption that
𝐺 is geometrically discrete and that 𝑈 is geometrically contractible, we have the
equivalence (9.41) shown on the bottom right. This means that the fiber sequence on
the right of (9.41) exhibits H(𝑈, 𝑋�𝐺) as the homotopy quotient H(𝑈, 𝑋)�𝐺 of an
∞-action by 𝐺 on H(𝑈, 𝑋). □

Lemma 9.1.14 (Fixed locus in 0-truncated objects for discrete groups). Let H be a
cohesive∞-topos (Def. 9.1.1) with a site of Chrt (Def. 9.1.10). Let𝐺 ∈ Grp(H) (Prop.
8.2.1) be discrete 𝐺 ≃ ♭𝐺 and 0-truncated, 𝐺 ≃ 𝜏0𝐺, and let (𝑋, 𝜌) ∈ 𝐺Actions(H)
(Prop. 8.2.6) with 𝑋 ≃ 𝜏0𝑋 also 0-truncated. Then the 𝐺-fixed locus 𝑋𝐺 ∈ H (Def.
8.2.24) is itself 0-truncated and such that, for𝑈 ∈ Chrt, we have a natural equivalence

H
(
𝑈, 𝑋𝐺

)
≃ H(𝑈, 𝑋)𝐺 :=

{
𝜙 ∈ H(𝑈, 𝑋)

��� ∀
𝑔∈𝐺

𝑔 · 𝜙 = 𝜙

}
(9.42)

between (a) the hom-set from 𝑈 to 𝑋𝐺 and (b) the naive set of fixed points in the
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hom-set from 𝑈 to 𝑋 , with respect to the restriction (Prop. 8.2.12) along 𝐾 ↩! 𝐺 of
the induced 𝐺-action (9.41) on the latter.

Proof. We claim that we have the following sequence of natural equivalences:
H(𝑈, 𝑋𝐺) = H

(
𝑈,B(𝐺 ! ∗)∗

(
(𝑋, 𝜌)

) )
≃ H/B𝐺

(
B(𝐺 ! ∗)∗

(
𝑈

)
, 𝑋�𝐺

)
≃ H/B𝐺

(
(∗�𝐺) ×𝑈 , 𝑋�𝐺

)
≃ H

(
(∗�𝐺) ×𝑈 , 𝑋�𝐺

)
×

H
(
(∗�𝐺) ×𝑈 , ∗�𝐺

) {pr1
}

≃ Grpd
(
∗�𝐺 , H

(
𝑈 , 𝑋�𝐺

) )
×

Grpd
(
∗�𝐺 , H

(
𝑈 , ∗�𝐺

) ) {p̃r1
}

≃ Grpd
(
∗�𝐺 , H

(
𝑈 , 𝑋

)
�𝐺

)
×

Grpd
(
∗�𝐺 , ∗�𝐺

) {id
}

≃ H(𝑈, 𝑋)𝐺 .

(9.43)

Here the first three lines are the definition of fixed loci (8.192) and the hom-
equivalences (8.71) of the resulting adjunction (8.117). The fourth line is the charac-
terization (8.110) of hom-∞-groupoids in slices (Prop. 8.1.64), the fifth line uses the
tensoring (8.88) of H over Grpd∞ (Prop. 8.1.50), and the sixth line follows by Prop.
9.1.13.

To see the last step in (9.43), use the explicit presentation of the groupoid H(𝑈, 𝑋)�
𝐺 as an action groupoid, by Example 8.1.31. This way the projection map in the
fiber product in the sixth line in (9.43) is presented by a Kan fibration, whence
this homotopy fiber product may be computed equivalently as a 1-categorical fiber
product of sets of objects and of sets of morphisms, separately. Moreover, since {id}
has no non-trivial morphisms and since the projection functor itself is faithful, there
are in fact no non-trivial morphisms in this fiber product, which is hence just the set
whose elements are precisely those functors of action groupoids which are equal to
the identity on labels in 𝐺:

Grpd
(
∗�𝐺 , H

(
𝑈, 𝑋

)
�𝐺

)
×

Grpd
(
∗�𝐺 , ∗�𝐺

)
{
id

}
≃



∗�𝐺 // H(𝑈, 𝑋)�𝐺
∗ 7−!

𝑔∈𝐺��

𝜙
𝑔��

∗ 7−! 𝑔 · 𝜙


(9.44)

≃ H(𝑈, 𝑋)𝐺 . □

Lemma 9.1.15 (𝑛-Truncated morphisms via 𝑛-truncated homotopy fibers). Let H be
an ∞-topos which is cohesive (Def. 9.1.1). Let𝐺 be a finite group in H (9.154). Then,
for every 𝑛 ∈ {−2,−1, 0, 1, · · · } and for any morphism in H to its delooping groupoid
(Example 8.1.30) X 𝑝

−! ∗�𝐺, the following are equivalent
(i) 𝑝 is an 𝑛-truncated morphism (Def. 8.1.74);
(ii) the homotopy fiber of 𝑝 (over the canonical point of ∗�𝐺) is an 𝑛-truncated

object (Def. 8.1.73).
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Proof. Let 𝑈 ∈ Chrt and consider homming it into the homotopy fiber sequence in
question:

𝑋

(pb)

��

// X
𝑝
��

∗ // ∗�𝐺
⇒

H(𝑈, 𝑋)
(pb)

��

// H(𝑈,X)
H(𝑈, 𝑝)
��

∗ // H(𝑈, ∗�𝐺) ≃ ∗�𝐺 .
(9.45)

Since the hom-functor H(𝑈,−) preserves limits, the square on the right is again a
homotopy pullback. Since 𝑈 is a chart and 𝐺 is discrete, we have the equivalence
(9.37) shown on the bottom right. Since ∗�𝐺 has an essentially unique point, the
square on the right exhibits the essentially unique homotopy fiber of the morphism
H(𝑈, 𝑝). Since the charts 𝑈 are generators of H (objects of an ∞-site of definition),
the morphism 𝑝 is 𝑛-truncated (Def. 8.1.74) precisely if for each chart𝑈 the homotopy
fiber of H(𝑈, 𝑝) is 𝑛-truncated. But the square on the right shows that this homotopy
fiber is H(𝑈, 𝑋), and hence this means, equivalently, that 𝑋 is an 𝑛-truncated object
(according to Def. 8.1.73). □

9.1.1.4 Examples of cohesive ∞-toposes

We indicate some examples of cohesive ∞-toposes (Def. 9.1.1), following [Sc13].
For more details of the constructions see spring[SS26c].

Example 9.1.16 (Discrete cohesion). The base ∞-topos Grpd∞ is trivially a cohesive
∞-topos (Def. 9.1.1) with all operations being identities:

Grpd∞

× id
⊥

//

oo id
⊥

? _

id
⊥

//

oo id ? _
Grpd∞ . (9.46)

For emphasis, we also call this the∞-topos of geometrically discrete∞-groupoids.

Definition 9.1.17 (Site for homotopical cohesion). A small ∞-site (8.101) is an
∞-site for homotopical cohesion if

(i) its Grothendieck topology is trivial and
(ii) the underlying ∞-category has finite products, i.e., has a terminal object and

binary Cartesian products.

Example 9.1.18 (Homotopical cohesion). The ∞-topos of ∞-sheaves (Def. 8.1.58)
over an ∞-site C for homotopical cohesion (Def. 9.1.17) is cohesive (Def. 9.1.1):

H := Shv∞ (C)

× lim
−!
⊥

//

oo const
⊥

? _

lim
 −
⊥

//

oo Chtc ? _

Grpd∞ . (9.47)

(i) The operation Pnts ≃ lim
 −

forms the limit of∞-presheaves regarded as∞-functors
on Cop (by Prop. 8.1.52); but since C is assumed to have a terminal object, this is
equivalently just the evaluation on that object:

Pnts(𝑋) ≃ 𝑋 (∗) ≃ H(∗, 𝑋) , (9.48)
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where on the right we used the ∞-Yoneda lemma (Prop. 8.1.54). This makes manifest
how Pnts(𝑋) is the “underlying ∞-groupoid of points of 𝑋”.
(ii) The operation Shp ≃ lim

−!
is the colimit of ∞-presheaves regarded as ∞-functors

(by Prop. 8.1.52). Since the colimit of any representable functor is the point (Lemma
8.1.56)

C
const∗

22
� � 𝑦 // Shv∞ (C)

Shp // Grpd∞ , (9.49)

this means that C serves itself as a category of Chrt in this case (Def. 9.1.10).

Example 9.1.19 (Smooth cohesion). The∞-sheaf∞-topos (Def. 8.1.58) over the site
of SmthMfd (Def. 8.1.9, see [FStS12, App.]), which we call the ∞-topos of smooth
∞-groupoids

SmthGrpd∞ := Shv∞ (SmthMfd) , (9.50)
is cohesive (Def. 9.1.1): The adjoint quadruple (9.1) arises as in Example 9.1.18,
which here happens to descend from ∞-presheaves to ∞-sheaves.

In this case, we have:
(i) A category of Chrt (Def. 9.1.10) is given (Prop. 8.1.10) by CrtSpc (Def. 8.1.5)

CrtSpc �
� 𝑦 // Shv∞ (CrtSpc) ≃ // SmthGrpd∞

S(𝑦(R𝑛)) ≃ ∗ .
(9.51)

(ii) The concrete 0-truncated objects (Def. 9.1.8) are equivalently the diffeological
spaces (Def. 8.1.6), including the D-topological spaces1 (Def. 4.1.2) as well as
smooth and possibly infinite-dimensional Fréchet manifolds (Prop. 8.1.11) as
further full subcategories (8.12):

TopSpc
Cdfflg // DTopSpc � y

,, DiffSp �
�

concrete
0-truncated

objects // SmthGrpd∞ .

FréMfd
$ � 22 (9.52)

(iii) The concrete 1-truncated objects (Def. 9.1.8) form the (2, 1)-category of diffe-
ological groupoids with Morita/Hilsum-Skandalis morphisms (Remark 8.1.90)
between them, which includes, by (9.52), the (2, 1)-categories of D-topological
groupoids and of (possibly infinite-dimensional Fréchet-)Lie groupoids:

TopGrpd
Cdfflg // DTopGrpd � z

,, DiffGrpd �
�

concrete
1-truncated

objects // SmthGrpd∞ .

FréLieGrpd
$ � 22 (9.53)

(iv) (Smooth Oka principle [SS26c, Thm. 3.3.53]) The cohesive shape (9.2) is
given equivalently [BEBP19][Pav20][Bunk20, §3] by the smooth ∞-path ∞-

1These are the Δ-generated spaces of [Sm][Dug03]; see Remark 8.1.3.
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groupoid:

S 𝑋 ≃ lim
−!

Map
(
Δ•

smth, 𝑋
)

∈ SmthGrpd∞ ,

hence Shp(𝑋) ≃ lim
−!

𝑋 (Δ•
smth) ∈ Grpd∞ ,

(9.54)

where Δ•
smth is the simplicial smooth manifold of extended simplices (Def.

8.1.35) and Map(−,−) denotes the internal hom (8.82) in SmthGrpd∞.
(v) The cohesive shape (9.2) of (a) any topological space and (b) any finite-

dimensional smooth manifold regarded, respectively, as smooth ∞-groupoids
via (9.52) is equivalently (by (9.54) with Prop. 8.1.36, and by [Sc13, 4.3.29],
respectively) its standard topological homotopy type ShpTop (8.1.29):

(a) TopSpc

ShpTop

⇓ ≃
55

Cdfflg // DiffSp �
� // SmthGrpd∞

Shp // Grpd∞ . (9.55)

(b) SmthMfd

ShpTop◦Dtplg

⇓ ≃
55

� � // DiffSp �
� // SmthGrpd∞

Shp // Grpd∞ . (9.56)

(vi) The cohesive shape (9.2) of a topological groupoid, when regarded, via its
coreflection (8.12), as a D-topological groupoid and hence as a smooth ∞-
groupoid (9.53) is equivalently (by (9.55), and since S is left adjoint and hence
preserves homotopy colimits, Prop. 8.1.42) its simplicial-topological shape
(Def. 8.1.33):

TopGrpd

ShpsTop

⇓ ≃
55

Cdfflg // DiffGrpd �
� // SmthGrpd∞

Shp // Grpd∞ . (9.57)

Example 9.1.20 (Spectral cohesion). Let H be a cohesive ∞-topos (Def. 9.1.1). Then
its tangent ∞-topos 𝑇H = SpectralBundles(H) (Example 8.1.67) is cohesive [Sc13,
4.1.9] over the base tangent ∞-topos (8.190):

𝑇H

× 𝑇Shp
⊥

//

oo 𝑇Disc
⊥

? _

𝑇Pnts
⊥

//

oo 𝑇Chtc ? _
𝑇Grpd∞ . (9.58)

Remark 9.1.21 (Differential cohomology in cohesive ∞-toposes). The intrinsic co-
homology theory (1.21) of a cohesive ∞-topos (Def. 9.1.1) is differential cohomology
[Sc13].

(i) In the case when H := SmthGrpd∞ (Example 9.1.19), this is a non-abelian
differential cohomology theory generalizing the theory of Cartan-Ehresmann
connections on smooth fiber bundles to ∞-connections on smooth ∞-bundles
[SSS12][FStS12][NSS12a].
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(ii) In the case when H := 𝑇SmthGrpd∞ is the cohesive tangent ∞-topos (Ex-
ample 9.1.20) to that of smooth ∞-groupoids (Example 9.1.19), the intrinsic
cohomology furthermore subsumes abelian Hopkins-Singer differential coho-
mology theories and variants [BNV13], as well as the twisted versions of these
(Remark 8.2.23), such as twisted differential KU-theory [GS19a] and twisted
differential KO-theory [GS19b].

9.1.2 Differential Geometry
We present a formulation of differential geometry internal to ∞-toposes which we
call elastic [Sc13][Sc18], adjoining to the plain shape operation S of §9.1.1 a de Rham
shape operation ℑ, in generalization of [Si96][ST97].

Definition 9.1.22 (Elastic ∞-topos).
(i) An elastic ∞-topos over B = Grpd∞ is an ∞-topos H (Def. 8.1.46) whose

base geometric morphism (Prop. 8.1.59), to be denoted Pnts : H // Grpd∞ , is
equipped with a factorization as follows, having adjoints (Def. 8.1.40) as shown:

Shp :

Pnts :

H

oo“reduced” Rdcd
⊥

? _

“infnt shape” Shpinf
⊥

//

oo“infnt discrete” Discinf
⊥

? _

“infnt points” Pntsinf //

oo Chtc ? _
− − −

⊥

Hℜ

× Shpℜ
⊥

//

oo Discℜ
⊥

? _

Pntsℜ //
B: Disc

elastic
∞-topos

reduced
sub-topos

discrete
sub-topos

(9.59)

(ii) Hence an elastic ∞-topos H is, in particular, a cohesive ∞-topos over B, ac-
cording to Def. 9.1.1, and so is its sub-∞-topos Hℜ of reduced objects.

(iii) We write (
ℜ := Rdcd ◦ Shpinf

)
“reduced”

⊥(
ℑ := Discinf ◦ Shpinf

)
“étale”
⊥(

L := Discinf ◦ Pntsinf
)

“locally constant”

: H −! H (9.60)

for the further induced modalities (1.18) (elastic modalities), accompanying the
cohesive modalities of (9.2).

9.1.2.1 Examples of elastic ∞-toposes

We indicate some examples of elastic ∞-toposes (Def. 9.1.22), following
[Sc13][Sc18].

Remark 9.1.23. Below we use the term “halo” for infinitesimal neighbourhoods,
hence for collections of (generalized) points which are “infinitesimally close” to a
given space. This terminology is common in the school of “nonstandard analysis” (cf.
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[DD95, p. 6,11]) which is not the formalism we are using, but of course the idea of
infinitesimal neighbourhoods is independent of the formalization. Elsewhere we have
been referring to the following haloed Cartesian spaces (Def. 9.1.24) as infinitesimally
thickened Cartesian spaces (cf. [Sc13][KS17][GS26]) which expresses the same idea
but is linguistically less elegant. The term “halo” is not only short but also nicely
evocative of the evanescent nature of infinitesimal neighbourhoods.

Definition 9.1.24 (Haloed Cartesian spaces). Let 𝑘 ∈ N.
(i) We write

𝑘HldCrtSp �
� 𝐶∞ (−) // CAlgop

R

R𝑛 × D𝑊
� // 𝐶∞ (R𝑛) ⊗R (R ⊕𝑊)

(9.61)

for the full subcategory of that of commutative R-algebras on those which are
tensor products of (a) the algebra of real-valued smooth functions on a Cartesian
space R𝑛, with (b) a finite-dimensional real algebra with a maximal ideal 𝑊
that is nilpotent of order 𝑘 + 1, in that𝑊 𝑘+1 = 0.

(ii) We write

∞HldCrtSp :=
⋃
𝑘∈N

𝑘HldCrtSp �
� 𝐶∞ (−) // CAlgop

R

R × D𝑊
� // 𝐶∞ (

R𝑛
)
⊗R𝑊

(9.62)

for the analogous full subcategory where each 𝑊 is (finite dimensional and)
nilpotent of some finite order.

(iii) We regard these categories as equipped with the coverage (Grothendieck pre-
topology) whose covers are the families of morphisms of the form{

R𝑛 × D
𝑓𝑖×id // R𝑛 × D

}
𝑖∈𝐼

such that
{
R𝑛

𝑓𝑖 // R𝑛
}
𝑖∈𝐼 is a cover in CrtSpc (Def. 8.1.5).

(9.63)

Lemma 9.1.25 (Coreflections of haloed Cartesian spaces). Regarding the category
𝑘HldCrtSp from Def. 9.1.24:

(i) For 𝑘 = 0, this is equivalently the category of plain Cartesian spaces of Def.
8.1.5:

0HldCrtSp ≃ CrtSpc . (9.64)

(ii) For any 𝑘 ∈ N, the evident full inclusion of 𝑘HldCrtSp into (𝑘 + 1)HldCrtSp is
co-reflective

∞HldCrtSp
oo Rdcd∞ ? _

Shpinf,∞

⊥ // · · ·
oo Rdcd2 ? _

Shpinf,2

⊥ // 2HldCrtSp
oo Rdcd1 ? _

Shpinf,1

⊥ // 1HldCrtSp
oo Rdcd ? _

Shpinf

⊥ // CrtSpc

(9.65)
with

𝐶∞ (
Shpinf,𝑘

(
R𝑛 × D𝑊

) )
≃ 𝐶∞ (R𝑛) ⊗R (R ⊕𝑊)/𝑊 𝑘+1. (9.66)

Proof. Statement (i) follows as a special case of the general fact, sometimes known as
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Milnor’s exercise (since the key idea is hinted at in [MSt74, Prob. 1-C]), that passage
to their real algebras of smooth functions embeds smooth manifolds fully faithfully
into the opposite or real algebras (a general proof is in [KMS93, §35.10], see also
[Gr05]; for general perspective see [Nes03, §6]) :

SmthMfd �
� 𝐶∞ (−) // CAlgop

R . (9.67)

Statement (ii) follows readily from the definition, using the fact that algebra homo-
morphisms preserve order of nilpotency. □

Example 9.1.26 (Haloed smooth ∞-groupoids). For 𝑘 ∈ N ⊔ {∞}, the ∞-sheaf
∞-topos (Def. 8.1.58) over the site of 𝑘-haloed Cartesian spaces (Def. 9.1.24)

𝑘HldSmthGrpd∞ := Shv∞ (𝑘HldCrtSp) (9.68)
is elastic (Def. 9.1.22), with (Rdcd ⊣ Shpinf) in (9.59) given by Kan extension of the
co-reflections of sites from Lemma 9.1.25:

𝑘HldSmthGrpd∞

oo Rdcd
⊥

? _

Shpinf
⊥

//

oo Discinf
⊥

? _

Pntsinf //

oo Chtc ? _

SmthGrpd∞

× Shpℜ
⊥

//

oo Discℜ
⊥

? _

Pntsℜ //
Grpd∞ . (9.69)

(i) Here for 𝑘 = 1 we will, for short, abbreviate
HldSmthGrpd∞ := 1HldSmthGrpd∞ . (9.70)

(ii) For the case 𝑘 = ∞, the underlying 1-topos is the equivalently Dubuc’s “Cahiers
topos” [Du79a] [Ko86][KS17] (cf. [GS26, §4.1] for translation between our and
the traditional definition).

(iii) For any 𝑘 , we have:

(a) The full sub-∞-topos of reduced objects (9.59) is (by Lemma 9.1.25) that
of smooth ∞-groupoids from Example 9.1.19

𝑘HldSmthGrpd∞ oo
Discinf ? _ SmthGrpd∞ . (9.71)

(b) The 0-truncated concrete objects (Def. 9.1.8) are still equivalently the
diffeological spaces (Def. 8.1.6) as was the case in (9.52)

DTopSpc � {
-- DiffSp �

�

0-truncated
concrete
objects // 𝑘HldSmthGrpd∞

FréMfd
# � 11 (9.72)

and, more generally, the 1-truncated concrete objects are still the diffeo-
logical groupoids, as was the case in (9.53):

DTopGrpd � {
-- DiffGrpd �

�

1-truncated
concrete
objects // 𝑘HldSmthGrpd∞ .

FréLieGrpd
# � 11 (9.73)
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(c) A category of charts (Def. 9.1.10) for HldSmthGrpd∞ is given by
𝑘HldCrtSp (Def. 9.1.24) itself.

9.1.2.2 Étale geometry

Definition 9.1.27 (Étale-over-𝑋 modality). Let H be an elastic ∞-topos (Def. 9.1.22)
and 𝑋 ∈ H an object. We say that the étale-over-𝑋 modality on the slice ∞-topos
over 𝑋 (Def. 8.1.62) is the ∞-functor

H/𝑋
ℑ𝑋 // H/𝑋

𝑌

𝑓

��

𝑌 ×ℑ𝑋 ℑ𝑌
(𝜂ℑ
𝑋
)∗ (ℑ 𝑓 )

��
7−!

𝑋 𝑋

𝑋 𝜂ℑ
𝑋

''

𝑓

))

((
𝑋 ×ℑ𝑋 ℑ𝑌

��

//

(pb)

ℑ𝑋
ℑ 𝑓
��

𝑌 𝜂ℑ
𝑌

// ℑ𝑌

(9.74)

which sends any morphism 𝑓 into 𝑋 to the pullback of its image under the plain étale
modality ℑ (9.60) along its unit morphism (8.72), hence to the left vertical morphism
in the Cartesian square shown on the right.

Definition 9.1.28 (Local diffeomorphism). Let H be an elastic∞-topos (Def. 9.1.22).
We say that a morphism 𝑌

𝑓
! 𝑋 in H is a local diffeomorphism if it is étale-over-𝑋

(Def. 9.1.27)
ℑ𝑋 ( 𝑓 ) ≃ 𝑋 , (9.75)

hence (see Prop. 9.1.34 for this implication) if the naturality square of the unit (8.72)
of the ℑ-modality (9.60) is a Cartesian square:

𝑌

𝑓 ét
�� ⇔

𝑌

(pb)𝑓
��

𝜂ℑ
𝑌 // ℑ𝑌

ℑ 𝑓
��

𝑋 𝑋
𝜂ℑ
𝑋

// ℑ𝑋 .

(9.76)

Lemma 9.1.29 (Closure of class of local diffeomorphisms). Let H be an elastic
∞-topos (Def. 9.1.22). The class of local diffeomorphisms in H (Def. 9.1.28)

(i) satisfies left-cancellation: given a pair of composable morphisms 𝑓 , 𝑔 where 𝑔
is a local diffeomorphism, then 𝑓 is so precisely if the composite 𝑔 ◦ 𝑓 is:

𝑍

𝑔◦ 𝑓 &&

𝑓 // 𝑌
ét

𝑔xx
𝑋

⇒
(
𝑓 is local diffeo ⇔ 𝑔 ◦ 𝑓 is local diffeo

)
. (9.77)

(ii) is closed under pullbacks: if in a Cartesian square the right vertical morphism
is a local diffeomorphism, then so is the left morphism

𝑌 ′ ×𝑋 𝑌
(pb)

//

𝑔∗ 𝑓 ��

𝑌

ét 𝑓��
𝑌 ′

𝑔
// 𝑋

⇒ 𝑔∗ 𝑓 is a local diffeo. (9.78)

Proof. This is a routine argument:
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(i) For two composable morphisms, consider the pasting of their 𝜂ℑ-naturality
squares

𝑍

𝑓
��

𝜂ℑ
𝑍 //

(pb)

ℑ𝑍
ℑ 𝑓��

𝑌

𝑔
��

𝜂ℑ
𝑌

//

(pb)

ℑ𝑌
ℑ𝑔��

𝑋
𝜂ℑ
𝑋

// ℑ𝑋 .

(9.79)

By the functoriality of ℑ, the total rectangle is the 𝜂ℑ-naturality square of 𝑔 ◦ 𝑓 .
But, by the pasting law (Prop. 8.1.39) and the assumption that the bottom square
is Cartesian, the total rectangle is Cartesian precisely if so is the top square.

(ii) For two morphisms with the same codomain, consider the pasting of their
pullback square with the 𝜂ℑ-naturality square of one of them, as shown on the
left here:

𝑌 ′ ×𝑋 𝑌

𝑔∗ 𝑓

��

𝑓 ∗𝑔 //

(pb)

𝑌

𝑓

��

𝜂ℑ //

(pb)

ℑ𝑌
ℑ 𝑓
��

𝑌 ′
𝑔

// 𝑋
𝜂ℑ
𝑋

// ℑ𝑋

≃
𝑌 ×𝑋 𝑌 ′

𝑔∗ 𝑓

��

𝜂ℑ(𝑌×𝑋𝑌 ′ ) // ℑ(𝑌 ×𝑋 𝑌 ′)
ℑ( 𝑓 ∗ 𝑓 ) //

ℑ(𝑔∗ 𝑓 )
��

(pb)

ℑ𝑌 ′

ℑ𝑔
��

𝑌 ′
𝜂ℑ
𝑌 ′

// ℑ𝑌 ′
ℑ( 𝑓 ′ )

// ℑ𝑋 .

(9.80)

By the naturality of 𝜂ℑ, this pasting diagram on the left is equivalent to that
shown on the right. Moreover, if 𝑓 is a local diffeomorphisms, it follows that
three of the squares are pullbacks (the rightmost one by using that ℑ is right
adjoint and thus preserves pullbacks, Prop. 8.1.42), as shown. With that, the
pasting law (Prop. 8.1.39) implies, first, that the total rectangle on the left is a
pullback, hence also that on the left, and then that the remaining square on the
right is a pullback. This means that 𝑔∗ 𝑓 is a local diffeomorphism. □

Definition 9.1.30 (Local neighborhood). Let H be an elastic ∞-topos (Def. 9.1.22).
For 𝑌 𝑓

−! 𝑋 a morphism in H, we say that the corresponding local neighborhood
of 𝑌 in 𝑋 is the purely étale aspect of 𝑓 , hence is the object 𝑁

𝑓
𝑋 ∈ H/𝑋 given by

ℑ/𝑋 ( 𝑓 ) ≃ (𝜂ℑ
𝑋
)∗ (ℑ 𝑓 ), hence given by the following homotopy pullback square:

𝑁
𝑓
𝑋

(pb)

//

ℑ/𝑋 ( 𝑓 )
��

ℑ𝑋
ℑ 𝑓
��

𝑌
𝜂ℑ
𝑋

// ℑ𝑌 .

(9.81)
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Definition 9.1.31 (Tangent bundle). Let H be an elastic ∞-topos (Def. 9.1.22). Then
for 𝑋 ∈ H any object, we say that its infinitesimal tangent bundle is

𝑇𝑋 := 𝑋 ×
ℑ𝑋

𝑋 ∈ H/𝑋 , (9.82)

hence the left morphism in this Cartesian square:
𝑇𝑋 //

(𝜂ℑ
𝑋
)∗ (𝜂ℑ

𝑋
)! (id𝑋 ) ��

(pb)

𝑋

𝜂ℑ
𝑋��

𝑋
𝜂ℑ
𝑋

// ℑ𝑋 .

(9.83)

Example 9.1.32 (Local neighborhood of a point). Let H be an elastic ∞-topos (Def.
9.1.22). For 𝑋 ∈ H any object and ∗ 𝑥

−! 𝑋 any point, the homotopy fiber of the
tangent bundle (Def. 9.1.31) over 𝑥 is equivalent to the local neighborhood of 𝑥 (Def.
9.1.30):

𝑇𝑥𝑋 ≃ 𝑁𝑥𝑋 . (9.84)
This follows immediately from the definitions, by the pasting law (Prop. 8.1.39):

𝑁𝑥𝑋 ≃ 𝑇𝑥𝑋
(pb)

��

// 𝑇𝑋
(pb)

//

��

𝑋

𝜂ℑ
𝑋��

∗
𝑥

// 𝑋
𝜂ℑ
𝑋

// ℑ𝑋 .

(9.85)

Proposition 9.1.33 (Pullback along local diffeomorphisms preserves tangent bun-
dles). In an elastic ∞-topos (Def. 9.1.22), pullback along a local diffeomorphism

𝑌
𝑓

ét
// 𝑋 (Def. 9.1.28) preserves tangent bundles (Def. 9.1.31) in that

𝑓 ∗ (𝑇𝑋) ≃ 𝑇𝑌 via:

𝑇𝑌

(pb)��

𝑇 𝑓 // 𝑇𝑋

��
𝑌

𝑓

ét // 𝑋 .
(9.86)

Proof. Consider the pasting of the defining Cartesian squares, shown on the left here:

𝑓 ∗𝑇𝑋

(pb)��

// 𝑇𝑋

��

//

(pb)

𝑋

𝜂ℑ
𝑋��

𝑌
𝑓

ét // 𝑋
𝜂ℑ
𝑋

// ℑ𝑋
≃

𝑇𝑌

��

//

(pb)

𝑌

𝜂ℑ
𝑋��

𝑓 //

(pb)

𝑋

𝜂ℑ
𝑋��

𝑌
𝜂ℑ
𝑋

// ℑ𝑌
ℑ 𝑓

// ℑ𝑋 .
(9.87)

By the pasting law (Prop. 8.1.39), the total rectangle on the left is itself Cartesian.
Moreover, the bottom composite morphism on the left is equivalent to the bottom
composite morphism on the right, by the naturality of 𝜂ℑ

𝑋
. Therefore, using again the

pasting law (Prop. 8.1.39), the total rectangle on the left is equivalent to the pasting
of the two consecutive Cartesian squares shown on the right. These identify, in the
top row, the middle object 𝑌 by (9.76) and thus the left object 𝑇𝑌 by (9.83). □
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9.1.2.3 Étale toposes

Definition 9.1.34 (Étale ∞-topos). Let H be an elastic ∞-topos (Def. 9.1.22) and
𝑋 ∈ H. Then we say that the étale ∞-topos of 𝑋 , to be denoted Ét𝑋, is the full sub-∞-
category (Def. 8.1.1) of the slice ∞-topos over 𝑋 (Prop. 8.1.62) on those morphisms
that are local diffeomorphisms (Def. 9.1.28):

Ét𝑋 :=
(
H/𝑋

)
ℑ𝑋
� � // H/𝑋 . (9.88)

Proposition 9.1.35 (Reflections of étale toposes). Let H be an elastic ∞-topos (Def.
9.1.22) and 𝑋 ∈ H an object. Then the étale topos Ét𝑋 from Def. 9.1.34:

(i) is indeed an ∞-topos (Def. 8.1.46);
(ii) its defining full inclusion (9.88) has both a left- and a right-adjoint (Def. 8.1.40):

Ét𝑋

oo Etl𝑋
⊥

� �
𝑖𝑋 //

oo
LcllCnstnt𝑋

⊥
H/𝑋 (9.89)

(iii) whose induced adjoint modality (1.18)(
ℑ𝑋 := 𝑖𝑋 ◦ Étl𝑋

“étale over 𝑋”

)
⊥(

L𝑋 := 𝑖𝑋 ◦ LcllCnstnt𝑋
“locally constant over 𝑋”

) : H/𝑋 −! H/𝑋 (9.90)

is on the left that of Def. 9.1.27:

Étl𝑋 :

𝑌

𝑝

��
𝑋

7!

(𝜂ℑ
𝑋
)∗ (ℑ𝑌 )

(𝜂ℑ
𝑋
)∗ (ℑ𝑝)

��
𝑋

i.e.:

(𝜂ℑ
𝑋
)∗ (ℑ𝑌 )

(𝜂ℑ
𝑋
)∗ (ℑ𝑝)

��

(ℑ𝑝)∗ (𝜂ℑ
𝑋
)
//

(pb)

ℑ𝑌

ℑ𝑝
��

𝑋
𝜂ℑ
𝑋

// ℑ𝑋 .

(9.91)

Proof. First to see that (9.91) is well-defined as a functor to Ét𝑋 (this proceeds as in
[CHM85, 3.3][CJKP97, 3][CRi20, 7.3]): We need to check that (𝜂ℑ

𝑋
)∗ (ℑ𝑝) is a local

diffeomorphism (Def. 9.1.28). For this, it is sufficient to have equivalences
ℑ

(
(𝜂ℑ𝑋)

∗ (ℑ𝑝)
)
≃ ℑ𝑝 , (9.92)

and
(ℑ𝑝)∗ (𝜂ℑ𝑋) ≃ 𝜂ℑ𝑋 (9.93)

because then the Cartesian square on the right of (9.91) exhibits this property.
But (9.92) follows by applying ℑ to the square on the right of (9.91), by idem-

potency (Prop. 8.1.45) and since equivalences are preserved by pullback (Example
8.1.38). With this, (9.93) follows from the naturality of the ℑ-unit, by the universal
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factorization shown dashed in the following diagram:

(𝜂ℑ
𝑋
)∗ (ℑ𝑌 )

≃
((

𝜂ℑ
(𝜂ℑ
𝑋
)∗ (ℑ𝑌 )

))

(𝜂ℑ
𝑋
)∗ (ℑ𝑝)

((

(𝜂ℑ
𝑋
)∗ (ℑ𝑌 )

(𝜂ℑ
𝑋
)∗ (ℑ𝑝)

��

(ℑ𝑝)∗ (𝜂ℑ
𝑋
) //

(pb)

ℑ𝑌

ℑ𝑝
��

𝑋
𝜂ℑ
𝑋

// ℑ𝑋 .

(9.94)

Notice that, similarly, there is a natural transformation

𝑌

𝑝 ))

𝜂
Etl𝑋
𝑌 // Etl𝑋 (𝑌 )

éttt
𝑋

(9.95)

induced as the universal factorization shown dashed in the following diagram:

𝑌 ≃
''

𝜂ℑ
𝑌

))

𝑝

''

(𝜂ℑ
𝑋
)∗ (ℑ𝑌 )

(𝜂ℑ
𝑋
)∗ (ℑ𝑝)

��

(ℑ𝑝)∗ (𝜂ℑ
𝑋
) //

(pb)

ℑ𝑌

ℑ𝑝
��

𝑋
𝜂ℑ
𝑋

// ℑ𝑋

(9.96)

and notice that this in an ℑ-equivalence:
ℑ

(
𝜂

Etl𝑋
𝑌1

)
is an equivalence . (9.97)

Condition (9.97) follows by applying ℑ to the whole left part of the diagram on the
right of (9.98), using idempotency (Prop. 8.1.45) and that equivalences are preserved
by pullback (Example 8.1.38).
Second, to see that (9.91) defines a left adjoint to the inclusion: We need to check the
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corresponding hom-equivalence (8.71), shown on the left here:

Étl𝑋 (𝑌1)
Étl𝑋 (𝑝)

''

𝑓̃ // 𝑌2

ét||
𝐵 ⇔

𝑌1
𝑝 ##

𝑓 // 𝑌2
ét{{

𝐵

≃

ℑ𝑌1

��

ℑ 𝑓 // ℑ𝑌2

��

𝑌1

𝑝

  

𝜂ℑ
𝑌1

00

𝜂
Etl𝑋
𝑌1

// (𝜂ℑ
𝑋
)∗ (ℑ𝑋)

𝜂ℑ
(𝜂ℑ
𝑋
)∗ (ℑ𝑋)

<<

Etl𝑋 (𝑝)

��

𝑓̃ // 𝑌2

ét

{{

𝜂ℑ
𝑌2

66

ℑ𝑋

𝑋

𝜂ℑ
𝑋

44
(9.98)

On the bottom of (9.98) we show an induced factorization: The square sub-diagram
on the right of (9.98) is Cartesian by the assumption that we are homming into a local
diffeomorphism, while the square in the middle is Cartesian by (9.94). Thus, given
𝑓 , the morphism 𝑓̃ is induced by the universal property of the right Cartesian square.
Conversely, given 𝑓̃ , precomposition with the 𝜂Etl𝑋

𝑌1
(9.96) gives a morphism 𝑓 . To see

that this correspondence is an equivalence, we just need to observe that ℑ( 𝑓̃ ) ≃ ℑ 𝑓 .
This follows by (9.97).

Thus we have established the existence of the left adjoint Étl𝑋. With this, to see
the right adjoint LcllCnst𝑋 as well as the fact that Ét is an ∞-topos, it is now sufficient

to show that Ét𝑋 �
� 𝑖𝑋 // H/𝑋 preserves colimits: Because, by the reflection Étl𝑋 this

implies, first, that Ét𝑋 is a presentable ∞-category, in fact an ∞-topos (by Prop.
8.1.57, since it is then an accessibly embedded reflective subcategory of the slice
H/𝑋, which is an ∞-topos by Prop. 8.1.62); and thus, second, the existence of the
right adjoint by the adjoint ∞-functor theorem (Prop. 8.1.43).

So to see that 𝑖𝑋 preserves colimits, consider any small I ∈ Cat∞ and a diagram

𝑌• : I // Ét𝑋 �
� 𝑖𝑋 // H/𝑋 . (9.99)

Since 𝑖𝑋 is fully faithful by construction, it is sufficient to show that the colimit of this
diagram formed in H/𝑋 is itself in the image of 𝑖𝑋. This colimit, in turn, is computed
in H (by Example 8.1.68) with its morphism 𝑞 to 𝑋 universally induced, and this we
need to show to be a local diffeomorphism (Def. 9.1.28). Hence we need to show that
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the following square on the left is Cartesian:

lim
−!

𝑌•

𝑞

��

𝜂ℑlim
−!

𝑌•
//

(pb)

ℑ
(
lim
−!
𝑌•

)
ℑ𝑞
��

𝑋
𝜂ℑ
𝑋

// ℑ𝑋

⇔
lim
−!
𝑌•

𝑞

��

(𝜂ℑ
𝑌• ) //

(pb)

lim
−!

(
ℑ𝑌•

)
ℑ𝑞
��

𝑋
𝜂ℑ
𝑋

// ℑ𝑋

⇔ ∀
𝑖∈I

𝑌𝑖

𝑞𝑖

��

𝜂ℑ
𝑌𝑖 //

(pb)

ℑ𝑌𝑖
ℑ𝑞𝑖
��

𝑋
𝜂ℑ
𝑋

// ℑ𝑋 .

(9.100)

But, since ℑ is a left adjoint and hence preserves colimits (Prop. 8.1.42), this is
equivalent to the square on in the middle being Cartesian. Finally, by universality
of colimits (8.80) in the ∞-topos H, this is equivalent to all the squares on the right
being Cartesian. This is the case, by the assumption (9.99). □

Remark 9.1.36 (Local and global ∞-section functors.). Let H be an elastic ∞-topos
(Def. 9.1.22) and 𝑋 ∈ H. Then we may think of the étale ∞-topos Ét𝑋 (Def. 9.1.34,
Prop. 9.1.35) as the internal construction of the ∞-topos of ∞-sheaves over 𝑋 . Under
this interpretation:

(i) the ∞-functor LcllCnst (9.89) has the interpretation of sending any ∞-bundle
𝐸 // 𝑋 (Notation 8.1.61) to its ∞-sheaf of local sections 𝐸 := LcllCnst𝑋 (𝐸);

(ii) the direct image of the base geometric morphism (8.103) has the interpretation
of sending any ∞-sheaf to its ∞-groupoid of global sections:

∞-bundles
over 𝑋
H/𝑋

oo 𝑖𝑋 ? _

(−) :=LcllCnstnt𝑋
form ∞-sheaf of local sections

⊥ //

Γ𝑋

33

∞-sheaves
on 𝑋

Ét𝑋
oo Δ𝑋

Γ𝑋
form ∞-groupoid of global sections

⊥ // Grpd∞ . (9.101)

Notice that the global sections of the ∞-sheaf of local sections of an ∞-bundle
𝐸 is the global sections of that ∞-bundle (as in Remark 8.2.21):

Γ𝑋
(
𝐸
)
≃ Γ𝑋 (𝐸) (9.102)

(by the essential uniqueness of the base geometric morphism (Prop. 8.1.59) and
the fact that the base geometric morphism on ∞-bundles forms global sections,
Remark 8.2.22).

9.1.2.4 Étale groupoids

Definition 9.1.37 (Étale groupoid). Let H be an elastic ∞-topos (Def. 9.1.22).
(i) We say that 𝑋• ∈ Grpd(H) (Def. 8.1.86) is an étale groupoid if all its face maps
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are local diffeomorphisms (Def. 9.1.28):

𝑋• is étale groupoid ⇔ ∀
𝑛∈N

0≤𝑖≤𝑛

𝑋𝑛+1
𝑑𝑖

ét
// 𝑋𝑛 . (9.103)

(ii) We write
ÉtGrpd(H) �

� // Grpd(H) ∈ Cat∞ (9.104)
for the full sub-∞-category of that of all groupoids (8.144) on those that are
étale groupoids.

As a variant of Prop. 8.1.88, we have:

Proposition 9.1.38 (Étale groupoids are equivalent to stacks with étale atlases). Let
H be an elastic ∞-topos (Def. 9.1.22) and 𝑋• ∈ Grpd(H) (Def. 8.1.86). Then the
following conditions are equivalent:

(i) The groupoid 𝑋• is an étale groupoid (Def. 9.1.37).
(ii) The associated atlas 𝑋0

𝑎 // // X (via Prop. 8.1.88) is a local diffeomorphism
(Def. 9.1.28).

��

OO

��

OO

�� ��

OO

��

OO

��
𝑋 ×X 𝑋 ≃

ét

��

OO
ét ét

��

𝑋1

𝑠

��

OO
𝑒 𝑡

��

“étale groupoid”

𝑋0

𝑎 ét
����

𝑋0

����
“étale atlas”

X ≃ lim
−!

𝑋• “étale stack”

(9.105)

Proof. By definition of local diffeomorphisms, we need to demonstrate the logical
equivalence shown on the left:

∀
𝑛1

𝜙
!𝑛2

𝑋𝑛1

𝜂ℑ
𝑋𝑛1 //

𝑋𝜙
��

(pb)

ℑ𝑋𝑛1

ℑ𝑋𝜙��
𝑋𝑛2

𝜂ℑ
𝑋𝑛2

// ℑ𝑋𝑛2

⇔

𝑋0
𝜂ℑ
𝑋0 //

𝑎
��

(pb)

ℑ𝑋0

ℑ𝑎
��

lim
−!

𝑋•
𝜂ℑlim
−!

𝑋•

// ℑlim
−!

𝑋•

⇔

𝑋0
𝜂ℑ
𝑋0 //

𝑎
��

(pb)

ℑ𝑋0

ℑ𝑎
��

lim
−!

𝑋•
lim
−!

𝜂ℑ
𝑋•

// lim
−!

ℑ𝑋• .

(9.106)

But since ℑ preserves all limits and colimits (being a left and a right adjoint, Prop.
8.1.42), we have (a) also the logical equivalence shown on the right of (9.106);
and (b) that ℑ𝑋• is itself a groupoid with atlas ℑ𝑎, and that 𝑋• 𝜂ℑ

𝑋•
// ℑ𝑋• is a

morphism in Grpd(H) (8.144). By (a), it is now sufficient to prove the composite
logical equivalence in (9.106). By (b), this follows with Prop. 8.1.91. □
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Proposition 9.1.39 (Tangent stacks). Let H be an elastic ∞-topos (Def. 9.1.22) and
𝑋• ∈ ÉtaleGroupoids(H) (Def. 9.1.37) with étale atlas 𝑋

ét // X (via Prop. 9.1.38).
Then:

(i) the system of tangent bundles 𝑇𝑋• (Def. 9.1.31) is itself an étale groupoid (Def.
9.1.37), the tangent groupoid;

(ii) its atlas (under Prop. 9.1.38) is the differential 𝑇𝑋0
𝑇𝑎 // 𝑇X of the given

atlas, hence the tangent stack is:
𝑇X ≃ lim

−!
𝑇𝑋• . (9.107)

Proof. (i) That 𝑇𝑋• is itself a groupoid (Def. 8.1.86) follows because both the
tangent bundle construction𝑇 (−) (9.83) as well as the groupoid Segal conditions
(8.143) are pullback constructions, hence limits, which commute over each
other. To see that 𝑇𝑋• is an étale groupoid, consider the following diagram:

tt 44
tt 44
tt

tt 44
tt 44
tt𝑇

(
𝑋0 ×X 𝑋0

)

��

//
tt 44
tt

𝑋0 ×X 𝑋0

��

tt 44
tt𝑇𝑋0 //

��

vv
𝑋0

��

vv
lim
−!
𝑇𝑋• //

��

X

��

tt 44
tt 44
tt

tt 44
tt 44
tt𝑋0 ×X 𝑋0 //

tt 44
tt

ℑ
(
𝑋0 ×X 𝑋0

)
tt 44
tt𝑋0 //

uu
ℑ𝑋0

vv
X // ℑX

(9.108)
Here, the simplicial sub-diagram in the top right consists of local diffeomor-
phism by the assumption that 𝑋• is étale. But this implies that all the horizontal
squares in the top of (9.108) are Cartesian, by Prop 9.1.33, hence that also all
morphisms of the simplicial sub-diagram in the top left are local diffeomor-
phisms, by Lemma 9.1.29.

(ii) To see (9.107) we need to show that the front square in (9.108) is Cartesian.
Observe:

(a) All horizontal squares in (9.108) are Cartesian: the top ones by the above
argument for (i), the bottom ones by the assumption that 𝑋• is étale.

(b) All solid vertical squares in (9.108) are also Cartesian, by definition (9.83)
of tangent bundles.

(c) The object X in the bottom front left of (9.108) is not just the colimit of
the simplicial sub-diagram in the bottom left, but in fact of the full left
sub-diagram (because of the colimit of the top left sub-diagram in the
front top left). Similarly, the object ℑX is in fact the colimit over the full
right sub-diagram in (9.108) (using that ℑ preserves colimits, being a left
adjoint, Prop. 8.1.42).

Now (a) and (b) verify the assumption of Prop. 8.1.48 applied to the diagram
(9.108), regarded as a natural transformation from its left part to its right part;
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and with (c), the conclusion of Prop. 8.1.48 says that the front square in (9.108)
is Cartesian. □

Lemma 9.1.40 (Degreewise local diffeomorphisms of étale groupoids). Let H be an
elastic∞-topos (Def. 9.1.22) and 𝑋•, 𝑌• ∈ ÉtaleGroupoids(H) (Def. 9.1.37). If a mor-
phism 𝑋• 𝑓• // 𝑌• is such that for all 𝑛 ∈ N, the component 𝑋𝑛 𝑓𝑛 // 𝑌𝑛 is a local
diffeomorphism (Def. 9.1.28), then induced morphism on stacks X lim

−!
𝑓• // Y is

also a local diffeomorphism (Def. 9.1.38).

Proof. Consider the following diagram:

��
OO
��
OO
�� ��

OO
��
OO
��

𝑋1

��

OO

��

//
𝜂ℑ
𝑋1 )) ��

OO
��
OO
��

𝑌1

��

OO

��

𝜂ℑ
𝑌1 )) ��

OO
��
OO
��

ℑ𝑋1

��

OO

��

// ℑ𝑌1

��

OO

��
𝑋0 //

��

𝜂ℑ
𝑋0 ))

𝑌0

��

𝜂ℑ
𝑌0 ))ℑ𝑋0

��

// ℑ𝑌0

��
X //

𝜂ℑX ))

Y
𝜂ℑY ))ℑX // ℑY .

(9.109)

Observe that:
(a) all solid 𝜂ℑ-naturality squares in this diagram are Cartesian, by the assumption

that the rear part of the diagram is a degreewise local diffeomorphism of étale
groupoids.

(b) Y is not just the colimit of the partial diagram 𝑌• in the rear right, but in fact is
also the colimit of the full non-dashed rear part of the diagram (using that X is
the colimit of the rear left part). Similarly, ℑY is the colimit of the non-dashed
front part of the diagram (using that ℑ preserves limits and colimits, being a
left and a right adjoint, Prop. 8.1.42).

Hence if we regard the diagram as a natural transformation from its rear to its front
part, then Prop. 8.1.48 applies and says that also the bottom dashed square is Cartesian,
and hence that X ! Y is a local diffeomorphism. □

Definition 9.1.41 (Étalification of groupoids). Let H be an elastic ∞-topos (Def.
9.1.22) and 𝑋• ∈ Grpd(H) (Def. 8.1.86). Notice that, by Prop. 8.1.88 for all 𝑛 ∈ N
we have for all 0 ≤ 𝑖 ≤ 𝑛 that all face maps 𝑋𝑛+1 𝑑𝑖 // 𝑋𝑛 are in fact equivalent to
each other, being related by an automorphism of 𝑋𝑛+1 given by permutation of fiber
product factors (8.145)

𝑋• ≃

𝑋2 ≃
!!

𝑋1 ≃
!!

𝑋2 ≃
!!

𝑋0 oo 𝑑0
vv

𝑑1

𝑋1 oo 𝑑0
uu

𝑑1��

𝑑2

𝑋2 oo
vv��

(9.110)
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(and similarly for the degeneracy maps). Therefore, we may regard 𝑋• as a diagram
in the slice H𝑋0 . and apply L𝑋0 (9.90) to this diagram (9.110) to obtain

𝑋 ét
• ≃

L𝑋0𝑋2
≃
$$

L𝑋0𝑋1
≃
$$

L𝑋0𝑋2
≃
$$

𝑋0 oo ét
xx ét

L𝑋0𝑋1 oo ét
tt ét��

ét

L𝑋0𝑋2 oo
yy��

(9.111)

Observe that:
(a) the simplicial diagram (9.111) is again a groupoid, since the right adjoint functor

L𝑋0 preserves the characterizing fiber products (8.143) (by Prop. 8.1.42);
(b) this groupoid is étale (Def. 9.1.37), since the morphisms of the form L𝑋0𝑋𝑛 −!

𝑋0 in (9.111) are local diffeomorphisms by construction, whence all other mor-
phisms L𝑋0𝑋𝑛1 −! L𝑋0𝑋𝑛2 are local diffeomorphisms by the left-cancellation
property (9.77).

Hence, we say that:
(i) The simplicial diagram (9.111) is the étalification of the groupoid 𝑋•.

𝑋 ét
• ∈ ÉtGrpd(H) . (9.112)

(ii) If the corresponding atlas of 𝑋• (via Prop. 8.1.88) is denoted 𝑋0 // // X, then we
write

𝑋0
ét // // Xét (9.113)

for the corresponding étale atlas (via Prop. 9.1.38) of the étalified groupoid
(9.112).

9.1.3 Super Geometry
We present a formulation of super-geometry internal to∞-toposes which we call solid
[Sc13][Sc18].

9.1.3.1 Super-geometry

Definition 9.1.42 (Solid ∞-topos).
(i) An ∞-topos H (Def. 8.1.46) over B = Grpd∞ is a solid ∞-topos if its base

geometric morphism (Prop. 8.1.40), to be called Pnts : H // B , is equipped
with a factorization as follows, with adjoints (Def. 8.1.40) as shown:

Shp :

Γ :

H

×“even” Evn
⊥

//

oo“bosonic” Bsnc
⊥

? _

“super shape” Shpsup
⊥

//

oo“super discrete” Discsup ? _

Pntsinf
⊥ //

oo Chtc
⊥

? _

H⇝

oo Rdcd
⊥

? _

Shpinf
⊥

//

oo Discinf ? _

− − −
Hℜ

× Shpℜ
⊥

//

oo Discℜ
⊥

? _

Pntsℜ //
B : Disc

solid
∞-topos

bosonic
sub-topos

reduced
sub-topos

discrete
sub-topos

(9.114)
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(ii) In particular, a solid ∞-topos is also an elastic ∞-topos (Def. 9.1.22), as is its
sub-∞-topos H⇝ of bosonic objects.

(iii) We write (
⇒ := Bsn ◦ Evn

)
“even”
⊥(

⇝ := Bsn ◦ Shpsup
)

“bosonic”
⊥(

Rh := Discsup ◦ Shpsup
)

“rheonomic”

: H −! H (9.115)

for the further induced modalities (1.18) (solid modalities) accompanying the
elastic modalities (9.60) and the cohesive modalities (9.2).

9.1.3.2 Examples of solid ∞-toposes

We indicate an example of a solid ∞-topos (Def. 9.1.42). In generalization of Def.
9.1.24, we have the following:

Definition 9.1.43 (∞-Haloed super Cartesian spaces).
(i) Write

SprHldCrtSp �
� 𝐶∞ (−) // sCAlgop

R

R𝑛 |𝑞 × D𝑊
� // 𝐶∞ (

R𝑛
)
⊗R ∧•

R

(
R𝑞

)
⊗R (R ⊕ W)

(9.116)

for (as in [KS97][KS00]) the full subcategory of the opposite of super-
commutative super-algebras over the real numbers on those which are tensor
products of

(a) algebras𝐶∞ (R𝑛) of smooth functions on a Cartesian space R𝑛, for 𝑑 ∈ N;
(b) Grassmann algebras ∧•

RR
𝑞 on 𝑞 ∈ N generators in odd degree;

(c) finite-dimensional R⊕𝑊𝑖𝑛CAlg with a single nilpotent maximal ideal𝑊 .
(ii) We regard this as a site via the the coverage (i.e., a Grothendieck pre-topology)

whose covers are of the form{
R𝑛 × R0 |𝑞︸      ︷︷      ︸

R𝑛|𝑞

× D
𝑓𝑖×id×id // R𝑛 × R0 |𝑞 × D

}
𝑖∈𝐼

(9.117)

such that
{
R𝑛

𝑓𝑖 // R𝑛
}
𝑖∈𝐼 is a cover in CrtSpc (Def. 8.1.5).

Lemma 9.1.44 (Reflections of super-commutative algebras into commutative alge-
bras). The canonical inclusion of ∞HldCrtSp (Def. 9.1.24) into SprHldCrtSp (Def.
9.1.43) has a left and a right adjoint (Def. 8.1.40)

SprHldCrtSp
Evn //

oo Bsnc
⊥
⊥

? _

Shpsup //
∞HldCrtSp (9.118)

where:
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(i) The left adjoint Evn in (9.118) is given in terms of super-algebras of smooth
functions (9.116) by passage to the sub-algebra of even-graded elements:

𝐶∞
(
Evn

(
R𝑛 |𝑞 × D

) )
≃ 𝐶∞ (

R𝑛 |𝑞 × D
)

even

≃ 𝐶∞ (
R𝑛 × D

)
⊗R 𝐶

∞ (
R0 |𝑞 )

even .
(9.119)

(ii) The right adjoint Shpsup in (9.118) is given in terms of super-algebras of smooth
functions (9.116) by passage to the quotient algebra by the ideal of odd-graded
elements:
𝐶∞

(
Shpsup

(
R𝑛 |𝑞 × D

) )
≃ 𝐶∞ (

R𝑛 |𝑞 × D
)
/𝐶∞ (

R𝑛 |𝑞 × D
)

odd

≃ 𝐶∞ (
R𝑛 × D

)
⊗R 𝐶

∞ (
R0 |𝑞 )/𝐶∞ (

R0 |𝑞 )
odd︸                         ︷︷                         ︸

≃R

≃ 𝐶∞ (
R𝑛 × D

) (9.120)

and hence directly by
Shpsup

(
R𝑛 |𝑞 × D

)
≃ R𝑛 × D . (9.121)

Proof. By regarding the situation under the defining embedding as being in sCAlgR
(Def. 9.1.43), it is equivalent to the statement that the canonical inclusion of commuta-
tive algebras into super-commutative super-algebras has a right and a left adjoint given
by passage to the even sub-algebra and to the quotient by the odd ideal, respectively:

sCAlgR

𝐴 7! 𝐴/𝐴odd //

oo ⊥
⊥

? _

𝐴 7! Aeven //
CAlgR . (9.122)

This follows readily by inspection from the fact that homomorphisms of super-algebras
preserve super-degree, by definition. One place where this adjoint triple has been made
explicit before is [CR12, below Example 3.18]. □

Example 9.1.45 (Super-haloed smooth∞-groupoids). The∞-category of∞-sheaves
(Def. 8.1.58)

SprHldSmthGrpd∞ := Shv∞
(
SprHldCrtSp

)
(9.123)

over the site from Def. 9.1.43 is a solid ∞-topos (Def. 9.1.42).
(i) Its bosonic (9.115) sub-∞-topos is that of ∞HldSmthGrpd (Example 9.1.26)

and its reduced (9.59) sub-∞-topos that of SmthGrpd∞ (Example 9.1.19):

SprHldSmthGrpd∞

Evn //

oo Bsnc
⊥

? _

Shpsup
⊥ //

oo Discsup
⊥

? _ ∞HldSmthGrpd∞ oo
Discinf ? _ SmthGrpd∞ oo

Disc ? _ Groupoids∞

...

?�
OO

2HldSmthGrpd∞
?�

OO

HldSmthGrpd∞
� ?

OO
tt

w W

(9.124)
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where the adjoint triple
(
Evn ⊣ Bsnc ⊣ Shpsup

)
arises by left Kan extension

from that of Lemma 9.1.44.
(ii) The full inclusion of SmthMfd, inherited from (9.52), extends to a full inclusion

of super-manifolds (as in [CCF11, 4.6][HKST11, 2]):

SmthMfd �
� Discsup // SuperManifolds �

� // SprHldSmthGrpd∞ . (9.125)

(iii) Accordingly, super-Lie groups (e.g. [Ya93][CCF11, 7]) embed faithfully into
all group objects (Prop. 8.2.1):

Grp
(
SmthMfd

)
Lie groups

� � Discsup // Grp
(
SuperManifolds

)
super Lie groups

� � // Grp
(
SprHldSmthGrpd∞

)
.

(9.126)
(iv) In particular, for 𝑑 ∈ N and N ∈ Spin(𝑑, 1)RepresentationsR, the correspond-

ing supersymmetry groups, i.e., the super-Poincaré group and its underlying
translational super-Minkowski group (e.g. [Fr99, §3]) are group objects

R𝑑,1 |N
super-Minkowski
super Lie group

� � // Iso
(
R𝑑,1 |N

)
super-Poincaré
super Lie group

// // Spin(𝑑, 1) ∈ Grp
(
SprHldSmthGrpd∞

)
.

(9.127)

Remark 9.1.46 (Superspace cohomology theory in solid ∞-toposes). The intrinsic
cohomology (1.21) in the solid ∞-topos of SprHldSmthGrpd∞ (Example 9.1.45)

(i) includes the super-rational cohomology of super-Minkowski spacetimes (9.127)
that governs the fundamental (𝜅-symmetric) super 𝑝-brane sigma-models of
string/M-theory [FSS15a][FSS17][FSS18], review in [FSS19].

(ii) Its enhancement to twisted super-rational cohomology of super-Minkowski
spacetimes (9.127), which happens (by Remark 8.2.23) in the intrinsic co-
homology of the tangent ∞-topos 𝑇

(
SprHldSmthGrpd∞

)
(Example 8.1.67),

encodes the double dimensional reduction from fundamental M-branes to D-
branes [BSS18].

(iii) Its enhancement to proper equivariant super-rational cohomology of super-
Minkowski spacetimes (9.127), which happens (by Remark 11.1.4 and Theo-
rem 11.1.9 below) in the intrinsic cohomology of the singular-solid ∞-topos
SnglrSprHldSmthGrpd∞ (Example 9.2.2 below), encodes also the black (soli-
tonic) super 𝑝-branes [HSS18].

Lemma 9.1.47 (In super-geometric groupoids étale implies bosonic).
In the solid∞-topos of SprHldSmthGrpd∞ (Ex. 9.1.43) we have a natural equivalence

⇝ ◦ℑ ≃ ℑ (9.128)
saying that ℑ-modal objects (9.60) are bosonic (9.115).

Proof. Observe that on SprHldCrtSp
𝑦

↩−! SprHldSmthGrpd∞ (Def. 9.1.43), we have
a natural equivalence

ℜ◦ ⇒ ≃ ℜ (9.129)
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saying that the reduction (9.60) of the even aspect (9.115) of the space is equivalently
the reduced aspect.

To see this, consider R𝑛 |𝑞 ×D𝑊 ∈ SprHldCrtSp and use, by Example 9.1.45 with
Lemma 9.1.44, the operation ℜ◦ ⇒ is given in terms of the defining super-algebras
of functions (9.1.43) by passage to the reduced algebra of the even subalgebra

𝐶∞
(
ℜ◦ ⇒

(
R𝑛 |𝑞 × D𝑊

) )
≃

( (
𝐶∞ (

R𝑛
)
⊗R

(
∧•
R R𝑞

)
⊗R (R ⊕𝑊)

)
even

)
red

≃
(
𝐶∞ (

R𝑛
)
⊗R

(
∧•
R R𝑞

)
even︸         ︷︷         ︸

≃R⊕∧2R𝑞⊕∧4R𝑞⊕···

⊗R (R ⊕𝑊)
)

red

≃
(
𝐶∞ (R𝑛) ⊗R

(
R ⊕ (𝑊 ⊕ ∧2R𝑞 ⊕ ∧4R𝑞 ⊕ · · · )

) )
red

≃ 𝐶∞ (R𝑛) ⊗R
(
R ⊕ (𝑊 ⊕ ∧2R𝑞 ⊕ ∧4R𝑞 ⊕ · · · )

)
red︸                                          ︷︷                                          ︸

≃R

≃ 𝐶∞ (R𝑛) .
(9.130)

Here in the last step we used that every non-unit element in the Grassmann algebra is
nilpotent. But, by (9.120) and (9.66), we also have

𝐶∞ (
ℜ(R𝑛 |𝑞 × D𝑊 )

)
≃ 𝐶∞ (

Shpinf ◦ Shpsup (R𝑛 |𝑞 × D𝑊 )
)

≃ 𝐶∞ (
Shpinf (R𝑛 × D𝑊 )

)
≃ 𝐶∞ (

R𝑛
)
,

(9.131)

where in the first step we used the elastic structure (9.114) ℜ := Bsnc ◦ Rdcd ◦
Shpinf ◦ Shpsup leaving the two full embeddings on the left notationally implicit.
Since all these equivalences are natural, this implies (9.129). With this, we have the
following sequence of natural equivalences for general 𝑋 ∈ H := SprHldSmthGrpd∞:

H
(
R𝑛 |𝑞 × D , ⇝ ◦ℑ(𝑋)

)
≃ H

(
ℜ◦ ⇒

(
R𝑛 |𝑞 × D

)
, 𝑋

)
≃ H

(
ℜ

(
R𝑛 |𝑞 × D

)
, 𝑋

)
≃ H

(
R𝑛 |𝑞 × D , ℑ𝑋

)
,

(9.132)

where the first and the last steps are the defining hom-equivalences (8.71) while the
middle step is (9.129). Thus the statement (9.128) follows, by the ∞-Yoneda lemma
(Prop. 8.1.54). □

9.2 Singularities
Given a cohesive ∞-topos H ⊂ as in §9.1.1, we construct here a new ∞-topos H (Def.
9.2.3 below), to be called singular-cohesive, with the following properties:
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(i) H contains ((9.151) below) for each finite group 𝐺, an object ≺

𝐺 ∈ H, to be
thought of as the generic 𝐺-orbi-singularity (Figure D).

(ii) H carries (Prop. 9.2.5 below) an adjoint triple of modalities (1.18) to be read as
follows

<

“singular”
⊥

⊂

“smooth”
⊥

≺

“orbi-singular”

: H −! H , (9.133)

with H ⊂ being the full sub-∞-category of smooth objects in H,
(iii) such that (Prop. 9.2.18 below):

<

(

≺

𝐺
)
≃ ∗ “The purely singular aspect of an orbi-singularity is the

quotient of a point, hence a point.”

⊂

(

≺

𝐺
)
≃ ∗�𝐺 “The purely smooth aspect of an orbi-singularity is the

homotopy quotient of a point.”

≺

(

≺

𝐺
)
≃ ≺

𝐺 “An orbi-singularity is purely orbi-singular.”
Essentially this list of conditions might completely characterize H to be as in Def.
9.2.3 below. Here we leave a fully axiomatic characterization of singular cohesion as
an open problem and are content with making the following definitions:

9.2.1 Singular cohesive geometry
Definition 9.2.1 (The 2-site of singularities).

(i) We write
Snglrt := Grpd≤1,cn,fin

� � // Grpd∞ (9.134)
for the full sub-∞-category of∞-groupoids on the connected 1-truncated objects
whose 𝜋1 is finite.

(ii) A skeleton of this (2, 1)-category has, of course, as objects the delooping
groupoids (Example 8.1.30) ∗�𝐺 that are presented by a single object and a
finite group 𝐺 of automorphisms of that object.

(iii) When regarded as objects of Snglrt in (9.134), we will denote these by “ ≺”
attached to the symbol for the group:

≺

𝐺

_
��

∈ Snglrt� _
��

∗�𝐺 ∈ Grpd∞

(9.135)

(iv) The hom-∞-groupoids between these singularities are, equivalently, the action
groupoids (Example 8.1.31) whose objects are group homomorphisms and
whose morphisms are conjugation actions on these:

Snglrt
(

≺

𝐺1, ≺

𝐺2
)

:= Grpd∞
(
∗�𝐺1, ∗�𝐺2

)
≃ Grp(𝐺1, 𝐺2)�conj𝐺2 .

(9.136)
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(v) We regard Snglrt as an ∞-site with trivial Grothendieck topology, so that ∞-
sheaves on Snglrt are ∞-presheaves (8.92).

Remark 9.2.2 (The global orbit category). The category Snglrt in Def. 9.2.1 is
sometimes known in the literature as the “global orbit category” (though at other times
this term is used for its wide but non-full subcategory on the faithful morphisms). It
has elsewhere been denoted: “Orb case 1O” (in [HG07, 4.1]), “Glob” (in [Re14, 2.2]),
“Orb” (in [Kö16, 2.1][Ju20, 3.2]) and (up to equivalence) “Ogl” (in [Schw17][Kö16,
2.2]). The terminology in Def. 9.2.1 is meant to be more suggestive of the role this
category plays in the theory, from the perspective of cohesive homotopy theory. In
fact, the (global) orbit category is often taken to contain not just all finite groups, but
all compact Lie groups, with the hom-spaces then being the geometric realization
of the topological mapping groupoids. We restrict to discrete groups (hence finite
if compact) for reasons explained in Remark 9.2.20 below. This restriction is also
amplified in [DHLPS19].

Definition 9.2.3 (Singular-cohesive ∞-topos). Consider a cohesive ∞-topos (Def.
9.1.1), now to be denoted with “ ⊂”-subscripts

H ⊂

× Shp
⊥

//

oo Dsc
⊥

? _

Pnts
⊥

//

oo Chtc ? _
B ⊂ := Grpd∞ (9.137)

and assumed to have a site of Chrt (Def. 9.1.10). The corresponding singular-cohesive
∞-topos is that of H ⊂-valued ∞-sheaves (8.92) over the site of Snglrt (Def. 9.2.1):

H :=Shv∞
(
Snglrt, H ⊂

) oo NnOrbSnglr

Smth
⊥ //OO

Disc Pnts⊣

��

H ⊂OO

Disc Pnts⊣

��
B := Shv∞

(
Snglrt, B ⊂

) oo NnOrbSnglr
? _

Smth
⊥ // B ⊂ ,

(9.138)

where horizontally we are showing the base geometric morphisms (Prop. 8.1.59)
of sheaves over the site Snglrt, while vertically we are showing the base geometric
morphism (9.1) of H ⊂ over B ⊂ extended objectwise over Snglrt, by functoriality.

Lemma 9.2.4 (Singularities is 2-site for homotopical cohesion). The 2-site Snglrt
(Def. 9.2.1) is an ∞-site for homotopical cohesion, in the sense of Def. 9.1.17.

Proof. It is immediately checked that
(i) the terminal object is given by the trivial group:

∗ ≃ ≺1 (9.139)

(ii) Cartesian product is direct product of groups:

≺

𝐺1 × ≺

𝐺2 ≃ ≺

𝐺1×𝐺2 . (9.140)
□
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Proposition 9.2.5 (Singular cohesion). A singular-cohesive ∞-topos (Def. 9.2.3)

H Pnts
--

Smth
qqH ⊂

Pnts --
B

SmthrrB ⊂

(9.141)

is itself cohesive (Def. 9.1.1) in two ways:
(i) over the singular-base ∞-topos B by the cohesion of H ⊂ ! B ⊂ (9.1) applied

object-wise over all Snglrt

H

×“shape” Shp
⊥

//

oo“discrete” Disc
⊥

? _

“points” Pnts
⊥

//

oo“chaotic” Chtc ? _
B ; (9.142)

(ii) over the non-singular cohesive base ∞-topos H ⊂ (Def. 9.1.1) in that the global
section geometric morphism H Smth

−! H ⊂ of (9.138) is part of a cohesive adjoint
quadruple, to be denoted

H

×“singular” Snglr
⊥

//

oo“not orbi-singular” NnOrbSnglr
⊥

? _

“smooth” Smth
⊥

//

oo“orbi-singular” OrbSnglr ? _
H ⊂ . (9.143)

Proof. The first statement is immediate. The second statement follows via Lemma
9.2.4 by Example 9.1.18. □

Notation 9.2.6 (Singular-elastic/solid ∞-topos). Let H be a singular-cohesive ∞-
topos (Def. 9.2.3) with underlying smooth cohesive ∞-topos H ⊂ ↩! H. Then

(i) if H ⊂ is in fact an elastic ∞-topos (Def. 9.1.22), we say that H is a singular-
elastic ∞-topos;

(ii) if H ⊂ is in fact a solid ∞-topos (Def. 9.1.42), we say that H is a singular-solid
∞-topos.

Definition 9.2.7 (Singular-cohesive modalities). Given a singular cohesive ∞-topos
(Def. 9.2.3), with its singular cohesion from Prop. 9.2.5, we write(

< := NnOrbSnglr ◦ Snglr
)

“singular”
⊥(

⊂ := NnOrbSnglr ◦ Smth
)

“smooth”
⊥(

≺ := OrbSnglr ◦ Smth
)

“orbi-singular”

: H −! H (9.144)

for the adjoint triple of modalities H! H induced (1.18) via (9.143); accompanying
the cohesive modalities (9.2) induced via (9.142).

This above terminology reflects the difference (see Figure D) between a plain
singularity < (singular but not orbi-singular) as opposed to its enhancement to an
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actual orbifold singularity ≺. We record the following elementary but important
consequence:

Proposition 9.2.8 (Smooth orbi-singular is smooth). The singularity modalities (Def.
9.2.7) satisfy:

< ◦ ⊂ ≃ ⊂ and ⊂ ◦ ≺ ≃ ⊂ . (9.145)

Proof. As in Prop. 9.1.2. □

Lemma 9.2.9 (Objectwise application of singularity modalities). The singular-
modalities in (9.143) are computed objectwise over Chrt, as in Example 9.1.18,
followed by ∞-sheafification 𝐿Chrt (8.100):

Shv∞
(
Snglrt×Chrt

)
Snglr

((

ii

NnOrbSnglr

� � // PShv∞
(
Snglrt×Chrt

) lim
−!
Snglrt

//

oo ⊥
constSnglrt

? _
PShv∞

(
Chrt

) 𝐿Chrt //

oo ⊥
? _
Shv∞

(
Chrt

) (9.146)

Proof. By essential uniqueness of adjoints (8.71). □

9.2.2 Examples of singular-cohesive ∞-toposes
First of all there is the geometrically discrete base case:

Example 9.2.10 (Singular ∞-groupoids). For H ⊂ := Grpd∞ the base ∞-topos of
plain ∞-groupoids (8.48), the singular-cohesive ∞-topos from Def. 9.2.3

SingularGroupoids∞ := Shv∞
(
Snglrt, Grpd∞

)
(9.147)

is that of traditional unstable global homotopy theory [Schw18, §1s], as discussed
in this form in [Re14, §4.1] (here with evaluation on all finite groups instead of all
compact Lie groups).

What we will be mainly concerned with here are the following smooth geometric
versions of singular cohesion (Ex. 9.2.11), which combine the smooth structure of
cohesive, elastic and solid ∞-toposes with orbi-singular geometry:

Example 9.2.11 (Singular-smooth ∞-groupoids).
(i) We call the singular-cohesive ∞-topos (Def. 9.2.3) over those of smooth ∞-

groupoids (Example 9.1.19) the ∞-topos of singular-smooth ∞-groupoids:
SnglrSmthGrpd∞ := Shv∞

(
Snglrt, SmthGrpd∞

)
≃ Shv∞

(
CrtSpc × Snglrt

)
.

(9.148)

(ii) We call the singular-elastic∞-topos (Def. 9.2.6) over HldSmthGrpd∞ (Example
9.1.26)

SnglrHldSmthGrpd∞ := Shv∞
(
Snglrt, HldSmthGrpd∞

)
≃ Shv∞

(
HldCrtSp × Snglrt

)
.

(9.149)
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(iii) We call the singular-solid ∞-topos (Def. 9.2.6) over SprHldSmthGrpd∞ (Ex-
ample 9.1.45)

SnglrSprHldSmthGrpd∞ := Shv∞
(
Snglrt, SprHldSmthGrpd∞

)
≃ Shv∞

(
SprHldCrtSp × Snglrt

)
.

(9.150)

For the second lines of (9.148), (9.148), and (9.150), see Lemma 9.2.16.

Remark 9.2.12 (On the nature of these singular-smooth ∞-topoi). It is worth com-
menting on the nature of the examples in Ex. 9.2.11 (and generally of the specific
nature of our Def. 9.2.3):

(i) The objects R𝑛 × ≺
𝐺 ∈ CrtSpc × Snglrt of the site appearing in (9.148) may

be understood as very simple elementary orbifolds, namely those of the form
R𝑛�𝐺 for trivial 𝐺-action. In the perspective of toposes as categories of spaces
that admit probes by objects of a site (cf. §6), the factor ≺

𝐺 serves to detect
orbisingular (𝐺-fixed) loci in generalized singular-cohesive spaces (as in Ex.
9.2.10), and then the factor R𝑛 serves to detect the smooth structure of that
locus.

(ii) The product structure of these simple elementary probes ensures the commuta-
tivity of the cohesive with the singular modalities as in (9.138) (further expanded
on in §9.2.4 below), which is the driving force behind the synthetic axiomatics
of orbifold geometry developed in §10 and which is exactly what is needed
for the construction of orbi/equivariant nonabelian differential cohomology as
explained in §7.

(iii) On the other hand, in other contexts, where the interest is neither in synthetic
axiomatization of orbifold differential geometry nor in their nonabelian dif-
ferential cohomology, the construction in (9.148) suggests an evident variant
where the site CrtSpc × Snglrt of simple elementary orbifolds is replaced by a
suitable site of all orbifolds. This variant ∞-topos is considered in [CCL26].

9.2.3 Basic properties of singular cohesion
Definition 9.2.13 (Orbi-singularities). Let H be singular-cohesive ∞-topos (Def.
9.2.3).

(i) We regard the objects ≺

𝐺 ∈ Snglrt (9.135) as objects of H under the∞-Yoneda-
embedding (Prop. 8.1.53) and the inclusion (9.138) of discrete objects:

≺

𝐺 ∈ Snglrt �
� 𝑦 // Shv∞

(
Snglrt,B ⊂

) � � Disc // Shv∞
(
Snglrt,H ⊂

)
= H . (9.151)

(ii) More generally, for

𝐺 ∈ Grp(Grpd∞)
Grp(Disc) // Grp(H ⊂) (9.152)

any discrete ∞-group (9.142), we also write

≺

𝐺 := ≺(B𝐺) ∈ H (9.153)
for the orbi-singularization (9.143) of its delooping (8.151).
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Lemma 9.2.17 shows that the two notations in Def. 9.2.13 are consistent with
each other.

Remark 9.2.14 (Finite groups in singular cohesion). Given a singular-cohesive ∞-
topos (Def. 9.2.3), the images of a finite group 𝐺 under the following sequence of
inclusions are naturally all denoted by the same symbol:

Grpfin � � // Grp(Set) �
� // Grp(Grpd∞)

� � Grp(Disc) // Grp
(
H ⊂

) � � Grp(NnOrbSnglr) // Grp
(
H

)
𝐺

� // 𝐺 � // 𝐺 � // 𝐺 � // 𝐺 .

(9.154)

With this understood, we also have identifications as follows (where now the ambient
∞-categories are implicit from the context):

∗�𝐺 ≃ Disc(∗�𝐺) and ≺

𝐺 ≃ Disc
(

≺

𝐺
)

(9.155)
where on the right we are recalling the definition (9.151).

Similarly:

Remark 9.2.15 (Smooth charts in singular cohesion). Consider a singular-cohesive
∞-topos (Def. 9.2.3) with an ∞-site Chrt of charts (Def. 9.1.10). Then images of the
charts 𝑈 ∈ Chrt under the ∞-Yoneda embedding (Prop. 8.1.53), and further under
NnOrbSnglr (9.138), are naturally denoted by the same symbol:

S
𝑦 // H ⊂

NnOrbSnglr // H
𝑈

� // 𝑈 � // 𝑈 .

(9.156)

Lemma 9.2.16 (∞-Yoneda on product site). Consider a singular-cohesive ∞-topos
H (Def. 9.2.3) with an ∞-site Chrt of cohesive charts (Def. 9.1.10) for H ⊂.

(i) Then a site (Def. 8.1.58) for the full singular-cohesive H is the Cartesian product
site

SingularCharts := Chrt × Snglrt (9.157)
in that

H ≃ Shv∞
(
Chrt × Snglrt

)
. (9.158)

(ii) Under the ∞-Yoneda embedding (Prop. 8.1.53) objects in the product site map
to the Cartesian product of their prolonged Yoneda embeddings (in the sense of
Remark 9.2.14 and Remark 9.2.15):

Chrt × Snglrt
𝑦 // H(

𝑈, ≺

𝐺
) � // 𝑈 × ≺

𝐺 ,

(9.159)

where on the right we are using the abbreviated notation from (9.151) and
(9.156).

Proof. On the one hand, we have a natural equivalence

H
(
𝑦
(
𝑈1, ≺

𝐺1
)
, 𝑦

(
𝑈2, ≺

𝐺2
) )

≃ Chrt(𝑈1,𝑈2) × Snglrt
(
∗�𝐺1 , ∗�𝐺2

)
(9.160)

by fully-faithfulness of the ∞-Yoneda embedding (Prop. 8.1.53) and by the definition
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of product sites. On the other hand, we have a sequence of natural equivalences

H
(
𝑦
(
𝑈1, ≺

𝐺1
)
, 𝑈2 × ≺

𝐺2
)

≃ H
(
𝑦
(
𝑈1, ≺

𝐺1
)
, NnOrbSnglr(𝑈2) × Disc

(

≺

𝐺2
) )

≃ H
(
𝑦
(
𝑈1, ≺

𝐺1
)
, NnOrbSnglr(𝑈2)

)
× H

(
𝑦
(
𝑈1, ≺

𝐺1
)
, Disc

(

≺

𝐺2
) )

≃ H ⊂

(
Snglr

(
𝑦
(
𝑈1, ≺

𝐺1
) )
, 𝑈2

)
× B

(
S
(
𝑦
(
𝑈1, ≺

𝐺1
) )
, ≺

𝐺2
)

≃ H ⊂

(
𝑈1,𝑈2

)
× B

(
≺

𝐺1 , ≺

𝐺2
)

≃ Chrt
(
𝑈1,𝑈2

)
× Snglrt

(
≺

𝐺1 , ≺

𝐺2
)
.

(9.161)

Here the first step is by definition, the second step is the universal property of the
Cartesian product, and the third step is the hom-equivalence (8.71) of the adjunctions
Snglr ⊣ NnOrbSnglr and S ⊣ Disc, respectively. In the fourth step, we use (9.29) and
(9.163), respectively. The last step is the fully-faithfulness of the∞-Yoneda embedding
(Prop. 8.1.53). Since both (9.160) and (9.161) are natural in

(
𝑈′, (∗�𝐺) ≺

)
, and since

their right hand sides coincide, it follows by the ∞-Yoneda embedding (Prop. 8.1.53)
that also the representatives of the left hand sides coincide: 𝑦

(
𝑈2, ≺

𝐺2
)
≃ 𝑈2× ≺

𝐺2. □

Lemma 9.2.17 (Images and pre-images of orbi-singularities). Let H be a singular-
cohesive ∞-topos (Def. 9.2.3). Then the images and pre-images of the generic singu-
larities ≺

𝐺 (9.151) under the functors (9.143) exhibiting the singular cohesion are as
follows (see Figure D):

≺

𝐺,
Snglr
uu

�

Smth ))

ii OrbSnglr

�

∗�𝐺 ∈ H

∗ = ∗/𝐺 ∗�𝐺
+ NnOrbSnglr

55

∈ H ⊂

(9.162)

Proof. By the singular cohesion established in the proof of Prop. 9.2.5 we have that:
(i) the functor Snglr ≃ lim

−!
is the colimit functor (Prop. 8.1.52),

(ii) the functor Smth ≃ Snglrt
(

≺1,−
)

is the hom-functor (8.2) out of the terminal
object (9.139).

Using this, we deduce the claim:
(i) Since colimits of representable ∞-functors are equivalent to the point (Lemma

8.1.56) we have

Snglr
(

≺

𝐺
)
≃ ∗ ≃ ∗/𝐺 . (9.163)

(ii) Observing that (9.136) reduces to Snglrt
(

≺1, ≺

𝐺
)
≃ ∗�𝐺 we have

Smth
(

≺

𝐺
)
≃ ∗�𝐺 . (9.164)

(iii) With this and by the various adjunctions we have, for𝑈 ∈ H ⊂ any geometically
contractible generator (9.29) and 𝐾 ∈ Grpfin any finite group, the following
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sequence of natural equivalences:

H
(
𝑈 × ≺

𝐾,OrbSnglr(∗�𝐺)
)

≃ H ⊂

(
Smth

(
𝑈 × ≺

𝐾
)︸           ︷︷           ︸

≃ 𝑈 × Smth
(

≺

𝐾
)
, ∗�𝐺

)
≃ H ⊂

(
𝑈 × (∗�𝐾), ∗�𝐺︸︷︷︸

≃Disc(∗�𝐺)

)
≃ Grpd∞

(
Shp(𝑈)︸  ︷︷  ︸

≃∗

× (∗�𝐾), ∗�𝐺
)

≃ Snglrt
(

≺

𝐾, ≺

𝐺
)

≃ B
(
Shp(𝑈)︸  ︷︷  ︸

≃∗

× ≺

𝐾, ≺

𝐺
)

≃ B
(
Shp

(
𝑈 × ≺

𝐾 ), ≺

𝐺
)

≃ H
(
𝑈 × ≺

𝐾,Disc
(

≺

𝐺
) )

≃ H
(
𝑈 × ≺

𝐾, ≺
𝐺
)
,

(9.165)

where in several steps we recognized geometric discreteness, by (9.155) in
Remark 9.2.14.

But, by Lemma 9.2.16, this chain of natural equivalences in total is a natural equiva-
lence of the form

H
(
𝑦
(
𝑈, ≺

𝐾
)
,OrbSnglr

(
∗�𝐺

) )
≃ H

(
𝑦
(
𝑈, ≺

𝐾
)
, ≺

𝐺
)
. (9.166)

From this, the ∞-Yoneda embedding (Prop. 8.1.53) implies that OrbSnglr
(
∗ �𝐺

)
≃

≺

𝐺 . □

It is useful to re-express this in terms of the modalities:

Proposition 9.2.18 (Orbi-singularities are orbi-singular). Let H be a singular-
cohesive ∞-topos (Def. 9.2.3) and consider a finite group 𝐺 ∈ Grpfin (9.154). Then
the images of the generic orbi-singularity ≺

𝐺 ∈ H (9.151) under the modalities (9.144)
are (see Figure D):

<

(

≺

𝐺
)
≃ ∗ , ⊂

(

≺

𝐺
)
≃ ∗�𝐺 , ≺

(

≺

𝐺
)
≃ ≺

𝐺 . (9.167)

Proof. This follows directly with Lemma 9.2.17 and the definition (9.144). For ex-
ample:

≺

(

≺

𝐺
)
≃ OrbSnglr ◦

≃ ∗�𝐺︷     ︸︸     ︷
Smth

(

≺

𝐺
)︸                     ︷︷                     ︸

≃ ≺

𝐺

. (9.168)

□

In the same vein, we also have the following immediate but important property:
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Proposition 9.2.19 (Orbi-singularities are geometrically discrete). Let H be a
singular-cohesive∞-topos (Def. 9.2.3) and consider a finite group𝐺 ∈ Grpfin (9.154).

(i) Then the basic orbi-singularity ≺

𝐺 ∈ H (9.151) is geometrically discrete (9.2)
and thus also pure shape:

♭ ≺

𝐺 ≃ ≺

𝐺 , S ≺

𝐺 ≃ ≺

𝐺 . (9.169)

(ii) The same is true for Smth(∗�𝐺) ≺ ≃ ∗�𝐺:
♭(∗�𝐺) ≃ ∗�𝐺 , S(∗�𝐺) ≃ ∗�𝐺 . (9.170)

Proof. Both statements follow immediately from the definitions and the fact that 𝐺
is finite and hence geometrically discrete (9.154). □

Remark 9.2.20 (Need for discrete/finite groups in Snglrt). It is to make Lemma 9.2.17
and hence Prop. 9.2.18 true that Def. 9.2.1 requires the global orbit category Snglrt to
consist of finite groups, instead of more general compact Lie groups (Remark 9.2.2):
If Snglrt were to contain non-discrete compact Lie groups𝐺, then the same argument
as in Lemma 9.2.17 would give in (9.167) the following more general formula:

⊂ ≺

𝐺 ≃ ∗�♭𝐺 (9.171)
(where on the right we think of the Lie group 𝐺 as being cohesive via (9.52)). Since
the condition 𝐺 ≃ ♭𝐺 characterizes discrete groups, this would break Prop. 10.1.2
below, in that then the shape of the orbi-singularization of a topological groupoid
would take non-traditional values on non-discrete groups in the global orbit category.

The following lemma further illustrates the nature of orbi-singular cohesion:

Lemma 9.2.21 (Smooth 0-truncated objects are orbi-singular). Let H be a singular-
cohesive ∞-topos (Def. 9.2.3). Then if 𝑋 ∈ H ⊂,0 is smooth (9.144) and 0-truncated
(Def. 8.1.73), it is also orbi-singular (9.144):

𝜏0 (𝑋) ≃ 𝑋 and ⊂(𝑋) ≃ 𝑋 ⇒ ≺(𝑋) ≃ 𝑋 . (9.172)

Proof. Since 𝑋 is smooth, there exists 𝑋 ⊂ ∈ H ⊂ such that 𝑋 ≃ Smth(𝑋 ⊂) . Observe
that 𝑋 being 0-truncated implies that 𝑋 ⊂ is 0-truncated, (by using in Def. 8.1.73 the
hom-equivalence (8.71) of the right adjoint Smth).

Now let S be any site (8.100) for H ⊂. Then, for 𝑈 ∈ S ↩! H ⊂ and 𝐺 ∈ Grpfin,
we have the following sequence of natural equivalences, using the various adjoint
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functors, their idempotency and respect for products:
( ≺𝑋)

(
Smth(𝑈) × ≺

𝐺
)
≃ ( ≺Smth(𝑋 ⊂))

(
Smth(𝑈) × ≺

𝐺
)

≃ H
(
Smth(𝑈) × ≺

𝐺, ≺Smth(𝑋 ⊂)
)

≃ H
(
Smth(𝑈) × ⊂( ≺

𝐺 ), Smth(𝑋 ⊂)
)

≃ H
(
Smth(𝑈 × (∗�𝐺)), Smth(𝑋 ⊂)

)
≃ H ⊂

(
𝑈 × (∗�𝐺), 𝑋 ⊂

)
≃ Grpd∞

(
∗�𝐺, H ⊂

(
𝑈, 𝑋 ⊂

) )
≃ Grpd∞

(
∗, H ⊂ (𝑈, 𝑋 ⊂)

)
≃ H ⊂

(
𝑈, 𝑋 ⊂

)
≃ H

(
Smth(𝑈), Smth(𝑋 ⊂)

)
≃ H

(
Smth(𝑈) × ≺

𝐺, Smth(𝑋 ⊂)
)

≃ H
(
Smth(𝑈) × ≺

𝐺, 𝑋
)

≃ 𝑋
(
Smth(𝑈) × ≺

𝐺
)
.

(9.173)

Here the first and the last step use the ∞-Yoneda embedding (Prop. 8.1.53), while the
middle step uses the fact that 𝑋 ⊂ is 0-truncated, hence that H ⊂ (𝑈, 𝑋 ⊂) is 0-truncated
(i.e. a set), to find that there is in fact no dependency on 𝐺. Hence the claim follows
by the ∞-Yoneda embedding (Prop. 8.1.53), in view of Lemma 9.2.16. □

Remark 9.2.22 (Degenerate case of orbi-singular). The natural language statement
of Lemma 9.2.21 shows that the modality ≺ “orbi-singular” (9.143) really means:
“All singularities that are present are orbi-singularities.”, which becomes a trivially
satisfied condition when there are no singularities, such as for smooth and 0-truncated
objects.

9.2.4 Interplay between geometric and singular cohesion
Lemma 9.2.23 (Smooth commutes with shape). In a singular-cohesive∞-topos (Def.
9.2.3) the smooth-modality (9.144) commutes with all three cohesive modalities (9.2)
(as per Prop. 9.2.5):

⊂ ◦ S ≃ S ◦ ⊂ , ⊂ ◦ ♭ ≃ ♭ ◦ ⊂ , ⊂ ◦ ♯ ≃ ♯ ◦ ⊂ . (9.174)

Proof. Under the defining identification H ≃ Shv∞
(
Snglrt,H ⊂

)
, let X ∈ H be any

object regarded as a H ⊂-valued ∞-presheaf on Snglrt:
X : ≺

𝐾 7−! X( ≺

𝐾 ) ∈ H ⊂ . (9.175)
Observe then (by Example 9.1.18 via Lemma 9.2.4) that ⊂ turns such a presheaf into
the constant presheaf on its value at the terminal object ≺1:(

⊂X
)

: ≺

𝐾 7−! X( ≺1) . (9.176)
On the other hand, the geometric modalities operate objectwise over Snglrt (Remark
9.2.9): (

SX
)

: ≺

𝐾 7−! S
(
X( ≺

𝐾 )
)
. (9.177)
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With this, we have the following sequence of natural equivalences for X ∈ H and
≺

𝐾 ∈ Snglrt: (

⊂SX
)
( ≺

𝐾 ) ≃
(
SX

)
( ≺1)

≃ S
(
X( ≺1)

)
≃ S

(
( ⊂X)( ≺

𝐾 )
)

≃
(
S ⊂X

)
( ≺

𝐾 ) .

(9.178)

Hence the claim follows by the ∞-Yoneda embedding (Prop. 8.1.53). The argument
for ♭ and ♯ is analogous. □

Remark 9.2.24 (Dichotomy between naive and proper orbifold cohomology via singu-
lar-cohesion). In contrast to Lemma 9.2.23, the orbi-singular modality ≺ (9.144) does
not commute with the cohesive shape modality S (9.2), in general. This phenomenon
is the very source of the proper equivariant structure seen in singular-cohesive ∞-
toposes, reflected in the following dichotomy between geometric- and homotopy fixed
points of an orbi-space and in the distinction between proper- and Borel-equivariant
cohomology:

≺ ◦ S S ◦ ≺

Def. 9.2.25
(i)

Homotopy
fixed-points

Geometric
fixed-points

Def. 9.2.25
(ii)

Def. 11.1.1 Borel-equivariant
cohomology

Proper equivariant
cohomology Def. 11.1.2

Def. 11.2.3 Tangentially twisted
cohomology

Tangentially twisted
proper orbifold cohomology Def. 11.2.5

Definition 9.2.25 (Geometric- and homotopy-fixed points). Let H be a singular-
cohesive ∞-topos (Def. 9.2.3), 𝐺 ∈ Grp(H) (Prop. 8.2.1) being discrete 𝐺 ≃ ♭𝐺

and 0-truncated 𝐺 ≃ 𝜏0𝐺, and (𝑋, 𝜌) ∈ 𝐺Actions(H) (Prop. 8.2.6) with smooth
𝑋 ≃ ⊂𝑋 , hence

𝑋 ∈ H ⊂

� � NnOrbSinglr // H . (9.179)

For any subgroup 𝐾 ⊂ 𝐺, the ∞-groupoid of ≺

𝐾 -points in the slice (Prop. 8.1.62)
over ≺

𝐺 (9.153)...
(i) ...of the orbi-singularization (9.143) of the shape (9.142) of 𝑋�𝐺 is the homotopy

fixed point space of 𝑋

HmtpFxdPntSpc𝐾 (𝑋) := H/ ≺

𝐺

(

≺

𝐾, ≺ S (𝑋�𝐺)
)
. (9.180)

(ii) ...of the shape (9.142) of the orbi-singularization (9.143) of 𝑋�𝐺 is the geometric
fixed point space of 𝑋

GmtrcFxdPntSpc𝐾 (𝑋) := H/ ≺

𝐺

(

≺

𝐾, S ≺ (𝑋�𝐺)
)
. (9.181)

On the right we are using Prop. 9.2.18 and Prop. 9.2.19 to see that both expres-
sions indeed live in the slice over ≺

𝐺 .

Proposition 9.2.26 (Homotopy-fixed point spaces are fixed loci in shapes). The
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homotopy-fixed point spaces (9.180) of the𝐺-space 𝑋 in Def. 9.2.25 are, equivalently,
the fixed-loci (Def. 8.2.24) of the shape Shp(𝑋) ∈ Grpd∞ (9.1) of X :

HmtpFxdPntSpcs𝐾 (𝑋) ≃
(
Shp(𝑋)

)𝐾 ∈ Grpd∞ (9.182)
with respect to the induced 𝐺 ≃ S𝐺-action (using Prop. 9.1.4, discreteness of 𝐺 and
cohesion in the form of Prop. 9.1.2).

Proof. We claim a sequence of natural equivalences as follows:

HmtpFxdPntSpc𝐾 (𝑋)

≡ H/
≺

𝐺

(
≺

𝐾, ≺ S (𝑋�𝐺)
)

≃ H/

≺

𝐺

(
≺

𝐾, ≺ (S𝑋)�𝐺
)

≃ H/
OrbSnglr(∗�𝐺)

(
OrbSinglr

(
∗�𝐾

)
, OrbSnglr

(
(S𝑋)�𝐺

) )
≃

(
H ⊂

)/
∗�𝐺

(
∗�𝐾, (S𝑋)�𝐺

)
≃

(
Grpd∞

)/
∗�𝐺

(
∗�𝐾, Shp(𝑋)�𝐺

)
≃

(
Grpd∞

)/
∗�𝐾

(
∗�𝐾, Shp(𝑋)�𝐾

)
≃

(
Shp(𝑋))𝐾 .

(9.183)

Here, the first step is the definition (9.180), and the second step uses Prop. 9.1.4,
discreteness of 𝐺 and cohesion in the form of Prop. 9.1.2. In the third step, we
observe with ≺

𝐾 ≃ ≺(∗�𝐾) (Lemma 9.2.17) and ≺ := OrbSinglr ◦ Smth (9.144)
that all objects and morphisms are in the image of OrbSnglr, and in the fourth step
we use that this functor is fully faithful, by Prop. 9.2.5. In the fifth step, we similarly
observe that all objects and morphisms are, in fact, furthermore in the image of Disc
(by assumption on𝐺 and by definition of S := Disc◦Shp (9.2)), which is fully faithful
by the axioms of cohesion (9.1). The sixth step observes the universal factorization
through the pullback

∗�𝐾
))

// Shp(𝑋)�𝐺
tt∗�𝐺

≃

∗�𝐾 // Shp(𝑋)�𝐾
++tt

(pb)∗�𝐾
**

Shp(𝑋)�𝐺 .

ss∗�𝐺

(9.184)

The pullback, in turn, is the homotopy quotient of the restricted action, as shown,
by Prop. 8.2.12. With this, the last step follows by Example 8.2.26. In summary, the
composite of the sequence of equivalences (9.183) gives the statement (9.182). □

Example 9.2.27 (Geometric fixed points generally differ from homotopy fixed points).
As in Example 9.2.11, let H := SnglrSmthGrpd∞. For 𝑛 ∈ N, 𝑛 ≥ 1, consider the
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Cartesian space R𝑛 ∈ SmthMfd ↩−! H, via (9.52), and regard it as equipped with
the additive translation action of Z𝑛 induced from the left action of the additive group
(R𝑛, +) on itself, under the canonical inclusion (Z𝑛, +) ↩! (R𝑛, +):

(R𝑛, 𝜌ℓ) ∈ Z𝑛Actions(H) . (9.185)
So the quotient of this action R𝑛�Z𝑛 ≃ R𝑛/Z𝑛 ≃ T𝑛 ∈ SmthMfd ↩−! H is the
standard 𝑛-torus. We then have for the two notions of fixed-point spaces from Def.
9.2.25:

(i) The Homotopy-fixed point space (9.180) of the action (9.185) is equivalently
the point (by Prop. 9.2.26 and (9.51)):

HmtpFxdPntSpcZ
𝑛 (R𝑛) ≃

(
SR𝑛︸︷︷︸
≃ ∗

)Z𝑛 ≃ ∗ (9.186)

(ii) The geometric fixed point space (9.181) of the action (9.185) is empty

GmtrcFxdPntSpcZ
𝑛 (R𝑛) ≃

(
R𝑛

)Z𝑛 ≃ ∅ . (9.187)
This follows by Lemma 10.1.7, using that no element of the set underlying R𝑛

is fixed by the action of Z𝑛.
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10
Orbifold Geometry

Within an ambient context of singular-cohesive homotopy theory (§9), we now for-
mulate the two geometric aspects of orbifolds:

- §10.1 – as cohesive spaces with orbi-singularities,
- §10.2 – as cohesive spaces locally equivalent to a given model space.

In the end, we combine both aspects to form the proper ∞-categories of orbifolds:
this is Def. 10.2.46 below.

10.1 Higher Orbispaces
We observe (Prop. 10.1.2) that the shape of the orbi-singularization of a topological
groupoid, regarded in singular-smooth homotopy theory (Ex. 9.2.11), is the corre-
sponding orbispace in global equivariant homotopy theory.

Remark 10.1.1 (Orbispaces in topology and in global equivariant homotopy theory).

(i) Orbispaces in topology. The term orbispace was originally introduced [Hae90]
to mean the topological version of orbifolds, i.e., Satake’s original concept
[Sa56] but disregarding any differentiable structure. From the perspective of
étale groupoids/stacks, this means to consider topological groupoids/stacks in-
stead of Lie groupoids/differentiable stacks. So this usage of the term “orbis-
pace” serves to complete the following table:

Smooth manifold Topological manifold

Orbifold Orbispace (geometric sense)

Lie groupoid Topological groupoid

Differentiable stack Topological stack

In this sense, orbispaces have been discussed, e.g., in [Hae84][Hae91, §5]
[Ch01][He01].

(ii) Orbispaces in global equivariant homotopy theory. In [HG07] it was sug-
gested to change perspective and to instead regard these topological groupoids
Xtop via the systems of homotopy types of all their geometric fixed point spaces,

253
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by the following formula [HG07, 4.2] (beware the differing conventions, as per
Remark 9.2.2):

𝐺 7−!

homotopy type of (fat) geometric realization of

Map
(
B𝐺 , Xtop

)
topological

mapping groupoid



 orbispace
(equivariant homotopical sense)

(10.1)

This is a global-equivariant version of how topological 𝐺-spaces are incar-
nated in 𝐺-equivariant homotopy theory via Elmendorf’s theorem (recalled as
Prop. 8.1.27), and has served to motivate the development of global equivariant
homotopy theory [Schw18].
In the course of this development, homotopy theorists adopted the term “orbi-
space” to refer not to the topological groupoid Xtop (as [Hae90] originally did)
but rather to the global equivariant homotopy type that is represented via (10.1).
Usage of the term orbispace in this sense of global homotopy theory is, after
[HG07], in [Re14][Kö16][Schw17][Lu19, 3][Ju20]. In [Ju20, 3.15] formula
10.1 is used (following suggestions in [Schw17, Introd.][Schw18, pp. ix-x]) to
define (abelian, non-geometric) cohomology of orbifolds with coefficients in
global equivariant spectra.

Our Prop. 10.1.2 below shows that these two different meanings of the term
“orbispace” in the literature are disentangled as well as unified by the notion of
singular cohesion (Def. 9.2.3), in that orbispaces in the sense (ii) are the shape S (9.1)
of the orbi-singularization ≺ (9.144) of the topological groupoids in (i):

TopGrpd
S ◦ ≺ // Orbispaces

Xtop //
(

≺

𝐺 7!


Map

(
B𝐺,Xtop

)

 )
.

(10.2)

Hence Prop. 10.1.2 below means that, before passing to their pure shape, we may
think of the orbi-singularizations of objects in singular-cohesive ∞-toposes as cohe-
sive orbispaces, lifting the concept of plain orbispaces in the sense (ii) from plain
homotopy theory to geometric (differential, étale) homotopy theory, hence back to
sense (i) and beyond.

The crucial fact underlying the phenomenon (10.2), both in Prop. 10.1.2 and in
Lemma 10.1.7 below, is that the probe of an orbi-singular object ≺X ⊂ by a generic
orbi-singularity ≺

𝐾 (9.135) is, by adjunction (9.144), equivalently the probe of the
underlying smooth object by the smooth aspect of ≺

𝐾 , hence is, by (9.167) in Prop.
9.2.18, the geometric 𝐺-fixed locus in X ⊂:

≺

𝐺 // ≺X ⊂

(9.144)

⇔ ⊂ ≺

𝐺 // X ⊂

(9.167)

⇔ ∗�𝐺 // X ⊂ . (10.3)

Equivalently, since ≺

𝐺 ≃ ≺(∗�𝐺) (Lemma 9.2.17) the composite correspondence
(10.3) is fully-faithfulness of ≺.
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10.1.1 Ex.: Topological groupoids as cohesive orbispaces
Proposition 10.1.2 (Shape of orbi-singularized topological groupoid is orbispace).
Let H := SnglrSmthGrpd∞ (Ex. 9.2.11), and let

TopGrpd
Cdfflg // SmthGrpd∞

NnOrbSnglr // H
Xtop

� // X ⊂

(10.4)

be a topological groupoid, regarded via the embeddings (9.53) and (9.143). If X ⊂ is
such that both its spaces of objects and of morphisms are retracts of cell complexes
(for instance: both are CW-complexes (8.5)) then the shape (9.142) of its orbi-
singularization (9.144) is, as an∞-presheaf (9.138) of∞-groupoids on Snglrt (9.2.1)
(i.e., on the global orbit category, Remark 9.2.2)

S ≺X ⊂ ∈ Sh∞
(
Snglrt

) � � Disc // H (10.5)

given by the assignment (10.3)
S ≺X ⊂ : ≺

𝐺 7−!


Map

(
B𝐺,Xtop

)

 , (10.6)
where on the right we have the fat geometric realization of the topological functor
groupoid [Se74] (see [HG07, 2.3]), with B𝐺 ≃ ∗�𝐺 (Ex. 8.1.30) regarded as a
finite topological groupoid.

Proof. Recall from (9.51) in Ex. 9.1.19 that Chrt := CrtSpc (Def. 8.1.5) is a site of
cohesive charts (Def. 9.1.10) for SmthGrpd∞. We claim that for R𝑛 ∈ CrtSpc and

≺

𝐺 ∈ Snglrt (Def. 9.2.1), hence R𝑛 × ≺

𝐺 ∈ CrtSpc × Snglrt (Lemma 9.2.16), we have
the following sequence of natural equivalences:

H
(
R𝑛 × ≺

𝐺, ≺X ⊂

)
= H

(
R𝑛 × ≺

𝐺, OrbSnglr
(
X ⊂

) )
≃ H ⊂

(
Smth

(
R𝑛 × ≺

𝐺
)︸             ︷︷             ︸

≃R𝑛×B𝐺

, X ⊂

)
≃ H ⊂

(
R𝑛 , Map

(
B𝐺 , X ⊂

) )
≃ H ⊂

(
R𝑛 , CdfflgMap

(
B𝐺 , Xtop

) )
.

(10.7)

Here the first step is (10.12), the second is the hom-equivalence (8.71) of the adjunc-
tion Smth ⊣ OrbSnglr (9.143) and using under the brace that Smth preserves products
(by Prop. 8.1.42), that R𝑛 is already smooth, and that Smth

(

≺

𝐺
)
≃ (∗�𝐺) by (9.162).

The third step is Lemma 8.1.16.
Since also the composite of all these natural equivalences is thus natural, the

∞-Yoneda lemma (Prop. 8.1.54) implies that

≺X ⊂ : ≺

𝐾 7−! Cdfflg Map
(
B𝐺 , X ⊂

)
. (10.8)
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Now, since S acts objectwise over ≺

𝐾 (9.142), we find from this that
S ≺X ⊂ : ≺

𝐾 7−! S Cdfflg Map
(
B𝐺 , Xtop

)
≃ ShpsTop

(
Map

(
B𝐺 , Xtop

) )
≃



Map
(
B𝐺 , Xtop

)

 .
Here the first step is (9.57) and the last step follows by Prop. 8.1.34. □

10.1.2 Cohesive 𝐺-orbispaces
We now discuss in more detail the analogue of Prop. 10.1.2 in (a) the special case of
global quotient stacks X ⊂ ≃ 𝑋�𝐺 by a discrete group 𝐺, but (b) in the full generality
of 𝑋 being any 0-truncated cohesive space (not necessarily a topological space, but
for instance a smooth manifold or diffeological space (9.52) or even a non-concrete
object).

Remark 10.1.3 (Good orbifolds and good cohesive orbispaces). The traditional
orbifolds that arise as global quotients X ⊂ ≃ 𝑋�𝐺 of a smooth manifold 𝑋 by the
action of a discrete group 𝐺 are called good orbifolds (e.g. [Ka08, 6]). Therefore, the
cohesive 𝐺-orbispaces discussed now (Def. 10.1.4) could be called (after forgetting
their slicing over ≺

𝐺 ) the good cohesive orbispaces.

Definition 10.1.4 (Cohesive 𝐺-orbispace). Let H be a singular-cohesive ∞-topos
(Def. 9.2.3) and 𝐺 ∈ Grp(H) (Prop. 8.2.1) discrete 𝐺 ≃ ♭𝐺. We say that a cohesive
𝐺-orbispace is an object

X
𝑝��

≺

𝐺
∈ H/

≺

𝐺
(10.9)

in the slice over the 𝐺-orbi-singularity (9.153) that is:
(a) orbi-singular: ≺(𝑝) ≃ 𝑝 (Def. 9.2.7) ,
(b) 0-truncated: (𝜏0)/ ≺

𝐺 (𝑝) ≃ 𝑝 (Def. 8.1.73) . (10.10)

Definition 10.1.5 (Universal covering space of a 𝐺-orbi-singular space). Given a
Cohesive 𝐺-orbispace X ∈ H/ ≺

𝐺 (Def. 10.1.4), we say that its universal covering
space 𝑋 ∈ H the homotopy fiber of the defining morphism to ≺

𝐺 over its essentially
unique point:

𝑋
fib(𝑝) // X

𝑝��

≺

𝐺 .

(10.11)

Proposition 10.1.6 (Properties of universal covering spaces). Let H be a singular-
cohesive∞-topos (Def. 9.2.3). Given a𝐺-orbi-singular spaceX ∈ H/ ≺

𝐺 (Def. 10.1.4),
its universal covering space 𝑋 (Def. 10.1.5)

(i) is:
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(a) 0-truncated: 𝜏0 (𝑋) ≃ 𝑋 (Def. 8.1.73) ,
(b) smooth: ⊂(𝑋) ≃ 𝑋 (Def. 9.1.1) ,

(ii) and is equipped with a 𝐺-action (Prop. 8.2.6) such that X is the orbi-
singularization (9.144) of the corresponding homotopy quotient:

X ≃ ≺

(
𝑋�𝐺

)
. (10.12)

Proof. (i) That 𝑋 is (a) 0-truncated follows from the condition that 𝑝 is 0-truncated
and using Lemma 9.1.15. To see that 𝑋 is (b) smooth, observe that by the defining
assumption (10.10) that 𝑝 is orbi-singular, it is the image under OrbSnglr (9.143) of
a morphism 𝑝 ⊂ in H ⊂:

𝑋
fib(𝑝) // X

𝑝��

≺

𝐺

≃ OrbSnglr
©­­­«
𝑋 ⊂

fib(𝑝 ⊂ ) // X ⊂

𝑝 ⊂��
∗�𝐺

ª®®®¬ . (10.13)

We claim that in fact 𝑋 ≃ NnOrbSinglr(𝑋 ⊂), whence 𝑋 ≃ ⊂(𝑋): First, since
OrbSnglr is a right adjoint it preserves homotopy fibers (Prop. 8.1.42), fib(𝑝) ≃
OrbSnglr

(
fib(𝑝 ⊂)

)
, hence we have 𝑋 ≃ OrbSnglr(𝑋 ⊂). It follows, in particular, that

𝑋 ⊂ is 0-truncated, since 𝑋 ≃ OrbSnglr(𝑋 ⊂) is 0-truncated by part (a), and using that
OrbSnglr is fully faithful. From this it follows that OrbSnglr(𝑋 ⊂) ≃ NnOrbSinglr(𝑋 ⊂),
by Lemma 9.2.21. Together this gives the claim (b).

With this, part (ii) now follows by comparison with (8.160). □

10.1.3 Shape of Cohesive 𝐺-orbispaces.
We derive the following formula (10.15) in Prop. 11.1.6 which generalizes the em-
bedding of 𝐺-spaces into global equivariant homotopy theory, discussed in [Re14, p.
7][Lu19, 3.2.17], from topological 𝐺-spaces to general cohesive 𝐺-spaces. Below in
§11.1 this serves to prove that the intrinsic cohomology of good cohesive orbispaces
subsumes proper equivariant cohomology (Theorem 11.1.9).

Lemma 10.1.7 (Shape of Cohesive 𝐺-orbispaces). Let H be a singular-cohesive
∞-topos (Def. 9.2.3). (8.48), 𝐺 ∈ Grp

(
H

)
(Prop. 8.2.1) be a 0-truncated 𝐺 ≃ 𝜏0𝐺

and discrete 𝐺 ≃ ♭𝐺 and let 𝑋 ∈ H be smooth 𝑋 ≃ ⊂𝑋 and 0-truncated 𝑋 ≃ 𝜏0𝑋
and equipped with a 𝐺-action (𝑋, 𝜌) ∈ 𝐺Actions(H) (Prop. 8.2.6).

(i) Then the orbi-singularization (9.143) of the corresponding homotopy quotient
(8.160)

X := ≺

(
𝑋�𝐺

)
∈ H := Shv∞

(
Snglrt, H ⊂

)
, (10.14)

when regarded as an H ⊂-valued ∞-presheaf on Snglrt (9.138), assigns to a
singularity ≺

𝐾 (9.151) the disjoint union of fixed loci 𝑋 𝜙 (𝐾 ) (Def. 8.2.24) of the
smooth covering space 𝑋 (Def. 10.1.5) for all group homomorphisms 𝜙 : 𝐾 !
𝐺 homotopy-quotiented (8.161) by the residual 𝐺-action (Prop. 10.1.6):

X : ≺

𝐾 7−!

( ⊔
𝜙∈Grp(𝐾,𝐺)

𝑋 𝜙 (𝐾 )
)

� 𝐺 . (10.15)
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(ii) Moreover, its shape (9.142)
Shp

(

≺(𝑋�𝐺)
)
∈ SingularGroupoids := Shv∞

(
Snglrt

)
(10.16)

assigns to a singularity ≺

𝐾 (9.151) the cohesive shape (9.1) of these disjoint
unions of fixed loci (Def. 8.2.24) of the smooth covering space 𝑋 (Def. 10.1.5)
homotopy-quotiented by its 𝐺-action (Prop. 10.1.6):

Shp
(
X

)
: ≺

𝐾 7−! Shp
( ⊔
𝜙∈Grp(𝐾,𝐺)

𝑋 𝜙 (𝐾 )
)

� 𝐺 . (10.17)

Proof. We claim that for 𝑈 ∈ Chrt (Def. 9.1.10) and ≺

𝐾 ∈ Snglrt (Def. 9.2.1), hence
𝑈 × ≺

𝐾 ∈ Chrt × Snglrt (Lemma 9.2.16), we have the following sequence of natural
equivalences:

H
(
𝑈 × ≺

𝐾, X
)

= H
(
𝑈 × ≺

𝐾, OrbSnglr
(
𝑋�𝐺

) )
≃ H ⊂

(
Smth

(
𝑈 × ≺

𝐾
)︸           ︷︷           ︸

≃𝑈×(∗�𝐾 )

, 𝑋�𝐺
)

≃ Grpd∞
(
(∗�𝐾), H ⊂

(
𝑈, 𝑋�𝐺

) )
≃ Grpd1

(
(∗�𝐾), H ⊂

(
𝑈, 𝑋

)
�𝐺

)
≃

( ⊔
𝜙∈Grp(𝐾,𝐺)

H ⊂

(
𝑈, 𝑋

) 𝜙 (𝐾 ) )
�𝐺

≃
( ⊔
𝜙∈Grp(𝐾,𝐺)

H ⊂

(
𝑈, 𝑋 𝜙 (𝐾 ) ) )

�𝐺

≃
(
H ⊂

(
𝑈,

⊔
𝜙∈Grp(𝐾,𝐺)

𝑋 𝜙 (𝐾 )
))

�𝐺

≃ H ⊂

(
𝑈,

( ⊔
𝜙∈Grp(𝐾,𝐺)

𝑋 𝜙 (𝐾 )
)
�𝐺

)
.

(10.18)

Here the first step is (10.12), the second is the adjunction Smth ⊣ OrbSnglr (9.143)
and using under the brace that Smth preserves products (by Prop. 8.1.42), that 𝑈 is
already smooth by assumption, and that Smth

(

≺

𝐾
)
≃ (∗�𝐾) by (9.162). The third

step is the tensoring of H over ∞-groupoids (Prop. 8.1.50) (using the geometric
discreteness (∗�𝐾) ≃ Disc(∗�𝐾) by Remark 9.2.14) The fourth step uses the
geometric contractibility of 𝑈 and the discreteness of 𝐺 to identify H ⊂ (𝑈, 𝑋�𝐺) ≃
H ⊂ (𝑈, 𝑋)�𝐺 (Lemma 9.1.13). The fifth is the general observation of Ex. 8.1.32 about
hom-groupoids between quotient groupoids of sets. The sixth step uses Prop. 9.1.14
to find that the fixed points in the set of maps are the maps into the fixed point locus.
After this key step, we just re-organize term: The seventh step uses the connectedness
of 𝑈 (Lemma 9.1.11) to find that a coproduct of homs out of 𝑈 is a hom into the
coproduct. Finally, the eighth step uses again Lemma 9.1.13.

(i) The composite equivalence (10.7) implies the first claim (10.15) by the ∞-
Yoneda embedding (Prop. 8.1.53), using Lemma 9.2.16.

(ii) From this, the second claim (10.17) follows, using that Shp acts objectwise over
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Snglrt (9.142), and preserves homotopy quotients by discrete groups (Prop.
9.1.4). □

Remark 10.1.8 (Relevance of 0-truncated orbi-singular spaces).
(i) The crucial assumption that makes the proof of Lemma 10.1.7 work is, (a) that

𝐺 is discrete and (b) that 𝑋 is 0-truncated. This is what yields 1-groupoidal
homs in the middle step of (10.7) and thus the form of the expression in the
next step, as on the right hand side of (8.58).

(ii) Without the assumption of X being 0-truncated over ∗�𝐺, the proof of Lemma
10.1.7 would proceed verbatim up to that middle step, but then would break as
the nontrivial morphisms present in X would then mix with those of the action
by 𝐺.

(iii) Lemma 10.1.7 shows that this subtlety is closely related to the cohesive nature of
the problem: We either have a space which is 0-truncated but carries cohesive
(i.e. geometric) structure, or we turn it into its cohesive shape which is un-
truncated but geometrically discrete.

Singular quotient of Cohesive 𝐺-orbispaces.

Proposition 10.1.9 (Singular quotient of𝐺-orbi-singular space). Let H be a singular-
cohesive ∞-topos (Def. 9.2.3), 𝐺 ∈ Grp(H) being discrete 𝐺 ≃ ♭𝐺 and 0-truncated
𝐺 ≃ 𝜏0𝐺. Let X be a 𝐺-orbi-singular space (Def. 10.1.4) with universal covering
space 𝑋 ∈ H ⊂,0 ↩! H equipped with its induced𝐺-action (Def. 10.1.5, Prop. 10.1.6)
and such that all the isotropy groups of the actions are finite. Then the singularization
(9.143) of X is the plain 𝐺-quotient of 𝑋

Snglr
(
X

)
≃ 𝑋/𝐺 ∈ H ⊂,0 ↩−! H ⊂ (10.19)

(i.e., the quotient of the 𝐺-action formed in the 1-topos H ⊂,0 of 0-truncated objects).

Proof. For𝑈 ∈ Chrt, write

H ⊂

(
𝑈, 𝑋

)
�𝐺 ≃

⊔
𝑐

(
∗�𝐻𝑐

)
∈ Grpd1 (10.20)

for the essentially unique decomposition of the groupoid on the left into its connected
components

𝑐 ∈ 𝜋0

(
H ⊂

(
𝑈, 𝑋

)
�𝐺

)
≃ H ⊂

(
𝑈, 𝑋

)
/𝐺 , (10.21)

each of which is equivalent to the delooping groupoid (Ex. 8.1.30) of its fundamental
group

𝐻𝑐 := 𝜋1

(
H ⊂

(
𝑈, 𝑋

)
�𝐺 , 𝑐

)
∈ Grp . (10.22)

Now, by Lemma 10.1.7 and re-instantiating the last few manipulations in (10.7), we
have that over each 𝑈 ∈ Chrt the incarnation of the 𝐺-orbi-singular space X as an
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∞-presheaf on Snglrt is given by:

X(𝑈) : ≺

𝐾 7−! Grpd1

(
∗�𝐾 , H ⊂

(
𝑈, 𝑋

)
�𝐺

)
≃ Grpd1

(
∗�𝐾 ,

⊔
𝑐

(
∗�𝐻𝑐

) )
≃

⊔
𝑐

Grpd1

(
∗�𝐾 , ∗�𝐻𝑐

)
≃

⊔
𝑐

Snglrt
(

≺

𝐾 , ≺

𝐻𝑐

)
.

(10.23)

Here the first step is (10.20), the second step uses that the delooping groupoids ∗�𝐻𝑐
of the isotropy groups 𝐻𝑐 are connected and the last step observes the definition of
Snglrt (Def. 9.2.1). By the ∞-Yoneda embedding (Prop. 8.1.53) over the site of Snglrt
(9.134) this means that

X(𝑈) ≃
⊔
𝑐

≺
𝐻𝑐 ∈ Shv∞

(
Snglrt

)
. (10.24)

With this, we find that Snglr(X) ∈ PreSheaves∞ (Chrt) is given by
Snglr

(
X

)
: 𝑈 7−! Snglr

(
X(𝑈)

)
≃ Snglr

(⊔
𝑐

≺
𝐻𝑐

)
≃

⊔
𝑐

Snglr
(

≺

𝐻𝑐

)
≃

⊔
𝑐

∗

≃ 𝜋0

(
H ⊂

(
𝑈, 𝑋

)
�𝐺

)
≃ H ⊂

(
𝑈, 𝑋

)
/𝐺 .

(10.25)

Here the first line is the object-wise application of Snglr (Remark 9.2.9), while the
next line is (10.24). From there we use that Snglr, being a left adjoint, preserves
coproducts (Prop. 8.1.42) and then that it takes the elementary singularities to points,
by Lemma 9.2.17, here using the assumption that the isotropy groups 𝐻𝑐 are finite.
Finally, we identify (10.21). But this resulting assignment is just that of 𝑋/𝐺 ∈
PreSheaves(Chrt):

𝑋/𝐺 : 𝑈 7−! H(𝑈, 𝑋)/𝐺 (10.26)
and hence the claim follows. □

Remark 10.1.10. The assumption in Prop. 10.1.9 that the isotropy groups are finite
is necessary for the statement to hold:1 For instance, the singularization (9.143) of

1We thank David Jaz Myers for amplifying this point.
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X := ∗ � Z = BZ is instead the object itself:

<(∗�Z) ≃ lim−! ≺

𝐾Grpd
(
∗�𝐾, ∗�Z

)
≃ lim−! ≺

𝐾 (∗�Z)

≃ ∗�Z .

Here in the second line, we used that the only group homomorphism from the finite
group 𝐾 (by Def. 9.2.1) to Z is the trivial one (and in the third line that the colimit of
a constant contravariant functor on a category with a terminal object is the constant
value itself). But this also shows that if one wants the singularization of orbispaces
like ∗�Z to still be the point then one would need to accordingly enlarge the category
Snglrt (Def. 9.2.1) to include such “infinitely singular” objects.

10.1.4 Examples of Cohesive 𝐺-orbispaces
We make explicit two classes of examples of cohesive 𝐺-orbispaces (Def. 10.1.4):
Fréchet-smooth orbispaces and topological orbispaces.

Example 10.1.11 (Fréchet smooth 𝐺-orbispaces). Consider
𝑋 ∈ FréchetManifolds �

� // SmthGrpd∞ (10.27)
a (possibly infinite-dimensional Fréchet-)smooth manifold regarded as a 0-truncated
concrete smooth ∞-groupoid (9.52). Given a 𝐺 ∈ Grp(H) (9.154) being discrete
𝐺 ≃ ♭𝐺, a smooth action 𝜌 of 𝐺 on 𝑋 is equivalently a homotopy fiber sequence in
SmthGrpd∞ of this form (Prop. 8.2.6):

𝑋
fib(𝜌) // 𝑋�𝐺

𝜌��
∗�𝐺

. (10.28)

Here the homotopy quotient (8.160)
𝑋�𝐺 ∈ LieGroupoids �

� // SmthGrpd∞ (10.29)

is the corresponding (possibly infinite-dimensional Fréchet-)Lie groupoid, regarded
as a smooth ∞-groupoid via the embedding (9.53). Its orbi-singularization (9.143) is
a𝐺-orbi-singular space, in the sense of Def. 10.1.4, in the ∞-topos SnglrSmthGrpd∞
(9.148):

X
��

≺

𝐺
:= OrbSnglr

©­­­«
𝑋�𝐺

��
∗�𝐺

ª®®®¬ . (10.30)

This orbi-singular smooth groupoid (10.30) is what we suggest is the proper incar-
nation of the quotient orbifold that is presented by the smooth manifold 𝑋 with its
𝐺-action. Notice that (see Figure G):

(i) its purely smooth aspect is the Lie groupoid

⊂

(
X

)
≃ 𝑋�𝐺 ∈ LieGroupoids �

� // SnglrSmthGrpd∞ , (10.31)
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(by Prop. 10.1.6) which is the incarnation of this orbifold, according to
[MP97][PS10]

(ii) its purely singular aspect is the diffeological space
<

(
X

)
≃ 𝑋/𝐺 ∈ DiffeologicalSpaces �

� // SingularSmoothGroupoid∞ (10.32)
(by Prop. 10.1.9) which is the incarnation of this orbifold, according to [IKZ10].

However, it is only the full orbi-singular object X which is structured enough to
have proper (Bredon-)equivariant cohomology. This is the content of Theorem 11.1.9
below.

Example 10.1.12 (Topological 𝐺-orbispaces). For 𝐺 a finite group, let 𝐺 ↷ 𝑋top be
a topological 𝐺-space (Def 8.1.18) with Borel construction

𝑋top // 𝑋 ×
𝐺
𝐸𝐺

��
𝐵𝐺

(10.33)

Via its continuous diffeology (8.12), this is equivalently a 0-truncated (and concrete)
object in H ⊂ := SmthGrpd∞ (Ex. 9.1.19)

𝑋 := Cdfflg(𝑋top) ∈ H ⊂,0 (10.34)
equipped with a smooth 𝐺-action (Prop. 8.2.6)

𝑋 // 𝑋�𝐺
��

∗�𝐺 .

(10.35)

The orbi-singularization (9.143) of the corresponding homotopy quotient is a𝐺-orbi-
singular space (Def. 10.1.4)

X

��

≺

𝐺

:= OrbSnglr
©­­­«

Cdfflg(𝑋top)�𝐺

��
∗�𝐺

ª®®®¬ . (10.36)

Proposition 10.1.13 (Shape of good orbifolds). Consider a finite-dimensional smooth
𝐺-orbifold, as in Ex. 10.1.11 (a good orbifold, Remark 10.1.3)

X := OrbSnglr
(
𝑋�𝐺

)
. (10.37)

Then its cohesive shape (9.143) Shp
(
X

)
∈ Shv∞

(
Snglrt

)
is, over any singularity

≺

𝐾 (9.135), the topological shape (8.1.29) of the 𝐺-Borel construction on the disjoint
union of all 𝐾-fixed subspaces 𝑋 𝜙 (𝐾 )

top ⊂ 𝑋top (8.39) in the underlying (8.12) D-
topological 𝐺-space (Def. 8.1.18):

Shp
(
X

)
: ≺

𝐾 7−! ShpTop

(( ⊔
𝜙∈Grp(𝐾,𝐺)

(Dtplg(𝑋))𝜙 (𝐾 )
)
×
𝐺
𝐸𝐺

)
. (10.38)

Proof. With Lemma 10.1.7, the task is reduced to showing that, for 𝜙(𝐾) ⊂ 𝐺 any
specified subgroup, we have an equivalence

Shp
(
𝑋 𝜙 (𝐾 ) ) ≃ ShpTop

(
(Dtplg(𝑋))𝜙 (𝐾 ) ) ∈ Grpd∞ (10.39)
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between the cohesive shape (9.1) of the orbi-singular homotopy quotient of 𝑋 by 𝐺
and the ordinary topological shape (8.1.29) of the D-topological space underlying 𝑋 .
But this is (9.56) in Ex. 9.1.19, given by [Sc13, 4.3.29]. □

Proposition 10.1.14 (Shape of topological 𝐺-orbi spaces). Consider the topological
𝐺-orbi-singular space, as in Ex. 10.1.12,

X := OrbSnglr
(
Cdfflg(𝑋top)�𝐺

)
. (10.40)

Then its cohesive shape (9.143) Shp
(
X

)
∈ Shv∞

(
Snglrt

)
is, over any singularity

≺

𝐾 (9.135), the topological space (8.1.29) of the 𝐺-Borel construction on the disjoint
union of all 𝐾-fixed subspaces 𝑋 𝜙 (𝐾 )

top ⊂ 𝑋top (8.39):

Shp
(
X

)
: ≺

𝐾 7−! ShpTop

(( ⊔
𝜙∈Grp(𝐾,𝐺)

𝑋
𝜙 (𝐾 )
top

)
×
𝐺
𝐸𝐺

)
. (10.41)

Proof. With Lemma 10.1.7, the task is reduced to showing that, for 𝜙(𝐾) ⊂ 𝐺 any
specified subgroup, we have an equivalence

Shp
(
Cdfflg(𝑋top)𝜙 (𝐾 ) ) ≃ ShpTop

(
𝑋
𝜙 (𝐾 )
top

)
∈ Grpd∞ (10.42)

between the cohesive shape (9.1) of the orbi-singular homotopy quotient by 𝐺 of the
continuous-diffeological space and the ordinary topological shape (8.1.29) But this is
item (9.55) in Ex. 9.1.19, given by combining the result (9.54) of [BEBP19][Bunk20,
§3] with Prop. 8.1.36 from [CW14]. □

10.2 Higher Orbifolds
We introduce a general theory of orbi-singular spaces, whose underlying smooth
cohesive groupoid is locally diffeomorphic to a fixed local model space 𝑉 . Since, for
𝑉 = R𝑛 ∈ HldSmthGrpd∞, these are ordinary 𝑛-folds (i.e., ordinary 𝑛-dimensional
manifolds for any 𝑛, see Ex. 10.2.5), or, more generally, étale ∞-groupoids with
atlases by 𝑛-folds (Ex. 10.2.6), including ordinary orbifolds, we generally speak of𝑉-
folds, with a hat tip to [Sa56]. Externally these are 𝑉-étale ∞-stacks (Remark 10.2.3)
but their theory internal to the ambient elastic ∞-topos (such as the construction of
their frame bundles in Prop. 10.2.14) is elegant and finitary and lends itself to full
formalization in homotopy type theory [Ch24] (see p. 10). The proper incarnation
(see Remark 10.2.48) of these 𝑉-folds as orbifolds is via their orbi-singularization
(Def. 10.2.46, Remark 10.2.48).

Remark 10.2.1 (The implicit order of jet geometry). Where we speak internally
of infinitesimal concepts such as frame bundles and their structure groups in the
following, their external nature depends on the choice of interpreting elastic ∞-topos
H (Def. 9.1.22):
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For orbifolds regarded in H ≡ HldSmthGrpd∞ (9.70) these come out as or-
dinary frame bundle and ordinary general linear groups (Ex. 10.2.13), while in
H ≡ 𝑘HldSmthGrpd∞ (9.68) they come out as 𝑘-jet frame bundles and 𝑘-jet groups
(cf. Ex. 10.2.17 below). Similarly, the notion of integrability of 𝐺-structures depends
on 𝑘 (cf. Ex. 10.2.32 below).

This highlights that our synthetic formalism in the form presented here does not
internally fix the order of infinitesimality that is expressed by the elastic modalities.
On the one hand this is a boon: It means that every theorem established abstractly
with the elastic modalities translates externally into an infinite sequence of theorems,
applicable to each order of infinitesimality. On the other hand it is desirable to be
able to speak internally of first-order infinitesimality, for instance in order to witness
already internally the crucial difference between torsion-free and flat 𝐺-structures
(cf. Ex. 10.2.32).

Such an internal axiomatization of first-order haloes may be possible via the inter-
play with the solid modalities, since the odd-graded infinitesimals of standard super-
geometry have a special “1st order nature” to them (in that their super-commutativity
is equivalently the statement that first-order super-infinitesimals are closed under
summation). But here we leave this question open.

10.2.1 𝑉-folds and 𝑉-étale groupoids
Definition 10.2.2 (𝑉-folds). Let H be an elastic ∞-topos H (Def. 9.1.22).

(i) Given 𝑉 ∈ Grp(H) (Prop. 8.2.1), we say that an object 𝑋 ∈ H is a 𝑉-fold if
there exists a correspondence between 𝑉 and 𝑋

𝑈
ét

vv
ét
(( ((

𝑉 𝑋

(10.43)

such that

(a) both morphisms are local diffeomorphisms (Def. 9.1.28) and
(b) the right one is, in addition, an effective epimorphism (Def. 8.1.80), then

called a 𝑉-atlas of 𝑋 (8.148).
(ii) We write

𝑉Folds(H) ⊂ H (10.44)
for the full sub-∞-category of 𝑉-folds in H and we write

𝑉Folds(H)ét ⊂ H (10.45)
for its wide subcategory on those morphisms which are local diffeomorphisms
(Def. 9.1.28).

Remark 10.2.3 (𝑉-folds and 𝑉-étale groupoids). By Prop. 9.1.38, a 𝑉-fold (Def.
10.2.2) is a stack (8.148) whose choice of 𝑉-atlas (10.43) realizes it as an étale
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groupoid (Def. 9.1.37) with space of objects locally diffeomorphic over 𝑉 :

��

OO

��

OO

�� ��

OO

��

OO

��
𝑈 ×𝑋 𝑈 ≃

pr1

��

OO

Δ pr2

��

𝑈1

𝑠

��

OO

𝑒 𝑡

��

“𝑉-étale groupoid”

𝑉 oo
ét

𝑈

𝑎 ét

����

𝑈0

����
“𝑉-atlas”

𝑋 ≃ lim
−!

𝑈• “𝑉-fold”

(10.46)

Example 10.2.4 (𝑉 is a 𝑉-fold). Let H be an elastic ∞-topos H (Def. 9.1.22) and
𝑉 ∈ Grp(H) (Prop. 8.2.1). Then the underlying object 𝑉 ∈ H itself is a 𝑉-fold (Def.
10.2.2): A 𝑉-atlas (10.43) is given by the identity morphisms

𝑉id
étvv

id
ét )) ))

𝑉 𝑉 .

(10.47)

Example 10.2.5 (Smooth manifolds are R𝑛-folds). For 𝑘 ∈ N with 𝑘 ≥ 1, let
H = 𝑘HldSmthGrpd∞ (Ex. 9.1.26). Then, for every 𝑛 ∈ N, the object

𝑉 := R𝑛 ∈ CrtSpc �
� // 𝑘HldSmthGrpd∞ (10.48)

canonically carries the structure of a group object (R𝑛, +) ∈ Grp(H), via addition in
R𝑛 regarded as a vector space. Now every smooth manifold

𝑋 ∈ SmthMfd �
� // 𝑘HldSmthGrpd∞ (10.49)

of dimension 𝑛 is a 𝑉-fold, hence an R𝑛-fold in the sense of Def. 10.2.2: For any
choice of atlas in the traditional sense of manifold theory, namely an open cover{

𝑈 𝑗
𝜙𝑖 // 𝑋

}
𝑗∈𝐽 (10.50)

by local diffeomorphisms 𝜙𝑖 from open subsets of Cartesian space

𝑈 𝑗
� � 𝜄 𝑗 // R𝑛 , (10.51)

a 𝑉-atlas (10.43) is obtained by setting:
⊔
𝑗∈𝐽
𝑈 𝑗

ét

( 𝜄 𝑗 ) 𝑗∈𝐽
vv ét

(𝜙 𝑗 ) 𝑗∈𝐽
(( ((

R𝑛 𝑋 .

(10.52)

Example 10.2.6 (Differentiable étale stacks are R𝑛-folds [Sc13, Prop. 4.5.56]). Let
H = HldSmthGrpd∞ (Ex. 9.1.26) and take 𝑉 = (R𝑛, +) as in Ex. 10.2.5. Then a
diffeological groupoid 𝑋 ∈ H (9.72) is a 𝑉-fold (Def. 10.2.2) for 𝑉 = R𝑛 (10.48) if it
is an 𝑛-dimensional differentiable étale stack in that:

(i) it admits an atlas (effective epimorphism) 𝑋0 // // 𝑋 from a smooth 𝑛-manifold
𝑋0 (via (9.52) and (9.71))

(ii) its source and target morphisms with respect to this atlas are local diffeomor-
phisms.
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Generally, a smooth ∞-groupoid presented by a Kan simplicial smooth manifold
is an R𝑛-fold in the sense of Def. 10.2.2 if it presents an étale ∞-groupoid in that all
its simplicial face maps are local diffeomorphisms.

Examples 10.2.7 (Super-manifolds areR𝑛 |𝑞-folds). Let H = SprHldSmthGrpd∞ (Ex.
9.1.26). Then, for every 𝑛, 𝑞 ∈ N, the super-Cartesian space (Def. 9.1.43)

𝑉 := R𝑛 |𝑞 ∈ SprHldCrtSp �
� // SprHldSmthGrpd∞ (10.53)

carries the structure of a group object, whose bosonic aspect (9.114) is (10.48).
The corresponding 𝑉-folds (Def. 10.2.2) are the (𝑛|𝑞)-dimensional supermanifolds
(9.125).

Example 10.2.8 (General super étale ∞-stacks). Let H = SprHldSmthGrpd∞ (Ex.
9.1.45). Then for any 𝑉 ∈ Grp(H) the corresponding 𝑉-étale ∞-stacks (Remark
10.2.3) realize a flavor of super étale ∞-stacks, locally modeled on 𝑉 . Lemma 9.1.47
implies that, generally, the bosonic part

⇝
𝑋 of a super étale ∞-stack is a bosonic étale

∞-stack locally modeled on the bosonic part
⇝
𝑉 of 𝑉 :

𝑉Folds(H) ⇝ //
⇝
𝑉Folds(H)

supergeometric
étale ∞-stack 𝑋 7−!

⇝
𝑋 underlying bosonic

étale ∞-stack

(10.54)

10.2.2 Quotients of 𝑉-folds
Proposition 10.2.9 (Orbifolding of a 𝑉-fold is a 𝑉-fold). Let H be an elastic ∞-
topos H (Def. 9.1.22), 𝑉, 𝐺 ∈ Grp(H) (Prop. 8.2.1) with 𝐺 ≃ ♭𝐺 discrete, and
(𝑋, 𝜌) ∈ 𝐺Actions(H) (Prop. 8.2.6). Then if 𝑋 is a 𝑉-fold (Def. 10.2.2) so is its
homotopy quotient 𝑋�𝐺 (8.161). Specifically, if 𝑈 ét // // 𝑋 is a𝑉-atlas for 𝑋 (10.43),
then a 𝑉-atlas for 𝑉�𝐺 is given by composition with the homotopy fiber inclusion
map fib(𝜌) (8.160):

𝑈
ét

vv
ét

(( ((
𝑉 𝑋

fib(𝜌) // 𝑋�𝐺 .

(10.55)

Proof. We need to show that the composite morphism on the right of (10.55) is (a)
an effective epimorphism and (b) a local diffeomorphism. Since both of these classes
of morphisms are closed under composition (Lemma 8.1.82 and Lemma 9.1.29), it is
sufficient to show that fib(𝜌) itself has these two properties.

For (a) observe that, by definition of homotopy fibers (8.160), we have a Cartesian
square

𝑋

��

fib(𝜌) //

(pb)

𝑋�𝐺
𝜌
��

∗ // // B𝐺
(10.56)

Here, the bottom morphism is an effective epimorphism (Ex. 8.2.2). Since these are
preserved by homotopy pullback, also fib(𝜌) is an effective epimorphism.
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For (b) consider the image of this square (10.56) under ℑ. Since ℑ is both a right
and a left adjoint it preserves Cartesian squares and homotopy quotients (by Prop.
8.1.42), while it preserves discrete objects by elasticity (9.59) and idempotency (Prop.
8.1.44, Prop. 8.1.45). Therefore, the diagram

ℑ𝑋

��

ℑfib(𝜌) ≃ fib(ℑ𝜌) //

(pb)

(
ℑ𝑋

)
�𝐺

ℑ𝜌
��

∗ // // B𝐺

(10.57)

is Cartesian. Consider finally the pasting composite of this second square (10.57)
with the naturality square of 𝜂ℑ on fib(𝜌):

𝑋

𝜂ℑ
𝑋
��

fib(𝜌) // 𝑋�𝐺

𝜂ℑ
𝑋�𝐺 ��

𝜌

xx

ℑ𝑋

��

//

(pb)

(
ℑ𝑋

)
�𝐺

ℑ𝜌
��

∗ // B𝐺

(10.58)

Here the composite morphism on the right is equivalent to 𝜌, as shown, by the
naturality of 𝜂ℑ and using that the object B𝐺, being discrete, is ℑ-modal. Therefore,
the total outer rectangle of (10.58) is Cartesian by (10.56). Moreover, the bottom
square of (10.58) is Cartesian by (10.57). Therefore the pasting law (Prop. 8.1.39)
implies that the top square of (10.58) is Cartesian. But this means (9.76) that fib(𝜌)
is a local diffeomorphism. □

Proposition 10.2.10 (Induced 𝐺-action on the tangent bundle). Let H be an elastic
∞-topos H (Def. 9.1.22), 𝑉, 𝐺 ∈ Grp(H) (Prop. 8.2.1), with 𝐺 ≃ ♭𝐺 discrete,
(𝑋, 𝜌) ∈ 𝐺Actions(H) (Prop. 8.2.6) and 𝑋 ∈ 𝑉Folds(𝑋) (Def. 10.2.2). Then the
tangent bundle 𝑇𝑋 (Def. 9.1.31) carries an essentially unique𝐺-action 𝑇𝜌 such that:

(i) the defining projection 𝑇𝑋 ! 𝑋 is 𝐺-equivariant (Def. 8.2.10);
(ii) the homotopy quotient of𝑇𝑋 is the tangent bundle of the orbifolded𝑉-fold 𝑋�𝐺

(Prop. 10.2.9):
(𝑇𝑋)�𝐺 ≃ 𝑇 (𝑋�𝐺) ∈ H/

𝑋�𝐺
. (10.59)
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Proof. Consider the following diagram:
𝑇𝑋

**

��

// 𝑋

��

fib(𝜌)

**
𝑇 (𝑋�𝐺) //

��

𝑇𝜌

��

𝑋�𝐺

𝜂ℑ
𝑋
�𝐺 ≃ 𝜂ℑ

𝑋�𝐺

��

𝑋

��

fib(𝜌) ))

𝜂ℑ
𝑋 // ℑ𝑋 ℑfib(𝜌)

))
𝑋�𝐺

𝜌

��

𝜂ℑ
𝑋�𝐺

// (ℑ𝑋)�𝐺

∗
** B𝐺

(10.60)

Here the bottom left square is that characterizing the𝐺-action on 𝑋 , by (8.160); while
the bottom and right squares are both the naturality square of 𝜂ℑ on the morphism
fib(𝜌) (where we use that ℑ commutes with taking the homotopy quotient by the
discrete group 𝐺). Now observe that:

(a) The bottom and right squares are pullback squares since fib(𝜌) is a local dif-
feomorphism (Def. 9.1.28) by Prop. 10.2.9.

(b) The front and back squares are pullback squares by the definition of tangent
bundles (Def. 9.1.31).

In particular, the solid part of the diagram is homotopy-commutative, so that, by
the universal property of the front pullback square, the dashed morphism exists,
essentially uniquely, such as to make the top and the top left square homotopy-
commutative. Further observe, by repeatedly applying the pasting law (Prop. 8.1.39),
that:

(c) The top left square is a homotopy pullback since the back, right and front squares
are pullbacks by (a) and (b).

(d) The total left rectangle is a pullback, since the top one is so, by (c), and the
bottom one is so, by the action property (8.160).

Thus, again by the action property (8.160), the total left rectangle exhibits a 𝐺-action
on 𝑇𝑋 whose homotopy quotient is as claimed (10.59), and its factorization into two
pullback squares as shown exhibits the projection 𝑇𝑋 ! 𝑋 as a homomorphism of
𝐺-actions, hence as being 𝐺-equivariant (Def. 8.2.10). □

Proposition 10.2.11 (Induced 𝐺-action on local neighborhood of fixed point). Let
H be an elastic ∞-topos H (Def. 9.1.22), 𝑉, 𝐺 ∈ Grp(H) (Prop. 8.2.1), with 𝐺 ≃ ♭𝐺
discrete, (𝑋, 𝜌) ∈ 𝐺Actions(H) (Prop. 8.2.6) with 𝑋 ∈ 𝑉Folds(𝑋) (Def. 10.2.2) and
∗ 𝑥 // 𝑋 a homotopy fixed point (Def. 8.2.24). Then the induced 𝐺-action 𝑇𝜌 on

the tangent bundle 𝑇𝑋 , from Prop. 10.2.10, restricts to a 𝐺-action 𝑇𝑥𝜌 on the local
neighborhood 𝑇𝑥𝑋 (Ex. 9.1.32) of the homotopy fixed point 𝑥.



Orbifold Geometry 269

Proof. Consider the following diagram:
𝑇𝑥𝑋 //

��

**

𝑇𝑋

))

��

(𝑇𝑥𝑋)�𝐺 //

𝑇𝑥𝜌

��

(𝑇𝑋)�𝐺

��
𝑇𝜌

��

∗ 𝑥 //

**

𝑋

��

fib(𝜌)

**
B𝐺

𝑥�𝐺
// 𝑋�𝐺

𝜌

��
∗

** B𝐺

(10.61)

Here the squares on the right are from (10.60) and are thus both homtopy Cartesian.
The rear square is the homotopy pullback square defining the tangent fiber, and we
define the front square to be a homotopy pullback, giving us the object denoted
(𝑇𝑥𝑋)�𝐺. We need to show that this object really is the homotopy quotient of the
restricted action. But the bottom horizontal square homotopy-commutes, exhibiting
the homotopy fixed point by (8.191), so that, by applying the pasting law (Prop.
8.1.39) to the top vertical squares, it follows that also the top left square is Cartesian.
This already identifies (𝑇𝑥𝑋)�𝐺 as the homotopy quotient of some 𝐺-action on
𝑇𝑥𝑋 , by Prop. 8.2.6. To see that this is indeed the restricted action, observe that the
front triangle commutes, again by (8.191), so that the total diagram exhibits the fiber
inclusion 𝑇𝑥𝑋 ! 𝑇𝑋 as being a homomorphism 𝐺-actions 𝑇𝑥𝜌 ! 𝑇𝜌 (by Prop.
8.2.6). □

10.2.3 Frame bundles
Definition 10.2.12 (Structure group of 𝑉-folds). Let H be an elastic ∞-topos (Def.
9.1.22) and 𝑉 ∈ Grp(H) (Prop. 8.2.1), to be regarded as the local model space of
𝑉-folds (Def. 10.2.2). Then:

(i) We say that the automorphism group (Def. 8.2.13) of the local neighborhood
(Ex. 9.1.32) of the neutral element ∗ 𝑒 // 𝑉 (Ex. 8.2.3)

Aut(𝑇𝑒𝑉) ∈ Grp(𝑇𝑒𝑉) (10.62)
is the structure group of 𝑉-folds.

(ii) We write
(𝑇𝑒𝑉, 𝜌Aut) ∈ Aut(𝑇𝑒𝑉)Actions(H) (10.63)

for its canonical action (8.174).

Example 10.2.13 (Ordinary general linear group). Let H = HldSmthGrpd∞ (Ex.
9.1.26) and let

𝑉 := (R𝑛, +) ∈ Grp(SmthMfd) �
� // Grp(H) (10.64)

via the full inclusion (9.72), with R𝑛 regarded as a group under addition of tuples of
real numbers. Then the structure group of R𝑛-folds, according to Def. 10.2.12, is the
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traditional general linear group, regarded as a Lie group:
Aut(𝑇0R𝑛) ≃ GL(𝑛) . (10.65)

Proposition 10.2.14 (Frame bundle). Let H be an elastic ∞-topos H (Def. 9.1.22),
𝑉 ∈ Grp(H) (Prop. 8.2.1) and 𝑋 ∈ H a𝑉-fold (Def. 10.2.2). Then the tangent bundle
of 𝑋 (Def. 9.1.31) is a fiber bundle (Def. 8.2.18) with typical fiber the local neigh-
borhood 𝑇𝑒𝑉 (Def. 9.1.30) of the neutral element ∗ 𝑒

−! 𝑉 , hence is the associated
bundle of an Aut(𝑇𝑒𝑉)-principal (10.62) bundle (Prop. 8.2.15), to be called the frame
bundle of 𝑋:

tangent bundle

𝑇𝑋 //

��
(pb)

(
𝑇𝑒𝑉

)
�Aut

(
𝑇𝑒𝑉

)
��

𝑋
⊢ Frm(𝑋)

// BAut(𝑇𝑒𝑉)

frame bundle

Frm(𝑋)

��

//

(pb)

∗

��
𝑋

⊢ Frm(𝑋)
// BAut(𝑇𝑒𝑉) .

structure
group

(10.66)

Proof. By Prop. 9.1.33 the tangent bundles over any 𝑉-atlas (10.43) for 𝑋 form two
Cartesian squares as follows:

𝑇𝑈

uu )) ))

�� (pb)
𝑉 × 𝑇𝑒𝑉 ≃ 𝑇𝑉

(pb)

��

𝑇𝑋

��
𝑈

étuu ét )) ))
𝑉 𝑋

(10.67)

Moreover, by Prop. 10.2.20 the tangent bundle of 𝑉 is trivial, as shown on the left.
Since Cartesian products are preserved by homotopy pullback, the left square implies
that also 𝑇𝑈 ≃ 𝑈 ×𝑇𝑒𝑉 is trivial. But with this the existence of the right square is the
defining characterization for 𝑇𝑋 to be a 𝑇𝑒𝑉-fiber bundle. □

Remark 10.2.15 (Frame bundles are well-defined). The frame bundle (Def. 10.2.14)
of a𝑉-fold (Def. 10.2.2) is independent, up to a contractible space of equivalences, of
the choice of𝑉-atlas (10.43) in the construction (10.67): This follows as a special case
of the essential independence of classifying maps of fiber bundles from the choice
of trivializing cover, as in Prop. 8.2.19, using that not only the class of effective
epimorphisms but also that of local diffeomorphisms is closed under pullback and
composition (Lemma 9.1.29).

Proposition 10.2.16 (𝑉-fold is Aut(𝑇𝑒𝑉)-quotient of its frame bundle). Let H be
an elastic ∞-topos H (Def. 9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1) and 𝑋 ∈ 𝑉Folds(H)
(Def. 10.2.2). Then 𝑋 is equivalent to the homotopy quotient (8.161) of its own frame
bundle (Prop. 10.2.14) by Aut(𝑇𝑒𝑉):

𝑋 ≃ Frm(𝑋)�Aut(𝑇𝑒𝑉) . (10.68)

Proof. This is immediate from the equivalence between principal bundles and ho-
motopy qotient projections (Remark 8.2.16) applied to the frame bundle (10.66).

□
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Example 10.2.17 (Frame bundles on smooth manifolds). Let H = HldSmthGrpd∞
(Ex. 9.1.26) and 𝑋 ∈ SmthMfd ↩! H a smooth manifold (9.72) regarded as an
R𝑛-fold according to Ex. 10.2.5.

(i) Then its frame bundle, according to Prop. 10.2.14, is the GL(𝑛)-principal bundle
on 𝑋 which is the frame bundle in the traditional sense of differential geometry.

(ii) For the same manifold but regarded in H = 𝑘HldSmthGrpd∞ with 𝑘 ≥ 1 we
instead get the corresponding jet version of the frame bundle (see e.g. [KMS93,
12.12]).

10.2.4 Framed 𝑉-folds
Definition 10.2.18 (Framing). Let H be an elastic∞-topos H (Def. 9.1.22). A framing
of an object 𝑋 ∈ H is a trivialization of its tangent bundle Def. 9.1.31, hence an
equivalence

𝑇𝑋 ≃ 𝑋 × 𝑇𝑥𝑋 ∈ H/𝑋 (10.69)

for ∗ 𝑥 // 𝑋 any point.

Remark 10.2.19 (Framing on a𝑉-fold). If 𝑋 is a𝑉-fold (Def. 10.2.2) then a framing
on 𝑉 in the sense of Def. 10.2.18 is equivalent, by Prop. 10.2.14, to a trivialization of
the frame bundle, hence to a trivialization of its classifying map (10.66):

𝑇𝑋

%%

fr
≃

// 𝑋 × 𝑇𝑒𝑉

ww
𝑋

⇔
∗

++
𝑋

66

⊢ Frm(𝑋)

77BAut(𝑇𝑒𝑉) .
LT

≃ ⊢ fr (10.70)

Proposition 10.2.20 (Groups carry canonical framings by left-translation). In an
elastic ∞-topos H (Def. 9.1.22) every group object𝑉 ∈ Grp(H) (Prop. 8.2.1) carries
a canonical framing (Def. 10.2.18), which we call the framing by left translation:

𝑇𝑉
frℓ
≃

// 𝑉 × 𝑇𝑒𝑉 ∈ H/𝑉 . (10.71)

Proof. Since ℑ preserves group structure (as in Prop. 9.1.4), the defining homotopy
fiber product of the tangent bundle of 𝑉 (9.83) sits in a Mayer-Vietoris sequence
(Prop. 8.2.5) as shown in the first square of the following:

𝑇𝑉 //

��
(pb)

∗
⊢𝑒
��

𝑉 ×𝑉
(𝜂ℑ
𝑉
,𝜂ℑ
𝑉
)=𝜂ℑ

𝑉×𝑉 // ℑ𝑉 × ℑ𝑉 (−) · (−)−1
// ℑ𝑉

≃
𝑇𝑉

(pb)

��

// 𝑇𝑒𝑉

��

//

(pb)

∗
⊢𝑒
��

𝑉 ×𝑉 (−) · (−)−1
// 𝑉

𝜂ℑ
𝑉 // ℑ𝑉

(10.72)

Using that ℑ preserves products (by Prop. 8.1.42) and using the naturality of its
unit transformation 𝜂ℑ (8.72), this Cartesian square on top is equivalent to the total
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rectangle shown at the bottom. By the pasting law (Prop. 8.1.39), this is the pasting
of two Cartesian squares, the right one of which exhibits the local neighborhood 𝑇𝑒𝑉
(Def. 9.1.30) as shown. To see what the Cartesian property of the left square on the
right says, consider pasting to it the top square appearing in the diagram (8.157)
which exhibits the group division (−) · (−)−1 in Ex. 8.2.4:

𝑇𝑉 //

(pb)
��

𝑇𝑒𝑉

��
𝑉 ×𝑉
pr1 ��

(−) · (−)−1 //

(pb)

𝑉

��
𝑉 // ∗

(10.73)

Since both squares are Cartesian, the pasting law (Prop. 8.1.39) says that the total
rectangle is Cartesian. This is the equivalence (10.71). □

Proposition 10.2.21 (Canonical framing on group is equivariant under group auto-
morphisms). Consider an elastic ∞-topos H (Def. 9.1.22), 𝑉, 𝐺 ∈ Grp(H) (Prop.
8.2.1). with 0-truncated 𝑉 ≃ 𝜏0𝑉 and (𝑉, 𝜌𝐺) ∈ 𝐺Actions(H) (Prop. 8.2.6) acting
by group-automorphisms (Prop. 8.2.29) hence by restriction 𝜌𝐺 = B𝑖∗𝜌AutGrp (Prop.
8.2.12) along a group homomorphism 𝐺 𝑖 // Aut𝑒 (𝑉) , to the group-automorphism
group AutGrp (𝑉) (Def. 8.2.28). Then the canonical framing frℓ on 𝑉 from Prop.
10.2.20 is 𝐺-equivariant (Def. 8.2.10), in that it lifts to a morphism of 𝐺-actions
(Prop. 8.2.6) of the form

(𝑇𝑉,𝑇𝜌) frℓ // (𝑉, 𝜌) × (𝑇𝑒𝑉,𝑇𝑒𝜌) ∈ 𝐺Actions(H) , (10.74)
where 𝑇𝜌 is the induced action on 𝑇𝑉 from Prop. 10.2.10, and 𝑇𝑒𝜌 is the induced
action on 𝑇𝑒𝑉 from Prop. 10.2.11 (which exists since group-automorphisms of 𝑉 are
in particular pointed automorphisms of 𝑉 (Def. 8.2.27).

Proof. Consider the following diagram:

𝑇𝑉 // //

��

(𝑇𝑉)�𝐺
𝜙3

**

𝜙2

��

��

𝑇𝑉

&&

��

𝜙1 // (𝑉�𝐺) ×
∗�𝐺

(
(𝑇𝑒𝑉)�𝐺

)
**

��

𝑇𝑒𝑉� _

��

// (𝑇𝑒𝑉)�𝐺� _

��

𝑉 ×𝑉
(−) · (−)−1

&&pr1

��

// (𝑉�𝐺) ×
∗�𝐺

(𝑉�𝐺)

**

��

𝑉 //

��

𝑉�𝐺

��

𝑉

''

fib(𝜌) // 𝑉�𝐺

**∗ // ∗�𝐺

(10.75)

Here
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• the bottom square is the Cartesian square (8.160) which exhibits the action on
𝑉 ,

• the middle horizontal square is the Cartesian square which exhibits the equiv-
ariance under group-automorphisms of the group division operation (Prop.
8.2.30),

• the total left rectangle is the Cartesian square from (10.73) which exhibits the
canonical framing,

• the total front face is the pasting of

– on the bottom: the Cartesian square (8.160) which exhibits the action on
𝑉 ,

– on the top: the Cartesian square which is the pasting of the top and the
top-right squares in (10.61) equibiting the action on 𝑇𝑒𝑉

and hence is itself Cartesian,
• the bottom and the total right squares are the defining Cartesian squares of the

fiber products, and hence, by the pasting law, also their pasting to the total right
square is Cartesian,

• the total vertical rear square, with the dashed morphism 𝜙1 on top, is the one thus
induced from the universal property of the fiber product, and is itself Cartesian,
by the pasting law (Prop. 8.1.39), (using, by the above items, that the left, right
and front squares are Cartesian and that the diagram of squares commutes)

• the slanted square in the rear is the pasting of the Cartesian square on the left
of (10.60), that exhibits the induced 𝐺-action on 𝑇𝑉 , with the diagonal square
on fib(𝜌).

Now observe that inside this big diagram (10.75) we find the following solid
homotopy-commutative sub-diagram

𝑇𝑉

����

// (𝑇𝑒𝑉)�𝐺� _
��

(𝑇𝑉)�𝐺 //

𝜙2
66

𝑉�𝐺 .

(10.76)

Here the left morphism is an effective epimorphism (by Lemma 8.2.7) and the right
morphism is (-1)-truncated by the assumption that 𝑉 is 0-truncated (Lemma xyz).
Therefore, the connected/truncated factorization system (Prop. 8.1.83) implies an
essentially unique lift 𝜙2, as shown. This, in turn, implies the morphism 𝜙3 in (10.75),
again by the universal property of the homotopy fiber product.

Now, since both the slanted as well as the vertical total rear squares are Cartesian,
the diagram (10.75) shows that the contravariant base change (Prop. 8.1.65) of 𝜙3
along fib(𝜌) is an equivalence. But since fib(𝜌) is an effective epimorphism (Lemma
8.1.71) , base change along it is conservative (Prop. 8.1.71), and hence it follows that
𝜙3 itself is already an equivalence.

With that identification, the total cube in (10.75) exhibits the 𝐺-equivariance of
the framing. □
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Proposition 10.2.22 (Orbifolding of framed 𝑉-folds). Let H be an elastic ∞-
topos H (Def. 9.1.22), 𝑉, 𝐺 ∈ Grp(H) (Prop. 8.2.1) with 𝐺 ≃ ♭𝐺 discrete, and
(𝑋, 𝜌𝑋), (𝑇𝑒𝑉, 𝜌𝑇𝑒𝑉 ) ∈ 𝐺Actions(H) (Prop. 8.2.6) for 𝑋 a 𝑉-fold (Def. 10.2.2)
equipped with a framing fr (Def. 10.2.18). Then the following are equivalent:

(i) The framing is 𝐺-equivariant (Def. 8.2.10) with respect to the induced action
on 𝑇𝑋 (from Prop. 10.2.10) and the product action 𝜌𝑋 × 𝜌𝑇𝑒𝑉 on 𝑋 × 𝑇𝑒𝑉 ,
hence lifts to a morphism

(𝑇𝑋, 𝜌𝑇𝑋) fr
≃
// (𝑋, 𝜌𝑋) × (𝑇𝑒𝑉, 𝜌𝑇𝑒𝑉 ) ∈ 𝐺Actions(H) (10.77)

(ii) The classifying map (10.66) of the frame bundle (Def. 10.2.14) of the orbifolded
𝑉-fold 𝑋�𝐺 (Prop. 10.2.9) factors through B𝐺 as

𝑋�𝐺

⊢ Frm(𝑋�𝐺)

''

𝜌𝑋
// B𝐺 ⊢ 𝜌𝑇𝑒𝑉

// BAut(𝑇𝑒𝑉)
��

(10.78)

Proof. Consider the following diagram:
𝑇𝑋

��

fr
��

// 𝑇 (𝑋�𝐺)

��

fr�𝐺
((

// (𝑇𝑒𝑉)�Aut(𝑇𝑒𝑉)

��

𝑋 × 𝑇𝑒𝑉

��

// 𝑋�𝐺 ×
B𝐺

(𝑇𝑒𝑉)�𝐺

��

// (𝑇𝑒𝑉)�𝐺 //

𝜌𝑇𝑒𝑉

��

(𝑇𝑒𝑉)�Aut
(
𝑇𝑒𝑉

)
��

𝑋 fib(𝜌𝑋 ) //

--

⊢ Frm(𝑋)

55
𝑋�𝐺 𝜌𝑋 //

⊢ Frm(𝑋�𝐺)

++
B𝐺 ⊢ 𝜌𝑇𝑒𝑉

// BAut
(
𝑇𝑒𝑉

)
∗

==

⊢ fr
U]

⊢ fr�𝐺��

(10.79)
Note that here:

(a) The total outer part of the diagram exhibits the given framing fr via its classifying
homotopy ⊢ fr, according to Remark 10.2.19.

(b) The front squares in the middle and on the right are the pullback squares
that defines the diagonal 𝐺-action and the classification of the 𝜌𝑇𝑒𝑉 -action
respectively. Hence also their pasting composite is a pullback, by the pasting
law (Prop. 8.1.39).

(i) First to see that 𝐺-equivariance of fr implies the factorization (10.78): By the
characterization of𝐺-actions (8.160)𝐺-equivariance of fr means, equivalently,
that fr is the morphism on homotopy fibers over B𝐺 induced from an equivalence
fr�𝐺 on homotopy quotients. But, by (b) and Prop. 10.2.10, such an equivalence
is classified by a homotopy of the form (10.78).

(ii) Now to see that, conversely, the existence of a homotopy “ ⊢ fr�𝐺 ” of the form
(10.78) implies the existence of a 𝐺-equivariant framing fr (quotation marks
now since we yet have to show that the two are related in this way). For this,
we have to show that the morphism on homotopy fibers induced by fr�𝐺 is a
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framing fr. But, by the nature of the 𝐺-action on 𝑇𝑋 from Prop. 10.2.10, the
nature of the diagonal 𝐺-action exhibited by the middle front square, and using
the pasting law (Prop. 8.1.39), this means to show that the left front and rear
squares are homotopy pullbacks. For the front left square this follows by the
factorization of 𝜌𝑋 ◦ fib(𝜌𝑋) through the point, using (a), (b) and the pasting
law (Prop. 8.1.39). For the rear left square, this follows by Prop. 9.1.33, since
fib(𝜌) is a local diffeomorphism by Prop. 10.2.9. □

10.2.5 𝐺-Structures
Definition 10.2.23 (𝐺-Structure coefficients). Let H be an elastic ∞-topos (Def.
9.1.22) and 𝑉 ∈ Grp(H) (Prop. 8.2.1). Then a coefficient for 𝐺-structure

(𝐺, 𝜙) ∈ Grp(H)/Aut(𝑇𝑒𝑉 ) (10.80)

is a group 𝐺 equipped with a homomorphism of groups 𝐺 𝜙 // Aut(𝑇𝑒𝑉) to the
structure group (Def. 10.2.12) of𝑉-folds. Under delooping (8.151) this is equivalently
a morphism in H of the form B𝐺 B𝜙 // BAut(𝑇𝑒𝑉) .

Definition 10.2.24 (G-structures on 𝑉-folds). Let H be an elastic ∞-topos (Def.
9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1), (𝐺, 𝜙) ∈ Grp(H)/Aut(𝑇𝑒𝑉 ) (Def. 10.2.23) and
𝑋 ∈ 𝑉Folds(H) (Def. 10.2.2).

(i) We say that

– a (𝐺, 𝜙)-structure on 𝑋 (often just 𝐺-structure if 𝜙 is understood),
– or (𝐺, 𝜙)-structure on its frame bundle (Def. 10.2.14),
– or reduction of the structure group (10.2.12) along 𝜙

is a lift (𝜏, 𝑔) of the frame bundle classifying map (10.66) through B𝜙:

B𝐺
B𝜙
��

𝑉-fold 𝑋
⊢ Frm(𝑋)

//

𝐺-structure

𝜏

44

BAut(𝑇𝑒𝑉) structure group
of frame bundle

EM
𝑔

(10.81)

(ii) We say that the 𝐺-frame bundle 𝐺Frm(𝑋) of a 𝑉-fold 𝑋 equipped with such a
(𝐺, 𝜙)-structure is the𝐺-principal bundle which is classified (via Prop. 8.2.15):
by 𝜏, hence the object in the following diagram:

𝐺Frm(𝑋, 𝜏)
��

//

(pb)

∗

��

Frm(𝑋)
��

//

(pb)

∗
��

𝑋
𝜏

//

⊢ Frm(𝑋)

44B𝐺
B𝜙

// BAut(𝑇𝑒𝑉) .

(10.82)

(iii) We write
(𝐺, 𝜙)Structures𝑋 (H) := H/BAut(𝑇𝑒𝑉 )

(
⊢ Frm(𝑋) , B𝜙

)
∈ Grpd∞ (10.83)
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for the ∞-groupoid of (𝐺, 𝜙)-structures on the 𝑉-fold 𝑋 .

In direct generalization of Prop. 10.2.16 we have:

Proposition 10.2.25 (𝐺-structured 𝑉-fold is 𝐺-quotient of its 𝐺-frame bun-
dle). Let H be an elastic ∞-topos (Def. 9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1),
(𝐺, 𝜙) ∈ Grp(H)/Aut(𝑇𝑒𝑉 ) (Def. 10.2.23), 𝑋 ∈ 𝑉Folds(H) (Def. 10.2.2) and
(𝜏, 𝑔) ∈ (𝐺, 𝜙)Structures𝑋 (H) (Def. 10.2.24). Then:

(i) 𝑋 is equivalently the homotopy quotient (8.161) of its 𝐺-frame bundle (10.82)
by 𝐺:

𝑋 ≃ 𝐺Frm(𝑋, 𝜏)�𝐺 . (10.84)

(ii) the classifying map of the 𝐺-frame bundle on 𝑋 exhibits the action of 𝐺 on
𝐺Frm(𝑋, 𝜏) according to (8.160).

Proof. This is immediate from the equivalence between principal bundles and ho-
motopy quotient projections (Remark 8.2.16) applied to the 𝐺-frame bundle (10.82):

𝐺Frm(𝑋, 𝜏)
fib(𝜌) ≃fib(𝜏 )

��
𝐺Frm(𝑋, 𝜏)�𝐺

𝜌𝐺

44≃ 𝑋
𝜏 // B𝐺 .

(10.85)

□

Example 10.2.26 (𝐺-structure induced from framing). Let H be an elastic ∞-topos
(Def. 9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1) and 𝑋 ∈ 𝑉Folds(H) (Def. 10.2.2). Then
a framing on 𝑋 (Def. 10.2.18) induces a (𝐺, 𝜙)-structure (Def. 10.2.24) for any
(𝐺, 𝜙) ∈ Grp(H)/Aut(𝑇𝑒𝑉 ) , given by the pasting

∗ //

%%

B𝐺

B𝜙
��

𝑋

==

⊢ Frm(𝑋)
// BAut(𝑇𝑒𝑉)

HP
⊢fr

.6
(10.86)

of the homotopy ⊢ fr (10.70) which classifies the framing (Remark 10.2.19) with the
homotopy that exhibits the group homomorphism 𝜙 as a morphism of pointed objects
(Prop. 8.2.1).

Example 10.2.27 (Canonical 𝐺-structure). Let H be an elastic ∞-topos H (Def.
9.1.22), and 𝑉 ∈ Grp(H) (Prop. 8.2.1). Then 𝑉 itself, regarded as a 𝑉-fold by Ex.
10.2.4, carries a (𝐺, 𝜙)-structure (Def. 10.2.24) for any (𝐺, 𝜙) ∈ Grp(H)/Aut(𝑇𝑒𝑉 ) ,
induced via Ex. 10.2.26 from its canonical framing frℓ (10.71) via left-translation
(Prop. 10.2.20). We call this the canonical (𝐺, 𝜙)-structure on 𝑉 :

B𝐺

B𝜙
��

𝑉

𝜏𝑉

66

// BAut(𝑇𝑒𝑉)
𝑔𝑉

>F :=

∗ //

$$

B𝐺

B𝜙
��

𝑉

@@

⊢ Frm(𝑉)
// BAut(𝑇𝑒𝑉)

HP

⊢frℓ

/7
(10.87)
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10.2.6 Local isometries
Lemma 10.2.28 (𝐺-structures pull back along local diffeomorphisms). Let H
be an elastic ∞-topos (Def. 9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1) and (𝐺, 𝜙) ∈
Grp(H)/Aut(𝑇𝑒𝑉 ) (Prop. 8.2.1, Def. 8.2.13, Ex. 9.1.32). Then pre-composition consti-
tutes a contravariant ∞-functor (“pullback of (𝐺, 𝜙)-structures”)(

𝑉Folds(H)ét
)op // Grpd∞

𝑋1
𝑓ét ��

7−! (𝐺, 𝜙)Structures𝑋1 (H)
OO
𝑓 ∗

∈ 𝜏 ◦ 𝑓OO
_

𝑋2 7−! (𝐺, 𝜙)Structures𝑋2 (H) ∈ 𝜏

(10.88)

from the ∞-category (10.45) of 𝑉-folds and local diffeomorphisms, which assigns to
any 𝑉-fold its ∞-groupoid (10.83) of (𝐺, 𝜙)-structures (Def. 10.2.24).

Proof. We need to show that for (𝜏, 𝑔) a (𝐺, 𝜙)-structure on 𝑋2, the composite
B𝐺

B𝜙��
𝑋1

𝑓

ét // 𝑋2

𝜏
33

⊢ Frm(𝑋2)
// BAut(𝑇𝑒𝑉)

𝑔
19

(10.89)

is a (𝐺, 𝜙)-structure on 𝑋1. For this we need to exhibit a natural equivalence(
⊢ Frm(𝑋2)

)
◦ 𝑓1 ≃ ⊢ Frm(𝑋1) (10.90)

so that

𝑋1
𝑓
ét //

⊢ Frm(𝑋1) ))

𝑋2

⊢ Frm(𝑋2)
��

𝜏 // B𝐺

B𝜙
uu

BAut(𝑇𝑒𝑉)

≃
08

𝑔
/7

(10.91)

But this exists by Prop. 9.1.33. □

Definition 10.2.29 (Local isometries between 𝐺-structured 𝑉-folds). Let H be
an elastic ∞-topos (Def. 9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1) and (𝐺, 𝜙) ∈
Grp(H)/Aut(𝑇𝑒𝑉 ) (Prop. 8.2.1, Def. 8.2.13, Ex. 9.1.32).

(i) For 𝑋1, 𝑋2 ∈ 𝑉Folds (Def. 10.2.2) and (𝜏𝑖 , 𝑔𝑖) ∈ (𝐺, 𝜙)Structures𝑋𝑖 (H)
(10.83), we say a local isometry, to be denoted(

𝑋1, (𝜏1, 𝑔1)
)

met

( 𝑓 ,𝜎) // (𝑋2, (𝜏2, 𝑔2)
)

(10.92)

is a pair

𝑋1
𝑓

ét
// 𝑋2 , 𝑓 ∗ (𝜏2, 𝑔2) ≃

𝜎 // (𝜏1, 𝑔1) , (10.93)

consisting of a local diffeomorphism (Def. 9.1.28) and an equivalence of (𝐺, 𝜙)-
structures (10.83) between that on its domain 𝑉-fold and the pullback (10.88)
of the (𝐺, 𝜙)-structure on its codomain 𝑉-fold.

(ii) Equivalently, by (10.88), a local isometry (10.93) is a morphism between (𝐺, 𝜙)-
structured 𝑉-folds regarded as objects in the iterated slice ∞-topos (Ex. 8.1.63)
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(a) over BAut(𝑇𝑒𝑉) via their classifying maps of their frame bundles (10.66)
(b) over

(
B𝐺,B𝜙

)
via their (𝐺, 𝜙)-structure (10.81)

of this form:

𝑋1

""

⊢ Frm(𝑋
1 )

𝜏1 ..

𝑓
ét // 𝑋2

𝜏2

%%

��

B𝐺

BAut(𝑇𝑒𝑉)
uu B𝜙

𝑔1

3;

𝜎
jr

𝑔2
'/

7?

∈
(
H/BAut(𝑇𝑒𝑉 )

)
/(B𝐺,B𝜙)

( (
𝑋1, (𝜏1, 𝑔1)

)
,
(
𝑋2, (𝜏2, 𝑔2)

) )
.

(10.94)

(iii) Hence we write
(𝐺, 𝜙)Strctrd𝑉Folds(H) −!

(
H/BAut(𝑇𝑒𝑉 )

)
/B𝐺 ∈ Cat∞ (10.95)

for the sub-∞-category of this iterated slice on 1-morphisms of the form (10.94).

10.2.7 Integrability of 𝐺-structures
Definition 10.2.30 (Integrable 𝐺-structure). Let H be an elastic ∞-topos (Def.
9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1), (𝐺, 𝜙) ∈ Grp(H)/Aut(𝑇𝑒𝑉 ) (Def. 10.2.23).

(i) Given (𝑋, (𝜏𝑋, 𝑔𝑋)) ∈ (𝐺, 𝜙)Strctrd𝑉Folds(H) (Def. 10.2.29), we say that
(𝜏, 𝑔) is an integrable (𝐺, 𝜙)-structure on the 𝑉-fold 𝑋 if there exists a corre-
spondence of local isometries (10.93) between 𝑉 equipped with its canonical
(𝐺, 𝜙)-structure (𝜏𝑉 , 𝑔𝑉 ) (Def. 10.2.27) to (𝑋, (𝜏𝑋, 𝑔𝑋)):(

𝑈, (𝜏𝑈 , 𝑔𝑈)
)

met
rr

met ,, ,,(
𝑉, (𝜏𝑉 , 𝑔𝑉 )

) (
𝑋, (𝜏𝑋, 𝑔𝑋)

) (10.96)

such that the right leg is, in addition, an effective epimorphism (Def. 8.1.80),
then called a (𝑉, (𝜏𝑉 , 𝑔𝑉 ))-atlas of (𝑋, (𝜏𝑋, 𝑔𝑋)) (8.148). (Underlying this,
forgetting the (𝐺, 𝜙)-structures, is a 𝑉-atlas (10.43).)

(ii) We write
Intgrbl(𝐺, 𝜙)Strctrd𝑉Folds(H) �

� // (𝐺, 𝜙)Strctrd𝑉Folds(H) ∈ Cat∞ (10.97)
for the full sub-∞-category of that of (𝐺, 𝜙)-structured𝑉-folds (10.95) on those
that are integrable.

Definition 10.2.31 (Locally integrable 𝐺-structure). Let H be an elastic ∞-topos
(Def. 9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1), (𝐺, 𝜙) ∈ Grp(H)/Aut(𝑇𝑒𝑉 ) (Def. 10.2.23),
𝑋 ∈ 𝑉Folds(H) (Def. 10.2.2) and (𝜏, 𝑔) ∈ (𝐺, 𝜙)Structures𝑋 (H) (Def. 10.2.24). We
say that (𝜏, 𝑔) is a locally integrable (𝐺, 𝜙)-structure if, for each point ∗ 𝑥 // 𝑋 , there
is a local diffeomorphism 𝜙𝑥 of the local neighborhood (Def. 9.1.30) of ∗ 𝑒 // 𝑉 onto
a local neighborhood of 𝑥 such that the restriction of (𝜏, 𝑔) along 𝜙 is equivalent to
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the canonical (𝐺, 𝜙)-structure (Def. 10.2.27) on 𝑇𝑒𝑉 :
∀

∗ 𝑥 // 𝑋

∃
𝑇𝑒𝑉

𝜙𝑥

ét
// 𝑋

∗
𝑥

AA

𝑒

``

: 𝜙∗𝑥 (𝜏, 𝑔) ≃ (𝜏𝑇𝑒𝑉 , 𝑔𝑇𝑒𝑉 ) . (10.98)

Another way to say this: We have a correspondence of local isometries as in (10.96),
but with the right leg required to be an effective epimorphism only under ♭.

Example 10.2.32 (𝐺-Structures on smooth manifolds and orbifolds).
(i) Let H = HldSmthGrpd∞ (Ex. 9.1.26), 𝐺 ∈ LieGroups ↩−! Grp

(
H

)
(see

(9.72)), and 𝑋 ∈ SmthMfd ↩−! H regarded as an R𝑛-fold according to Ex.
10.2.5. In this case, the structure group of 𝑋 (Def. 10.2.12) is the ordinary
general linear group GLR (𝑛) (Ex. 10.2.13). Therefore, a 𝐺-structure on 𝑋 in
the sense of Def. 10.2.24 is (by Ex. 10.2.17) a 𝐺-structure in the traditional
sense of differential geometry [St64, VII][Kob72][Mol77]; and it is integrable
according to Def. 10.2.30 if it is “flat” in the traditional sense of [Gu65] and
locally integrable according to Def. 10.2.31 precisely if it is “uniformly 1-flat”
in the traditional sense of [Gu65], namely if it is torsion-free (review in [Lot01]).
Examples are shown in Table 10.1 on p. 280.

(ii) For 𝑘 > 1 and H = 𝑘HldSmthGrpd∞ (Def. 9.1.26), the local integrability
condition of Def. 10.2.31 is of the form of the “uniformly 𝑘-flatness”-condition
of [Gu65]. But beware that, according to Def. 10.2.24, but in contrast to [Gu65],
in this case the 𝐺-structure itself is not on the plain frame bundle but on the
order-𝑘 jet frame bundle (by Ex. 10.2.17).
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𝐺
𝜙 // GLR (𝑛) (𝐺, 𝜙)-structure Locally

integrable Integrable see

Sp
R
(𝑛) �
� // GLR (𝑛)

almost
symplectic symplectic symplectic

[St64, VII.2]
GLC (𝑛/2) �

� // GLR (𝑛)
almost

complex complex complex

O(𝑛) �
� // GLR (𝑛) Riemannian torsion-free

Riemannian
flat

Riemannian

O(𝑛 − 1, 1) �
� // GLR (𝑛) Lorentzian torsion-free

Lorentzian
flat

Lorentzian [LPZ13]

O(𝑛) × R �
� // GLR (𝑛) CO(𝑛)-structure conformal flat

conformal [AG98]

CR( 𝑛2 − 1) �
� // GLR (𝑛) CR(𝑛)-structure Cauchy-Riemann flat

Cauchy-Riemann [DT06]

GLH (𝑛/4) �
� // GLR (𝑛) GLH ( 𝑛4 )-structure hypercomplex flat

hypercomplex [Jo95]

U(𝑛/2) �
� // GLR (𝑛)

hermitian
almost complex Kähler Kähler [Mor07, 11.1]

SU(𝑛/2) �
� // GLR (𝑛) SU(𝑛)-structure Calabi-Yau Calabi-Yau [Pri15, 1.3]

Sp( 𝑛4 )·Sp(1) �
� // GLR (𝑛)

almost unimodular
quaternionic

quaternionic
Kähler

flat quaternionic
Kähler [AM93a]

[AM93b]
Sp(𝑛/4) �

� // GLR (𝑛)
almost

Hyperkähler Hyperähler flat
Hyperkähler

𝐺2
� � // GLR (7) 𝐺2-structure torsion-free

𝐺2-structure
flat/interable
𝐺2-structure [Br05]

Spin(7) �
� // GLR (8) Spin(7)-structure torsion-free

Spin(7)-structure
flat

Spin(7)-structure
[Br87]

[Jo01]

Table 10.1 – Examples of G-structures (cf. Ex. 10.2.32)

10.2.8 Haefliger groupoids
Definition 10.2.33 (Haefliger groupoid). Let H be an elastic ∞-topos (Def. 9.1.22)
and 𝑉 ∈ Grp(H) (Prop. 8.2.1).

(i) With no further structure,

(a) The 𝑉-Haefliger groupoid is the étale groupoid (Def. 9.1.37)
Haef• (𝑉) ∈ ÉtaleGroupoids(H) , (10.99)

which is the étalification (Def. 9.1.41) of the Atiyah groupoid (Def. 8.2.17)
of the frame bundle (Def. 10.2.12) of 𝑉 regarded as a 𝑉-fold (Ex. 10.2.4):

Haef• (𝑉) := Atét
•
(
Frm(𝑉)

)
. (10.100)

(b) The 𝑉-Haefliger stack of 𝑉 is the corresponding 𝑉-fold (according to
Remark 10.2.3):

Haef (𝑉) := Atét
(
Frm(𝑉)

)
∈ 𝑉Folds . (10.101)

(ii) Given, in addition, (𝐺, 𝜙) ∈ Grp(H)/Aut(𝑇𝑒𝑉 ) (Def. 10.2.23), with𝐺Frm(𝑉) !
𝑉 denoting the 𝐺-frame bundle (10.82) corresponding to the canonical (𝐺, 𝜙)-
structure on 𝑉 (Def. 10.2.27), we say
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(a) the
(
𝑉, (𝐺, 𝜙)

)
-Haefliger groupoid is the étale groupoid (Def. 9.1.37)

Haef•
(
𝑉, (𝐺, 𝜙)

)
∈ ÉtaleGroupoids(H) (10.102)

which is the étalification (Def. 9.1.41) of the Atiyah groupoid (Def. 8.2.17)
of the 𝐺-frame bundle (10.82):

Haef•
(
𝑉, (𝐺, 𝜙)

)
:= Atét

•
(
𝐺Frm(𝑉)

)
. (10.103)

(b) The
(
𝑉, (𝐺, 𝜙)

)
-Haefliger stack of𝑉 is the corresponding𝑉-fold (accord-

ing to Remark 10.2.3):
Haef

(
𝑉, (𝐺, 𝜙)

)
:= Atét

(
𝐺Frm(𝑉)

)
∈ 𝑉Folds . (10.104)

Proposition 10.2.34 (Haefliger stack represents𝑉-fold structure). Let H be an elastic
∞-topos (Def. 9.1.22) 𝑉 ∈ Grp(H) (Prop. 8.2.1) and 𝑋 ∈ H. Then the following are
equivalent:

(i) 𝑋 is a 𝑉-fold (Def. 10.2.2);
(ii) 𝑋 admits a local diffeomorphism to the 𝑉-Haefliger stack (Def. 10.2.33).

Proof. First consider the implication (i) ⇒ (ii): Assuming 𝑋 is a 𝑉-fold, consider
a 𝑉-atlas (10.43) 𝑉 oo ét

𝑈
ét // // 𝑋 . By Prop. 9.1.33 (and as in the proof of Prop.

10.2.14) the pullbacks of the frame bundles of 𝑉 and of 𝑋 along this 𝑉-atlas to 𝑈
coincide there, which means that we have a homotopy-commutative square of their
classifying maps (10.66) as shown on the bottom left of the following diagram:

��

OO

��

OO

�� ��

OO

��

OO

��
𝑈 ×𝑋 𝑈

ét

��

OO

ét ét

��

// At1
(
Frm(𝑉)

)
��

OO

��
𝑈

ét
����

ét // 𝑉

⊢ Frm(𝑉)
����

𝑋
⊢ Frm(𝑋)

// BAut(𝑇𝑒𝑉)

⇔

��

OO

��

OO

�� ��

OO

��

OO

��
𝑈 ×𝑋 𝑈

ét

��

OO

ét ét

��

ét // Atét
1
(
Frm(𝑉)

)
ét

��

OO
ét ét

��
𝑈

ét
����

ét // 𝑉

ét
����

𝑋 // Haef (𝑉)

(10.105)
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By passing to nerves (Ex. 8.1.87) of the vertical morphisms, this induces a morphism
of groupoids as shown on the top left. But 𝑈• is an étale groupoid (by Prop. 9.1.38),
and𝑈 −! 𝑉 is a local diffeomorphism by definition of 𝑉-atlases, so that the top left
part of the left diagram in (10.105) is in the étale slice over𝑉 (Def. 9.1.34). Therefore,
the adjunction (9.89) of Prop. 9.1.35 implies that the top part of the diagram on the
left of (10.105) factors through the étalification (Def. 9.1.41) as shown in the top part
on the right. With this we get the dashed morphism on the right by passing to colimits
over the vertical simplicial diagrams (as in Prop. 9.1.38).

It only remains to see that the dashed morphism on the right is itself a local
diffeomorphism. For this observe that al the horizontal morphisms are local dif-
feomorphisms, using the assumptions and then left-cancellability (Lemma 9.1.29).
Therefore the statement follows with Lemma 9.1.40.

For the converse implication (ii) ⇒ (i): Given a local diffeomorphism as shown
dashed on the right of (10.105), we need to produce a 𝑉-atlas for 𝑋 . So now define
the bottom square on the right of (10.105) to be the pullback of the étale atlas of
the Haefliger stack along the griven morphism. This does make the top left span
of the square a 𝑉-atlas by the fact that the classes of local diffeomorphisms and of
effective epimorphisms are both closed under pullback (by Lemma 8.1.82 and Lemma
9.1.29). □

Proposition 10.2.35 (𝐺-Structured Haefliger stack represents integrable𝐺-structure).
Let H be an elastic ∞-topos (Def. 9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1), (𝐺, 𝜙) ∈
Grp(H)/Aut(𝑇𝑒𝑉 ) (Def. 10.2.23). The

(
𝑉, (𝐺, 𝜙)

)
-Haefliger groupoid (Def. 10.2.33),

carries a canonical integrable (𝐺, 𝜙)-structure (Def. 10.2.30)
(𝜏H , 𝑔H) ∈ (𝐺, 𝜙)StructuresHaef (𝑉 ) (H) (10.106)

such that the operation of pullback of (10.88) along local diffeomorphism (Lemma
10.2.28) constitutes a natural bijection

𝜋0 Intgrbl(𝐺, 𝜙)Strc𝑉Folds(H) ≃ 𝜋0 ÉtHaef (𝑉, (𝐺,𝜙) )(
𝑋, (𝜏, 𝑔)

)
7−!

(
𝑋

⊢(𝜏,𝑔)
−−−−! Haef

(
𝑉, (𝐺, 𝜙)

) ) (10.107)

between the sets of equivalence classes of:
(i) integrably (𝐺, 𝜙)-structured 𝑉-folds (Def. 10.2.30),
(ii) local diffeomorphisms into the

(
𝑉, (𝐺, 𝜙)

)
-Haefliger stack, hence objects in its

étale topos (Def. 9.1.34).

Proof. We proceed as in the proof of Prop. 10.2.34, but lifting the diagram there from
H to the iterated slice

(
H/BAut(𝑇𝑒𝑉 )

)
/B𝐺 (10.94).

(i) First, consider an integrably 𝐺-structured 𝑉-fold
(
𝑋, (𝜏, 𝑔)

)
. We describe the

construction of a local diffeomorphism into the Haefliger stack from this:
Pick any

(
𝑉, (𝜏𝑉 , 𝑔𝑉 )

)
-atlas

(
𝑉, (𝜏𝑉 , 𝑔𝑉 )

) oo met (
𝑈, (𝜏𝑈 , 𝑔𝑈)

) met// // (𝑋, (𝜏𝑋, 𝑔𝑋))
(10.96). By Def. 10.2.24, this is equivalently a choice of equivalence between
the pullbacks to 𝑈 of the 𝐺-structures on 𝑉 and on 𝑋 . Regarded in the iterated
slice (10.94), this equivalently means that we have a square in

(
H/BAut(𝑇𝑒𝑉 )

)
/B𝐺
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(10.94), as shown in the following:

��

OO

��

OO

�� ��

OO

��

OO

��
𝑈 ×𝑋 𝑈

ét

��

OO
ét ét

��

// At1
(
𝐺Frm(𝑉)

)
��

OO

��
𝑈

ét

����

ét // 𝑉

𝜏𝑉

����

⊢ Frm(𝑉)

��
𝑋 𝜏𝑋 //

⊢ Frm(𝑋)
00

B𝐺
%%

BAut(𝑇𝑒𝑉)
𝑔𝑋

8@

𝑔𝑉
s{

⇔

��

OO

��

OO

�� ��

OO

��

OO

��
𝑈 ×𝑋 𝑈

ét

��

OO
ét ét

��

ét // Atét
1
(
𝐺Frm(𝑉)

)
ét

��

OO
ét ét

��
𝑈

ét

����

ét // 𝑉

ét

����

⊢ Frm(𝑉)

��

𝜏𝑉

��
𝑋

⊢(𝜏𝑋 ,𝑔𝑋 ) //

⊢ Frm(𝑋) 00

𝜏𝑋
--

Haef
(
𝑉, (𝐺, 𝜙)

)
𝜏H ((

⊢ Frm(H) --

B𝐺 B𝜙
''

BAut(𝑇𝑒𝑉)
𝑔𝑋

4<

𝑔𝑋}�

(10.108)

Now we proceed as follows:
• (a) Observing (with Prop. 8.1.69) that fiber products in the iterated slice are ac-

tually given by the plain fiber products in H equipped with canonical morphisms
to the slicing objects, we find that passing to nerves (Ex. 8.1.87) of the vertical
morphisms on the left of (10.108) yields a morphism from the étale groupoid
induced by the given 𝑉-cover of 𝑋 to the Atiyah groupoid of 𝐺Frm(𝑋) (Def.
8.2.17) – just as in (10.105), but now equipped with coherent maps to B𝜙.

• (b) Therefore, we obtain the factorization through the
(
𝑉, (𝐺, 𝜙)

)
-Haefliger

groupoid (the étalification of the Atiyah groupoid of the𝐺-frame bundle shown
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on the top right of (10.108)) just as in (10.105), but now, in addition, coherently
equipped with maps to B𝜙.

• (c) After this étalification we may identify these maps: Since those on𝑉 remain
unchanged by étalification over𝑉 , these still give the canonical (𝐺, 𝜙)-structure
(𝜏𝑉 , 𝑔𝑉 ), as shown on the far right of (10.108). But since now the vertical
simplicial morphisms are all local diffeomorphisms, pullback along which pre-
serves (𝐺, 𝜙)-structure (by Lemma 10.2.28) and in particular preserves tangent-
and frame bundles (by Prop. 9.1.33) it follows that all stages of the

(
𝑉, (𝐺, 𝜙)

)
-

Haefliger groupoid in the top right are now equipped with the classifying map
of their frame bundles.

• (d) Since colimits in the slice are given by colimits in the underlying topos
(by Ex. 8.1.68), the colimit over the simplicial sub-diagram on the far right
of (10.108) still yields the

(
𝑉, (𝜏, 𝑔)

)
-Haefliger stack (10.104), as shown, now

equipped with canonical maps to B𝜙.
• (e) We claim that the induced map from the Haefliger stack to BAut(𝑇𝑒𝑉),

denoted ⊢ Frm(H) in (10.108), is indeed the classifying map of the frame
bundle of the Haefliger stack:

⊢ Frm(H) ≃ ⊢ Frm
(
Haef

(
𝑉, (𝐺, 𝜙)

) )
. (10.109)

This follows because:

– by (c) above, the component maps of the colimiting map classify the frame
bundles of the stages of the simplicial nerve;

– therefore, the colimiting map classifies the colimit of the frame bundles
of the simplicial nerve, by Prop. 8.1.72,

– but the colimit of the tangent bundles of the étale cover is the tangent
bundle of the corresponding étale stack, by Prop. 9.1.39.

• (f) In particular, this implies that the induced homotopy which fills the bottom
right part of (10.108):

⊢ Frm
(
H

) 𝑔H +3 B𝜙 ◦ 𝜏H , (10.110)

canonically given by the colimit construction in the iterated slice, constitutes a
(𝐺, 𝜙)-structure on the

(
𝑉, (𝐺, 𝜙))

)
-Haefliger stack.

• (g) In conclusion, the dashed morphism on the right of (10.108) exists and is a
local diffeomorphism, as in the proof of Prop. 10.2.34; but, by construction in
the iterated slice, it is now exhibited as a local isometry to the Haefliger stack
equipped with the induced (𝐺, 𝜙)-structure (10.110).

(ii) The converse construction is now immediate: Given a local diffeomorphism
of the form shown dashed on the right of (10.108), pulling back the étale
atlas of the Haefliger stack along it yields a 𝑉-atlas for 𝑋 (just as in the proof
of this converse step in Prop. 10.2.34) and pulling (via Lemma 10.2.28) the
(𝐺, 𝜙)-structure (10.110) around the resulting Cartesian square makes this a(
𝑉, (𝐺, 𝜙)

)
-atlas that exhibits 𝑋 as equipped with an integrable (𝐺, 𝜙)-structure.

This construction is clearly injective on equivalence classes, by ∞-functoriality
of the pullback construction (10.88) of (𝐺, 𝜙)-structures; and it is surjective on
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equivalence classes by item (i) above. Hence, it is a bijection on equivalence
classes, as claimed. □

10.2.9 Tangential structures
Closely akin to 𝐺-structures (Def. 10.2.24) are tangential structures (Def. 10.2.36
below) where not the structure group itself is lifted, but only its shape:

Definition 10.2.36 (Tangential structure). Let H be an elastic ∞-topos (Def.
9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1), (𝐺, 𝜙) ∈ Grp(H)/SAut(𝑇𝑒𝑉)

(Def. 10.2.23) and
𝑋 ∈ 𝑉Folds(H) (Def. 10.2.2).

(i) We say that a tangential (𝐺, 𝜏)-structure on 𝑋 is a lift (𝜏, 𝑔) through B𝜙 of
the composite of the frame bundle classifying map (10.66) with the shape-unit
(8.72):

B𝐺
B𝜙
��

𝑉-fold 𝑋
⊢Frm(𝑋)

//

tangential
structure

𝜏

22

BAut(𝑇𝑒𝑉)
𝜂S
// BSAut(𝑇𝑒𝑉)

shape of
structure group
of frame bundle

;C

𝑔
(10.111)

(ii) We write
Tangential(𝐺, 𝜙)Structures𝑋 (H) := H/BSAut(𝑇𝑒𝑉)

(
𝜂S◦ ⊢ Frm(𝑋) , B𝜙

)
(10.112)

for the ∞-groupoid of (𝐺, 𝜙)-tangential structures on the 𝑉-fold 𝑋 .

Example 10.2.37 (Tangential structures on smooth manifolds).
Let H = HldSmthGrpd∞ (Ex. 9.1.26) 𝐺 ∈ LieGroups ↩−! Grp

(
H

)
(see (9.72)) and

𝑋 ∈ SmthMfd ↩−! H regarded as an R𝑛-fold according to Ex. 10.2.5. In this case,
the structure group of 𝑋 (Def. 10.2.12) is the ordinary general linear group GLR (𝑛)
(Ex. 10.2.13). Hence here tangential structure in the general sense of Def. 10.2.36 is
tangential structure in the traditional sense of differential topology (popularized under
this name in [GMTW06, 5], originally introduced as “(𝐵, 𝑓 )-structure” [La63][St68,
II], review in [Ko96, 1.4]).

Example 10.2.38 (Cohesive refinement of tangential structure). Every (𝐺, 𝜙)-
structure (Def. 10.2.24) induces tangential (S𝐺, S𝜙)-structure (Def. 10.2.36) by com-
position with the naturality square of 𝜂S on B𝜙:

B𝐺
B𝜙
��

𝜂
S
B𝐺 // BS𝐺

BS𝜙
��

𝑉-fold 𝑋
⊢Frm(𝑋)

//

(𝐺, 𝜙)-structure

𝜏

66

BAut(𝑇𝑒𝑉)
𝜂

S
BAut(𝑇𝑒𝑉 )

// BSAut(𝑇𝑒𝑉)
shape of

structure group
of frame bundle

IQ
𝑔

(10.113)

Conversely, realizing a tangent structure as obtained from a 𝐺-structure this way
means to find a geometric (differential) refinement.
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Example 10.2.39 (Orientation structure). Let H = HldSmthGrpd∞ (Ex. 9.1.26) and
𝑋 ∈ H an R𝑛-fold (Def. 10.2.2) hence an ordinary manifold (Ex. 10.2.5) or, more
generally, an ordinary étale Lie groupoid (Ex. 10.2.6). With the general linear and the
(special) orthogonal group regarded as smooth groups via (9.72)

SO(𝑛) 𝑖SO // O(𝑛) 𝑖𝑂 // GL(𝑛) ∈ Grp(SmthMfd) // Grp(H) (10.114)
we have:

(i) an O(𝑛)-structure (Def. 10.2.24) on 𝑋 is equivalently a Riemannian structure
(Ex. 10.2.32);

(ii) but a tangential SO(𝑛)-structure (Def. 10.111) is equivalently no structure, since

SO(𝑛)
S𝑖O

≃
// SGL(𝑛) is an equivalence of underlying shapes (since O(𝑛) is the

maximal compact subgroup of GL(𝑛)),
(iii) while a tangential SSO(𝑛)-structure (Def. 10.111) is an orientation of 𝑋 .
(iv) A differential refinement, in the sense of Ex. 10.2.38, of such an orientation

structure is an oriented Riemannian structure (via its induced volume form).

Example 10.2.40 (Higher Spin structure [SSS09][SSS12]). Let H = HldSmthGrpd∞
(Ex. 9.1.26) and 𝑋 ∈ H an R𝑛-fold (Def. 10.2.2) hence an ordinary manifold (Ex.
10.2.5) or, more generally, an ordinary étale Lie groupoid (Ex. 10.2.6). The sequence
of groups (10.114) in Ex. 10.2.39 is, under shape, the beginning of the Whitehead
tower of S𝑂 (𝑛) ≃ SGL(𝑛). The tangential structures (Def. 10.2.36, Ex. 10.2.37) cor-
responding to the stages in this tower are the Spin structure and its higher analogues:

��
BSFivebrane(𝑛)

��
BSString(𝑛)

��
BSSpin(𝑛)

��
BSSO(𝑛)

��
𝑋

⊢Frm(𝑋)
++

Riemannian
structure

//

Orientation
structure

11
Spin

structure

33
String

structure

44

Fivebrane
structure

66

BO(𝑛) 𝜂
S
BO(𝑛)

//

��

BSO(𝑛)
≃
��

BGL(𝑛) 𝜂
S
BGL(𝑛)

// BSGL(𝑛)

(10.115)

10.2.10 Flat 𝑉-folds
Definition 10.2.41 (Flat 𝑉-folds). Let H be an elastic ∞-topos (Def. 9.1.22), 𝑉 ∈
Grp(H) (Prop. 8.2.1) and 𝑋 ∈ 𝑉Folds(H) (Def. 10.2.2). We say that 𝑋 is flat
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if the classifying map (10.66) of its frame bundle (Prop. 10.2.14) factors through
the ♭-counit (8.73), hence if it carries (𝐺, 𝜙)-structure (Def. 10.2.24) for (𝐺, 𝜙) =

(♭Aut(𝑇𝑒𝑉), 𝜖♭Aut(𝑇𝑒𝑉 ) ):

♭BAut(𝑇𝑒𝑉)

𝜖 ♭BAut(𝑇𝑒𝑉 )
��

𝑋
⊢Frm(𝑋)

//

𝜏

55

BAut(𝑇𝑒𝑉)

7?

(10.116)

By the universal property of 𝜖♭ and since ♭ commutes with B, this means equivalently
that 𝑋 carries 𝐺-structure for any discrete group 𝐺 ≃ ♭♭𝐺.

Proposition 10.2.42 (Flat frame bundles are 𝑉-folds). Let H be an elastic ∞-topos
(Def. 9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1) and 𝑋 ∈ 𝑉Folds(H) (Def. 10.2.2). If 𝑋 is
flat (Def. 10.2.41), then

(i) its flat frame bundle (♭Aut(𝑇𝑒𝑉))Frm(𝑋) (10.82) is itself a𝑉-fold (Def. 10.2.2),
(ii) the bundle morphism is a local diffeomorphism (Def. 9.1.28):(

♭Aut(𝑇𝑒𝑉)
)
Frm(𝑋) ét // 𝑋 . (10.117)

Proof. First consider (ii): We need to show that the left square in the following pasting
diagram is Cartesian:

(♭Aut(𝑇𝑒𝑉))Frm(𝑋)
𝜂ℑ(♭Aut(𝑇𝑒𝑉 ) )Frm(𝑋)//

𝑝

��

ℑ
(
(♭Aut(𝑇𝑒𝑉))Frm(𝑋)

) //

ℑ𝑝
��

(pb)

ℑ∗

��
𝑋

𝜂ℑ
𝑋

// ℑ𝑋
ℑ𝜏

// ℑ♭Aut(𝑇𝑒𝑉)

(10.118)

Here the right square is Cartesian, by definition (10.82) and since ℑ, being a right
adjoint, preserves Cartesian squares (by Prop. 8.1.42). Hence, by the pasting law
(Prop. 8.1.39) it is sufficient to show that the total rectangle is Cartesian. But, by
the naturality of 𝜂ℑ, the total rectangle is equivalent to that of the following pasting
diagram:

(♭Aut(𝑇𝑒𝑉))Frm(𝑋)

��

//

(pb)

∗

��

𝜂ℑ∗ //

(pb)

ℑ∗

��
𝑋

𝜏
// ♭BAut(𝑇𝑒𝑉)

𝜂ℑ
♭BAut(𝑇𝑒𝑉 )

// ℑ♭BAut(𝑇𝑒𝑉)

(10.119)

Here the left square is Cartesian by the definition (10.82), while the right square is
Cartesian since its two horizontal morphisms are equivalences, by elasticity. Hence
the total rectangle is Cartesian by the pasting law (Prop. 8.1.39).

Regarding (i): We need to exhibit a 𝑉-atlas (10.43) for the flat frame bundle.
So let 𝑉 oo ét

𝑈
ét // // 𝑋 be a 𝑉-atlas for 𝑋 , and consider the following pullback
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diagram:

𝑈 ×
𝑋
(♭Aut(𝑇𝑒𝑉))Frm(𝑋)

ét
����

ét // //

(pb)

(♭Aut(𝑇𝑒𝑉))Frm(𝑋)

ét
����

𝑈

ét

��

ét
// // 𝑋

𝑉

(10.120)

Observe that all four morphisms in the square are effective epimorphisms (Def.
8.1.80) and local diffeomorphisms (Def. 9.1.28): The bottom one by definition, the
right one by (ii) and hence the other two since both classes of morphisms are closed
under pullback (Lemma 8.1.82 and Lemma 9.1.29). Finally, since the class of local
diffeomorphisms is also closed under composition (Lemma 9.1.29), the total vertical
morphisms is a local diffeomorphism, and hence the total outer diagram is a 𝑉-atlas
of the flat frame bundle. □

Proposition 10.2.43 (♭𝐺-frame bundles are 𝑉-folds). Let H be an elastic ∞-topos
(Def. 9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1) 𝑋 ∈ 𝑉Folds(H) (Def. 10.2.2), (𝐺, 𝜙) ∈
Grp(H)/Aut(𝑇𝑒𝑉 ) (Prop. 8.2.1, Def. 8.2.13, Ex. 9.1.32) with 𝐺 ≃ ♭𝐺 discrete, and
(𝜏, 𝑔) ∈ (𝐺, 𝜙)Structures𝑋 (H). Then the corresponding 𝐺-frame bundle (10.82) is
itself a 𝑉-fold:

𝐺 ≃ ♭𝐺 ⇔ 𝐺Frm(𝑋) ∈ 𝑉Folds(H) . (10.121)

Proof. The proof proceeds verbatim as that for Prop. 10.2.42, just with the structure
group restricted along ♭𝐺 ! ♭Aut(𝑇𝑒𝑉). □

In summary, we have found the general abstract version of the local model spaces
of orbifolds:

Proposition 10.2.44 (Local orbifold model spaces). Let H be an elastic ∞-topos
(Def. 9.1.22), 𝐺,𝑉 ∈ Grp(H) (Prop. 8.2.1), with 𝐺 ≃ ♭𝐺 discrete, and (𝑉, 𝜌) ∈
𝐺Actions(H) (Prop. 8.2.6) a restriction (Prop. 8.2.12) of the action (𝑉, 𝜌Aut) by
group-automorphisms (Prop. 8.2.29). Then the homotopy quotient (8.161)

𝑉�𝐺 ∈ H (10.122)
of 𝑉 regarded with its canonical framing (Prop. 10.2.20)

(i) is a flat 𝑉-fold (Def. 10.2.41);
(ii) with 𝐺-structure (Def. 10.2.24)
(iii) whose 𝐺-frame bundle (10.82) is 𝐺-equivariantly (Def. 8.2.10) equivalent to

𝑉 itself:
𝐺Frm

(
𝑉�𝐺

)
≃ 𝑉 . (10.123)

Proof. First observe that 𝑉 �𝐺 is a 𝑉-fold, by Prop. 10.2.9 applied to Ex. 10.2.4.
That this is flat (i) is implied by (ii), since 𝐺 is assumed to be discrete. For (ii) and
(iii) observe that the canonical framing on 𝑉 is 𝐺-equivariant, by Prop. 10.2.21, so
that Prop. 10.2.22 implies 𝐺-structure on 𝑉�𝐺 classified by the action morphism
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𝜌 itself. But this means that its homotopy fiber, hence the corresponding 𝐺-frame
bundle (Def. 10.82) is 𝑉 itself, by (8.160) (and in accord with Prop. 10.2.43). □

Example 10.2.45 (Ordinary orbifold singularities). Let H := HldSmthGrpd∞ (Ex.
9.1.26) and𝑉 := (R𝑛, +) as in Ex. 10.2.5. Then a group automorphism of𝑉 is a linear
isomorphism, hence AutGrp (R𝑛, +) ≃ GL(𝑛). Therefore, in this case the assumptions
of Prop. 10.2.44 hold precisely for 𝑉 a linear representation of the discrete group 𝐺,
and thus we recover the traditional local orbifold models 𝑉�𝐺 from [Sa56] (in their
incarnation as étale groupoids).

10.2.11 Orbi-𝑉-folds
Finally, we may now easily promote 𝑉-folds to orbifolds proper, and hence promote
the ∞-category of étale stacks to a ∞-category of higher proper orbifolds:

Definition 10.2.46 (Orbi-𝑉-folds). Let H be a singular-elastic ∞-topos (Def. 9.2.6)
and 𝑉 ∈ Grp(H ⊂). We say that an orbi-𝑉-fold is an object X ∈ H which is the
orbi-singularization (Def. 9.2.7) of a 𝑉-fold (Def. 10.2.2, hence of an étale ∞-stack
modeled on 𝑉 , cf. Exp. 10.2.6).
(i) We write 𝑉Orbfld(H) ⊂ H for the full sub-∞-category on orbi-𝑉-folds:

X ∈ 𝑉Orbfld(H) ⇔ ⊂X ∈ 𝑉Folds(H) . (10.124)
This means, equivalently, that the orbi-𝑉-folds in H are the orbi-singularizations
(9.143) of the 𝑉-folds in H ⊂:

𝑉Folds(H ⊂)
oo Smth

OrbSnglr
≃

//
𝑉Orbfld(H)

Smth(X) oo �

:=

X:=

𝑋
� // OrbSnglr(𝑋)

(10.125)

(ii) Similarly, given, in addition, (𝐺, 𝜙) ∈ Grp(H)/Aut(𝑇𝑒𝑉 ) (Def. 10.2.23), we write
(𝐺, 𝜙)Strctrd𝑉Orbfld(H) ⊂ H for the full sub-∞-category on (𝐺, 𝜙)-structured orbi-
𝑉-folds (Def. 10.2.29):

(𝐺, 𝜙)Strctrd𝑉Folds(H ⊂)
oo Smth

OrbSnglr
≃

// (𝐺, 𝜙)Strctrd𝑉Orbfld(H)

(Smth(X), (𝜏, 𝑔)) oo �

:=

(X, (𝜏, 𝑔)):=

(𝑋, (𝜏, 𝑔)) � // (OrbSnglr(𝑋), (𝜏, 𝑔))

(10.126)

Remark 10.2.47 (Coefficients for orbifold cohomology). The point of Def. 10.2.46
is that, by regarding a 𝑉-fold in the elastic ∞-topos H ⊂ equivalently as an orbi-
𝑉-fold in the larger singular-elastic ∞-topos H, a larger class of coefficients for
intrinsic cohomology theories (1.21) becomes available, notably coefficients of the
form S ≺(𝐴�𝐺) (see Lemma 10.1.7 below). This is what gives rise, in §11, to proper
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orbifold cohomology (Def. 11.2.5 below) in contrast to the coarser cohomology of
underlying étale groupoids (Def. 11.2.1 below).

Remark 10.2.48 (The proper ∞-category of higher orbifolds). While (10.125) is an
equivalence of abstract ∞-categories,

(i) it is not an equivalence of sub-∞-categories of the ambient singular-elastic
∞-topos H:

∞-category of
of étale groupoids

𝑉Folds(H ⊂)t�
Smth &&

;

proper
∞-category
of orbifolds

𝑉Orbfld(H)
jJ

OrbSnglrxx

∈ (Cat∞)/H .

H

(10.127)

(ii) To bring out this distinction, also in view of Remark 10.2.47, we call𝑉Orbfld(H)
(Def. 10.2.46) the proper ∞-category of orbifolds, in contrast to the ∞-category
𝑉Folds(H ⊂) (10.44) of étale ∞-groupoids.

(iii) It is a happy coincidence that proper is also the technical adjective chosen in
[DHLPS19] for equivariant homotopy theories presented by ∞-presheaves over
categories of orbits with compact – hence finite if discrete – isotropy groups: In
this terminology the singular-cohesive ∞-topos H is, according to Def. 9.2.3,
indeed a proper global equivariant homotopy theory.

Example 10.2.49 (Subcategories of smooth and of flat orbifolds). Let H be an elastic
∞-topos (Def. 9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1) and (𝐺, 𝜙) ∈ Grp(H)/Aut(𝑇𝑒𝑉 )
(Prop. 8.2.1, Def. 8.2.13, Ex. 9.1.32). We have fully faithful inclusions into the ∞-
category of (𝐺, 𝜙)-structured orbi-𝑉-folds (Def. 10.2.46)

(𝐺, 𝜙)Strctrd𝑉Orbfld(H)

(𝐺, 𝜙)Strctrd𝑉Folds(H0)
- 


𝑖 ⊂sm
oot

h orb
ifol

ds
<<

(♭𝐺, 𝜙 ◦ 𝜖♭)Strctrd𝑉Orbfld(H)
2 R

𝑖♭

flat orbifolds

ee
(10.128)

of
(i) smooth (𝐺, 𝜙)-structured 𝑉-folds, via Lemma 9.2.21;
(ii) flat (♭𝐺, 𝜙 ◦ 𝜖♭)-structured 𝑉-folds (Def. 10.2.41).



11
Orbifold Cohomology

With an internal higher topos-theoretic characterization of orbifolds in hand (from
§10), we immediately obtain an induced notion of (differential, geometric, étale)
orbifold cohomology, namely as the intrinsic cohomology (1.21) of the ambient
singular-cohesive ∞-topos. Here we discuss how this new intrinsic notion of orbifold
cohomology
– subsumes proper equivariant cohomology theory (§11.1)
– and unifies it with tangentially twisted cohomology (§11.2).

The main result here is a general construction of orbifold étale cohomology which
we show to naturally unify

(i) tangentially twisted cohomology of smooth but curved spaces with
(ii) RO-graded proper equivariant cohomology of flat but singular spaces.
As fundamental examples, we present a new model of twisted orbifold K-theory

(following [SS26c, Ex. 4.5.4]) as well as tangentially twisted orbifold Cohomotopy.

11.1 Equivariant Cohomology
11.1.1 Proper equivariant cohomology
Definition 11.1.1 (Borel equivariant cohomology). Let H ⊂ be a cohesive ∞-topos
(Def. 9.1.1) 𝐺 ∈ Grp(H ⊂) (Prop. 8.2.1) and (𝑋, 𝜏), (𝐴, 𝜌) ∈ 𝐺Actions(H ⊂) (Prop.
8.2.6). Then the Borel equivariant cohomology of 𝑋 with coefficients in 𝐴 is the
intrinsic cohomology (1.21) in the slice H/B𝐺 (Prop. 8.1.62) of the homotopy quotient
(8.161) of 𝑋 with coefficients in the shape (9.2) of the homotopy quotient of 𝐴:

Borel equivariant
cohomology

𝐻Borel (𝑋, 𝐴) := 𝜋0 H/B𝐺
(
(𝑋�𝐺) , (𝐴�𝐺)

)
= 𝜋0


(𝑋�𝐺)

cocycle
𝑐 //

𝜏 %%

(𝐴�𝐺)
𝜌yy

B𝐺

qy

 .
(11.1)

Definition 11.1.2 (Proper equivariant cohomology). Let H be a singular-cohesive
∞-topos (Def. 9.2.3), 𝐺 ∈ Grp(H♭) (Prop. 8.2.1) a discrete ∞-group, and
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(𝑋, 𝜏), (𝐴, 𝜌) ∈ 𝐺Actions(H) (Prop. 8.2.6). Then we say that the proper equiv-
ariant cohomology of 𝑋 with coefficients in 𝐴 is the intrinsic cohomology (1.21) in
the slice H/ ≺B𝐺 (Prop. 8.1.62) of the orbi-singularization (9.144) of the homotopy
quotient (8.161) of 𝑋 with coefficients in the shape (9.2) of the orbi-singularization
of the homotopy quotient of 𝐴:

proper equivariant
cohomology

𝐻𝐺 (𝑋, 𝐴) := 𝜋0 H/ ≺B𝐺

(

≺(𝑋�𝐺) , S ≺(𝐴�𝐺)
)

=


≺(𝑋�𝐺)

cocycle
𝑐 //

≺(𝜏) ((

S ≺(𝐴�𝐺)
(
𝜂

S

≺B𝐺
)−1 ◦ S ≺(𝜌)uu

≺B𝐺

ow

/∼

.

(11.2)

11.1.2 Recovering traditional 𝐺-equivariant cohomology
We discuss how, in the case of a finite group𝐺, traditional𝐺-equivariant cohomology
(see §8.1.8) is a special case of proper equivariant cohomology (Def. 11.1.2). We
take the key observation from [Re14] (Prop. 11.1.6 below).

Definition 11.1.3 (𝐺-equivariant cohesive ∞-topos [SS26c, Def. 3.3.64]). Let H ⊂ be
a cohesive ∞-topos (Def. 9.1.1) and 𝐺 ∈ Grpfin a finite group (9.154). We write

𝐺H ⊂ := Shv∞
(
𝐺Orb, H ⊂

)
= Func∞

(
𝐺Orbop, H ⊂

)
(11.3)

for the ∞-topos of H ⊂-valued ∞-sheaves on the 𝐺-orbit category (Def. 8.1.25), to be
called the corresponding 𝐺-equivariant cohesive ∞-topos.

Remark 11.1.4 (Proper equivariant cohomology theory in singular ∞-toposes). In
the case H ⊂ ≃ Grpd∞ (8.48), Def. 11.1.3 reduces to the ∞-category 𝐺Grpd∞ (Def.
8.1.21) of traditional 𝐺-equivariant homotopy theory (recalled in §8.1.8). The in-
trinsic cohomology (1.21) of the ∞-topos 𝐺Grpd∞ – or of its tangent ∞-topos
𝑇
(
𝐺Grpd∞

)
(Ex. 8.1.67) in the twisted abelian case (Remark 8.2.23) – is proper

equivariant cohomology (following terminology in [DHLPS19]), including𝐺-Bredon
cohomology [Bre67a][Bre67b] (review in [Blu17, §1.4][tD79, §7]), 𝐺-equivariant
K-theory [Se68][AS69] (which is proper equivariant by [ASe04, A3.2][FHT11,
A.5][DL98]), 𝐺-equivariant Cohomotopy theory [Se71][tD79, §8][SS20][BSS19],
etc.

Hence, by Remark 9.1.21, to the extent that the objects of the cohesive ∞-topos
H ⊂ in Def. 11.1.3 are ∞-groupoids equipped with further geometric or differential-
geometric structure, the intrinsic cohomology theory (1.21) in 𝐺H ⊂ (11.3) is an
enhancement of plain 𝐺-equivariant cohomology to a flavor of proper 𝐺-equivariant
differential cohomology theory (by Remark 9.1.21).

Proposition 11.1.5 (Cohesive Elmendorf theorem). Consider a cohesive ∞-topos
H ⊂ (Def. 9.1.1) with an ∞-site Chrt of charts (Def. 9.1.10). Then for 𝐺 ∈ Grpfin a
finite group, we have an equivalence of ∞-categories

𝐺H ⊂ ≃ Shv∞
(
Chrt, 𝐺Grpd∞

)
, (11.4)
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where 𝐺Grpd∞ is the ∞-category of D-topological 𝐺-spaces (Def. 8.1.21).

Proof. Consider the following sequence of ∞-functors:
𝐺H ⊂ := Shv∞

(
𝐺Orb,H ⊂

)
= Shv∞

(
𝐺Orb, Shv∞ (Chrt)

)
≃
! Shv∞

(
𝐺Orb × Chrt

)
≃
! Shv∞

(
Chrt, Shv∞ (𝐺Orb)

)
≃
! Shv∞

(
Chrt, 𝐺Grpd

)
.

That the first and second of these ∞-functors are equivalences follows by the
product/hom-adjunction for ∞-functors. With that, the last equivalence follows, ob-
jectwise, by Elmendorf’s theorem (Prop. 8.1.27). □

Proposition 11.1.6 (G-equivariant homotopy theory embeds into 𝐺-singular cohe-
sion). Let H be a singular-cohesive ∞-topos (Def. 9.2.3) over Grpd∞ (8.48) and let
𝐺 ∈ Grpfin be a finite group (9.154).

(i) Then there is a full sub-∞-category inclusion

𝐺H ⊂

� � Δ𝐺

≃
// H/ ≺

𝐺 (11.5)

of the 𝐺-equivariant non-singular cohesive ∞-topos (Def. 11.1.3) into the slice
of H (Prop. 8.1.62) over the generic 𝐺-orbi singularity (9.151).

(ii) This is such that, when pre-composed with the cohesive Elmendorf equivalence
(Prop. 11.1.5), a cohesive sheaf (on Chrt) of 𝐺Grpd (8.43) presented (8.46) by
D-topological 𝐺-spaces 𝑋𝑈 (Def. 8.1.18) is sent to the presheaf on Snglrt that
is given as follows:

Shv∞
(
Chrt, 𝐺Grpd∞

)
≃ 𝐺H ⊂

∑

≺

𝐺

Δ𝐺

// Shv∞
(
Chrt × Snglrt

)
(
𝑈 7! Shp𝐺Top

(
𝑋𝑈

)) � //

((
𝑈, ≺

𝐾
)
7! ShpTop

(( ⊔
𝜙∈

Grp(𝐾,𝐺)

𝑋
𝜙 (𝐾 )
𝑈

)
×
𝐺
𝐸𝐺

)) (11.6)

where on the right we have the topological shape (8.1.29) of the Borel con-
struction by the residual 𝐺-action on the fixed point subspaces 𝑋 𝜙 (𝐾 )

𝑈
⊂ 𝑋𝑈

(8.39).

Proof. For H ⊂ ≃ Grpd∞ this is [Re14, Prop. 3.5.1]; our expression ShpTop
(
𝑋
𝜙 (𝐾 )
𝑈

×
𝐺

𝐸𝐺
)

is, up to convention of notation, the expression for 𝐵Fun(𝐻,𝐺 ↷ 𝑋𝑈) that
is spelled out in [Re14, p. 7][Lu19, 3.2.17] (using that our 𝐺 is discrete). The
generalization here follows immediately by applying this equivalence objectwise in
the ∞-site Chrt. □

The following is our key class of examples:

Example 11.1.7 (Cohesive shape of 𝐺-orbi-singular space is 𝐺-homotopy type). In
the cohesive ∞-topos H ⊂ := SmthGrpd∞ (Ex. 9.1.19) consider a 0-truncated object



294 Geometric Orbifold Cohomology

𝑋 ∈ H ⊂,0 equipped with a 𝐺-action (Def. 8.160) of a discrete group 𝐺, and with
corresponding Cohesive 𝐺-orbispace (Prop. 10.1.6)

X := OrbSnglr(𝑋�𝐺)
in H := SnglrSmthGrpd∞ (Ex. 9.2.11), which is either of:
(i) a smooth 𝐺-orbifold (Ex. 10.1.11):

𝑋 ∈ SmoothManifolds �
� // DiffeologicalSpaces �

� // H ⊂

(ii) a topological 𝐺-orbi space (Ex. 10.1.12):

𝑋 ∈ TopSpc
Cdfflg // DTopSpc �

� // H ⊂

Then the cohesive shape (9.143) of the 𝐺-orbi-singular space X ∈ H is equivalent,
under the identification of Prop. 11.1.6, to the 𝐺-topological shape (8.46) of the
underlying topological 𝐺-space of 𝑋:
(i) By Prop. 10.1.13, comparing (10.38) with (11.6) we have:

𝐺SmoothManifolds

form
𝐺-topological

shape
Shp𝐺Top (Dtplg(−))

��

form Fréchet-smooth orbifold

OrbSnglr
(
(−) � 𝐺

) // SnglrSmthGrpd∞/ ≺

𝐺

Shp
form

cohesive shape

��
𝐺Grpd∞

� �

include 𝐺-equivariant homotopy theory

Δ𝐺 // SingularGroupoids∞/ ≺

𝐺

(11.7)

(ii) By Prop. 10.1.14, comparing (10.41) with (11.6), we have:

𝐺TopSpc

form
𝐺-topological shape Shp𝐺Top

��

form topological 𝐺-orbi space

OrbSnglr
(
Cdfflg(−) � 𝐺

) // SnglrSmthGrpd∞/ ≺
𝐺

Shp
form

cohesive shape

��
𝐺Grpd∞

� �

include 𝐺-equivariant homotopy theory

Δ𝐺 // SingularGroupoids∞/ ≺

𝐺

(11.8)

Lemma 11.1.8 (Δ𝐺 commutes with Disc). The construction Δ𝐺 from Prop. 11.1.6
commutes with embedding of discrete cohesive structure (9.142):

Shv∞
(
Snglrt,Grpd∞

)
/ ≺

𝐺 Disc
--

𝐺Grpd
Disc ,,

Δ𝐺 22
Shv∞

(
Snglrt, H ⊂

)
/ ≺

𝐺

𝐺H ⊂ Δ𝐺

11

Theorem 11.1.9 (Cohomology of good orbispaces is proper equivariant cohomol-
ogy). Consider the singular-cohesive ∞-topos H := SnglrSmthGrpd∞ (Ex. 9.2.11)
and let 𝐺 ∈ Grpfin be a discrete group (9.154). Then the intrinsic cohomology (1.21)

(i) of a 𝐺-orbi-singular space X ∈ H/ ≺

𝐺 (Def. 10.1.4) which is either

(a) a topological 𝐺-orbi-space (Ex. 10.1.12) with universal covering space
(Def. 10.1.5) 𝑋𝐺top ∈ 𝐺TopSpc (8.36);
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(b) a Fréchet-smooth𝐺-orbifold (Ex. 10.1.11) with universal covering space
(Def. 10.1.5) 𝑋 ∈ FréchetManifolds and underlying𝐺-topological space
𝑋𝐺top := Dtplg(X) (8.12);

(ii) with coefficients in a cohesively discrete 𝐺-∞-groupoid 𝐴 (8.43) (hence the
𝐺-topological shape (8.46) of some topological 𝐺-space 𝐴𝐺top) regarded as a
geometrically discrete orbi-singular ∞-groupoid A via (11.5):

𝐺TopSpc
Shp𝐺Top // 𝐺Grpd∞

Disc // 𝐺H ⊂

Δ𝐺 // H/ ≺

𝐺

𝐴top // 𝐴 � // A
equals the proper 𝐺-equivariant cohomology (Def. 8.1.23) of 𝑋𝐺top with coef-
ficients in 𝐴:

H/ ≺

𝐺

(
X, A

)
≃ 𝐺Grpd∞

(
Shp𝐺Top (𝑋𝐺top), 𝐴

)
hence: 𝜋𝑛H/ ≺

𝐺

(
X, A

)
≃ 𝐻−𝑛

𝐺
(𝑋𝐺top, 𝐴)

intrinsic
equivariant differential cohomology

in ∞-topos of
singular smooth ∞-groupoids

proper
𝐺-equivariant cohomology

Proof. (i) By Ex. 10.1.12 the topological 𝐺-orbi space X is given by
X ≃ OrbSnglr

(
Cdfflg(𝑋)�𝐺

)
.

With this, we compute as follows:

H/ ≺

𝐺

(
X,A

)
= H/ ≺

𝐺

(
OrbSnglr

(
Cdfflg(𝑋top)�𝐺

)
,Δ𝐺Disc(𝐴)

)
≃ H/ ≺

𝐺

(
OrbSnglr

(
Cdfflg(𝑋top)�𝐺

)
,Disc(Δ𝐺𝐴)

)
≃ (Grpd∞)/ ≺

𝐺

(
Shp

(
OrbSnglr(Cdfflg(𝑋top)�𝐺)

)
,Δ𝐺𝐴

)
≃ (Grpd∞)/ ≺

𝐺

(
Δ𝐺𝑋,Δ𝐺𝐴

)
≃ 𝐺Grpd

(
Shp𝐺Top (𝑋top), 𝐴

)
.

(11.9)

Here the first step, after unwinding the definitions, is Lemma 11.1.8, the second
step is the Shp ⊣ Disc-adjunction (9.142), the third step is Prop. 10.1.14, and
the last step is Prop. 11.1.6.

(ii) By Ex. 10.1.11 the Fréchet-smooth 𝐺-orbifold X is given by
X ≃ OrbSnglr

(
𝑋�𝐺

)
.

With this, we compute just as in (11.9) only that now in the third step we use
Prop. 10.1.13. □

Example 11.1.10 (Orientifold cohomology). Take the singular elastic ∞-topos
H = SnglrJetSmthGrpd∞ (Ex. 9.2.11) and 𝑉 = (R𝑛, +) ∈ H ⊂ (10.48). Then a
X ⊂ ∈ 𝑉Flds(H ⊂) (Def. 10.2.2) is an ordinary 𝑛-dimensional orbifold or, more gen-
erally, an 𝑛-dimensional étale ∞-stack (by Ex. 10.2.6) with structure group (Def.
10.2.12) the ordinary general linear group Aut(𝑇𝑒𝑉) ≃ GL(𝑛) (by Ex. 10.2.13).
Hence, the composition of the delooping (8.151) of the ordinary determinant group
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homomorphism GL(𝑛) det
−! Z2 with the classifying map ⊢ Frm(X ⊂) (10.66) of the

frame bundle of 𝑋 (Def. 10.2.14) realizes X ⊂ as an object in the slice ∞-topos (Prop.
8.1.62) over BZ2. Consequently, it realizes its orbi-singularization X := ≺X ⊂ ∈ H
(9.2.7) as an object in the slice over ≺Z2 (9.135):

X ⊂

Bdet ◦ ⊢ Frm(X ⊂)
��

BZ2

∈
(
H ⊂

)
/BZ2

⇔
X

≺

(
Bdet ◦ ⊢ Frm(X ⊂)

)
��

≺

Z2

∈
(
H ⊂

) /

≺

Z2
. (11.10)

This is the incarnation of the orbifold as an orbi-orientifold [DFM11][FSS15,
4.4][SS20]. In particular, if the covering space (Def. 10.1.5)

𝑋 := fib
(
Bdet ◦ ⊢ Frm(X ⊂)

)
happens to be anR𝑛-fold (Ex. 10.2.5), we have just a plain orientifold (without further
orbifolding) and then the intrinsic cohomology (1.21) of X regarded in the slice over

≺Z2(11.10) is, by Theorem 11.1.9 the proper Z2-equivariant cohomology of 𝑋 , such
as, for instance, Real K-theory [At66] (see [Mas11] for the perspective in proper
equivariant cohomology) or Z2-Equivariant Cohomotopy [tD79, 8.4][SS20].

11.2 Orbifold Cohomology
We introduce general étale cohomology of étale ∞-stacks (Def. 11.2.1), which is
sensitive to geometric 𝐺-structure and to tangential structure (Def. 11.2.3). Promot-
ing this to the proper incarnation of orbifolds (Remark 10.2.48), we finally obtain
tangentially twisted proper orbifold cohomology (Def. 11.2.5) which we prove unifies
tangentially twisted topological cohomology away from orbifold singularities with
proper equivariant cohomology at the singularities (Thm. 11.2.6 below, cf. Fig. 1.7
on p. 21).

We construct two fundamental classes of examples and relate them to each other:
• §11.2.3 We discuss tangentially-twisted proper orbifold Cohomotopy theories

(Def. 11.2.18) and observe, as an application, that these subsume the relevant
cohomology theories for the physics of fractional quantum anomalous Hall
systems and of M-theory, according to “Hypothesis H” (Remark 11.2.20).

• §5.1 We discuss a new model for orbifold topological K-theory and show how
it receives orbifold cohomology operations from orbifold Cohomotopy.

11.2.1 Cohomology of 𝑉-étale ∞-stacks
Definition 11.2.1 (Étale cohomology). Let H be an elastic ∞-topos (Def. 9.1.22),
𝑉 ∈ Grp(H) (Prop. 8.2.1), (𝐺, 𝜙) ∈ Grp(H)/Aut(𝑇𝑒𝑉 ) (Def. 10.2.23), and 𝑋 ∈
Intgrbl(𝐺, 𝜙)Strctrd𝑉Flds(H) (Def. 10.2.30). The étale cohomology of

(
𝑋, (𝜏, 𝑔)

)
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is its intrinsic cohomology (1.21) when regarded (via Prop. 10.2.34)

Intgrbl(𝐺, 𝜙)Strctrd𝑉Flds(H) //
( (

H/BAut(𝑇𝑒𝑉 )
)
/(B𝐺,B𝜙)

)/ (
Haef

(
𝑉, (𝐺,𝜙)

)
, (𝜏H ,𝑔H )

)(
𝑋, (𝜏, 𝑔)

)
7−!

( (
𝑋, (𝜏, 𝑔)

) ⊢(𝜏,𝑔)
−−−−!

met
Haef

(
𝑉, (𝐺, 𝜙)

) )
in the iterated slice of (10.94) over the

(
𝑉, (𝐺, 𝜙)

)
-Haefliger stack (Def. 10.2.33)

equipped with its canonical (𝐺, 𝜙)-structure (𝜏H , 𝑔H) (Prop. 10.2.34), hence is 𝐺-
structure-twisted cohomology (Remark 8.2.21):

étale cohomology

𝐻 (𝜏,𝑔) (𝑋, 𝐴) :=( (
H/BAut(𝑇𝑒𝑉 )

)
/(B𝐺,B𝜙)

)/ (
Haef

(
𝑉, (𝐺,𝜙)

)
, (𝜏H ,𝑔H )

) ( (
𝑋, (𝜏, 𝑔)

)
,
(
𝐴, 𝑝

) )
=


𝑋

cocycle
𝑐 //

⊢(𝜏,𝑔) ((

𝐴

𝑝vv
Haef (𝑉, (𝐺, 𝜙))

mu

 .

(11.11)

Remark 11.2.2 (Étale cohomology is geometric). As the notation in Def. 11.2.1
indicates, étale cohomology is a “geometric cohomology theory” in that it does
depend (in general) on the 𝐺-structure 𝑔 on the 𝑉-fold 𝑋 (for instance, its complex-
or symplectic- or Riemannian- or Lorentzian structure, by Ex. 10.2.32).

Next, we focus attention on the special case where the cohomology theories are
not sensitive to the metric part 𝑔 of a 𝐺-structure (𝜏, 𝑔), but just to its tangential
structure 𝜏.

Definition 11.2.3 (Tangentially twisted cohomology). Let H be an elastic ∞-topos
(Def. 9.1.22), 𝑉 ∈ Grp(H) (Prop. 8.2.1), (𝐺, 𝜙) ∈ Grp(H)/Aut(𝑇𝑒𝑉 ) (Def. 10.2.23),
(𝐴, 𝜌) ∈ 𝐺Actions(H) and 𝑋 ∈ (𝐺, 𝜙)Strctrd𝑉Flds(H) (10.95). Then, for 𝐴 ∈
H/BS𝐺

, the tangentially twisted cohomology of𝑉 with coefficients in 𝐴 is (see Remark
8.2.21)

tangentially twisted
cohomology

𝐻S𝜏
(
𝑋, 𝐴

)
:= H/SAut(𝑇𝑒𝑉)

(
(𝑋, 𝜂S ◦ 𝜏), (𝐴�𝐺, 𝜌)

)
=


𝑋

cocycle
𝑐 //

𝜂S◦𝜏 ##

(
S𝐴

)
�

(
S𝐺

)
S𝜌ww

BS𝐺

px

 .
(11.12)

Remark 11.2.4 (Need for 𝐺-Structure vs. tangential structure).
(i) The notion of tangentially twisted cohomology in Definition 11.2.3 makes

sense more generally for 𝑉-folds equipped only with tangential structure (Def.
10.2.36) instead of full 𝐺-structure (Def. 10.2.24) (hence only with a reduction
of the shape of their structure group, instead of the actual structure group (Def.
10.2.12)) and it only needs 𝐴 to be equipped with a S𝐺-action.
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(ii) We state the definition in the more restrictive form above just in order to
bring out the following promotion of this notion to its proper orbifold version
(Remark 10.2.48), in Def. 11.2.5 below. The process of orbi-singularization is
in fact sensitive to the full𝐺-structure, and not just to its tangential shape. More
precisely, it is sensitive to the geometric fixed point spaces of the𝐺-structure and
not just to its homotopy fixed point spaces (as per Remark 9.2.24 Ex. 9.2.27).

11.2.2 Tangentially twisted proper orbifold cohomology
We now promote tangentially twisted cohomology of𝑉-folds (Def. 11.2.3) to a proper
orbifold cohomology theory in the sense of Def. 10.2.46.

Definition 11.2.5 (Tangentially twisted proper orbifold cohomology). Let
◦ H be a singular-elastic ∞-topos (Def. 9.2.6).
◦ 𝑉 ∈ Grp(H ⊂) (Prop. 8.2.1).
◦ (𝐺, 𝜙) ∈ Grp(H ⊂)/Aut(𝑇𝑒𝑉 ) (Prop. 8.2.1, Def. 8.2.13, Ex. 9.1.32).
◦ X ⊂ ∈ 𝑉Flds(H ⊂) (Def. 10.2.2).
◦ (𝜏, 𝑔) ∈ (𝐺, 𝜙)StructuresX ⊂

(H ⊂) (Def. 10.2.24).
◦ (𝐴, 𝜌) ∈ 𝐺Actions(H ⊂).

and set A := ≺(𝐴�𝐺) and X := ≺X ⊂.
The tangentially twisted proper orbifold cohomology of X with coefficients in SA is
(see Rem. 8.2.21)

𝐻S ≺𝜏 (X, A)
:= 𝜋0 H/S ≺B𝐺

(
(X, 𝜂S ◦ ≺(𝜏)), (SA, S ≺𝜌)

)
=


X

cocycle
𝑐 //

𝜂S◦ ≺(𝜏 ) %%
S ≺

(
𝐴�𝐺

)
S ≺(𝜌)vv

S ≺B𝐺

/∼

.

Theorem 11.2.6 (Tangentially twisted orbifold cohomology at and away from sin-
gularities). Consider the tangentially twisted orbifold cohomology of Def. 11.2.5
restricted to (1) smooth and (2) flat orbifolds, according to Ex. 10.2.49. Then (cf. Fig.
1.7 on p. 21):

(i) The tangentially twisted orbifold cohomology of flat orbifolds for 0-truncated
coefficients 𝐴 is naturally equivalent to the proper equivariant cohomology
(Def. 11.1.2) of the total space of their ♭𝐺-frame bundle (10.82):

tangentially twisted
orbifold cohomology

𝐻
S ≺𝜏 (𝑖♭X

flat
orbifold

,A
)

≃

proper
equivariant cohomology

𝐻♭𝐺
(
(♭𝐺)Frm(X ⊂)
♭𝐺-frame bundle

, 𝐴
)
.

(ii) The tangentially twisted orbifold cohomology of smooth (non-orbi-singular)
orbifolds is equivalently the tangentially twisted cohomology (Def. 11.2.1) of
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the underlying 𝑉-folds:
tangentially twisted
orbifold cohomology

𝐻
S ≺𝜏 (𝑖 ⊂X

smooth
orbifold

,A
)

≃

tangentially twisted
𝑉-fold cohomology

𝐻
S𝜏
(
X ⊂

0-truncated
𝑉-fold

, 𝐴
)
.

Proof. The case (i) means that the classifying map of the 𝐺-structure in question
factors as follows, where we use Prop. 10.2.25 to identify the leftmost morphism 𝜌

as exhibiting the action (8.160) of ♭𝐺 on (♭𝐺)Frm(𝑋):

(♭𝐺)Frm(𝑋)�♭𝐺
𝜌 //

⊢𝜏
22

⊢Frm(𝑋)

44B♭𝐺
𝜖 ♭B𝐺 // B𝐺 // BAut(𝑇𝑒𝑉) .

Now we observe:
(a) with Def. 9.2.3 that S acts objectwise over Snglrt,
(b) with Prop. 8.1.55 that the pullback of presheaves over Snglrt is computed

objectwise,
(c) and with Lemma 10.1.7 that ≺(𝐴�𝐺) is objectwise over Snglrt a homotopy

quotient by 𝐺,
so that Lemma 9.1.6 applies objectwise over Snglrt to give the pullback square shown
on the right here:

S ≺

(
𝐴�♭𝐺

)
(pb)��

// S ≺
(
𝐴�𝐺

)
��

≺

(
(♭𝐺)Frm(𝑋)� (♭𝐺)

) 33

≺𝜌 //

𝜂S◦ ≺𝜏

33≺B♭𝐺 // S ≺B𝐺 .

By the universal property of the pullback, this means that every cocycle factors
naturally as shown by the dashed morphism. But by Def. 11.1.2 this dashed morphism
is equivalently a cocycle in proper equivariant cohomology, as claimed.

The case (ii) means (using Lemma 9.2.21) that the orbi-singular space X is in fact
smooth

X ≃ ⊂X ≃ NnOrbSnglr
(
X ⊂

)
.

Therefore, we have the following natural equivalences of spaces of dashed morphisms:

S ≺

(
𝐴�𝐺

)
��

⊂X ≃ X

BB

// S ≺B𝐺

⇔

⊂S ≺

(
𝐴�𝐺

)
��

⊂X

??

// ⊂S ≺B𝐺

⇔

S
(
𝐴�𝐺

)
��

X ⊂

BB

// SB𝐺

∈ ∈

H/
S ≺B𝐺

(
X, S ≺

(
𝐴�𝐺

) )
≃ H/

SB𝐺

(
X ⊂ , S

(
𝐴�𝐺

) )
.

(11.13)

Here the first equivalence is by the adjunction NnOrbSnglr ⊣ Smth and the fully
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faithfulness of NnOrbSnglr (9.142). The second step uses ⊂ ◦ S ≃ S ◦ ⊂ (Lemma
9.2.23) and ⊂ ◦ ≺ ≃ ⊂ (Remark 9.2.8) But on the right of (11.13) we see the
tangentially twisted cohomology of X ⊂, as claimed. □

11.2.3 J-Twisted orbifold Cohomotopy
We discuss now the example of tangentially twisted proper orbifold cohomology (Def.
11.2.5) where the coefficients are (shapes of) spheres, specifically of Tate 𝑉-spheres
(Def. 11.2.9), In this case, the tangential twist is the J-homomorphism (Def. 11.2.14)
whence we speak of J-twisted Cohomotopy theory (Def. 11.2.18).

Definition 11.2.7 (Complement of neutral element). Let H be an ∞-topos (Def.
8.1.46) and 𝑉 ∈ Grp(H) (Prop. 8.2.1). Let (𝑉, 𝜌AutGrp ) ∈ AutGrp (𝑉)Actions(H)
denote the group-automorphism action on 𝑉 (Prop. 8.2.29).

(i) Consider those subobjects (Def. 8.1.77) of the homotopy quotient 𝑉 � AutGrp
(8.205) whose pullback along the morphism

∗�AutGrp (𝑉)
𝑒�AutGrp (𝑉) // 𝑉�AutGrp (𝑉) ,

which exhibits the neutral element as a fixed point of the group-automorphism
action (Prop. 8.2.29), is empty. These are the subobjects forming the poset in
the top left of the following Cartesian square (of ∞-categories):

SubObjects𝑒/
(
𝑉�AutGrp (𝑉)

)
(pb)

//
� _

��

∗ � _
∅
��

SubObjects
(
𝑉�AutGrp (𝑉)

)
(𝑒�AutGrp (𝑉))∗

// SubObjects(∗)

(11.14)

(ii) Consider next the union of these subobjects, hence the colimit over the left
vertical functor in (11.14), which we denote as follows:(
𝑉 \ {𝑒}

)
�AutGrp (𝑉) :=

lim
−!

(
SubObjects𝑒/

(
𝑉�AutGrp (𝑉)

)
↩−! SubObjects

(
𝑉�AutGrp (𝑉)

) )
.

(11.15)

(iii) We call the homotopy fiber 𝑉 \ {𝑒} of the canonical morphism from this object
(11.15) to BAutGrp (𝑉) the complement of the neutral element of 𝑉

𝑉 \ {𝑒}
fib

(
𝜌AutGrp \ {𝑒}

)
// (𝑉 \ {𝑒})�AutGrp (𝑉)

𝜌AutGrp \ {𝑒}

xx

� _

��
𝑉�AutGrp (𝑉)
𝜌AutGrp

��
BAutGrp (𝑉)

(11.16)

(iv) We regard the complement of the neutral element as equipped with the
AutGrp (𝑉)-action which is exhibited by the homotopy fiber sequence (11.16)
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(by Prop. 11.16):(
𝑉 \ {𝑒} , 𝜌AutGrp \ {𝑒}

)
) ∈ AutGrp (𝑉)Actions(H) .

Proposition 11.2.8 (Basic properties of complement of neutral element). Let H be an
∞-topos (Def. 8.1.46) and 𝑉 ∈ Grp(H) (Prop. 8.2.1). Then the complement 𝑉 \ {𝑒}
of the neutral element (Def. 11.2.7)

(i) is a subobject (Def. 8.1.77) of 𝑉

𝑉 \ {𝑒} �
� // 𝑉 (11.17)

(ii) which is disjoint from the neutral element:

∅ //

��
(pb)

𝑉 \ {𝑒}� _
��

∗
𝑒

// 𝑉

Proof. For (i) we use the pasting law (Prop. 8.1.39) and the homotopy fiber char-
acterization of the group-automorphism action (8.207) to decompose (11.16) as the
pasting of two Cartesian squares, as follows:

𝑉 \ {𝑒} //
� _

��
(pb)

(𝑉 \ {𝑒})�AutGrp (𝑉)

𝜌AutGrp\{𝑒}

xx

� _

��
𝑉 //

��

(pb)

𝑉�AutGrp (𝑉)
𝜌AutGrp

��
∗ // BAutGrp (𝑉)

Since monomorphisms are preserved by pullback (by Prop. 8.1.83), this shows the
first claim from the construction (11.15).

For (ii) we paste to the middle horizontal morphism in this diagram the square
(8.191) which exhibits the neutral element as a fixed point of the group-automorphism
action (Prop. 8.2.29) and then we pull back the right vertical morphism along the
boundary of that square, as shown in the following:

∅

��

((
// ∅ ≃ lim

−!𝑖

∅

��

,,
𝑉 \ {𝑒} //
� _

��

(𝑉 \ {𝑒})�AutGrp (𝑉) := lim
−!
𝑖

𝑈𝑖� _

��
∗

𝑒 ((

// ∗�AutGrp (𝑉) 𝑒 � AutGrp (𝑉)
++

𝑉 // 𝑉�AutGrp (𝑉)
Here the right square is Cartesian since colimits in an ∞-topos are preserved by
pullback (8.80) and using the definition (11.14), as indicated in the top right. Similarly,
the rear square is Cartesian, since pullback preserves the initial object (this being the
empty colimit, Ex. 8.1.49). With this, and since the front square is Cartesian by (i),
the pasting law (Prop. 8.1.39) implies that also the left square is Cartesian, which was
to be shown. □
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Definition 11.2.9 (Tate 𝑉-sphere). Let H be an ∞-topos (Def. 8.1.46) and 𝑉 ∈
Grp(H) (Prop. 8.2.1). Then we say that the Tate 𝑉-sphere is the homotopy cofiber

S𝑉 := 𝑉/(𝑉 \ {𝑒})
of the inclusion (11.17) of the complement of the neutral element into𝑉 (Def. 11.2.7),
hence the object in this homotopy pushout square:

𝑉 \ {𝑒} �
� //

��
(po)

𝑉

��
∗ // S𝑉 .

(11.18)

Example 11.2.10 (Tate sphere in unstable motivic homotopy theory). For H :=
Shv∞

(
SchemesNis

)
and 𝑉 := A1 the Tate 𝑉-sphere of Def. 11.2.9 is the Tate sphere

in the traditional sense of (unstable) motivic homotopy theory, see [VRO07, 2.22].

Example 11.2.11 (Tate spheres with shape of ordinary spheres). Let H =

JetsOfSmoothGroupoids∞ (Def. 9.1.26) and 𝑉 := (R𝑛, +) as in Ex. 10.2.5. Then
AutGrp (R𝑛, +) = GL(𝑛) (as in Ex. 10.2.13) and the complement of the neutral ele-
ment (Def. 11.2.7) is the ordinary complement R𝑛 \ {0}, whose shape is that of the
ordinary 𝑛 − 1-sphere:

S
(
R𝑛 \ {0}

)
≃ S 𝑆𝑛−1. (11.19)

Hence the Tate R𝑛-sphere (Def. 11.2.9) is the homotopy pushout shown on the left
here:

R𝑛 \ {𝑒}

��

� � //

(pb)

R𝑛

��
∗ // 𝑆 (R

𝑛 )

S
7−!

S 𝑆𝑛−1

��

� � //

(pb)

∗

��
∗ // S S(R𝑛 ) .

Since the shape modality (9.2) is left adjoint, it preserves homotopy pushouts (Prop.
8.1.42), so that the shape of the Tate R𝑛-sphere is that of the ordinary 𝑛-sphere:

S SR𝑛 ≃ S 𝑆𝑛. (11.20)
In contrast, the Tate R𝑛-sphere itself is the “germ of a smooth sphere”.

Proposition 11.2.12 (Canonical action on Tate𝑉-sphere). Let H be an ∞-topos (Def.
8.1.46) and 𝑉 ∈ Grp(H) (Prop. 8.2.1). The Tate 𝑉-sphere (Def. 11.2.9) inherits a
canonical action (Prop. 8.2.6) of the group-automorphism group AutGrp (𝑉) (Def.
8.2.28), associated (via Prop. 8.2.14) to a group homomorphism

AutGrp (𝑉) // Aut(S𝑉 ) (11.21)

whose homotopy quotient (8.161) is given by the following homotopy pushout

(𝑉 \ {𝑒})�AutGrp (𝑉) �
� //

�� (po)

𝑉�AutGrp (𝑉)
��

∗�AutGrp (𝑉) // S𝑉�AutGrp (𝑉)

(11.22)

of the defining morphisms in (11.16).

Proof. Since the forgetful ∞-functor H/BAutGrp (𝑉 ) −! H preserves colimits (Ex.
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8.1.68), the diagram (11.18) extends to a diagram over BAutGrp (𝑉). Pulling this back
along the point inclusion (8.153) and using that colimits in an ∞-topos are preserved
by pullback (8.80), we find that the homotopy fiber of S𝑉�AutGrp (𝑉) ! BAutGrp (𝑉)
is given by the defining homotopy pushout (11.18) of the Tate 𝑉-sphere. □

Definition 11.2.13 (Linear group). Let H be an elastic ∞-topos (Def. 9.1.22) and
𝑉 ∈ Grp(H) (Prop. 8.2.1).

(i) We say that 𝑉 is a linear group if it is equipped with an equivalence

Aut(𝑇𝑒𝑉) ≃
exp // AutGrp (𝑉) ∈ Grp(H) (11.23)

between (a) the plain automorphism group of the local neighborhood of the
neutral element (Def. 10.2.12) and (b) the group-automorphism group of 𝑉
(Def. 8.2.28).

(ii) We write
LinGrp(H) ∈ Cat∞

for the ∞-category of linear groups in H.

Definition 11.2.14 (Tate J-homomorphism). Let H be an elastic∞-topos (Def. 9.1.22)
and 𝑉 ∈ LinGrp(H) (Prop. 11.2.13).

(i) The Tate J-homomorphism is the composite

J𝑉 : Aut(𝑇𝑒𝑉) ≃
exp // AutGrp (𝑉) // Aut(S𝑉 ) (11.24)

of (a) the defining equivalence (11.23) with (b) the homomorphism (11.21)
which reflects the canonical AutGrp (𝑉)-action on the Tate 𝑉-sphere (Def.
11.2.12).

(ii) The corresponding Aut(𝑇𝑒𝑉)-actions on S𝑉 and on S(S𝑉 ), by restriction along
(11.24) and (11.26) of the canonical automorphism actions (Prop. 8.2.14), we
denote, respectively, by

(S𝑉 , 𝜌J) ∈ Aut(𝑇𝑒𝑉)Actions(H) . (11.25)

(iii) The actual J-homomorphism is the shape of the further composite with the
homomorphism Aut(𝜂S

S𝑉 ) from Prop. 9.1.7:

𝐽𝑉 : SAut(𝑇𝑒𝑉) ≃
Sexp //

SJ𝑉

66
SAutGrp (𝑉) // SAut(S𝑉 )

SAut
(
𝜂

S
Aut(S𝑉 )

)
// SAut

(
SS𝑉

)
. (11.26)

Example 11.2.15 (Ordinary J-homomorphism). Let H = SnglrJetSmthGrpd∞ (Ex.
9.2.11) and 𝑉 := (R𝑛, +) as in Ex. 10.2.5. This is a linear group in the sense of Def.
11.2.13, with Aut(𝑇0R𝑛) ≃ GL(𝑛) (Ex. 10.2.13). Via Ex. 11.2.11 the induced action
on the shape of the Tate R𝑛-sphere (Def. 11.2.14) is the classical J-homomorphism
(going back to [Wh42], reviewed in [Rav86, p. 4]):

𝐽 : S O(𝑛) ≃ S GL(𝑛) // Aut
(
S𝑆𝑛

)
(11.27)

being the image under topological shape (Def. 8.1.29) of the defining action of GL(𝑛)
on R𝑛 and hence on its one-point compactification 𝑆𝑛.
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Definition 11.2.16 (Representation spheres). Let H be a singular-elastic ∞-topos
(Def. 9.2.6), 𝑉Grp(H ⊂) (Prop. 8.2.1), and (𝐺, 𝜙) ∈ Grp(H ⊂)/Aut(𝑇𝑒𝑉 ) (Prop. 8.2.1,
Def. 8.2.13, Ex. 9.1.32). Then we say that the representation sphere 𝑆𝑉𝜙 of the 𝐺-
action 𝜙 on 𝑉 (via Prop. 8.2.14) is the shape (Def. 9.1.1) of the orbi-singularization
(Def. 9.2.7) of the homotopy quotient (8.161) of the Tate 𝑉-sphere (Def. 11.2.9) by
the restricted action (Prop. 8.2.12) along 𝜙 of the action 𝜌J (11.25) induced by the
J-homomorphism (Def. 11.2.14):

𝑆𝑉𝜙 := S ≺

(
S𝑉�

𝜙
𝐺

)
∈ H/ ≺𝐺 .

Example 11.2.17 (Ordinary representation spheres).
Let H = SnglrJetSmthGrpd∞ (Ex. 9.2.10) and 𝑉 := (R𝑛, +) as in Ex. 10.2.5, whence
Aut(𝑇𝑒𝑉) ≃ GL(𝑛) (Ex. 10.2.13). For

𝐺
� � 𝜙 // GL(𝑛) ⊂ Aut(𝑇𝑒𝑉)

a finite subgroup, hence a linear 𝐺-representation, we have that the representation
sphere 𝑆R

𝑛
𝜙 according to Def. 11.2.16 is the ordinary representation sphere, as an

object in 𝐺-equivariant homotopy theory.

Definition 11.2.18 (𝐽-twisted proper orbifold Cohomotopy theory). Let H be a
singular-elastic ∞-topos (Def. 9.2.6) 𝑉 ∈ Grp(H) (Prop. 8.2.1), 𝑊 ∈ LinGrp(H)
(Def. 11.2.13) and 𝜙 : Aut(𝑇𝑒𝑊) // Aut(𝑇𝐸𝑉) . Then J-twisted proper orbifold
Cohomotopy is the tangentially twisted proper orbifold cohomotopy (Def. 11.2.5)
with coefficients

(𝐴, 𝜌) := (S𝑉 , 𝜌J)
the Tate𝑊-sphere (Def. 11.2.9) with its Tate J-homomorphism action (Def. 11.2.14):

J-twisted
orbifold Cohomotopy

𝜋
S ≺𝜏 (−) :=

tangentially twisted orbifold cohomology

𝐻
S ≺𝜏 (−, (S

𝑉 , 𝜌J)
Tate𝑉-sphere with

𝐽-homomorphism action

)
.

Hence for a structured orbifold (Def. 10.2.46)(
X, (𝜏, 𝑔)

)
∈

(
Aut(𝑇𝑒𝑊), 𝜙

)
Strctrd𝑉Orbfld(H) ,

we have:

J-twisted
orbifold Cohomotopy

𝜋
S ≺𝜏 (X) =



orbifold

X
cocycle
𝑐 //

𝜂S◦ ≺(𝜏 )
tangential

twist ##

S ≺

( orbi-singularized
Tate𝑊-sphere

S𝑊�Aut(𝑇𝑒𝑊)
)

S ≺

(
𝜌J

)
twisting via

orbi-singularized
J-homomorphism

ww
S ≺BAut(𝑇𝑒𝑊)

s{

/∼

.

Example 11.2.19 (𝐽-Twisted orbifold Cohomotopy of ordinary orbifolds).
Let H = SnglrJetSmthGrpd∞ (Ex. 9.2.10) and 𝑉 := (R𝑛, +), 𝑊 := (R𝑝 , +) as in Ex.
10.2.5, with 𝑝 ≤ 𝑛, and 𝜙 : (R𝑝 , +) ↩! (R𝑛, +) be the canonical inclusion. Then
the corresponding J-twisted proper orbifold Cohomotopy theory 𝜋S ≺𝜏 (Def. 11.2.18)
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is defined on ordinary 𝑛-dimensional orbifolds (by Ex. 10.2.6) with GL(𝑝)-structure
(by Ex. 10.2.13) and it unifies the following two special cases (by Theorem 11.2.6,
see the second diagram on p. 21)):

(i) On smooth orbifolds, i.e., on ordinary manifolds (Ex. 10.2.5), it reduces to
non-abelian cohomology with coefficients the shape of the ordinary 𝑝-sphere
(by Ex. 11.2.11) and tangentially twisted via the traditional J-homomorphism
(by Ex. 11.2.15). This is the J-twisted Cohomotopy theory considered in
[FSS20][FSS21a] [BSS19].

(ii) On flat orbifolds, such as the vicinity of ordinary orbifold singularities R𝑝�

𝐺 for finite subgroups 𝐺
𝜙
↩! GL(𝑝) (by Ex. 10.2.45), hence for linear 𝐺-

representations 𝜙, it reduces to proper equivariant cohomology in RO-degree
𝜙 and with coefficients the representation sphere 𝑆R

𝑛
𝜙 (by Ex. 11.2.17). This

is the tangentially RO-graded equivariant Cohomotopy theory considered in
[SS20][BSS19].

By way of outlook, we highlight the following:

Remark 11.2.20 (Orbifold cohomology in M-theory and Hypothesis H).
(i) Traditional discussion of orbifold cohomology has been strongly motivated
by its application to perturbative string theory (e.g. [AMR02, ARZ06, ALR07,
BU09, DFM11]). However, perturbative string theory is famously in need of a non-
perturbative completion (“M-theory”, see [HSS18, 2][FSS19] for review and pointers)
whose mathematical formulation has remained an open problem. Therefore, it is to
be expected that the historically rich interaction between orbifold cohomology theory
and string theory is just the tip of an iceberg, whose full scope is a cohomology theory
of M-theoretic orbifolds.
(ii) Elsewhere, we have put forward a precise hypothesis as to the global completion
of 11D supergravity towards M-theory, via flux quantization [SS25d] of the theory’s
C-field. This Hypothesis H says that:

(a) far from singularities, M-theory flux is quantized in twisted Cohomotopy
[FSS20, FSS21a, BSS19, FSS22];

(b) at singularities, M-theory is quantized in RO-graded equivariant Cohomotopy
[HSS18, SS20, BSS19].

(See these references for various consistency checks of this hypothesis.)
(iii) The impact of Theorem 11.2.6, in its specialization to Ex. 11.2.19, is the impli-
cation that these two cases are indeed two aspects of a single unified cohomology
theory: J-twisted orbifold Cohomotopy theory.
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tangential structure

on 𝑉-fold, 285
on smooth manifold, 285

tangentially twisted cohomology, 297
exposition, 36

Tate sphere, 301
tautological line bundle, 117
tensoring, 179
time-reversal symmetry, 96
topological diffeology, 164
topological group, 63
topological groupoid, 65
topological realization, 148
topological space, 59

𝐺−, 169
D-topological, 62, 162

topological stack, 59, 71
mapping, 75

topos
gros, 135
Grothendieck, 137
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twisted cohomology, 199
twisted equivariant K-theory, 109
twisted nonabelian cohomology, 86
twisted orbifold cohomology, 89
twisted orbifold Cohomotopy, 304
twisted orbifold K-theory, 108
twistor fibration, 118

universal colimits, 177
universe, 177

𝑉-étale groupoid, 264
𝑉-fold, 264

flat, 286
orbi-, 289
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